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Cakan et al. (2006) introduced the concept of o-convergence for double sequences. In this work, we use this notion to prove the
Korovkin-type approximation theorem for functions of two variables by using the test functions 1, x, y, and x* + y* and construct

an example by considering the Bernstein polynomials of two variables in support of our main result.

1. Introduction and Preliminaries

In [1], Pringsheim introduced the following concept of
convergence for double sequences. A double sequence x =
(xji) is said to be convergent to the number L in Pringsheim’s
sense (shortly, p-convergent to L) if for every e > 0 there exists
an integer N such that [x; — L| < & whenever j,k > N.In
this case L is called the p-limit of x.

A double sequence x = (x ;) of real or complex numbers
is said to be bounded if || x|, = supj’klxjkl < 00. We denote
the space of all bounded double sequences by .Z,,.

If x € M, and is p-convergent to L, then x is said to be
boundedly p-convergent to L (shortly, bp-convergent to L). In
this case L is called the bp-limit of the double sequences (x ).
The assumption of being bp-convergent was made because
a double sequence which is p-convergent is not necessarily
bounded.

Assume that ¢ is a one-to-one mapping from the set N
(the set of natural numbers) into itself. A continuous linear
functional ¢ on the space ¢, of bounded single sequences is
said to be an invariant mean or a o-mean if and only if (i)
@(x) > 0 when the sequence x = (x;) has x; > 0 for all k, (ii)
@(e) = 1, wheree = (1,1, 1,...), and (iii) ¢(x) = @(x,)) for
all x € €.

Throughout this paper we consider the mapping o which
has no finite orbits; that is, o” (k) # k for all integer k > 0 and
p = 1, where (k) denotes the pth iterate of o at k. Note

that a 0-mean extends the limit functional on the space c of
convergent single sequences in the sense that ¢(x) = limx
for all x € c (see [2]). Consequently, ¢ C V, the set of
bounded sequences all of whose o-means are equal. We say
that a sequence x = (x;) is o-convergent ifand onlyif x € V.
Schaefer [3] defined and characterized the o-conservative, o-
regular, and o-coercive matrices for single sequences by using
the notion of o-convergence. If 0(n) = n + 1, then the set V,
is reduced to the set f of almost convergent sequences due to
Lorentz [4].

In 2006, Cakan et al. [5] presented the following defini-
tion of o-convergence for double sequences and established
core theorem for o-convergence and later on this notion
was studied by Mursaleen and Mohiuddine [6-8]. A double
sequence x = (x ;) of real numbers is said to be o-convergent
to a number L if and only if x € 7", where

7, - {x €Ml i Cpge ()

= L uniformly in s,;L = G—Iimx} , )

Cpgst (X) = ——=7—— Xgi(s).0%(t)
O G e S &

while here the limit means bp-limit. Let us denote by 7/,
the space of o-convergent double sequences x = (x). If



o is translation mapping, then the set 7', is reduced to the
set & of almost convergent double sequences [9]. Note that
Cop CVs CM,.

Example 1. Let w = (w,,,) be a double sequence such that

w, = {1 ?f n ?s odd, 2

-1 if nis even,

for all m. Then w is o-convergent to zero (for o(n) = n + 1)
but not convergent.

Suppose that Cla,b] is the space of all functions f
continuous on [a, b]. It is well known that C[a, b] is a Banach
space with the norm

£l = sup |[fx)], feClab]. )
x€[a,b]

The classical Korovkin approximation theorem is given as
follows (see [10, 11]).

Theorem 2. Let (T,,) be a sequence of positive linear operators
from Cla, b] into Cla, b] andlim | T, (f;, x) — fi(x)l, = 0, for
i=0,1,2, where folx) =1, fi(x) = x, and f,(x) = x%. Then
lim, ||T,,(f, x) = f(x)ll, = 0, forall f € Cla,b].

In [12], Mohiuddine obtained the Korovkin-type approx-
imation theorem through the notion of almost convergence
for single sequences and proved some interesting results.
Such type of approximation theorems for the function of two
variables is proved in [13, 14] through the concept of almost
convergence and statistical convergence of double sequences,
respectively. Recently, Mohiuddine et al. [15] determined
the Korovkin-type approximation theorem by using the test
functions 1, e, and e™** through the notion of statistical
summability (C, 1). Quite recently, by using the concept
of (A, u)-statistical convergence, Mohiuddine and Alotaibi
[16] proved the Korovkin-type approximation theorem for
functions of two variables. For more details and some recent
work on this topic, we refer to [17-21] and references therein.
In this work, we apply the notion of o-convergence to prove
the Korovkin-type approximation theorem by using the test
functions 1, x, y, and x* + y*. We apply the classical Bernstein
polynomials of two variables to construct an example in
support of our result.

2. Main Result

Now, we prove the classical Korovkin-type approximation
theorem for the functions of two variables through o-
convergence.

By C(I x I), we denote the set of all two dimensional
continuous functions on I> = I x I, where I = [a,b]. Let
T be a linear operator from C(I %) into C(I%). Then, a linear
operator T is said to be positive provided that f(x,y) > 0
implies T'(f; x, y) > 0.
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Theorem 3. Suppose that (T ) is a double sequence of positive
linear operatorsfrom C(I?) into C(I*) and Dypppq(fix:y) =
(1/pq) Z Zk o Toitmy.okn) (3 X5 ¥) satisfying the following
condztzons

lim [|Dypq (152 7) = 1] =0,

pg—00

T [ E Py P

pq— (4)
lim, D50 (155 3) = 3., =

pq—00

lim ”Dm npaq (52 + tz;x,y) - (x2 + yz)"OO =0,

p,q — 00

which hold uniformly in m, n. Then for any function f € C(I*)
bounded on the whole plane, one has

- 11m " x(fixy) - f(x y)"o0 =0. That is,

(5)
P ) 5], =0

uniformly in m, n.

Proof. Since f € C(I*) and f is bounded on the whole plane,
we have

|f (6 y)| <M, -co<x,y< oo (6)
Therefore,

|f (s,8) -
Also we have that f is continuous on I x I; that is,

f st f (x| <e

From (7) and (8), putting v,

f(xy)|<2M, -co<stx,y<co. (7)

Vis—x| <8, |t—y|<8. (8)

=y (s,x) = (s—x)*and y, =

Y,(t, y) = (t - y)z, we obtain
2M
|f(st)=f(xp)]<e+ 5 (v1 + ),
9)
Vis—x| <8, |t—y|<6,
or
2M
—€- o (yi+y) < f(st)-f(x)
(10)

2M
<€+?(V’1+‘I/2)-

Now, we operate T, 5+, (1; X, y) on the above inequality
since Tyj(m) ok (m (f3 X, ¥) is monotone and linear. We obtain

M
Tyt (15%3) (-6 = 55 (w1 + )
< TJ(m ok (n) (1 X, y) (f(S t) f(x y)) (11)
2M
o (533) (e+ 55 (0 + ).

<T,(m
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Therefore

2M
= €T iy ob(m) (1%, ¥) = ?Taj(m),ak(n) (y1 +y25%, )

Taj(m),ak(n) (f’ X, y) - f (X, y) Tj,k (l;x’ y)

(1) (1 +yxy).
(12)

2M
< GTG'j(m),Uk(Vl) (l;x, y) + FTO]

But

Taf(m),ak(n) (fi X, ,'V) -f (x, ;V)
(f x,y) f(xx)’) Ty m)ak(n)(l x,y)

Toitmy,o* () (Lx,y) = f(xy)

ol (m),o’

+f(x,y)
[T smotny (5% 9) = f ()T, f(m),c;k(n)(l;x’y)]

+ f(x’ y) [Taf(m),ak(n) (l;x’ y) - 1] .

(13)
From (12) and (13), we get
Toj(m),ok(n) (f’ X, y) - f (x’ y)
< eTaj(m),ak(n) (1; X, y)
oM (14)
+ ?Taj(m),ak(n) (1//1 T Y X, y)

+ f (%, J’)( ol (m),o* (n) (Lx,y) - 1)
Now

Toitmyottn) (V1 + Y25 X, )

= Toi(my,o*(n) ((5 —x)+ (t- )’)ZWC’ )’)

=T, J(m)o* () (52 —2sx+ x° + 15 - 2ty + yz;x,y)

= Toitmyo*(n) (52 +t% x,y) 25T i ).k () (s5x, )
= 29T i my oty (B %, ¥) + (x +y ) wimotn) (1% )

= [Tormoton (5" + 52 7) = (+* +57)]

- 2x [Toj(m)’ak(n) (ssx,9) - x]
—2)’[ wimyot(n) (% Y) = )’]

+ (2 + ") [Tormoton (%) = 1]

(15)

Using (14), we obtain
Taf(m),ak(n) (f’ X5 y) - f (x> )/)

< €’1—‘<7j(m),<7k(n) (1; X, y)

+ 26_]\2/1 {[Taj(m)’gk(n) (52 + tz;x, y) - (x2 + yz)]

[\)

x[Ta, o) (83 %5 y) x]
Zy[
+ (8 +9°) [Toimorn (13 7) = 1]}

+f Xy (TaJm)ak(n) lx,y) )
= [T

Taf (m),o*(n) tx’y) y]

(16)
Tiomyoton (1% y) = 1] + €
* 25_]\24 {[Toromeron (55 + 52, 9) = (6 + 57)]
= 2% [Tyimoten) (5% ) = x]
=29 [Toitmotn (1%, ¥) = 7]
+ (") [Toitmyoron (L2 y) = 1]}

+f(x y)( ol m)ak(n)(l x’y)_ 1)

Since e is arbitrary, we can write
Toitmyotn (s %) = f (%, 7)
<e [T oot (13%7) = 1]
e T (8 + 559) - (2 +57)]
= 2 [Ty ot (556 7) — X (17)
=2y [Tosomaron (%) = ¥
+ (& + ") [Tormoten (5% ) = 1]}

+f(x’y)( ol (m),o*( n)(1 X5 y)_l)
Similarly,

Dm,n,p,q(f;x’y)_f(x’y)

<e [Dm)n)p)q (Lix,y)- 1]

+ 2 [ D (5 + £5x.3) = (37 7))

- 2x [Dm)n,P)q (s5%,y) — x] (18)
- 2)’ [Dm,n,p,q (t; X, )’) - )’]
+ (x2 + yz) [Dm,n,P,q (Lx,y)- 1]}

+ £ (%9) (Dppg (L% y) = 1)



Thus, we have
"Dm,n,p,q (f’ X, y) - f (x’ y)"oo

2M (a2 + bz)
SG+__3T__+M>@WWAh&n_wm

- D 50 -],

—‘;—Afanm,n,p,q (5.1,

M 2 2 2 2
+ 57 P (7 + 0. 7) = (7))
(19)
Taking the limit p,q — ©o and from (4), we obtain
JJim 1D (% 3) = f (%.9)], =
’ (20)
uniformly in m, n.
O
Theorem 4. Suppose a double sequence (T,,,) of positive
linear operators on C(I 2) such that
m—1n-1
lmsup— 3 3 [T~ T =0 @
j=0 k=0

I

o"lg,gll"Tm,n (tv’ x) - tV"oo =0 (1/ = 0’ 1’ 2’ 3) 4 (22)

where ty(x, y) = L, t,(x, y) = x, t,(x, y)
x* + y?, then

1,1,,1},}"Tm,n (f’ X, y) -

=y, and t;(x, y) =

Fxy)l, =0, (23)

for any function f € C(I*) bounded on the whole plane.

Proof. From Theorem 3, we have that if (22) holds then

Tm,n (f> X5 y) - f (x’ y)“oo =0, (24)

G—Iim"
m,n

which is equivalent to

s (550) = £ )] =0 @9
g -
Now
1 m—1n-1
Tm,n stmn = Tm - Z Z al(s),a*(t)

] 0 k=0

(26)
1 m—-1n-1

= ( ) k(t))-

mn 0

j=0 k
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Therefore
1 m—1n-1
T, . —supD =sup— T,.,—T., .
mn s,tp s,tymn s,tpm”l JZ(:”;)( m,n g/(s),ak(t))
(27)
Hence, using the hypothesis, we get
lim|T,,,, (f;x, ) = f (% 9)]
(28)
= pllupDipm (5) - £ )] -
> s,t 0
That is, (23) holds. O

3. Example and the Concluding Remark

In this section, we prove that our theorem is stronger
than Theorem 2. Let us consider the following Bernstein
polynomials (see [22]) of two variables:

B, (fix,y)
S (LY (M) () # -
j=0k=0 mn J
0<x,y<1
(29)
LetA,,, : C(I*) — C(I*) be defined by

A (fix7) = (14 w,) By (fix ), (30)

where the double sequence (w,,,) is defined by (2) in
Section 1. Then

B, (Lx,y) =1,

By (s5,7) =

B, (t:x,y) =y, (31

2 2

X —X -

+y y
m n

B, . (52 + tz;x,y) =x+ y2 +

Also, (A, ) satisfies (4). Hence, we have

o- lim A, (fixy) = f(xy)l, =0 (32)

Since B,, ,(f;0,0)
W,,,) £(0,0). Thus

IA s (5% 9) = £ (6 9|y 2 [A i (£50,0) = £(0,0)]

=w,,, |f(0,0)|.

= f(0,0), we have A, ,(f;0,0) = (1 +

(33)

But Theorem 3 does not hold, since the limit w,,, does
not exist as m,n — ©00. Therefore we conclude that our
Theorem 3 is stronger than the classical Korovkin theorem for
functions of two variables due to Volkov [23].
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