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We introduce Kirk-multistep-SP and Kirk-S iterative algorithms and we prove some convergence and stability results for these
iterative algorithms. Since these iterative algorithms are more general than some other iterative algorithms in the existing literature,
our results generalize and unify some other results in the literature.

1. Introduction and Preliminaries

Fixed point theory has an important role in the study of
nonlinear phenomena. This theory has been applied in a
wide range of disciplines in various areas such as science,
technology, and economics; see, for example, [1-5]. The
importance of this theory has attracted researchers’ interest,
and consequently numerous fixed point theorems have been
put forward; see, for example, [6-17] and the references
included therein. In this highly dynamic area, one of the most
celebrated theorems amongst hundreds is Banach fixed point
theorem (also known as the contraction mapping theorem
or contraction mapping principle) [7]. An important process
which is called iteration method arises naturally during
proving of this theorem. A fixed point iteration method is
given by a general form as follows:

Xy € X,

Xpt1 = f(T’ xn)’

where X is an ambient space, x,, is an arbitrary initial point,
T : X — X isan operator, and f is some function. For
example, if f(T, x,) = Tx,, in (1), then we obtain well-known
Picard iteration [18] as follows:

€]
Vn e N,

xy € X,
)

Xnt1 = f(T’ xn) = Txn) Vn e N.

Iterative methods are important instruments commonly
used in the study of fixed point theory. These powerful and
useful tools enable us to find solutions for a wide variety of
problems that arise in many branches of the above mentioned
areas. This is a reason, among a number of reasons, why
researchers are seeking new iteration methods or trying to
improve existing methods over the years. In this respect, it
is not surprising to see a number of papers dealing with the
study of iterative methods to investigate various important
themes; see, for example, [19-27].

The purpose of this paper is to introduce two new Kirk
type hybrid iteration methods and to show that these iterative
methods can be used to approximate fixed points of certain
class of contractive operators. Furthermore, we prove that
these iterative methods are stable with respect to the same
class of contractive operators.

As a background to our exposition, we describe some
iteration schemes and contractive type mappings.

The following multistep-SP iteration was employed in [20,
28]:

X9 € X,
Xn+1 = (1 - (xn) yrll + (anyrll’
i i\ i+l i il
v =(1=B) 3+ BTy

y:_l = (1 - ﬁk_l)xn + ﬁﬁ_lTxn, neN,

n

3)



where N denotes the set of all nonnegative integers, including
zero, and {or,}2 0, {Bul oo Wateos and {ﬁ;}zo, i=1,k-2,
k > 2, are real sequences in [0,1) satisfying certain
conditions.

By taking k = 3 and k = 2 in (3) we obtain SP [25] and
two-step Mann [27] iterative schemes, respectively. In (3), if
we take k = 2 with B, = 0O and k = 2 with 8} = 0, a, =
A (const.), then we get the iterative procedures introduced
in [23, 29], which are commonly known as the Mann
and Krasnoselskij iterations, respectively. The Krasnoselskij
iteration [29] reduces to the Picard iteration [18] for A = 1.

A sequence {x,}7’ defined by

Xy € X,
Xn+1 = (1 -

= (1 - ﬁn) X, + Bnwa

is known as the S iteration process [6, 19].

Continuing the above trend, we will introduce and
employ the following iterative schemes which are called Kirk-
multistep-SP and Kirk-S iterations, respectively:

‘xn) Txn + (XnTyVl’ (4)

neN,

xp € X,
S1
_ i1
Xne1 = z(xn,ilT Y
i,=0

an (5)
= B, Tyt p=1k-2,

p+1 =0

Sk
-1 _ k—1 rpiy
- ZﬁnlkT
=0

k>2, VneN,
x, € X,

Sy
_ i
Xnt1 = (xn,OTxn + Z(xn,ilT yn’ (6)
i=1

)
Yn = Zﬁn,ilezxn’ Vn € N’
i,=0

where Y} Z"“_Oﬁ =1forp = Lk-1;

h =0 nll - Ip+1
Oy s ﬁ’iiw are sequences in [0, 1] satlsfying &, 2 0,0,0#0,
P P
gy 2 0, and fB,,#0 for p = 1, 1Lk—1;and s, s o1 for

p =1,k — 1 are fixed integers with s; > s, > --- > 5.

By taking k = 3,k = 2,and k = 2 with s, = 0in (5) we
obtain the Kirk-SP [30], a Kirk-two-step-Mann, and the Kirk-
Mann [31] iterative schemes, respectively. Also, (5) gives the
usual Kirk iterative process [32] for k = 2, with hs, =0 and
i = 0 .Ifweputs, = lands 1 =Lp=1 Lk-1in (5)
and (6), then we have the usual multlstep SP iteration (3) and
S iteration (4), respectively, with Zilzo i,
Z =0 ﬁ =1 /351 =

iyt o P p = 1,k — 1. The SP iteration
[25], the two-step Mann iteration [27], the Mann iteration

- 1’ (xn,l - (xn’
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[23], the Krasnoselskij iteration [29], and the Picard iteration
[18] schemes are special cases of the multistep-SP iterative
scheme (3), as explained above. So we conclude that these are
also special cases of the Kirk-multistep-SP iterative scheme
(5).

We end this section with some definitions and lemmas
which will be useful in proving our main results.

Definition 1 (see [33]). Let X be a normed space. A mapping
T : X — X is called contractive-like mapping if there exists
A € [0, 1) such that

||Tx - Ty“ <@(lx-Tx[)+A ||x - y|| , Vx,yeX, (7)

where ¢ : R* — R is a monotone increasing function with

»(0)=0

Remark 2. By taking ¢(t) = Lt in (7), one can get contractive
definition due to Osilike and Udomene [34]. Also, by putting
@(t) = 2At in (7), condition (7) reduces to the contractive
definition in [35]. In [35] it was shown that the class of these
operators is wider than class of Zamfirescu operators given in
[17], where A := max{a,b/(1 = b),c/(1 —c¢)}, A € [0,1) and a,
b, and c are real numbers satisfying 0 < a < 1,0 < b, and
c<1/2.

Remark 3 (see [20, 28]). A map satisfying (7) need not have
a fixed point. However, using (7), it is obvious that if T has a
fixed point, then it is unique.

Definition 4 (see [36, 37]). Let X be a normed space, T
X — X amapping, and {x,} 2, C X an iterative sequence
generated by the iterative process (1) with limit point g €
Fp:={q € X:q=Tq}. Let {y,},°, be an arbitrary sequence
in X and set

& = |ypir = f (Toy,)| forn=0,1,2,.... (8)

We will say that the iterative sequence {x,}.°, is T-stable or
stable with respect to T if and only if

nleréosn =0 &= nli_)rrg()y,, =q. 9)

Lemma 5 (see [8]). If o is a real number such that ¢ € [0, 1)
and {e,}>2 is a sequence of nonnegative numbers such that
lim,_, &, = 0, then, for any sequence of positive numbers
{u,}2, satisfying

U, <ou,+¢g, VneN, (10)

one haslim,, _, u, = 0.

Lemma 6 (see [31]). Let (X, |I-1|) be a normed linear space and
let T be a self-map of X satisfying (7). Let ¢ : R* — R* bea
subadditive, monotone increasing function such that ¢(0) =
¢(Lu) < Lo(u), L > 0,u € R". Then, foralli € N, L > 0 and

forallx,y e X

) ) i
frie-y] <y

(;) i) (I - Tl + ' Jx - y], ()

where a € [0, 1).
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2. Main Results

For simplicity we assume in the following four theorems that
X is anormed linear space, T is a self map of X satisfying the
contractive condition (7) with some fixed point g € F, and
¢ :R" — R"isasubadditive monotone increasing function
such that ¢(0) = 0 and ¢(Lu) < Lo(u), L > 0,u € R™.

Theorem 7. Let {x,},. be a sequence generated by the Kirk-
multistep-SP iterative scheme (5). Then the iterative sequence
{x,,},,cn cOnverges strongly to q.

Proof. The uniqueness of g follows from (7). We will now
prove that x,, — q.

Using Kirk-multistep-SP iterative process (5), condition
(7), and Lemma 6, we get

e = al
= i(xn,ilTllyrlz -4
i,=0
5 ) )
= %0 (yn - q) + Zocn,i1 (Tllyrll - Tllq)
i=1
oo [yh—al + Y, [t -]

i=1

1
< oo |y = 4

S1
+ Z(xn,il
i =1

i
X
i1

51

_ i 1

= “n,ila Yn —4|>
i;=0

/

’Jl) "o/ (lg-Tql) +a" |y, - q“}

(12)

~q

iy 2
M,y n

i, (T2~ 1)

< Bro T2y, - T"q

q” Zﬁ”lz

lz—

|
< Buo |y -4l

)
1
+ Z ﬁn,iz
i,=1

3
) {i ((2) a7’ (a1l +a* - q"}
j=1
(St )bzl
i,=0
(13)

bi-dls (S bi-d oo

13—

By combining (12), (13), and (14) we obtain

N
N(E et il

[ %ner = al

S1 Sy
i 1
<| Xawsa" || 2 Buia
i;=0 i,=0

(15)
Continuing the above process we have
s s,
. L
%1 — gl < ( Zcxn,ila" ) ( Zﬁn,izab) .
i,=0 1,=0
(16)

(S bl
ix-1=0

Using again Kirk-multistep-SP iterative process (5), condi-
tion (7), and Lemma 6, we have

b=l = (S bl

Ik—

Substituting (17) into (16) we derive

s ) s, L
||9anrl - q” < ( Zocn,ila" ) < Zﬂn,iza’z) .
=0 i=0
(zﬁﬁz: lk) |x - q” .

Since a* € [0,1) and Zs‘_o & = Z;’;‘_O ﬁm ., = lfor

p= l,k— 1, then

<Z“n,z’1ail> (‘iﬁ:‘,iz“E) <Zﬁﬁlk1 lk)
()3 (3)

Hence, by an application of Lemma 5 to the inequality (18),
we getlim, _, . x, = q.

Theorem 8. Let {x,}, . be a sequence generated by the Kirk-
multistep-SP iterative scheme (5). Then, the iterative sequence
{%,,},eny is T-stable.
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Proof. Let {y,},cn € X, {uﬁ}neN, for p =1,k - 1, be arbitrary 2 (i, i . 2
sequences in X. Let g, = |y, — Zl ocmlT’lu I, n = X Zl j a "¢ ("q_ L1||) Ta”u, _‘1”
0,1,2,..., where uf = ¥ o B TiP+1u£+1, p=1k-2,
p+1_ p+1 5
k 1_ zlk Oﬂﬁzlekyn’ k > 2, and let lim,, , &, = 0. Now _ Zﬁl 4t ||u2 _q"’
we will prove that lim,, _, ..y, = g. " "
It follows from (5) and Lemma 6 that (21)

1yes —al Jun - d] < (Z . )Hui ~q). (22)

13—

Combining (20), (21), and (22) we get

S1 i Sz .
"ynJrl - q" <g, t+ (Z“")ilall) (Zﬁrll,izalz>
i,=0

S1 S1
_ i1 i 1
= Va1 — z ‘xn,ilT u, + Z“’hilT U, —4

i1=0 i1=0

S Sy
i1 i1 3 i=

< Y1 — i;“n,ilTl u, + i;)an,il Tl u,—q h0 (23)

. (S -l
=g, + Zocm-1 (T'lu; - T”q) B0

i;=0 By induction
=g, + a0 (u:l - ) Z%z (Tl1 Til‘]) Vo1 —a < &, + < itxn,ila“) (i[}rll,i2ai2> e

. - o (24)
<e, .Han”u —q'|+ Z(xm “Tzlu T”q“ < z ﬁ 'k1> ukil—q".
i1 Mg, n

i =0

1
S & T Ay Hun - q” Again using (5) and Lemma 6 we have

*Zew -l (B Jn-al. e

=0

i, o . .
o {Z <1j> ij-j ; ("q Tq||) gt "u q”} Substituting (25) into (24) we derive

j=1 5 ‘ s, ‘

b=l <0 ( S ) ( St ) -
i,=0 i,=0
=g, +<Z;)cxma )"ui—q”, ’ (26)
i =

o) (St -l

=0

u, —q
Define

= (lean,il“h) <i rll,izaiz) <Zﬁ:z: lk>- (27)
i,=0 $,=0

i,=0
S5 .
_ Z/_;rll)iz (TizuZ leq) We now show that o € (0,1). Since a* € [0,1), «,y > 0,
$,=0 Yo%y, = Land 3, p+1_0 [; =1for p = 1,k — 1, we have
< n U, = n,i 12 - Tiz - < 1
ol -l 3 I -1 a<(zan,h)(zﬂn,,-z) (3)-1 o
i,=0 i=0
< Bug [, -l st .
S Pno [~ 4 Therefore, an application of Lemma5 to (26) yields
5 lim,, _, oy = 4-
+ Z /31 , Now suppose that lim, _, ..y, = g. Then, we will show
iy
that lim,, _, ..&, = 0.
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Using Lemma 6 we have

S1
- i 1
En = || Vn+1 — Z‘xn,ilT U,

< |y —af +

= ”yn+1

< ”yn+1

S

l1=1

i1=0

- q|

- q" + &0

nzl

Bt

S1
i1
q- Z(xn,ilT U,

=0

=

i, —q

fria -1

< s = all + 0 [ — 0,

+ Z(Xml

11—

)
1 2 1
< /';n,O ||q - un" + Z:Bn,iz
i)=1

{

qmm—ﬂ+<

i

j=1

i,=0

S2
1
+ Zﬁ”’iz
i=1

|

iy

>(

j=1

)

J

Sy
Z “”’il a

1=0

)
_ 1 i 2
=\19- Z ﬁn,izT U,

)T (Ja - Tal)

SZ 1 i 2
iy _
< 2B |a-w].
i,=0

1=(%

Zﬁnz3a

13—

) _

)

ocnjo(q—u) Z(xn, (T'lq T'lu)

y (IJI ) a" o’ (|g-Tql) +a" g - uill}

i 1
q— Uy

SZ . .
= Buo (1) + 2B, (T2 - T";)
ip=1

i 2

(29)

(30)

(31)

5
Combining (29), (30), and (31) we obtain
s ) s, )
<D=+ ( S ) St
i=0 i,=0
2 (32)
(Se)
i,=0
Thus, by induction, we get
S . Sy .
<=+ ( S ) Staat )
i,=0 i,=0
(33)

(zﬁ% : )nq—uzl

Again using (5) and Lemma 6 we have

o=t L= (S Jmal o

=0
Substituting (34) into (33) we derive
S ||yn+1 - q“ + ( Z:(Xn,ilai1 ) ( Zﬁrlz,izai2> e
i,=0

i,=0

(35)

(zﬁ;%)m—ﬂ-

Again define

= <Zlan,ila"> (Zzﬁi,iza”) <Zﬁﬁ o ) . (36)
i,=0 i,=0 i,=0

Using the same argument as that of the first part of the proof
we obtain o € (0, 1).
Hence (35) becomes

&n < Vs —dll + o]y, - al- (37)
It therefore follows from assumption lim, , .y, = ¢ that
g, — Oasn — oo. O

Theorem 9. Let {x,}, . be a sequence generated by the Kirk-
S iterative scheme (6). Then, the iterative sequence {x,}
converges strongly to q.

neN

Proof. The uniqueness of g follows from (7). We will now
prove that x,, — q.



Using Kirk-S iterative process (6), condition (7), and
Lemma 6, we get

s = al

= i, (T"9, = T"q)

i=1

X0 (Txn - Tq) +

<a,,||Tx, - Tq|| + Zocml ”T’ly T’lq”

1|—

<ao, ”xn - q"

+Z%{Z<'> gl (g - Tql) +a™ llyn—qll}
51 .
=a%@hwﬂm+<zawd)u%—ﬂL

=1

(38)
Iy, -l

= iﬁn,iz (Tizxn - Tizq)

i,=0

S2
< ﬁn,o "xn - q“ * Zﬁn,iz T=x
=1

— Tizq

S /311,0 "xn - q”

+2&4§C>”’wam+aw—ﬂ}
L= J=
= ( Zﬁn,iza"z) %, -4l -

i,=0

(39)
Substituting (39) into (38) we obtain
%1 = 4l
> |:a06n0 <Z“nzla )(Zﬁnzz >]||x _q”
(40)

Sincea™ € [0,1) and fo:o Fnjiy = lezzz
ﬁn,O # 0’

(3 )
<(xn0 (Z n11><2ﬂn12> (41)

51
= za”')il =1
i;=0

Utilizing (41) and Lemma 5, (40) yields lim, , . x, =¢q. O

0 /3,‘)1-2 = lwithe, ; #0,

Journal of Function Spaces

Theorem 10. Let {x,}, . be a sequence generated by the Kirk-
S iterative scheme (6). Then, the iterative sequence {x,},y is
T-stable.

Proof. Let {y},on < X, & =
Zfl‘ (xn,lTuII n=2012,.
Assume that lim
lim

”yn+1 - (anTyn
..and u, = Zl 0 mZleyn
0. Now we will prove that

n—ooofn =

n—>ooyn

q.
It follows from (6) and Lemma 6 that

101 =4l

S1
i
S (Vne1 — (xn,OTyn - Z(xn,ilT Uy,

i=1

S1
i
“n,OTyn + Z(xn,ilT ‘un -q

+
i=1
=& T || %o (Tyn - Tq) + ian,il (Til U, = Tilq)
i=1
<e,+an,g |y, —q|+ Zocm “T u, Ti1q||

11—

Sgt ac,o “yn - q"

+§hm{ZC9f“¢w¢4ﬂwwWM—ﬂ}

j=1

=g tan, “yn_q"+<z K i 4 >"M _q”
i=1

(42)

Hu—ﬂ<<2mh

i,=0

) Iy, -4l (43)

Combining (42) and (43) we have

Sy ) Sy )
||ynJrl - q" <eg, + [a(xn,o + < Zan,ilaH) < Zﬁn,izau)]
i=1 i,=0

x|y, -4l - »
44

Define

0= an,+ ( Zocmla ) < iﬁn’izaiz> . (45)
=0

11—
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We now show that ¢ € (0,1). Since a’* € [0, 1), a,, > 0,
Yo%y, = Land X2 B, a", we obtain

iI:O M1
S1 )
o< an,O + Zocn,i1 Zﬁn,iz
i=1 i,=0

2 (46)
= Z(x"’il
i,=0
= 1.
Thus, (44) becomes
1y = all <mlly. —all + & (47)

Therefore, an application of Lemma5 to (47) leads to
lim,, _, ¥, = 4.

Now suppose that lim,, _, ..y, = g. Then, we will show
that lim,,_, ¢, = 0.

Using Lemma 6 we have

Sy
iy
Yne1 — an,OTyn - Zan,ilT u,

€, =
i=1
< [yer =4l
+19 - an,OTyn - Zocn,ilTi1 Uy,
i=1
= |y — 4l
+ X0 (Tq - Tyn) + zocn,il (Tllq - Tllun)

i=1

< s = all + actyo 1, - 4l

S

i i
+ e, [T =T, |

=1

< | ypir — 4l + e |3, - 4l

+ Y 13 (1) a9 a1l + o Ja -

i=1 j=1 J

51 .
ﬂmm—mhmhw%—ﬂ+(z%mw>m—%w

i=1

(48)

52 .
HWWAS<Z&yﬁymﬁﬂL )
=0

7
Substituting (49) into (48) we get
s ) s, )
£, < |y —al + [a(xn,o ‘ < Zan,ila“> < 3 B )]
i=1 i,=0
|y, —al-
(50)
Again define
0 :=aa,,+ ( Zocm-lai‘ ) < Zﬁmizaiz) . (51)
i=1 i,=0

Using the same argument as that of the first part of the proof
we obtain o € (0, 1).
Hence (50) becomes

& < e = all + 1]y, -l (52)
It therefore follows from assumption lim, , . y, = g that
g, — O0asn — oo. O

Remark 11. Theorem 7 is a generalization and extension of
Theorem 2.1 of [38], Theorem 2.1 of [39], Theorem 1 of [20],
and Theorem 2.4 of [30]. Theorems 8 is a generalization and
extension of Theorem 3.6 of [38] and Theorem 3 of [40].
Theorem 9 is a generalization and extension of Theorem 8 of
[41] and Theorem 3 of [20].
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