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We analyze the generalized analytic function space Feynman integral and then defined a modified generalized analytic function
space Feynman integral to explain the physical circumstances. Integration formulas involving the modified generalized analytic
function space Feynman integral are established which can be applied to several classes of functionals.

1. Introduction

Let C,[0, T] denote the one-parameter Wiener space, that is,
the space of continuous real-valued functions x on [0, T'] with
x(0) = 0, and let 1 denote Wiener measure. Since the concept
of the Feynman integral was introduced by Feynman and
Kac, many mathematicians studied the “analytic” Feynman
integral of functionals in several classes of functionals [1-
7]. Recently the authors have introduced an approach to
the solutions of the diffusion equation and the Schrodinger
equation via the Fourier-type functionals on Wiener space
[6].

The function space C,,[0, T], induced by a generalized
Brownian motion, was introduced by Yeh in [8] and studied
extensively in [9-11]. In [11] the authors have studied the
generalized analytic Feynman integral for functionals in a
very general function space C,;,[0, T].

In this paper, we present an analysis of the generalized
analytic Feynman integral on function space. We define
a modified generalized analytic function space Feynman
integral (AFSFI) and then explain the physical circumstances
with respect to an anharmonic oscillator using the concept
of the modified generalized analytic Feynman integral on
function space.

The Wiener process used in [1-7] is stationary in time
and is free of drift while the stochastic process used in this

paper, as well as in [9-12], is nonstationary in time, is subject
to a drift a(t), and can be used to explain the position of the
Ornstein-Uhlenbeck process in an external force field [13].

2. Preliminaries

Let a(t) be an absolutely continuous real-valued function on
[0, T] with a(0) = 0, @'(t) € L*[0,T], and let b(t) be a strictly
increasing, continuously differentiable real-valued function
withb(0) = 0and b'(t) > Oforeacht € [0, T]. The generalized
Brownian motion process Y determined by a(t) and b(¢) is
a Gaussian process with mean function a(t) and covariance
function r(s,t) = min{b(s), b(t)}. By Theorem 14.2 in [14],
the probability measure y induced by Y, taking a separable
version, is supported by C, [0, T] (which is equivalent to the
Banach space of continuous functions x on [0, T'] with x(0) =
0 under the sup norm). Hence, (C,;[0,T], B(C,,[0,T]), 1)
is the function space induced by Y where %B(C,,[0,T]) is
the Borel o-algebra of C,,[0,T]. We then complete this
function space to obtain (C,;[0,T], 7'(C,;[0, T]), u) where
W (C,,10,T]) is the set of all Wiener measurable subsets of
Cop[0,T].

A subset A of C,,[0,T] is said to be scale-invariant
measurable provided pA € #'(C,,[0,T]) for all p > 0, and a
scale-invariant measurable set N is said to be a scale-invariant



null set provided u(pN) = 0 for all p > 0. A property that
holds except on a scale-invariant null set is said to hold scale-
invariant almost everywhere(s-a.e.) [15].

Let Li,b [0, T] be the Hilbert space of functions on [0, T']
which are Lebesgue measurable and square integrable with
respect to the Lebesgue Stieltjes measures on [0, T] induced
by a(-) and b(-); that is,

% [OT]—{ -JT 2
ap (0TI = qv: | v (s)db(s) < oo,
0
¢Y)
T
J vz(s)d|a|(s)<oo},
0

where |a|(t) denotes the total variation of the function a on
the interval [0, ¢].
Foru,v € Lih[O, T], let

T

(U, V)p = J u®)v()d[b(t)+|al (®)]. (2)

0
Then (-,-),, is an inner product on Lﬁ,b[O, T] and |lull,, =
(4, 1), is @ norm on Li,b [0, T]. In particular note that
leell,;, = 0if and only if u(t) = 0 a.e. on [0, T]. Furthermore
(Li’b[O, T1, - ll,p) is a separable Hilbert space. Note that all

functions of bounded variation on [0,T] are elements of
Lﬁ)b[O, T]. Also note that if a(t) = 0 and b(t) = ¢, then

Li,b[O, T] = L*[0, T]. In fact,

(L2, 10,71, Mlap) € (L5, 10,71, 1Mo

, (3)
= (L [0, 71, I11,)
since the two norms || - ||, and || - ||, are equivalent.
Forv e Li,b [0,T] and x € C,_; [0, T] we let
T
(v, x) = J v(t)dx () (4)
0

denote the Paley-Wiener-Zygmund (PWZ) stochastic inte-
gral. Following are some facts about the PWZ stochastic
integral [10-12].

(1) The PWZ stochastic integral (v, x) is essentially inde-
pendent of the complete orthonormal set {¢ j}j: e

(2) If v is of bounded variation on [0, T], then the PWZ
stochastic integral (v, x) equals the Riemann-Stieltjes
integral jOT v(t) dx(t) for s-a.e. x € C,;,[0,T].

(3) The PWZ integral has the expected linearity proper-
ties.

(4) Forallv € Lzu’b [0,T1], (v, x) is a Gaussian random vari-

able with mean jOT v(s) da(s) and variance f()T VA (s)
db(s).

Throughout this paper we will assume that each func-
tional F : C,,[0,T] — C we consider is scale-invariant
measurable and that

Journal of Function Spaces

J |F (px)| dp (x) < 00 (5)
Cop[0,T]

for each p > 0.
We finish this section by stating the notion of generalized
analytic function space Feynman integral, cf. [10, 11].

Definition 1. Let C denote the complex numbers, let C, =
{A € C : Re(A) > 0}, and let E+ = {A € C
A#0and Re(A) = 0}. Let F : C,;[0,T] — C bea
measurable functional such that, for each A > 0, the function
space integral

T = j%[w F(V2x) dp (x) (6)

exists. If there exists a function J*(A) analytic in C, such
that J*(1) = J(A) for all A > 0, then J*(A) is defined to be
the analytic function space integral of F over C, [0, T] with
parameter A, and for A € C, we write

J*(A)=j AO F(x) du (). )

C,pl0,T

Let g #0 be a real number and let F be a functional such
that J*(A) exists for all A € C,. If the following limit exists,
we call it the generalized AFSFI of F with parameter g and we
write

anf, an,
| F@du = lim [ F@dee, ©
CaplOT] A=-ig Jc,,[0,T]

where A — —ig through values in C,.

3. Analogue of the Generalized AFSFI
The differential equation

0 1
a (u’ t) = ﬁAV/ (ur t) - V (u) 1// (u) t) (9)
is called the diffusion equation with initial condition
y(u,0) = ¢(u), where A is the Laplacian and V is an
appropriate potential function. Many mathematicians have
considered the Wiener integral of functionals of the form

F (A_l/zx + u) , (10)

where u is a real number. It is a well-known fact that the
Wiener integral of the functional having the form

exp {— JOT \% (/\_l/zx (t) + u) dt} @ (A_l/zx (T) + u) 1)

forms the solution of the diffusion equation (9) by the
Feynman-Kac formula. If time is replaced by an imaginary
time, this diffusion equation becomes the Schrodinger equa-
tion

9 1
151// (u,t) = —zAljl (1) +V () y (u,t) (12)
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with the initial condition y(u, 0) = ¢(u). Hence the solution
to the Schrodinger equation (12) can be obtained via the ana-
Iytic Feynman integral. An approach to finding the solution
to the diffusion equation (9) and the Schrdédinger equation
(12) involves the harmonic oscillator V(1) = (k/2)u?; for
a more detailed study, see [6]. However, it can be difficult
to obtain the solution for the diffusion equation (9) and
the Schrédinger equation (12) with respect to anharmonic
oscillators.
In this paper, we consider the following functional:

T
exp {— [ v @+en) dt}
0 (13)

x @ (A% (T) +c (VR (1)),

where c(A) is a real number with respect to A and h(t) is areal-
valued function on [0, T]. When h(t) = u forallt € [0,T]
and c(A) is independent of the value A, the functional in (13)
reduces the functional in (11). That is to say, our functional
(13) is more generalized compared with the functional in (11).
Hence, all results and formulas for the functional in (11) are
special cases of our results and formulas.

We will now explain the importance of the functionals
given by (13). For a positive real number k, when the potential
functionis V(1) = (k/2)u?, the diffusion equation (9) is called
the diffusion equation for a harmonic oscillator with V. For
§eR,

Vi@ =Vt = St (14)

is just the translation of V; thus, it is called the diffusion
equation for a harmonic oscillator with V;. However, for an
appropriate function h(t) on [0, T],

Vo(w) =V u+h(u)= g(u + h(u))? (15)

may be an anharmonic oscillator. For example, consider the
following.

(1) If h(t) = u® on [0, T], then
Vi (u) = g (u2 +2u° + u4) . (16)

In this case, the diffusion equation (9) is called the
diffusion equation for anharmonic oscillator with V;,
because it contains the “u*-term”” This means that the
status of the harmonic oscillator can be exchanged
for the status of the anharmonic oscillator under
certain physical circumstances. We can explain this
phenomenon by considering the Wiener integral of
the functional in (13).

(2) For a real number v, if h(f) = —u + /u?(u? — y?) on

[0,T], then
ko 2pa 2
V4(u):5u (u —y). (17)
In this case, the diffusion equation (9) is called the

diffusion equation for double-well potential with V.
As such, it is a harmonic oscillator.

(3) Furthermore, we see that, for v € Li,b [0,T],h €
C,pl0,T],and u € R,

W, x+u)y=wx),
(18)
vyx+h) = {(v,x) + {(v,h)

provided (v, h) # 0. Thus, the functionals presented in
this paper are more meaningful than the functionals
given in previous papers [6, 11]. This also has impli-
cations regarding the generalizations of our research
observations.

We are now ready to state the definition of the modified
generalized AFSFL

Definition 2. Leth € C,,[0,T] be given. Let F : C_,[0,T] —
C be such that, for each A > 0, the function space integral

o= |

F (A_l/zx +c(h) h) dy (x) (19)
Cop[0,T1]

exists for all A > 0 where ¢(A) is a nonnegative real number
which depends on A. If there exists a function J*(A) analytic
in C, such that J*(A) = J(A) for all A > 0, then J*(A) is
defined to be the modified analytic function space integral of
F over C, [0, T] with parameter A, and for A € C, we write

an;w,h
J* ) = J F(x)du(x). (20)

Ca,h[o)

Let g # 0 be a real number and let F be a functional such

an®
that Jca,:[o,’;l"] F(x) dp(x) exists for all A € C,. If the following

limit exists, we call it the modified generalized AFSFI of F
with parameter g and we write

an"™ h

an ;(q)’h .
J F(x)du(x) = lim J F(x)du(x), (21)
Capl0.T] A—-ig JC,,0,T]

where A approaches —ig through values in C,.

Remark 3. We have the following assertions with respect to
the modified generalized AFSFI.

(1) If A(t) = 0 on [0, T] or c(A) = 0, then we can write

anP h an
A A
[ F@du = [ F@de,

Capl0,T] Capl0.T]
22)

anf;(q),h anf,
J F(x)du(x) = j F(x)du(x).

Cap[0.T] Cap[0.T]

(2) In the setting of classical Wiener space (in our
research, when a(t) = 0 and b(t) = t on [0,T]), our
modified generalized AFSFI, the generalized AFSFI,
and the analytic Feynman integral coincide. Hence all
results and formulas in (2, 3, 5, 6, 16] are corollaries of
our results and formulas in this paper.

We conclude this section by listing several integration for-
mulas for simple functionals to compare with the generalized
AFSFI and the modified generalized AFSFI. For all nonzero
real number g, we have Tables 1 and 2.
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TABLE 1: Modified generalized AFSFI (j = 1,2).
mf;(q)’h
[ E@due
Cu,b[o’ T]
; 12
F, (x) = x(T) <a> a(T) +c(q)h(T)

F, (x) = &*®

i\'"? i
exp{(a> a(T) + ﬁb(T)+c(q)h(T)}

TABLE 2: Generalized AFSFI (j = 1, 2).

anfy
| Emdu
Ca,5[0,T]

N

(£) a

q

N\ 1/2 .
exp {(é) a(T) + Ziqb(T)}

F(x) = x(T)

F,(x) = e

4. Some Properties for the Modified
Generalized AFSFI

In this section we establish a Fubini theorem for the modified
analytic function space integrals and the modified general-
ized AFSFIs for functionals on C,_; [0, T]. We also use these
Fubini theorems to establish various modified generalized
analytic Feynman integration formulas.

First, we define a function to simply express many results
and formulas in this paper. For n > 2, define a function H,, :
C" - C, by

i i} 1/2
H,(z,...,2,) = Zz;l/z - (sz) , (23)

i=1 i1

where Y, z;1/2¢0 and Y, zJTIqEO. Note that H, is a

symmetric function for all n = 2,3,.... In this paper we

. ~ W12
will assume that, for all (z,,...,2,) € C} and (Z;’Zl z; hHe s
n=12,...,and z}l/z, j = 1,2,...,n, are always chosen to

have positive real parts.
In our first theorem, we show that the modified general-
ized AFSFIs are commutative.

Theorem 4. Let h, and h, be elements of C,,[0,T] and let F
be a functional defined on C,;, [0, T] such that

[, I By e eI+ (@)
Ca,b[O,T] (24)

xd(uxp)(x,y) < oo,

for all nonzero real numbers y and f. Then for all q,,q, € R -

{0},
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an ,;;qz),hz anf;fql),hl
| Flx+y)du() | du(y)
Capl0.T] Capl0,T]
anf;ql),hl an ;;qz),hz
= ( F(x+y)du(y))du(x),
Cap0,T] Capl0.T]
(25)

where = means that if either side exists, both sides exist and
equality holds.

Proof. First, using the symmetric property, for all A, 8 > 0,
J F(A_1/2x+[3_1/2y+c(/\) h,
c2, 0.7
+c(B)hy)d (ux ) (x,y)
:J F(ﬁ_1/2y+k_l/2x+c(ﬁ)h2
C,[0.1]

+c()t)h1)d(/,¢><y)(y,x).

This can be analytically continued in A and f8 for (A, 8) and so
we have, for all (A, ) € C, xC,,

ant® b,

J'Ca’b[O,T] (
ans®

B Jca,b[o,T] (

Next, let E be a subset of C, x C, containing the point

(—iq,,—iq,) and it is such that (A, §) € E implies that A+ 3 #0.
Note that the function

un;(ﬁ) Jhy an;()t) Jhy
rop=] " ([ FGrd) )du@

Capl0.T) \ JCy10.1]
(28)

(26)

an'® h
o
| F(x+y)d#(x)>du(y)
Ca,b[OxT]

(27)

an;;/i),hz
| F<x+y>du<y>>dy<x>.

Ca,b [0>T]

is continuous on E and is uniformly continuous on E
provided E is compact. Then by the continuity of # and (27),
we can establish (25) as desired. O

The following theorem was established in [12, 17]. For-
mula (29) is called the Fubini theorem with respect to the
function space integrals.

Theorem 5. Let F be as in Theorem 4 above. Then

J . Flyx+By)d(uxp)(xy)
2, [0,7]

= J'Ca,b[O,T] F ( \Y? + Pz
+ (Y + B\ +,32)a> du(2)
= JCa,b[O,T] F ( \y? + p*z + H, (y_z,,B_z) a) du(z).

(29)
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To establish Theorem 7, we need the following lemma.

Lemma 6. Let F be as in Theorem 4 above. Then for all (A, B) €
C,xC, withA+ f3+0,

ang any
| (j F(x+y)d#(x))dﬂ(y)
Capl0.T] Capl0.T]

anf(y) a

ﬁj F(2)du(2),
C,p[0,T]

(30)

where y = AB/(A + B) and c(y) = H,(A, B).

Proof. Using (29), it follows that for A > 0 and 8 > 0

j F(A x4 B2y) d (px ) (x, y)
C?.[0,T]

ab

_ La‘b[m F <wm’1 + Bz + Hy (A, B) a) du(2).

31)

This last expression is defined for A > 0 and f§ > 0. For
B > 0, it can be analytically continued in A € C,. Also for
A > 0, it can be analytically continued in 8 € C,. Therefore
since A € C, and 3 € C, implies that AB/(A + ) € C,, we
conclude that the last expression in proof of Lemma 6 can be
analytically continued into C, to equal the analytic function
space integral

an® a

| F@du, (32)
Cop[0,T1]

which completes the proof of Lemma 6 as desired. O

The following theorem is the main result with respect to
the modified generalized AFSFI.

Theorem7. Let F be asin Lemma 6 above. Then forall q,,q, €
R — {0} with q, + q, #0,

anfq2 anfq1
J j F(x+y)du(x) )du(y)
Cap[0,T] Cap[0,T]
(33)

an ﬁ(qa))a

q3
= F(z)dy(z),
C,p[0,T]

where g5 = q,9,/(q, + q,) and c(q5) = H,(—iqy, —iqy).

Proof. First note that, forall q;,q, € R—{0} with g, +¢, #0, if

A — —ig;and B — —ig,, then AB/(A+ ) — —i(q,92/(q; +
q,))- Now using this fact and (30) it follows that

anf,, anf,
[ (17 peenaue)aut)
Cap[0,T] \ JCp[0,T]

an;(y)ﬂ
= lim lim J F(z)du(z)
B——iqy A= —igy JC,_,[0,T]

(34)

unt(y) a

= lim J " F@)du()
ABIA+PB) = =i(9192/ (41+42)) JCpp 0,1

anfc(%),a

= F(z)du(z),
Ca,b[OaT]

where y and c(y) are as in Lemma 6. Hence we complete the
proof as desired. O

Equations (35)-(37) below follow by mathematical induc-
tion and Theorem 7 above.

Corollary 8. Let F be as in Theorem 7 above. Then one has the
following assertions.

(1) Forallq € R — {0},

anf, anf,
[0 (17 P ) aut)
Capl0.T] Capl0.T]

anfsP,a

ij " F(2)du(z),

C,p[0.T]

(35)

where c(q) = H,(—iq, —iq).

(2) Forallg,,...,q, € R - {0} with ¥'_,(q, ... 4/q;) #0
fork=2,...,n,

anf, anf,,
[ [ ) d e x ) ()
Cap[0,T] Cap[0,T]

an f;(ﬂn) a
ij F(2)du(2),
C,p[0,T]
(36)

where % = (x1,..., %), By = Q1+ G/ Xy (1 Gl
q;), and c(B,) = H,(~iq,, ..., —iq,). Furthermore,

anfq anfq
[ [T R e x ) ()
Cap0.T] Capl0.T]

an fc;q/n) a

=" F@du),
Ca,b[OsT]

(37)
where c(q/n) = Hy(—ig, ..., —iq).

Next we establish some integration formulas with respect
to the modified generalized AFSFIs.

(1) A formula showing that the double modified gener-
alized AFSFIs can be expressed by just one modified



generalized AFSFI. For all q;,q, € R — {0} with
9 +9#0,

anfc(qz) a anfc('“) a
2 a1 >
| ( Flx+y) du <x>>dy(y)

Capl0T] \ JCy10.]
(38)

<(q1,d2)
fql‘iz/(‘h”]z)’“

an
- J‘Ca,h [O)T]

where ¢(q;,9,) = Hy(-igqy, —iq,) + c(qy) + c(qy)-
Furthermore, if c(q,) + ¢(q,) = —H,(-iq,, —iq,), then

anfc(qz) a anfc(ql> a
[P a
J ( F(x+y)du (x))du (»)

F(2)du(z),

Capl0T] \ JCyl0.1]
(39)

aNfa a2 /(a1 +42)

ij F(z)du(z).

Ca,b [O)T]

(2) A relationship between the modified generalized
AFSFI and the generalized AFSFI. For all gq;,9, €
R - {0} with g, + g, #0,

anf,;iql),a anf,
[ ([ e )dne )aut)
C,p[0,T] Cop0,T1]
(40)
anch;%), a
= I F(2)du(z),

Ca,b [0)

whereq; = q,9,/(q,+q,) and c(q;) = H,(~iq,, —ig,)+
c(qy)-

(3) A formula relating the modified generalized AFSFI
and the generalized AFSFI. For all g,, g, € R - {0},

Janf,;iql),a J»cqu2
Copl0,T] Copl0,T]
J-un f a4
- Ca,b [O’T]

5. Examples

F(x+y)du (x)) du(y)
(41)

C(ql),u

J " F(x+ y)du(x)>du(y)-
Capl0.T]

In this section, we provide several brief examples in which we
apply our formulas and results.

5.1. Banach Algebra oS’(Li,b[O,T]). Let M(Li)b[O, T]) be the
space of complex-valued, countably additive Borel measures
on Li’b[O, T]. The Banach algebra & (Li,b[O, T]) consists of
those functionals F on C,; [0, T] expressible in the form

Hm:j exp {i (v, x)} df (v) 42)
L2 00,71

for s-a.e. x € C,;[0, T| where the associated measure f is an
element of M (Li,b [0, T)).

Journal of Function Spaces

Example 1. Let g, be a fixed nonzero real number. Let
F € &(Li’b[O,T]) be given by (42) above. Suppose that
corresponding measure f of F satisfies the condition

T
Jz exp J [v(s)|d]al (s) |df(v)| < 00.
12,[0,T] 0

4
V2 |90
(43)
Then for all nonzero real number g with |g| > |g,l,

an f;(q) a
[ F@dut
Ca,b [O’T]

_ Y
= JLZM[O,T] exp { 24 (v b )

+i (c(q) + <é>l/2> (v,a')} df (v),

(44)

where

T

T
" _ 2 11\ _ 2
(v,a)—L v(t)da(t), (v,b)-L v ()db (t).

(45)
Next, using Theorem 7, we can compute the double

generalized AFSFIsof F € § (Li,b [0, T7) by just one modified
generalized AFSFI. That is to say, for all q;,q, € R with

9,1 = 1g0l, 19,1 = 1go| and g, + q, #0,

anf,, anf,
J j F(x+y)du(x) )du(y)
Cl0.11 \ Je,,[0.1]

an fC(Y) a

=j F(2) dp (2)
Capl0,T1]

= LZM[O)T] exp {_% (é + é) (#,b') (46)
()G
X (v,a') } df (v),

where y = ,,/(q, + q;) and c(y) = Hy(~iqy,~iq,).
Furthermore the last expression in (46) equals the expression

anf,, anf,,
[ (17 Rt )aue. @
Capl0.T] Capl0.T]

5.2. The Fourier Transform of a Complex-Valued Measure. For

given m = (my,...,m,) € R" and 02 = (af,...,aﬁ) ¢ R"
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with o7 > 0,j = 1,...
given by

“172 5
n n (M- —-m.
Voo (B) = <H2mr]2.> JB exp <|—Z]T‘2]} dii,

(48)

.1, let Voo be the Gaussian measure

where B € Z(R"). Then V.o isa complex-valued Borel
measure on R"” and

n
7o (i) = {_-Z ]+iijuj}, (49)
=1

where 17?;2 is the Fourier transform of the Gaussian measure
Vrh,r;z’

Example 2. Let {ay,...,«,} be any orthonormal set in
Lﬁ)b[O, T]and let F : C,,[0,T] — R" be the functional
defined by

FO) =7 (@)oo (), (50

where Var[(ocj, x)?] = ,n. Then for all

nonzero real number g,

lforall j = 1,2,...

C(q),a

j "R du )

C,[0,T]

; 1/2
1
B (gzu - (—iq)—“za})>
X exp {
j

™=

(GO

1

X [i4Ajmj—(—iq) 172 2+2A 9 ])

x<z<z—<—z'q>-“2af>>'l}

xexp{ (q)za (o h) +ic(q) zm <%,h>}

(51)

where A j= JOT fo4 j(t)da(t). Using Theorem 7, we can compute
the double generalized AFSFIs of F given by (50) by just one

modified generalized AFSFI. That is to say, for all q;,q, € R
with g, + g, #0,

anf,, anf,,
0 ([ Feendn )auty)
Cap[0,T] \ JCp[0,T]

1/2
1 1
~([Ts=ciamn)

X exp {i ((—iQ)_l/2
=1

. . \-1/2. 2 2 2
X [14Ajmj—(—zQ) mj+2Ajaj )

x(2(2- Q%)) }

Q< . C
X exp {—CTJZ;U? <ocj,h> +ic(Q) j;mj <(xj,h>} ,
(52)

where Q = q,9,/(q; + q») and ¢(Q) = H,(-iq;,—iq,).
Furthermore, the last expression in (52) equals the expression

anfq1 cqu2
[ ([ Fee ) a6
Cap[0,T] Cap[0,T]

5.3. The Generalized Fourier-Hermite Functional on Function
Space. For eachm =0,1,2,...,and for each j = 1,2,..., let
H} (u) denote the generalized Hermite polynomial

B;

| o
HJ, () = (-1)"(m!) (B exp {(uz—])}

(54)

2

(] Lot)

du™ P 2B; '
Then for each j = 1,2,..., the set
‘ (w—-A)?
-1/4 J R

{(ZﬂBj) H (u) exp {—4—3} :m=0,1,...

(55)

is a complete orthonormal set in L,(R). Now we define

HH ({ap ). (56)

The functionals in (56) are called the generalized Fourier-
Hermite functionals. It is known that these functionals form
a complete orthonormal set in L*(C,,,[0, T1); that is to say, let

F € L*(C,,[0,T]) and, for N = 1,2,..., let

,,,,, mk)

FN (x) = Z A(ml mN)(D(ml ~~~~~ my) (%), (57)

.....



,,,,,,

cient,

Then

F(x)= lim Fy (x)

N — 00

(59)

N
: F
lim Z 14(M’ll,...,1411\,)(1)(1’!1l ..... my) (X)

N— Ooml,...,mN:O
is called the generalized Fourier-Hermite series expansion of
F.In (59), the limit is taken in the Lz(Ca)b[O, T])-sense.

Example 3. Let g, be a nonzero real number and let
®@y,...m,) De the generalized Fourier-Hermite functional
given by (56) above. Then for all nonzero real number g with
9] > |4, the modified generalized AFSFLof @, ., ) exists
and it is given by the formula

aﬂf;(q) h N gnfc(q) h
q) d X) = J md x),
Jcn,b[o’T] (ml”"’mN) [/l( ) ]I:I[ a,b O,T] qS( ]‘]) M( )
(60)
where
b 00 = 1, (5.
anfq“(q),h
. ndu (x
La,b[o,ﬂ Pom, 44 ()
-1/2 j . \-1/2 R (61)
= (2nB)) RHm ((—zq) u+c(q) (@ h))
2
u—A;
X exp ——J) du.
2B;

J

The last expression is valid because the generalized Hermite
functional is a polynomial with degree m; and hence it has an
analytic extension.

Remark 9. Since the set of generalized Fourier-Hermite
functionals

M = {®(m1,...,mk>}§21 62)

is a complete orthonormal set in L*(C,,[0,T]), we could
extend the results for functionals in LZ(Cu)b[O, T1]) under the
appropriate conditions.

6. Conclusions

In Section 3, we presented our analysis of the generalized
AFSFI and defined the modified generalized AFSFI. Further-
more we explained the physical circumstances with respect to
an anharmonic oscillator using the concept of the modified

Journal of Function Spaces

generalized AFSFI. That is to say, we introduced some new
concepts in order to explain various physical circumstances.
In Section 4, we established some relationships with respect
to the modified generalized AFSFI involving the generalized
AFSFI; see Theorem 7. Finally, we applied our results to
various classes of functionals studied in [2, 4, 10, 11].
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