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We introduce a new sequence space which is defined by the operator W = (w,,,) on the sequence space €(p). We define a modular
functional on this space and investigate structure of this space equipped with Luxemburg norm. Also we study some geometric
properties which are called Kadec-Klee, k-NUC, and uniform Opial properties and prove that this new space possesses these

properties.

1. Introduction

In literature, there are many papers about geometric proper-
ties and their applications on different sequence spaces. Some
of them are as follows.

In [1], Opial defined the Opial property with his name
mentioned and he proved that £, (1 < p < 00) satisfies this
property but the space LP[O, 2] (p#2,1 < p < 00) does
not.

Franchetti [2] has shown that any infinite dimensional
Banach space has an equivalent norm satisfying the Opial
property. Later, Prus [3] has introduced and investigated
uniform Opial property for Banach spaces.

In [4], the notion of nearly uniform convexity for Banach
spaces was introduced by Huff. Also Huff proved that every
nearly uniformly convex space is reflexive and it has uniform
Kadec-Klee property. However, Kutzarova [5] defined k-
nearly uniformly convex Banach spaces.

Shue [6] first defined Cesaro sequence spaces with norm.
In [7], it is shown that the Cesaro sequence spaces ces, (1<
p < 00) have Kadec-Klee and local uniform rotundity
properties.

In [8], it was shown that Banach-Saks of type-p property
holds in these spaces.

Later, Sanhan and Suantai [9] generalized the normed
sequence spaces to the paranormed sequence spaces. He

showed that the sequence spaces ces(p) equipped Luxemburg
norm are rotund and have Kadec-Klee property.

Petrot and Suantai [10] studied the uniform Opial prop-
erty of these spaces. In [9], Sanhan and Suantai have showed
that the Cesaro sequence space ces(p), where the sum runs
over 2" < k < 2™, equipped with Luxemburg norm has
property (H) but it is not rotund.

Karakaya [11] introduced a new sequence space involving
lacunary sequences connected with Cesaro sequence space
and examined some geometric properties of this space
equipped with Luxemburg norm. In [12], Karakas et al.
defined and studied a new difference sequence space involv-
ing lacunary sequences by using difference operator.

In [13], Khan and Rahman introduced sequence spaces
ces[(p,), (g,)]. Afterwards, Mursaleen and Khan [14] gener-
alized this space to the vector-valued sequence space. In the
space ces[(p,), (q,)], if we specialize g,, = 1 for alln € N, then
we get ces[(p,), (q,)] = ces(p) defined in [9].

In [15], Simgek and Karakaya generalized sequence
space ces[(p,), (g,)] to vector-valued space ces(X, p,, q,,) and
investigated some topological and geometrical properties as
Kadec-Klee and rotund according to Luxemburg norm of this
space.

In [16], Savas et al. introduced an £,-type new sequence
space and examined some geometrical properties of this



space concerning Banach-Saks of type- p and Gurarii’s modu-
lus of convexity. Also, in [17], Simsek et al. investigated the k-
nearly uniform convexity (k-NUC) property and some fixed
point results in modular space V,(4; p); $imsek and Karakaya
[18] introduced modular sequence space €,(u, v, p) obtained
from paranormed ones by generalized weighted means on
Kothe sequence spaces and investigated Kadec-Klee property
of this space.

2. Preliminaries and Notation

Let (X, || ]I) (for the brevity X = (X, | - ||)) be a normed linear
space and let B(X) (resp. S(X)) be the closed unit ball (resp.
unit sphere) of X. The space of all real sequences is denoted
by w. For any sequence {x,} in X, we denote by conv({x,})
the convex hull of the elements of {x,,}.

A Banach space X is called uniformly convex (UC) if for
each ¢ > 0, there is § > 0 such that, for x, y € S(X), the
inequality [x — y| > € implies that

ll%(x+y)|l <1-3, W

Recall that for a number ¢ > 0 a sequence {x,,} is said to be an
e-seperated sequence if

sep ({x,}) = inf {||x, - x,,||, n#£m} > e. (2)

A Banach space X is said to have the Kadec-Klee property
(H property) if every weakly convergent sequence on the unit
sphere is convergent in norm.

A Banach space X is said to have the uniform Kadec-Klee
property (UKK) if for every & > 0 there exists & > 0 such that
if x is the weak limit of a normalized e-separated sequence,
then [ x| < 1 -8 (see [4]). We have that every (UKK) Banach
space has the Kadec-Klee property.

A Banach space X is said to be the nearly uniformly convex
(NUCQ) if for every € > 0 there exists § > 0 such that, for every
sequence {x,} ¢ B(X) with sep({x,}) > &, we have

conv ({x,}) N (1 -8) B(X) #0. (3)

Letk > 2bean integer. A Banach space X is said to be k-nearly
uniformly convex (k-NUC) if for any € > 0 there exists § > 0
such that, for every sequence {x,} ¢ B(X) with sep({x,}) > ¢,
there are n,,n,,...,m, € N such that

Xy + X, ot X

k

3

<1-94. (4)

Of course a Banach space X is (NUC) whenever it is (k-NUC)
for some integer k > 2. Clearly, (k-NUC) Banach spaces are
(NUC) but the opposite implication does not hold in general
(see [5]).

A Banach space X is said to have the Opial property if
every sequence {x,,} that is weakly convergent to x, satisfies

Jim inf [, = xo] < Jim inf [, = x|

> ©)

for every x € X and x # x, (see [1]).
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A Banach space X is said to have the uniform Opial
property if every € > 0 there exists § > 0 such that, for each
weakly null sequence {x,} ¢ S(X) and x € X with |lx|| > ¢,
we have (see [3])

l+7< nli_ng inf [|x,, + x| . (6)

A point x € S(X) is called an extreme point if for any y,z €
B(X) the equality 2x = y + z implies that y = z. A Banach
space X is said to be rotund (abbreviated as (R)) if every point
of S(X) is an extreme point. A Banach space X is said to be
fully k-rotund (written as kR) (see [19]) if for every sequence
{x,} € BX)

— k

Xy + X+t Xy as 1y, My, ..., — 00 (7)

implies that {x,} is convergent.

It is well known that (UC) implies (kR) and (kR) implies
((k + 1)R), and (kR) spaces are reflexive and rotund, and it is
easy to see that (k-NUC) implies (kR).

For a real vector space X, a function p : X — [0, 00] is
called a modular if it satisfies the following conditions:

(i) px) =0 & x =0,
(ii) p(ax) = p(x) for all « € F with |a| = 1,

(iii) plax + By) < p(x) + p(y) for all x,y € X and all
o, 3 > 0 with « + 3 = 1. Further, the modular p is
called convex if

(iv) plax+ By) < ap(x)+ Bp(y) holds for all x, y € X and
alla, = 0witha + 3= 1.

For any modular p on X, the space

XP:{xEX:p()Lx)—>OaS/\—>O+} (8)

is called the modular space.

A sequence (x,) of elements of X, is called modular
convergent to x € X, if there exists a A > 0 such that
p(Ax, —x)) — Oasn — oo.If pisa convex modular, then
the following formula defines a norm on X, which is called
the Luxemburg norm:

||x||L:inf{/\>0:p(;—C>sl}. 9)

A modular p is said to satisfy the A ,-condition (p € A,)
if for any € > 0 there exist constants K > 2 and a > 0 such
that

p(2x) < Kp(x) +e, (10)

forall x € X, with p(x) < a.

If p satisfies the A,-condition for all a > 0 with K >
2 dependent on a, we say that p satisfies the strong A,-
condition (p € AY).

Lemmal. Ifp € A’ then, forany L > 0 and ¢ > 0, there exists
0 > 0 such that

|p(u+v)—p(u)| <e 1)

whenever u, v € XP with p(u) < L and p(v) < 6.

Proof. See [20]. O
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Lemma 2. If p € A, then, for any € > 0, there exists § > 0
such that ||x|| < 1 — & whenever p(x) < 1-e.

See [21].

Lemma 3. If p € A%, then for any (x,) € X,,

[x,] — 0= p(x,) — 0. (12)

See [20].

Lemmad4. Ifp € A, then for any € > 0 there exists § > 0 such
that ||x|| > 1 — § whenever p(x) > 1 —&.

See [20].
In this paper, we will need the following inequalities in
the sequel:

|ay + b|” < 277! (|“k|P + |bk|p)’ (13)
for p > 1.
In [22], Polat et al. defined the matrix V = (v,;) by
Uy (V= Viar)» k<nm
Ve = UV, k=n (14)
0, k> n.

Here, foralln € N, u,, #0, v, #0, and (u,,) depend on #; (v;)
depend on k.

Using this matrix, we define €, (1, v, p) sequence space as
follows:

3 (. p) = { = () €w: (1)
(g

neN.},

where Ax; = x; — x;,_; is back difference, and Av, =
Vi — Vi is forward difference. Throughout this study,
p = (pi) is a bounded sequence of positive real numbers;
H = supp, and M = max{l,H}. We denote (Vx), =

-1
( Z:l un(vk -

~ Vit xk+uvx)e€(p),

(15)

Vis1)Xg + U, V,x,,),, for short in proof.

Theorem 5. The sequence space €,(u, v, p) is a complete metric
space of nonabsolute type with respect to the paranorm defined

by

1M

Pr
) . (16)

n—-1
g(x)=<z

Zun (Vk - Vk+1) Xp + UV Xy

Proof. The linearity of £, (u, v, p) with respect to the coordi-
natewise and scalar multiplication follows from the following
inequalities which are satisfied for x, y € €, (u, v, p):

P\ LM
( = Verr) (X + Vi) + UV, (6, + 1) >
_ Py UM
S(ZZ vkﬂ X +U,v, X, )
n (k=1
n-1 P\ UM
+<Z Zun (Vk_vk+l)yk+unvnyn > >
k=1
(17)
and for any o € R
|ee|P% < max {1, |oc|M}. (18)

It is clear that g(8) = 0 and g(x) = g(-x) for all x €
€, (u, v, p). From (17), it can be seen the subadditivity of g and
glax) < max{l, |cx|M}g(x).

Let (x™) be any sequence in €, (u, v, p) such that g(x™ —
x) — 0Oand («,,) are any sequence of scalars such thater,, —
«. Then, since the inequality

g(x") < g(x)+g(x" - x) (19)

holds, the subadditivity of g, (g(x™)), is bounded and thus we
have

g (o, x™ — ax)

(Z Z” = Vieyr) (4 Xy, — o)
n
Px 1/M
Tu,Vy, ((menm - ‘xxn) )
< | /M m /M m
<o, —af* g (x™) +lal T g (x" -x),

(20)

which tends to zero as n — oo. Therefore, the scalar
multiplication is continuous. Hence, g is a paranorm on the
space £, (u, v, p). It remains to prove the completeness of the
space £, (1, v, p). Let (x/) be any Cauchy sequence in the space
€,(u, v, p). Then, for a given ¢ > 0, there exists a positive
integer m,(e) € N such that g(xi - x7) < ¢/2 for all i,j >
my(e). Using definition of g, we obtain for each fixed n € N
that

|(in) (VxJ 'pk/M Z' Vx VxJ 'pk 1/M<f
>
(21)

for every i,j > my(e) which leads us to the fact that
{(on)n, (Vxl)n,...} is a Cauchy sequence of real num-
bers for every fixed n € N. Since R is complete,



(Vx'), — V(x)asi — oo. Using these infinitely many
limits (Vx),y, (Vx);, (Vx),,..., we may write the sequence

{(Vx)g, (VX)y,.. .}
For all j > m(e) and every fixedn € N

; €
Va!) —(Vx),| < =. 22
|(va), = (Vo] < 5 (22)

Now, we have to show x € €, (u, v, p). To do this, we have

|(Vx)n|‘Dk = |(Vx)n - (in)n + (in)n

1/M 1M
<;|(Vx)np“> S(;'(Vx)n—(in)np”> 23)
1M
H(Z)

Hence, we get x € £,(u,v,p). As a result €,(u,v,p) is a
complete metric space. O

'Pk

We introduce a modular sequence space £, (u, v, p) by

epA (u’ Vs p)

oo [k-1 Pk
= {x =(x,) ew: Z(ZukAvi |x;| + teve |xk|>

k=1 \i=1
< OO]> .

The Luxemburg norm on the sequence space €,,(u, v, p) is
defined as follows:

Il = inf{A 50 p<’—;> < 1}

for every x € €, (4, v, p).

(24)

(25)

Here, the modular defined by

oo [ k-1 Pr
p(x)= Z(ZukAvi |x;] + v |xk|> (26)

k=1 \i=1

is a convex modular on EPA(u, v, p).

3. Main Results

In this section, we will give some basic properties of the
modular p on the space €,,(u, v, p). Also, we will investigate
some relationships between the modular p and the Luxem-
burg norm on €,, (1, v, p). Finally, we study some geometric
properties on this space.

Let us start with some lemmas which will be used in
the proof of the theorems about geometric properties of this
space.
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Lemma 6. The functional p is a convex modular on
€5, v, p).
Proof. Let x, y € £,5(u, v, p). It is obvious that

(i) p(x) =0 & x = 0.
(ii) p(Ax) = p(x) for all scalar A with [A| = 1

oo [k-1 Pk
p(Ax) = Z(Z”kAVi |ox;| + v |cxxk|>

=1\ i=1

0 k-1 Pk (27)
= Z|oc|Pk(ZukAvi EARRTRA |xk|>

k=1 i=1
=p(x).

(iii) For , B > 0 with &« + 8 = 1, by the convexity of
t — |t|P* for every k € N, we have

oo (k-1 Pr
p(Ax +By) = Z(Z“kAvi locx; + Byi|+ wevy Jouxy + :B)’k|>

k=1 \i=1

k-1

(o)
< Z <ZukAvi |ocx,~| + U Vg |ocxk|
k=1

i=1

k-1 Pk
+Z”kAVi |ﬁ)’i| T U Vi |ﬂ)’k|>
i=1

0 k-1 Pr
< Zl(x|P"<ZukAvi lxi| + U vy |xk|>
k=1

i=1

o) k-1 Pr
+ Z|/3|Pk<zukA"i i + wvy |J’k|)
k=1 i=1

< ap(x)+Bp(y).
(28)

For x € EPA(u, v, p), the modular p on EpA(u, v, p) satisfies the
following properties: O

(i) if 0 < a < 1, then aMp(x/a) < p(x) and p(ax) <
ap(x),
(ii) if a > 1, then p(x) < aMp(x/a),
(iii) if a > 1, then p(x) < ap(x) < p(ax).

Proof. It can be proved with standard techniques in a similar
way as in [23]. O

Lemma 7. Forany x € £,,(u, v, p),
(i) if lxll < 1, then p(x) < ||x|,
(ii) if lacl > 1, then p(x) > |1,
(i) x| = 1 & p(x) = 1,
(iv) if x|l < 1, then p(x) < 1,
(v) if x| > 1, then p(x) > 1.
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Proof. It can be proved with standard techniques in a similar
way as in [23]. ]

Lemma 8. Let {x,} be a sequence in £, (u, v, p):

(i) iflim,, _, llx, || = 1, thenlim,, _, p(x,) =1,

(ii) if lim,,_, p(x,) =0, thenlim, _, lx,| = 0.

Proof. It can be proved with standard techniques in a similar
way as in [23]. O

Lemma 9. For any L > 0 and ¢ > 0, there exists § > 0 such
that

|p(u+v)—p(u)| <& (29)
whenever u, v € €PA(u, v, p) with p(u) < L and p(v) < 6.

Proof. Since p = (p) is bounded, it is easy to see that p € A%,
Hence, the lemma is obtained directly from Lemma 1. O

Lemma 10. For any sequence (x,,) € £,5(u, v, p),
[l — 0= p(x,) — 0. (30)

Proof. Since p € A’), the lemma is obtained directly from
Lemma 3. O

Lemma11. Forany x € KPA(u, v, p) and € € (0, 1), there exists
0 € (0, 1) such that p(x) < 1 — e implies | x| < 1 - 6.

Proof. Since p € A’, the lemma is obtained directly from
Lemma 2. O

Now we will show that the £,,(u, v, p) is a Banach space
with respect to the Luxemburg norm

Theorem 12. The space £,,(u, v, p) is a Banach space with
respect to the Luxemburg norm defined by

||x||:inf{)t>0:p<§>sl}. 31)

Proof. We will show that every Cauchy sequence in
€, (u, v, p) is convergent according to the Luxemburg norm.
Let (x) be a Cauchy sequence EPA(u, v,p)and € € (0,1).
Thus, there exists ny(e) such that [|x" — x™| < & for all
m,n > n,. By the Lemma 8(i), we obtain

p(x" ™) < [x" - %" < & (32)
for all m, n > ny(e); that is,
co [k-1 Pr
Z(Z”kA"i | ()= %, D]+ tyev |, (K) = (k)|> <e
o (33)

For fixed k we get that

|xn (i) — x,, (i)| <e. (34)

Hence, we obtain that the sequence (x,(i)) is a Cauchy
sequence in R. Since the real number R is complete, x,, (i) —
x(i) asm — o0. Therefore, for fixed k and

k-1 P
(ZukAvi |x,, (i) = x (i)| + wev |x, (k) — x (k)|> (35)

i=1

<e Vnx=ng(e).
So, we obtain that for all n > ny(e) and as m goes to infinity
p (Xn = Xp) — p (%, = %). (36)
So, for all n > ny(e) from Lemma 8(i),
p(x,—x)<|x, - x| <e. (37)

It can be seen that, for all n > n,, x, — xand (x, — x) €
epA (uy v, p)'

From the linearity of the sequence space EPA (u, v, p), we
can write that

x=x, = (x,—x) € Lyp (v, p). (38)

Hence, the sequence space €,, (1, v, p) is a Banach space with
respect to the Luxemburg norm. This completes the proof of
the theorem. O

Lemma 13. Let x € €,,(u,v, p) and {x,} < €,5(u,v,p). If
p(x,) — p(x)asn — ooand x,(i) — x(i) asn — oo for
alli € N, then x,, — xasn — oo.

Now, we shall give the main theorems of this paper
involving the geometric properties of the space £, (u, v, p).

Theorem 14. The space £,,,(u, v, p) has the Kadec-Klee prop-
erty.

Proof. Let x € S(€pp (1, v, p)) and x,(i) < Ep (v, p) such

that |x, ()| — 1 and x,(i) a x(i) asn — ©00. From
Lemma 8(iii), we get p(x) = 1. So, from Lemma 9(i), it
follows that p(x,) — p(x) asn — ©o. Since mapping
7+ €pp(u,v, p) — R defined by m;(y) = y; is a continuous
linear functional on EPA(u, v, p). It follows that x,,(i) — x(i)
asn — oo foralli € N. So from Lemma 13, x,, — x as
n — 00. O

Theorem 15. The space £, (u, v, p) is k-NUC for any integer
k > 2 wherel < p < 0.

Proof. Let & > 0 and {x,} € B(€,,(u, v, p)) with sep(x,) > .
For each m € N let

xnm=<0,0,...,0,xn(m),xn(m+1),...), (39)

m—1

since for each i € N(x,(i);2, is bounded; by using the
diagonal method, we have that, for each m € N, we can find
that a subsequence (xnj) of (x,,) such that (xnj) converges for



eachi € N, 1 < i < m. Therefore, there exists an increasing
sequence of positive integer (t,,,) such that sep((x"’) ) > e

Hence, there is a sequence of positive integer (r,, ) . " with
ry <ty <3 < --- such that [|x" || > ¢/2 for all m € N. Then,
by Lemma 11, we may assume that there exists ¢ > 0 such that

p(x::‘n) >pu VYmeN. (40)

Leta > 0and 1 < & < lim,,_, ., inf p,,. For fixed integer k > 2,
lete, = (K* ' =1)/(k—1)k%)(u/2). Then, by Lemma 10, there
isad > 0 such that

|p(u+v)—p(u)| <&, (41)

whenever p(u) < 1 and p(v) < 6.

Since, by Lemma 8(i), p(x,,) < 1 for all n € N, there exist
positive integers m; (i = 1,2,...,k—1) withm, <m, <--- <
my._, such that p(x") < dand « < pjforall j > my_,. Define
my, = my_, + 1. From (40), we have p(x::’n’;) > u. Lets; =i for
l1<i<k-lands, = T Then, in virtue of (40), (41), and
convexity of function f;(u) = |ul” (i € N), we have

X F X b X
P k

1 ; N ;
<ZunAvi x, (i) + xg (1])(+ +xg, (i)

X, (n) +xg (n) +-+-+ X, (n)
n'n k

i
f

x,, (i) +x,, (i) + -+ x, ()
' k

1 [n-l x, (1) +xg () +--+x, (i)
ZunAVi 1 2 . 3

x;, (n) +x,, (n) + -+ + x (1)

+u,v
k

n'n

+ 3 (S

n=m;+1

x; (n) + x5, (n) + -+ + x (1)

k
X, (n)|>

xg, () + xg, (1) + -+ + x (0)
k

+u,v,

f

m k
< Z%Z(Zu Av; |x, (1)|+u v,

n=1

5 (5w

n=

X, (n) + X, n)+---+ X, (n)
k

i
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+ g

m; 1 k n—1 Pn
= EZ ZunAv,- xs, (i)| + Uy X, (n)’

n=1"j=1\ i=1

X (z)‘+u v,

X, (n)‘)

x, () + xg, (1) + -+ x, (0)
k

. Z(ZuAv

n=m;+1 ]2

ngﬂ(ZuA

X, (n) +x,, (n)+---+ X, (n)
k

i

+ 2¢;

m, 1 k Pn
S;E;(Zu Av, Xs, (n)D
Pn
X, (n)|>

X, (n)‘)

X, (n)l)
)Pn

X, (1)| +u,v,

X (z)‘ +u,v,

;ﬂ <ZuAv

n=

X (z)‘+u v,

5
¢ 3 i3(Suar

n=

L

L3l Z(ZuM

nmk2+1 ]kl

o 3 (Fuaff

n=my._;+1

X, (1)|+uv

m x,, (1)

nvn

+(k-1)¢g

pxs) +p(xg) ++p(x,)

k

1 my [ n—-1
+ — Z ( ZunAv,»
kn:l i=1

IN

X, (i)l +u,v, |x (

(z) x,, [\
A k
mgﬂ(zu , “r, )
+(k-1)¢g
) Pu
<k +kz<2u Av; |+u v, %, (n)|>
+k1 OZO: (ZunAv X (1)|+u v, 1%, (n)|>
n=m+1 \ i
+(k-1)g
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1=

<1 1+
- k

00 n—1 Pn
X [1 - Z (ZunAvi xsj (l)| +unvn xsj (Tl)|> ]

1\ i=1
] X n-1 Pn
ta O (ZunAvi g, ()] + 1,7, | <n)|)
n=m+1 \ i=1
+(k-1)¢g
- Pa
K -1 0 n—1 )
=1- o Z < u,Av; X, (z)’ + UV, (X (n)')
n=my+1 \ i=1
+(k-1)g
a—1 a—1
-1 K -1p
<l+(k-1)g - =1- £
tlke=De - 2
(42)
By Lemma 13, there exists y > 0 such that
Xy + X+ X
! 2 l<1-1y. (43)
k
Therefore, €,,(u, v, p) is k-NUC. O

Theorem 16. For any 1 < p < oo, the space £,,(u, v, p) has
the uniform Opial property.

Proof. Take any ¢ > 0 and x € Eon(u, v, p) with |x|| >
e. Let (x,) be weakly null sequence in S(EPA(u, v, p)). By
lim,, _, o, sup p, < 0o, thatis, p € §, by Lemma 13, there exists
d € (0,1) independent of x such that p(x) > 8. Also by p € &,
and Lemma 10 asserts that there exists ; € (6, 1) such that

5
lpy+2)-p (< 3 (44)

whenever p(y) < 1 and p(z) < 6.
Choose k, € N such that

00 k-1 Pr 5
Z (ZukAvi |xi| + Uy Vg |xk|> < Zl (45)

k=ko+1 \i=1

so, we have

ky [k-1 Pr
d < Z(Z”kAVi || + v |xk|>

k=1 \i=1

00 k-1 Pr
+ Z <Z”kAVilxi|+uka |xkl> (46)

k=ky+1 \ i=1

ky [k-1 Dk 8
< Z(Zukm,. |x;| + wevi |xk|> + Zl
k=1\ i=1

7
which implies that
kO k-1 Pk 6
Z(Z”kAVi |x;| + wevie |xk|> >6- 2L
k=1\i=1 4
>6— § (47)
4
I
4

Since x,, 2, 0, then there exists n, € N such that

38 ko /k-1 Pk

75 <ZukAvi |, (B) + x ()| + wev | x, (k) + x (k)l) ,
k=1\i=1

1 (48)

forall n > n, since weak convergence implies coordinatewise
convergence. We denote

X, = (%, (1), (2) .., %, (o), 0,0....)

Xk, = (0,0...,0,x, (ko + 1), x, (kg +2),...).

(49)

Again x,, = 0, and then there exists n, € N such that

S | < 1= <1 - Z)M’ (50)

foralln > n,.
Hence, by the triangle inequality of the norm, we get

M
i > (1-7) - Sl

It follows by the definition of norm that we have

< ( XnIN—k, )
Pla—e/aM

0 k-1 . Pr
x" (l) xn (k)
= Z (ZMkAVi ‘ M + ukvk PrE— )
kekgr1 \ i=1 (1-6/4) (1-68/4)
1 o) k-1 Pr
s w v, |x, (D] + wev |x, (k)|> ,
(1- 8/4)M k—%ﬂ(g
(52)
which implies that

o (k-1 P S\M
Z (ZukAvi|xn(i)|+ukvk|xn(k)|) ><1_Z> ,

k=ko+1 \i=1

forall n > n,.



By inequalities (44), (45), and (48), (53) yields for any n >
n, that

p(x, +x)

ko [k—1 Pr
= Z(ZukAvi|xn (H)+x (i)|+ukvk|xn (k)+x (k)|>

k=1\i=1

oo (k-1 Pr
+ Z <ZukAv,~|xn(i)+x(i)|+ukvk|xn(k)+x(k)|>

k=ko+1\i=1

36 (o) k-1 Pk
= (ZukAVi |x, ()] + vy |, (k)|)

k=ko+1 \ i=1

\%

36 < 5>M2 h)
Zil1-2) -=.
4 4 4

(54)

Since p € &, and by Lemma 4, there exists 7 depending on &
only such that ||x,, + x| > 1 + 7, which implies that

Jim_inf [|x, + x| > 1+ 7. (55)

Therefore, £,, (1, v, p) has the uniform Opial property. [
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