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For an arbitrary » positive integer, we investigate the existence of n-tuplet coincidence points in intuitionistic fuzzy normed space.
Results of the paper are more general than those of the coupled and the tripled fixed point works in intuitionistic fuzzy normed

space.

1. Introduction

One of the most important fields in mathematics is the
fixed point theory. This theory is used to solve a variety
of problems in many areas such as economics, chemistry,
computer science, and engineering as well as many branches
of mathematics. One of the main theorems in the fixed point
theory is the Banach contraction theorem [1]. This theorem
states that contraction map in complete metric space has a
unique fixed point. Many authors studied the generalization
of the Banach contraction theorem. Generalization on the
complete partial ordered metric space was given by Ran
and Reurings [2] with a weaker condition. In their theo-
rem, contraction condition is provided only for comparable
elements with respect to partial order relation in complete
metric space. Some fixed point theorems have been obtained
by many authors based on [2]. Bhaskar and Lakshmikantham
[3] defined the concept of coupled fixed point and used a
theorem associated with it for existence and uniqueness of
solution of the periodic boundary value problem. Later on,
Lakshmikantham and Ciri¢ [4] introduced the concept of
coincidence point which is a generalization of fixed point.
By inspiring these works, coupled fixed point theorems have
been studied for different type contraction mappings (see

[5-12]). The interest on coupled fixed point theorem has
motivated the authors to generalize it as tripled fixed point
theorem in [13, 14], afterwards as quadruple fixed point
theorem in [15-17], and as n-tuplet fixed point theorem in
[18-21].

On the other hand, fuzzy theory was introduced by
Zadeh [22] and it was generalized by Atanassov [23] as
intuitionistic fuzzy theory. While fuzzy theory assigns degree
of membership for each element, intuitionistic fuzzy theory
assigns degree of membership and nonmembership for each
element. Both of them were applied in many fields of sciences.

Introduction of the intuitionistic fuzzy metric space by
Park [24] and of the intuitionistic fuzzy normed space by
Saadati and Park [25] has enabled many subjects in functional
analysis to be studied in intuitionstic fuzzy normed (metric)
spaces. Fixed point theory is one of these subjects. Many
fixed point theorems have been studied in intuitionistic fuzzy
normed (metric) space. Numerous works have been pro-
duced since richness of fixed point theory and intuitionistic
fuzzy functional analysis. Some of the articles concerning
these fields can be found in the literature (such as [26-33]).

Coupled and tripled fixed point theorems in intuitionistic
fuzzy normed space were proved via n-property in [29,
30], respectively. The purpose of our paper is to study



n-tuplet coincidence point theorem without n-property in
intuitionistic fuzzy normed space, which is the generalization
of coupled fixed point theorem [29] and tripled fixed point
theorem [30] in intuitionistic fuzzy normed space.

Let us start by recalling some of the concepts used in this

paper.

Definition 1 (see [34]). A binary operation * : [0,1] x [0, 1]
is a continuous t-norm if it satisfies the following conditions:
(i) = is associative and commutative; (ii) * is continuous; (iii)
a*x1l=aqaforalla e [0,1];(iv)a * b < ¢ * d whenevera < ¢
and b < d for each a,b,¢,d € [0,1].

Definition 2 (see [34]). A binary operation ¢ : [0, 1]x[0, 1] is
a continuous ¢-conorm if it satisfies the following conditions:
(i) © is associative and commutative; (ii) < is continuous; (iii)
ao0=aforalla e [0,1];(iv)a<© b < ¢ O d whenevera < ¢
and b < d for each a,b,¢,d € [0,1].

Definition 3 (see [25]). Let * be a continuous t-norm, let
< be a continuous ¢-conorm, and let X be a linear space
over the field IF(R or C). If y and v are fuzzy sets on
X x (0, co) satisfying the following conditions, the five-tuple
(X, u, v, *,0) is said to be an intuitionistic fuzzy normed
space and (¢, 7) is called an intuitionistic fuzzy norm. For
every x, ¥ € X and s,t > 0, one has the following:

(i) p(x, 1) + v(x,t) < 1,

(if) u(x,t) > 0,

(iii) u(x,t) =1 & x =0,

(iv) ulax,t) = u(x,t/|al) for each a 0,

(V) p(x,t) = u(y,s) < u(x + y,t +s),

(vi) p(x,-) : (0,00) — [0, 1] is continuous,
(vii) lim, , u(x,t) = 1 and lim, _, qu(x,t) = 0,
(viii) v(x,t) < 1,

(ix) v(x,t) =0 x =0,

(x) v(ax,t) = v(x,t/|a|) for each a+0,

(xi) v(x,t) O V(y,8) 2 v(x + y,t +5),

(xii) ¥(x,-) : (0,00) — [0, 1] is continuous,

(xiii) lim, _, . ,»(x,t) = 0 and lim, _, yv(x, ) = 1;

we further assume that (X, g, v, *, ) satisfies the following
axiom:

(xiviava=aanda*a=aforalla € [0,1].

Throughout this paper, expression “intuitionistic fuzzy
normed space” will be denoted by IENS for short.

Similar to Definition 4.12 in [25], Definition 4 can be
given as the following:

Definition 4. Let (X, u, v, *,0) be an IFNS. (X", @, *, &)
is called a cartesian product of intuitionistic fuzzy normed
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spaces if (O, V) is a cartesian product of intuitionistic fuzzy
norms defined

© (o t) = [u(x1),

- o)
¥ (xt) =] [r(x1),

i=1

n n
where x = (x1,%5,...,%,), [[1L,4 = ay*ay +---xa, [ [_,a =
a4, 04,0 -Oa,andt > 0.

Definition 5 (see [25]). Let (X, u, v, *,©) be an IFNS. Then a
sequence (x;) in X is said to be Cauchy sequence if for each
€ > 0andt > 0 there exists k; € N such that

X, t) <€ (2)

p(xp = x,pt) > 1 -, v (x; —

for each k,m > k.

Definition 6 (see [25]). Let (X,u,7,#,0) be an IFNS.
(X, u, v, %, ©) is said to be complete if every Cauchy sequence
in (X, u, v, *, ©) is convergent.

Definition 7 (see [35]). Let X and Y be two IFNSs. f: X —
Y is continuous at x, € X if (f(x;)) in Y convergences to
f(x,) for any (x;) in X converging to x,. If f : X — Y'is
continuous at each element of X, then f: X — Y is said to
be continuous on X.

Definition 8 (see [18]). Let (X, <) be partially ordered set
and F : X" - Xandg : X — X. Itis said that F
has the mixed g-monotone property if F(x;, x,, X3, ..., X,,)
is monotone g-nondecreasing in its odd argument and it is
monotone g-nonincreasing in its even argument. That is, for
any Xy, Xy, X3,...,%x, € X,

oz €X, gn)=g(z)

= F (1, %3, X3,.. ., %,) < F(z,%5,%3,...,%,),
V2 €X, g(n)=2g(z)
= F (X}, Y3, X3, %) = F(x1,25,%3,...,%,)
3
IwZn € X g (1) 2 9(2,) )
= F(x1,%5, X3, V) < F(x1,%5,%5,...,2,)

(if n is odd),
Ywzn € X, g(y,) 2 9(2,)

= F(x1,%5, X3, V) = F(x1, %5, %5,...,2,)
(if n is even).

Note that if g is the identity mapping, this definition is
reduced to Definition 1 in [18].
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Definition 9 (see [18]). Let X be a nonempty set and let
F : X" — X be a given mapping. An element
(%1, %5, X3,...,%,) € X" is called an n-tuplet coincidence
pointof F: X" —» Xandg:X — Xif

F (1, %00 X355 %,) = g (%1)»

F(xZ’xS""’xn’xl) = 9(’52)’

(4)

F(xn’x1>x2""’xn—l) = !](xn)-

Note that if g is the identity mapping, this definition is
reduced to Definition 2 in [18].

Definition 10 (see [18]). Let F: X" — Xandg:X — Xbe
two mappings. F and g are called commutative if

g(F(xl’xZ’va""’xn))
=F(g(x1),9(x;),9(x3),..,9(x,))

, X, € X.

()
for all xy, x5, x5, . ..

2. Main Results

Theorem 11. Let F : X" — X be continuous map having
mixed g-monotone property on the complete (X, u,v, %, <)
having partial order relation denoted by <. Also F(X") c g(X);
g is continuous and commutes with F. Suppose that F : X" —

Xand g : X — X hold the following conditions, for all
X1 X2> X353 X V15 Vs V3o -5 ¥y € X and o € (0, 1):
p (F (215 %5, X3, 5%,) = F (Y15 Y20 V3o -5 V) it

>u(g(x)-gn).t)

#u(g (%) —g(n),t) * -+ u(g(x,) =g (y,) 1)
(6)

2 %,) = F (Y1, Y20 V3o 05 V) s k)

v (F (x, %, X3, . ...
<v(g(x1)-gn),t)

ov(g(x,) —g(yz)>f)<>---<>V(g(xn)—g(yn),t)(,)
7

{1,2,....,(n + 1)/2},
,n/2}. If there exist

where g(xy_;)
and g(x5;)

1.2 .3
X0s X Xgo - -

< gig)i €
= gly)i € {L,2,...
, Xy € X such that

1 1 .2 3 n
g(xo)5F(x0,x0,x0,...,x0),

2 2 3 n 1
g(xo) b F(xo,xo,...,xo,xo),

n n 1 2 n—1 . .
g(xo)ﬁF(xO,xo,xo,...,xo ) (if n is odd),

g(xp) = F(xg,xé,xé,...,xg‘l) (if n is even),

3
then there exist x, X,, X3, ..., X,, € X such that
F (x50, X35 %,) = g (%1)»
F (x5, X %) = g (%5) 5
)

’xnfl) =9 (xn);

that is, F and g have an n-tuplet coincidence point.

F(x,, %), %y, ...

Proof. Proof of this theorem consists of four steps.

Step 1. In first step, let us define (x,lc),(xi),...,(x,?). Let
x(l),xé,xg,...,xg € X be as in (8). Since F(X") ¢ g(X), we
construct the sequence (x}(), (xi), ... (x}) asin [18]:
1 1 2
g(xk) = F(xk—l’xk—l""’xZ—l) >

( 2)_F( 2 n 1 )
G\ Xk) = D\ X o5 X Xp1 ) >

(10)
g(x;)=F (xZ?l,x}H, .. .,ij)
fork =1,2,3,....
Step 2. We prove that the following inequalities hold:
(%) <9 (x),
g (%) =9 (%)
(11)

g(xp_) <g(x;) (fnisodd),

g(xi_) = g(x;) (fnis even)

for all k > 1. This step is similar to a part of proof of Theorem
lin [18]. So, we omit it. However, since we use it in the proof,
we express it again for the integrity of our proof. We can write
(12) from (11) as follows:

-~-zg(x,i)Zg(xllc_l)Z“-Zg(xi)kg(x(l))’

exg(xg)2g(x,) = 2g(x)=2g(x),

n n n n 12
e g D) e g g P

(if n is odd),
2 g(xg) 2 g(xy) 3 2 g(x) < g(xg)
(if n is even).

Step 3. In this step, we show that g(x}(),g(xi), ..> g(xy) are
Cauchy sequences in (X, 4, v, *, ).



To do this, we define

8 1= u(g(xt) - 9 (xkn) 1)

w (9 () - 9 () 1)

w o (g () - 9 (50) 1)
5t (1) =v(g (%) - 9 (xinr) 1)

ov(g(x) - g (xn) 1)

O 0v(g(x) - g (%) 1)

(13)

By considering (6) and (12), we have in the following
inequalities:

w(a(s1) - 9(+4)1)
e (F ()~ F () )
(o) - o(+1). )
<k(g()-9(<0). 1)

*...*H<g(xz_1)—9(xz)’£>

I *[,t(g(qu)_g(xz)’é)
. M(g (k1) = 9 () £>
()

#(g(x) = g(x,,) 1)

_ n 1 n-1 n 1 n-1 t
=p| F X s X5 e e X ) F{xuxp..0s X, ),a—
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> u(9() -9 (). )

(g (x)-a(x). )

o

kone ,u(g (%) _9(’“2_1)’&)
-0 (3):

(14)

Using the property (iv) of t-norm and property (xiv) in
Definition 3 together with (14), we get

028, (£) st () (2) =it (1)

(15)
Again, by (6) and (12),
p(g(xi)-a (). )
=u (F (xllc—z’ xi—z """ xZ—z)
—F (X X oo xZﬁJ,océ)

2 (9(xh) - () )
cu(a(d)-o(). )
*oeee ok #(g(x}’:—z) _g(xZ—l)’é>

t
-31:(3)

T«
= (F (e k)
~F (X X X ) “é)
> M(g(xi-z) —9(’4—1)’%)
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t
M(g(xZ_l) —g(x;'i)>;)
=pu (F (xzfz, x,lﬁz, ... ,xZ:;)
n 1 n—1 t
-F (xk_l,xk_l, e X ,oc—2>

)
>pu <g(xz_2) - g(x¢1)> Lz)

(16)

By the property (iv) of t-norm together with (16), we get

ot (1) el (5). w

o

Thus, if we continue this process in this way, we have

O (é) =5, (é) S (ﬁ) (18)

Now we will do the same calculations for 8; (). By using
(7) and (12),

v(9(xi) - 9 (xka) 1)
(B (o) = F (b oxp) s )
<v(g(xa)-a(x). 2 )ov(a(xt)-a (). 1)
o-ov(gli)-g(). )
-.(2)
v(g (%) - 9 (k1) 1)
= (P (e X)) = F (3 i a)) )
<v(g(x)-9(x). 1)
o-ov(gl)-g().7)

ov(g(xia)-9(x).2)

v(g (%) - 9 (xk,1) 1)
:v(p(x;_l,x;_l,...,x;:})_F(x;,x;,...,x;-l),aé)
<9 -9 (0. =) ov (g () - g (). )

orov(g(dt)-g(4). 1)
-5.(2)

Using the property (iv) of t-norm and property (xiv) in
Definition 3 together with (19), we get

t t t
R0 ()osta(y) e ost(y)

t
-5 (3):

Again, by (7) and (12),
v(g(xia)-9(x).5)

_ F( 1 2 n )
=y Xp_gs Xp_gp v v s Xy

(19)

(20)

(04
<v(g(xhs)-g(xi) 5
<& V(Q (xk—z) -9 (xi—l > “Lz)

= v(F (3o
(ot ) o )
< v(g (xi_z) —g(xi_1)>£>
o ov(g(d)-g() )
ov(g(xt) - a(xt). &)
-5(3)

n 1
> Xj—2> xk—z)



ACICEPICINY

[o4

_ n—1
—V(F(xk 2 xk 2reees Xp_ 2)

(21)

Hence, from (21),

(sl

Thus, if we continue this process in this way, we have

8 (t) < 8;_ (a><82 (%)s---séé(ﬁ). (23)

Now, we can show g(x,lc), g(xi) ..... g(xy) are Cauchy
sequencesin (X, y, v, *, &) by means of (18) and (23). For each
t>0and p >0,

1 (9 (xhep) =9 (x) ) * (9 (k) — 9 (x2) 1)
o p(g(xi,) -9 (=).1)

=HU <g (xllc+p) -9 (xllﬁ-p—l) +g (xllﬁ-p—l) -9 (xllc+p—2)

-9 (xli+p—2) +9g <x2+p—2) - =g (xlchl)

+g(x]i_1)—g(xi),%+%+...+%>

ok P‘(g(x2+p) —g(xZ+P_1) +g(x2+p—1)

-9 (xZ+p—2)+ g (x2+p—2)_ ) (xZ—l)
n t t
+g(x Xp), —+ — 4t —
g(xp-1)—g( k) »p p)

Journal of Function Spaces
ey <g (xllc+p) -9 (xllc+p—1) ’ %)
* U <g (xllc+p—1) -9 (xllc+p—2) > %)

oo (et g (o). )

p

ok n"l<g (xl’:+p) _g(xZﬂ)—l)’ £>

p

Uy <g (xZ+p—1) -9 (xZ+p—2) > %)

*...*y<g(xz_1)—g(x2)’ft>>

=4y <g (xllc+p) -9 (xllc+p—1) > %)
t

* U <g (x12c+p xk+p 1) P

A CICEFIC IS
* U <g (x11c+p—1) -9 (x11c+p—2) > I_t)
cu(o0ip) -0 (sdpa) 5

. -~*M(g(xﬁp_l)—g(xap_z)’%)
coevu(g () -g(). 5)
*ﬂ(g(xil)-g(xi)’%)
cosu(g()-9() 1)
2#(9(%)—97(961):1#)

*M(ﬂ%%ﬂﬁ%ﬁ)
el 90 -9 (). )
*M(g(xé)—g(x})’lﬁ>

*u(g(xé)—g(x?%%)

P‘xk+p 2

* --*M<g(xg) g9(x1), pak+p- 2>
* --*y(g(x(l))_g(xi)’Lk>

pa
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cu(a()-9(+)o55)
cnuf g0 -0 (). 7).
v(9 (xp) =9 (3)8) 0 v (9 (i) - 9 (x0) 1)
00 (g () - 9 ().1)
= (9(xhsy) -9 (ko) + 9 (ko)
~9(5kp) +9 () - (51)
w9(sd) g () 5+ 5w 1)
ov(9(1y) - 9 (i) + 9 ()
~ () 0 () = -0 ()

2

rg () =g (). 2 ree 3)

O O V(g(xZer) - g(xZ+p—1) *t9 (thD*l)

-9 (xZ+p—2) +9g (xZ+p—2) - =g (xZ—l)
n n t t t

+g(xl ) -g(x),—+—+- 4+ —

g (%) = g (xp) o p »

<o (o) 0o
07 (9 (ki) 9 (3tupa): %)
owov(s(st)-9(x).£)
orov(a(sh) - ()L )
oo (9 () -9 (k) 5 )
o0v(9let) o). )
o (aeh) - (ot ) )
ov(a(s) o) )
o-0v(9(s) (). )

7)

~

s}

s}

—-
)

Sov (g (xli+p—1> -9 (xli+p—2) >

<+(9() - (<)), )
ov(g(xé)—g(xf%ﬁ)

.
<>v<g(x<1>) i‘i(ﬁ%ﬁ)
ov(9()- (). )
oov(gld)- gt )

<>.--<>v<g(x(1))—g(x})’Lk>

px

ov(9(4)-9().55)

px
n n t
o-0v(g() -9 (). o5 ).
(24)

k+p-1 k+p-2

t/pa S paET, L t/paX tend to infinity when k —
00 in (24). So, we get (25) with properties (vii) and (xiii) of
intuitionistic fuzzy norm:

Jim (g (k) - 9 (2).8) # #(9 (xh.,) - 9 () 1)
P *y(g(xZ+P - (x:),t) >1l*xl%---x1=1,

)-g
lim v(g (i) = 9 (x1).1) © v (9 (%) 9 (%) 1)
)

(25)

Hence, g(x,lc), g(x,zc) ..... g(x}) are Cauchy sequences in
(X, th, v, %, 0).



8

Step 4. In final step, we prove that g and F have an n-
tuplet coincidence point. Since X is complete, then there exist
XA x" such that

lim v(g (x}() - xl,t) =0,

k— 0o

klirréoy (g (x}() - xl,t) =1,

lim » (g (xi) - xz,t) =0,

k— o0

klingoy (g (xi) - xz,t) =1,

klim v(g(x}) —x",t) =0.

(26)

Jim p (g () - x"1) = 1,

By using intuitionistic fuzzy continuity of g, we write

im (9 (<1)) -9 (+).1) = 1.

k— 0o

im »(9(9 (<) -9 (+*) 1) =0,

k— oo

lim 41(g (g () =9 (') 1) = 1.

k— 0o

lim v(g (g (xi)) - g(xz) ,t) =0, 27)

k— 0o

Jim (g (g () —g (7). 1) = 1,

Jim v (g (g (x)) - g (x"). 1) = 0.

Since commutativity of F and g, it follows that

9(9 (%)) = 9 (F (x5 -5 7))
:F(g (x,lc) g(x,zc) ..... g(xZ))
9(9(xk)) =9 (F(xp-- o xpoxi))
=F(g(x2),...9(x).9(x)) (28)
9(g () =g(F(xpxp..xpt))

Journal of Function Spaces

Using continuous of £-norm and ¢-conorm, we get

klirr;OQ ((g (x,i) .9 (xi) ..... g (x; ) - (xl,x2 ..... x") ,t)
=klin;0® ((9(x) - x" g () - % g () = x") )
= Jim (g (i) - 1)« (g () - 1)

*oeex (g () =+ 0)]
= lerrgoy (g (x,lc) - xl,t) * klirrgo (g (xi) - xz,t)

- *klim u(g(xp) - x" 1)

=1l*x1#*---x1=1,

klilréoq’ ((g (x,lc) 9(x3). g(xp)) - (xl,x2 ..... x"),t)
:lerréOW((g (x,lc)—xl,g(xi)—x2 ..... g(xZ)—x"),t)
= klingo [v (g (x,i) - xl,t) S (g (xi) - xz,t)

oo v(g () - x1)]
= klingov (g (x,lc) - xl,t) <o klirréov (g (xi) - xz,t)

&0 limv(g(xf) - x",t)
k— o0

=0000---00=0.

(29)
That  is  (g(xD. gD, ..., g(x}) &2,
(xl) X2, x™). Similarly (g(x,i) ..... g(xZ%g(x,i)) (©,9)
n n n— (@,%)
(o xxh), L (g, g g(dh) -
(" .., x""). From the intuitionistic fuzzy continuous
assumption of F, we write in the followings
1 2 nyy 7) 1 2 n
F(g(xk),g(xk) ..... (xk)) —>F(x ..... x )
n 1y (@) 2 no 1
F(g(xk) ..... g(xk),g(xk)) —>F(x ..... x )
n—1 (‘“ V) n 1 n-1
F(g(xk) g(xk) ..... g(xk )) F(x ..... )
(30)
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Considering (28) and (29), we have * U (g (g (x,zm)) -F (xz ..... X", xl) , %)
y(g(xl)—F(xl,xz ..... x”),t) , , ¢
- alo () gl ~u(9(2)-9(a(t)-5)
+g (g (x}m)) —F(xl,x2 ..... x"),t) * #(g (F (xi ,,,,, xZ,x}c)) —F(x2 ..... x",xl), %)
>u(9(+")-g(9(x1)).5) ~u(s()-9(s (). L)
relololh) R ) 5) (P9 ()0 (.9 (<)
(sl ) )
TACIGICHR) y(g () - F () 1)

(
=v(g9(x')-9(9(x%1)) Ov(g(F(xi ..... xoxp)) = F (o, x" %), =
+ X F(x'%x%..., X", t B 2 2 t
) =3 (9(2)- (o (). £)
3v<g(x )_g(g(karl))’E) ov(F(g(x%)---» g (), g(x))
<>”(.‘](g(xll<+1)) F(xl’xz """ xn) %) —F(x2 ..... x" xl) g)
=v(9(+)-a(g(xtn)) 5)
o (g (F (xp X o x)) = F(x', 2% 0 x"), %) u(g(x) - F(x" 6" 8)
:v<g(xl)_g(g(xllc+1)))%> =u(g(x") - g(g9(x1) 1 )
+g(g(xz+1))—F(x”,x ..... x" ),t)
ov(F(g(x)g(x2),... (%)
( (6()-9(x)..-9 (D) 2#<g(x”)—g(g(x2+1)),§)
_F(#h 2.0,k
( )3) (g9 () - F (s on™),2)
;/t(g(xz)—F X%, X xl) t)

(9 -9(a ()5
)= F(.on ' )0) w9 (F (st 7))

xiﬂ)),%) —F(x",x1 ..... x"_l),%>
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= w9 -9(s (). 3)
u(FlaGD)a(x)s g ()
21).2),
X))

=v(g(x") - g(g9(x1))

+g (g (x,,)) - F(x", xl,...,xn_l),t)

<(9(:")-9(9(%)).3)

n 1
—F(x 2 X ...

v(g (x™) —F(x",xl,...

03(9(0 () - F (5 x). )

(96 -9 (o))
ov(g(F(x ™))
(), L)
(96 - g ). )

o v(F (g (xz),g(x,i),--~,g(xl’i’l))

-F (x",xl,...,x"_l),%>.
(31
O
By taking the limit as k — oo in (31), we get
F(xl,xz,x3,...,x") = g(xl),
F(xz,x3,...,x",x1) = g(xz),
(32)

F (x”, X' ,xn_l) =g(x").

Theorem 12. Let F : X" — X be map having mixed
g-monotone property on the complete (X, u,v, *,0) having
partial order relation denoted by <. Also F(X") ¢ g(X); g
is continuous and commutes with F. Suppose that X has the

following property:

. . (u7)
(a) if non decreasing sequence x,, — x, then x; < x for
all k,

(b) if non increasing sequence y e, y, then y, > y for
all k.

where g(x5_,)

Journal of Function Spaces

Also, suppose that F : X" - X and

g : X — X hold the following conditions, for all
X1>Xp5 X35 ...

s X V1> Yoo Vi o> Yy € Xand o € (0,1):

p (F (x1, %5, %35+ .05 %) = F (V1 Ya» V3o e -5 V) » )

2u(g(x) —g(n).t) = u(g(x) - g(x).t)
o p(g(x,) = g (9a) 1)

V(F (%1, %3, X3, .- %,) = F(¥15 V20 V3o oo 5 V) » )

<v(g(x)-g(n).t) 0 v(g(x) —g(1n).1)

- 0v(g(x,) =g (y)t),
(33)

2 g i € {L2,...,(n + 1)/2},

and g(xy;) = g(yy) i € {1,2,...,n/2}. If there exist
Xy Xoy Xay ., Xt € X such that
1
g (xo) <F (xo,xo,xo, ..,xg) ,

(34)
g(xy)<F (xg,xé,xé,...,ngl) (if n is odd),
g(xg) = F (xg,x(l,,xé,...,xg_l) (if n is even),
then there exist xy, X,, X5, ..., X,, € X such that
F(x,%5,%3,...,%,) = g (%)
F(xy,%3...%,,%,) = g (x,),
(35)

F(xn’xl’xzw"’xnfl) = g(xn);

that is, F and g have an n-tuplet coincidence point.

Proof. Proof of the present theorem is also in four steps.
However, three steps of poof are similar to Theorem 11. We
now prove the last step. Considering the hypotheses (a)-

() (1)
(b) given in the theorem and g(x,lc) 2, xl,g(xlzc) v,

()
X2, ,g(x;) — x", we have

g (x,i) <x,
g (xi) > xz,
(36)
g(xp) =x"  (if nis odd),
g(xp) = x" (if nis even)
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x;t};] gtze) for all k. Due to intuitionistic fuzzy continuity of g, —y (g (xl ) g (g (lem )) , oc_t)
a(a(<1) 2 (), ov(g(F(xhds..,xL))
a(9(2) Y2 (), . (e x), 5
r(9()-9(s(1.)). 5)
9(9) <914 ov(E(9().9(5).-- 0 ()

Then, by (6) and (7), we have

y(g(xl)—F(xl,x ..... x"),oct)

(o () - g (9 () <v(g(x') - g9 (k). %)
+9(9 (k1)) ~ F(+o% - 04") st ov(g(9()-9(+).5)
2#(9(x1)—g(9(x11c+1)))%t> *M(g(g(leﬁl)) OV(g(g(xi))—g(xz) £>

o-0v(g(a()-g(x").3)
~u(9(+")-9(s(x1)).5) (38)

n n t by taking limit as k — o0 and using (37), we obtain the
Fxhxd..., ~F(xN A * ) y taking g (37),
*E <g ( (xk % xk)) (x * * ) following results from calculation mentioned above:

(39)

-F (xl,x2 ..... x") , —) Hence, g(x") = F(x', x%,..., x").
In a similar way to the previous calculations,

“u(9(s(x)-9(").3) o () - g (9 ()

u(g(a(x)-9(x).3) +a(g(:20)) = F (e x1)at)

e (g9 () -9 (). 3), > u(9() - g(9(4.)), %)
Ml ) ) cu(a(o() (). 5)
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+9(9 (xn)) - F (22 o)
SCICORFICICM)EY
o (g(xt) - F (a5 )
=(9()-0(9(x). %)
o (g (F(xh o xtxt))
CF( ), 2

(40)

by takinglimitask — ooand using (37), we get the following
equalities:

/,t(g(xz)—F(xz ..... x",xl),(xt) =1,
v(g(xz)—F(x2 ..... x",xl),(xt) = 0.

Hence, F(x*, x°,...,x", x") = g(x?),....

(41)

Journal of Function Spaces
We continue process
(g (") —F(x"xx"o 2") at)

=u(g(x") - g(g(x,0)) + 9 (9 (x0))

P (AR ) )
>u(9() =90 (). 5 )
(900 () - F (e 2, )

~u(9()-9la (). 5 )

(g (F (b on™)
B (6K ,xn—l),“_t>

(9 -g(9(t)). 5 )

V(g ()~ F ("
= (g (")~ 9 (9 (1)) + 9 (9 (i)
7). )
<v(9()-9(9(4.1)). )
o (9o () = F ('t e w), )
= (9699 (). 5 )
ov(g(F(xZ’xi ----- X))
%)
=9(9() =900 (). )

2

1 2
—F(x”,x Jxte

1 .2
_F(xn’x S X e
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o v(F(g (<029 (%) (i)

n 1 2 n—1
—F(x ,X X X ),

N
SN—

(g -9, 5)
ov(g(a()-9(x").3)
ov(g(g(xh)-9(x).5)
o-ov(g(a(x)-a(x").5)

\S)

0| =+

(42)

by taking limit as k. — oo and using (37), we obtain the last
equalities. That is,

y(g (x") —F(x”,xl,xz,...,xnfl),oct =1,
(43)
v(g (x") - F(xn,xl,xz, ...,x"il) ,oct) =0.

Hence, F(x", x', x%,...,x" ") = g(x").
Thus, we proved that F and g have an n-tuplet coincidence
point. O

Remark 13. Theorems 11 and 12 are restricted to Theorem 2.5
in [29] for n = 2; it is restricted to Theorem 3.1 in [36] for
n=2and g = I. For n = 3, Theorems 11 and 12 are restricted
to Theorem 2.1 in [30].
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