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We will obtain the strong type and weak type estimates for vector-valued analogues of intrinsic square functions in the weighted
Morrey spaces L”*(w) when 1 < p < c0, 0 < « < 1, and in the generalized Morrey spaces L® for 1 < p < co, where @ is a growth

function on (0, co) satisfying the doubling condition.

1. Introduction and Main Results

The intrinsic square functions were first introduced by
Wilson in [1, 2]; they are defined as follows. For 0 < a < 1,
let €, be the family of functions ¢ defined on R" such that ¢

has support containing in {x € R" : |x| < 1}, fw e(x)dx =0,
and, for all x, x' € R",

|(p(x)—(p(x')' < |x—x"a. (1)

For (y,t) € RTI =R" x (0,00) and f € L} (R"), we set

loc

Ay (f) (3:t) = sup |f * ¢, ()]

PEC,
2
= sup HW o, (y— z)f(z)dz‘.

PEC,

Then we define the intrinsic square function of f (of order «)
by

dydt \'?
seN@=([], @y eF) .
where I'(x) denotes the usual cone of aperture one:

T(x) = {(nt) e R s |x - y| <t} (4)

Let f = (f1»f...) be a sequence of locally integrable
functions on R". For any x € R", Wilson [2] also defined

the vector-valued intrinsic square functions of f by

o 1/2
Sa(f) () = < 2ISe (£;) ) ) : (5)
j=1

In [2], Wilson has established the following two theorems.

Theorem A (see [2]). LetO<a<1,1<p<oo,andw € A
(Muckenhoupt weight class). Then there exists a constant C > 0

independent of]? = (f1> fo - .) such that

1/2 1/2
() ] (), o

Theorem B (see [2]). Let 0 < « < 1 and p = 1. Then, for
any given weight function w and A > 0, there exists a constant

C > 0 independent of f = (f1» f2-..) and A such that

12
w xeR":<Z|<§’a(fj)(x)|2> > A
j

@)

IA

1/2
C 2
1 JRH <zj:'f] (x)' ) Muw (x) dx,



where M denotes the standard Hardy-Littlewood maximal
operator.

If we take w € A, then M(w)(x) < C - w(x) for a.e.
x € R" by the definition of A, weights (see Section 2). Hence,
as a straightforward consequence of Theorem B, we obtain the
following.

Theorem B. Let0 < o« < 1, p = 1, and w € A,. Then there
exists a constant C > 0 independent ofj? = (f1» f25--.) such

that
(oo}

In particular, if we take w to be a constant function, then
we immediately get the following.

<C (8)

WL, L,

Theorem C. Let0 < o« < 1 and 1 < p < 00. Then there exists
a constant C > 0 independent off = (f1> fo - .) such that

(st ) | =e|(zr)

Theorem D. Let 0 < « < 1 and p = 1. Then there exists a
constant C > 0 independent off = (f1> f2>-..) such that

“@sa(fj)r)m (sirr)

On the other hand, the classical Morrey spaces Z**
were originally introduced by Morrey in [3] to study the
local behavior of solutions to second order elliptic partial
differential equations. Since then, these spaces play an impor-
tant role in studying the regularity of solutions to partial
differential equations. For the boundedness of the Hardy-
Littlewood maximal operator, the fractional integral opera-
tor, and the Calderén-Zygmund singular integral operator on
these spaces, we refer the reader to [4-6]. In [7], Mizuhara
introduced the generalized Morrey spaces LP® which was
later extended and studied by many authors (see [8-12]). In
[13], Komori and Shirai defined the weighted Morrey spaces
LP*(w) which could be viewed as an extension of weighted
Lebesgue spaces and then discussed the boundedness of
the above classical operators in harmonic analysis on these
weighted spaces. Recently, in [14-16], we have established
the strong type and weak type estimates for intrinsic square
functions on L”® and LP"(w).

For the boundedness of vector-valued intrinsic square
functions in the weighted Morrey spaces L?*(w) for all 1 <
p <ooand0 < «k < 1, we will prove the following.

<C

P

)

Lr

<C (10)

WL! L!
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Theorem 1. Let 0 < ¢ < 1,1 < p < 00,0 < x < 1, and
w € A,. Then there is a constant C > 0 independent off =

(fy» f5» - -.) such that
1/2 1/2
(s1e.0) (510f)
] j

Theorem 2. Let0 < a <1, p=1,0<k < lL,andw € A,.
Then there is a constant C > 0 independent off =(f1> f2r--2)

such that
12
2
(37)
j

1/2
2
(e.t0)
j
For the continuity properties of & ( f )in LP® forall 1 <
P < 00, we will show the following.

<C

LP*(w)

. (D)

LPE(w)

<C

WL (w) LY (w)

(12)

Theorem 3. Let 0 < « < 1 and 1 < p < co. Assume that ®
satisfies (15) and 1 < D(®) < 2"; then there is a constant C > 0

independent ofj? = (f1> fo--.) such that

||(;ios;<fj>|2)m (;mr)m

Theorem 4. Let 0 < a < 1 and p = 1. Assume that ® satisfies
(15) and 1 < D(®) < 2" then there is a constant C > 0

independent off = (f1» f2-..) such that

H@sa (fj)|2>l/2 (;mr)m

2. Notations and Definitions

<C

Lr®

(13)

Lr®

<C (14)

WLL® Lo

2.1. Generalized Morrey Spaces. Let ® = ®(r), r > 0, be
a growth function, that is, a positive increasing function in
(0, 00), and satisfy the following doubling condition:

OQ2r)<D-®(r), Vr>0, (15)

where D = D(®) > 1 is a doubling constant independent of
r.

Definition 5 (see [7]). Let 1 < p < o00. We denote by
LP® = LP®(R") the space of all locally integrable functions
f defined on R", such that for every x, € R" and all > 0

J |f )ffdx < CPo (r), (16)
B(xg,r)

where B(x,,7) = {x € R" : |x — x,| < r} is the ball
centered at x;, and with radius » > 0. Then we let || f]| 5o
be the smallest constant C > 0 satisfying (16) and L? P(R™)
becomes a Banach space with norm || - || ;0.
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Obviously, when ®(r) = P with0 < A < n, LP® is just
the classical Morrey spaces introduced in [3]. We also denote
by WLM® = WL"®(R") the generalized weak Morrey spaces
of all measurable functions f for which

sAup)L-erB(xO,r): |f ()| > A} <CD(r), 17)
>0

for every x, € R" and all 7 > 0. The smallest constant C > 0
satisfying (17) is also denoted by || fll;y710.

2.2. Weighted Morrey Spaces. A weight w is a positive, locally
integrable function on R"; B = B(x,,rp) denotes the ball
with the center x, and radius r. Given a ball Band A > 0,
AB denotes the ball with the same center as B whose radius
is A times that of B. For a given weight function w and a
measurable set E, we also denote the Lebesgue measure of
E by |E| and the weighted measure of E by w(E), where
w(E) = J'E w(x)dx. For 1 < p < 00, a weight function w
is said to belong to A ,, if there is a constant C > 0 such that,
for every ball B ¢ R",

(% J,we dx) (ﬁ |, w(x)l/(pl)dx>P_l <c. (8)

For the case p = 1, w € A,, if there is a constant C > 0 such
that, for every ball B ¢ R",

1
—J w(x)dx < C-essinfw(x). 19)
|B| B x€B
A weight function w € A if it satisfies the A, condition
for some 1 < p < oo. It is well known thatif w € A, with
< p < 00, then, for any ball B, there exists an absolute
constant C > 0 such that

w(2B) < Cw(B). (20)

Moreover, if w € A, then, for all balls B and all measurable
subsets E of B, there exists a number § > 0 independent of E
and B such that

w (E) IEI\°
W) C(m) : =

Given a weight function w on R", for 1 < p < 0o, the
weighted Lebesgue space L? (R") is defined as the set of all
functions f such that

1/p
1A, = <JW |f )fPw (x) dx) < 00. (22)

We also denote by WL! (R") the weighted weak space
consisting of all measurable functions f such that

”f"WL}u = ililo)k ‘w({xeR": lf (x)| > A}) < oo. (23)

In particular, when w equals to a constant function, we
will denote L? (R") and WL, (R") simply by LP(R") and
WL'(R™).

Definition 6 (see [13]). Let1 < p < 00,0 < k¥ < 1, and w be
a weight function on R". Then the weighted Morrey space is
defined by

LP)K (LU) = {f €L loc (U)) "f”LP" } (24)

where

1/p
e =50 [ 1 Pwaas) @)

and the supremum is taken over all balls B in R".

For p = 1and 0 < « < 1, we also denote by WL"*(w) the
weighted weak Morrey spaces of all measurable functions f
satisfying

() e

= sup sup;l
B 10 W(B)" (26)

w({xeB:|f (x)|>A}) < c0.

Throughout this paper, the letter C always denotes a pos-
itive constant independent of the main parameters involved,
but it may be different from line to line.

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. Let (Zj |f]~|2)1/2 € LP"(w) with1 < p <

ocoand 0 < x < 1. Fix aball B = B(xy,r5) € R" and
0 0

decompose f; = f;+ f;°, where f; = f; x,5and x,5 denotes

the characteristic function of 2B = B(x,2rg), j = 1,2,....

Then we write

P2
1
W(L(ZB«(]%)()C)F) w(x)dx>
j

P2
= w(B)K/P(j <Z|°§ (x)| > w(x)dx>

P2
w(B)K/P<J <Z| (X)| ) w(x)dx>

=1 + L.
(27)

1/p

1/p

1/p



Using Theorem A and inequality (20), we have

y
(Ssr) |
p/2
(B)K,p<J (Zlmx)l) w<x>dx>
»
(=) |
J LPF(w)

12
<C (Z'ff'2> .
j L% (w)

Let us now turn to estimate the other term I,. Forany ¢ € €,
0<a<l,j=1,2,...,and (y,t) € ['(x), we have

w(B)K/P

1/p

(28)
w(2B)*/?
w(B)*/?

e o= ||, 0 0-2) 5@

sc| £, (2)| dz
(2B)'n{z:|y—z|<t}
< C-t_"ZJ |f] (z)|dz.

=1 I B\2!B)N{z:| y—z|<t}
(29)

Forany x € B, (y,t) € I'(x),and z € (2“13 \ 2€B) N B(y,t),
then, by a direct computation, we can easily see that
266> |x—y|+|y—z| > |x-2|
(30)
> |z - xo| - |x = x| > 2€_1rB

Thus, by using the above inequalities (29) and (30), together
with Minkowski’s inequality for integrals, we deduce

[$. (F°) )
d dt 1/2
2
”r(x Sup'f t()’ ' ti/“ >
d d 1/2
00 o , t
C< 2” 'x o<t ;J25+13\2f5 |f1( )'dz s )
> © dr \V?
<C (;1 20+1B\2¢B 'f] (z)l dZ) (Jzeer W)
Z 2e+lB| _LeﬂB\ng 'f] (Z)' dz.
(31)
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Then, by duality and Cauchy-Schwarz inequality, we get

1/2
(S )
© o\ 1/2
<C _—
(22 )

< 1
<C sup Z(;WLMB']C]‘(Z)|dz~Cj> (32)

(315 <1

|f; (2)] dz

Jze*lB\ZZB

<Z|f;’ (@) 'Q‘)dz
J

(o8]
<C
< Zl2e+1B| LMB s, |?l|lI))1/z<1

Furthermore, it follows from Holder’s inequality, (32), and the
A, condition that

(Sl )

) p/2 1/p
2
Z 22+1B|<L“18<Z|fj (Z)' > w(z)dz)
=1 j
x <sz+13 w(Z)_PI/P dz>1/P
1/2 o
<C (Z'fj'2> 'Zw(sz)(H)/p,
j L (w) =1
(33)

where we denote the conjugate exponent of p > 1 by p' =
p/(p—1).Note thatw € A, ¢ A, forall 1 < p < co. Hence,
we apply inequality (21) to obtain

NG Ep—
L=<C <Z'f1| > )
]

(o1 g\ PP
LP* (w) =1 w(2 B)

1/2 oo 8-(1-x)/p
2 | B|
=C (Z'fJ' > ' (|2€+IB|> (34)
j

1/2
gc<sz> |
] L (w)

where the last series is convergent since 0 < ¥ < 1 and § > 0.
Summarizing the above two estimates for I; and I, and then
taking the supremum over all balls B € R", we complete the
proof of Theorem 1. O
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Proof of Theorem 2. Let (Zj Ifjlz)l/2 e LY (w) with 0 < x <
1. Fix a ball B = B(x,, rg) € R"; we set fj = f]0 + f7°, where

fjp = fj* Xop» j = 1,2,.... Then, for any given A > 0, one
writes

w({xeB:<;|Sa(fj)(x).2>l/2>k}>
<w <{xeB <Z|§ ) @) )1/2>%D 5
v <<|xeB <Z|s (£) ) >I/Z>%D

=1 +1,.
Theorem B and inequality (20) imply

1/2

>

(35000 B

: < [ (;If,- (x>|2>1/2w %) dx)
(s1r)”
(s1r)

We now turn to deal with the other term I}. In the proof of
Theorem 1, we have already shown that, for any x € B (see

(32)),

(Sl 000 )

1/2
2 |2€+lBl _Le+13 <Z|f] (Z)| > dz.

It follows directly from the A, condition that

(sh.trrer)

1/2
S ess inf, e g (2) 2
< CZ w (2671 B) LMB ;|f1 (Z)| dz

£=1

In
=10

(36)
w(ZB)

9

IN

LY (w)

O

w(B)

IN

LY (w)

(37)

5
o »
- C;Iw(z+13 LMB <Z|f1 2)| ) w(z2) dz
2 12 © 1
-ﬁ(?ﬂ> e
(38)

In addition, sincew € A; C A
can see that, for all x € B,

(Sl 000 )
()

, then, by inequality (21), we

Ll,x(w)
1 i w(B)' ™"
w(B)' ™ S w(26+1B) "

1/2
dl(suf)
J LY (w)

L (T
w(B)l_K £=1 |2€+1B|

«o|(3)

where in the last inequality we have used the fact that §* - (1 -
x) > 0.If {x € B: (Y |5a(f;>°)(x)|2)”2 > A/2} = 0, then the

inequality
1/2
el (5151

holds trivially. Now if instead we suppose that

1/2
<|xEB:<2|cS’ (x)| > > %} £0, (41

then, by the pointwise inequality (39), we have

1

w(B)'™*’
Ll,x(w) ( )

(40)

Ll,x(w)

1/2
2 1
A<C <Z|f1| ) W, (42)
J LY (w)
which is equivalent to
1/2
C-w(B
W) < ‘)<ZW> (43
LI’K(w)




Therefore

C- w(B)*

L <w(B) < 1

(44)

(i)

Summing up the above estimates for I; and I} and then taking
the supremum over all balls B € R"” and all A > 0, we finish
the proof of Theorem 2. O

LY (w)

4. Proofs of Theorems 3 and 4

Proof of Theorem 3. Let (¥ Ifjlz)l/2 e LP® with 1 < p < co.
For any ball B = B(x,,r) € R" with x, € R" and r > 0, we
write f; = fJO + f;°, where fJO = f; Xop j = 1,2,.... Then
we have

p/2
o (B 00T ) )
pr2 N\ P

s o (B 0008 ) )
1 "
s (B0 )

:]1 +]2-

1/p

1/p

(45)

Applying Theorem C and the doubling condition (15), we
obtain

1
Ji £ o

(sie0r) |

= <1><r>”"<J <Z|f’(x)| >P/2 )
A(zar) ]

1/2
<C <Z|f1| > .
] e

1/p

(46)
O(2r)P
(r)'/P
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We now turn to estimate the other term J,. We first use
inequality (32) and Holder’s inequality to obtain

(zw u»)ﬂ

1/2
s (S )

IM<L%<ZMwH> )W

— 1
<C) —
;'B(XO,2€+1
o q)(2€+1r)1/f’

172
f
) ) o

/—\
~M

o 25+1r)|1/P ’
(47)

Hence

J,<C

()

Gl
= omr

e (48)

cD(Z“lr)l/P
|B (o, 2"+1r)|1/P'

Since 1 < D(®) < 2", then, by using the doubling condition
(15) of @, we know

o) |B (xo,r)|1/p (D(2€+1r)1/17

>

oM B (x20)|
§< D (®) >(€+1)/P (49)
<C.
Therefore
1/2
L,<C <Z|fj|2> (50)
j Lp®

Combining the above estimates for J; and J, and then taking
the supremum over all balls B = B(x,,r) € R", we complete
the proof of Theorem 3. O

e L"®. For each fixed
0
Ii+

Proof of Theorem 4. Let (Zj Ifjlz)l/2
ball B = B(x,7) € R", we again decompose f; as f; =
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0 .
f% where fi = i xop j = 1,2,
then we write

<lx ¢B: (;m (f,) (x)|2>1/2 > A]»
e (o) 4]
{xeB (Zp> (m|yﬂ>%}

=]+,

For any given A > 0,

Theorem D and the doubling condition (15) imply

1/2

I

IN
MR

[(ecor) ],

. (LB <;|fj (x)|2>1/2dx>
(ﬂm)m
(ﬂm)m

We turn our attention to the estimate of ]é. Using the
preceding estimate (32), we can deduce that, for all x €
B(xy,1),

(Shs. )00 )

1/2
ZlB(X 2€+1r)| JZE*IB <Z|f] (Z)' >
5 1/2 © O 2€+1r
co(sf) | St
J Lo

& |B (x4, 25%17)]

IN

>0

(52)

O

CD (2r)

IN

e

SC CD(r)

e

(53)

1/2
2 O (r)
<C f PR S A
(= f') o o)
CD(ZeHr)

lB (xo’
Z d)(r) |B (0,2 1r)|

Note that 1 < D(®) < 2". Arguing as in the proof of (49), we
can get

® (2€+l}’)

0 .|B(x0,2€“r)|
&) D(q)) 0+1 (54)
<2 (5)
<C.

Hence, for any x € B(x,, 1),

(Shs. 000 )

1/2
2 O (r)
() o Bl
If{x € B : (zj|§a(ff°)(x)|2)1/2 > A/2} = 0, then the
inequality
1/2

/< C- d)(r) <Z|f1| ) (56)

L1,®

holds trivially. Now we may suppose that

1/2
{xeB:<Z'S ) (o) > > %} #0.  (57)

Then, by the pointwise inequality (55), we can see

()],

which is equivalent to

@ (r)

A<C S,
° |B (x0,7)|

(58)

1/2
C-®
1B (x0,7)] < “(ﬂﬂ) L)
Lo
Therefore
12
Eswuwﬂsojm(ﬂﬁm . (60
j Lo

Summing up the above estimates for J { and ]; and then taking
the supremum over all balls B = B(x,,r) € R" and all A > 0,
we conclude the proof of Theorem 4. O
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