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The Boussinesq equations describe the three-dimensional incompressible fluid moving under the gravity and the earth rotation
which come from atmospheric or oceanographic turbulence where rotation and stratification play an important role. In this paper,
we investigate the Cauchy problem of the three-dimensional incompressible Boussinesq equations. By commutator estimate, some
interpolation inequality, and embedding theorem, we establish a blow-up criterion of weak solutions in terms of the pressure p in

50
the homogeneous Besov space B .

1. Introduction

This paper is devoted to establish a blow-up criterion of
weak solutions to the Cauchy problem for 3-dimensional
Boussinesq equations:

U, +u-Vu—nAu+ Vp = Oe, @
0, +u-V0—-vA0 =0, (2)
V-u=0, 3)

0 =10, (x), (4)

t=0:u=uy(x),
where u is the velocity, p is the pressure, and 0 is the small
temperature deviations which depends on the density. 7 > 0
is the viscosity, v > 0 is called the molecular diffusivity, and
e; = (0,0, 1T, The above systems describe the evolution of
the velocity field u for a three-dimensional incompressible
fluid moving under the gravity and the earth rotation which

come from atmospheric or oceanographic turbulence where
rotation and stratification play an important role.

When the initial density 6, is identically zero (or con-
stant) and # = 0, then (1)-(4) reduces to the classical incom-
pressible Euler equation:

u,+u-Vu+Vp =0,
V-u=0, (5)

u (%, )]mg = g (x) .

From the investigation of (5), we cannot expect to have a
better theory for the Boussinesq system than that of the Euler
equation. For the Euler equation, a well-known criterion for
the existence of global smooth solutions is the Beale-Kato-
Majda criterion [1]. It states that the control of the vorticity
of the fluid w = curlu in L' (0, T; L*) is sufficient to get the
global well posedness.

The Boussinesq equations (1)-(4) are of relevance to
study a number of models coming from atmospheric or
oceanographic turbulence where rotation and stratification
play an important role. The scalar function 6 may for instance
represent temperature variation in a gravity field and Oe,



the buoyancy force. For the regularity criteria of the Navier-
Stokes equations, we can refer to Zhou et al. [2-9], Fan and
Ozawa [10], He [11], Zhang and Chen [12], and Escauriaza et
al. [13].

From the mathematical point of view, the global well
posedness for two-dimensional Boussinesq equations which
has recently drawn much attention seems to be in a satis-
factory state. More precisely, global well posedness has been
shown in various function spaces and for different viscosities;
we refer, for example, to [14-19]. In contrast, in the case
when # = v = 0, the Boussinesq system exhibits vorticity
intensification and the global well-posedness issue remains
an unsolved challenging open problem (except if 6, is a
constant, of course) which may be formally compared to
the similar problem for the three-dimensional axisymmetric
Euler equations with swirl.

In the three-dimensional case, there are only few results
(see [20-24]). Hmidi and Rousset [23] proved the global well-
posedness for the three-dimensional Euler-Boussinesq equa-
tions with axisymmetric initial data without swirl. Danchin
and Paicu [20] obtained a global existence and uniqueness
result for small data in Lorentz space.

Our purpose of this paper is to obtain a blow-up criterion
of weak solutions in terms of Besov space.

Now, we state our result as follows.

Theorem 1. Assume that (u,,0,) € H3(R®) with div uy = 0in
R®. Assume that the pressure p satisfies the condition

2/3

JT IVl
0 <1+ln(1+||Vp(t)||Bgm))2/3

dt < +00; (6)

then the solution (u, 0) can be extended smoothly only up to T.

The paper is organized as follows. We first state some
important inequalities in Section 2. We will prove Theorem 1
in Section 3.

2. Preliminaries

Throughout this paper, we use the following usual notations.
LP(R%) denotes the Lebesgue space and H™(R®) denotes the
standard Sobolev space. BMO denotes the space of bounded

mean oscillations. Bm ., is the homogeneous Besov space,

where 0 < m, n < +00.

Lemma 2. There exists a uniform positive constant C, such
that

171 < €Il 1 oo @)
1£lin, < C(1+ 11l 0 e+ [fli)) — ®

hold for all vectors f € H*'(R) with s > 5/2.

Proof. See, for example, [19] or [25]. O
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Lemma 3. From (1), one has

Vel < C(lu-Vulz +1612),

©)
IVpl:2 < C (I vull}22 + 10132

Lemma 4. Assume that A = (—A)l/z; one has the commutator
estimate due to Kato and Ponce [24]:

|4° (f9) - FA°gll
(10)

< (Il X7l + 18 Fll Il )

withs >0,1/p=1/p, + 1/q, = 1/p, + 1/q,.

Lemma 5 (the Gagliardo-Nirenberg inequality). Consider

91, < AL IafIE (1)
IVfls < CvrIE a1 (12)
| £, < CIVFIRLS ot ]2 (13)

3. Proof of Theorem 1

Proof of Theorem 1. Multiplying (1) by u, using (3), and inte-
grating in R®, we derive

d 2 2
5 7 1l + nIVull:

| 0y < 1012l (14)

||9I|Lz + > IIuIILz :

Multiplying (2) by 6, using (3), and integrating in R’, we
obtain

1d
ST 16112 + v [[VO] > = 0. (15)

Combining (14) and (15), using the Gronwall inequality,
we deduce that

”u"Loo(O’T;LZ) + ”u"LZ(O’T;Hl) < C,
(16)
"0”L°°(0,T;L2) + ”6"L2(0,T;H1) S C
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Multiplying (1) by lul?u, using (3) and (7), and integrating
in R®, we derive

J [

ut+u-Vu—11Au+Vp)]

= }Ldi J lul* dx + J [ul* - u* - Vudx
1y
17)
o [ 9P e+ [ G Vp) v
= J |u|2 -u - Oesdx
CJ(|u|4 161" dox;
that is,
}lj J |u| dx + g J (V |u|2)2 dx + 11] |u|2 |Vu|2 dx
<= [ G Vo)l dx+C [l + o1 d "

< Nullis |Vp| . + Cllullfs + C Ol

1/2 1/2

< Cluly« [Vl 2 IVelsvo + C lullzs + C 101 -

Multiplying (2) by 16126, using (3), and integrating in R,
we arrive at

[ (6r-0-6,+1070-u-vo - vioP -6 20) dx
_1d J 101 dx + vj 01 (VO)? dx (19)
4dt
v J 161 (div 6)* dx.
Combining (18) and (19), using (9) and (16), we derive that

ijtj(m +Jul )dx+”J(V|u| ) dx

" j jul? [Vul? dx + v j 01 (V0)? dx

N g J 10 (div 0)? dx,

1/2 1/2

< Cllullys Vol [Volsuo + C iz + 1Bl (20)

< Clude (e - Va2 + 10132) IV et
+C llull}s +C 16l

< 2C ulls [V pliio + 2 Ml Vul:

+CI017: + Cllullgs + C 16174,

which implies

jt J (161° + [ul*) dx + 7 J (VuP) dx

‘y J (uf? [Vul? dx + vJ 10 (V0)? dx

vj 612 (div 6)? dx
< 8C|lullt: V|2 + 4C 61

+4C |lull}s +4C |0]|3s

2/3 1/3

< 8C Jullys Vol (1+[Vpll)

+4C|6]2. +4C ||u||4L4 +4C|0]1%s (21)

< 8C lullys Vel

x In'? (1 + |VAul| 2 + [|A0]|2)
+4C 0] + 4C ||ull;s + 4C |6]|3

Vel .

(1+1n(1+ ||vP||Bgm))2/3

xIn (1 + |VAull 2 + [1A6]]2)

< 8C |lulljs

+4C||0]17. + 4C ||ull1s + 4C ||0]|7 -
Choosing t € [T, T] and setting

yO= s (V20 +1860).

we have

sup (lullps +100z) < C. (1+y )™, (23)

te[T,,T]

where ¢ is a small enough constant, such that
T
JT* (

Next, we want to estimate the L>-norm of Vu and V6.
Multiplying (1) by —Au, integrating in R?, and using (3)
and (11), we derive that

2/3

1Vl

1+In(1+ ||vP||Bgm))2’3

(24)

J u, - (—Au)dx + J (u - Vu) (-Au) dx
+7 ||Au||iz + j Vp - (-Au)dx (25)

- J Oes - Audx;



% J |Vul* dx + n J |Aul* dx

= J (u-Vu) Audx - J@e3Audx
<l IVull o [Aull 2 + | Aul 2 161l 2

n
< Cllulle Nl 18wl N Aull + . IAul?. +C 11613
n 2 12 N 2
< 7 18wl + Cluly? + 5 IAuly: + C 1Ol 1401 2

<2 IIAuIILz + Cllulli + ~ IIAGIILz +Cl6l7 -

(26)

Multiplying (2) by —A#, integrating in R?, and using (3)
and (11), we derive that

j 6, - (~A0) dx + j (1~ V0) (~A0) dx + v | AO]% = 0; (27)
that is,

1d j VP dx + vj O] dx
2 di

- J (4 76) 86+ 1 [aull, + C 161} d

< ol V6l 1062 (28)

< Cllull 16135 186112 126] 2

<< ||A9IIL2 + C llull 3 16117+ -

Combining (26) and (28), using (16), we deduce

1d

35 | (9l 4 1907) dx [ 1ol -+ | 0P ax

n v
<3 IAul? + C llull? + : 126117, + C 11617

+ - IIAGIILz +C Jlull 5 1017

IIAuIILz + > IIAGIILz +C llull i + C16I7

+ C llull 5 1017+ 5
(29)

that is,

4 [ (v 1907 dx [ 1”4 » [ 12617 v
dt (30)

< 2C JlullE +2C 017> + 2C llull 5 16117
which implies that

IVa (&, )15 + 190 ()17 < C(1+y ). (3D
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Last, we will estimate the H>-norm and H*-norm of u and
0 and use the operator A to derive our goal.

Applying A = (—A)3/ % to (1) and then multiplying (1)
with A*u, we deduce

JA3ut -Aludx + JA3 (u-Vu) - Nudx

_WJASAu.A3udx+ JA3Vp (A3u) dx (32)

= J A3963 - ANludx;
that is,

Zdt,[lAul dx+nJ|A u| dx

- J [A3 (u-Vu)—u- VA3u] CAludx + JA3063A3M dx

< (1vutys 8w, + %] ] .) + ] el
< CIVulL A% vl 2 |lA s
16 |Atu
< CIvul 2 [aul 2 A%
16 A%,

< L+ CIVul 0 A%}

i+ ClBle + 1=
< CIvall” |wull a'uly + c|aull,

o)

_ 2+ CIvuE A%

2 +Cl6ll:

(33)

Similarly, applying A’ to (2) and multiplying (2) by A6,
we derive

| 2%, (%) dx + [ 47 - v0) A0 dx
(34)
~v [ A0 N0dx =0
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that is,
1d
S [ Iwef dx-v [ |at6f ax
2dt

-j/ﬁ (- VO) A0 dx

2
= ClIVul |A%6] . + [ A%u],, IVl |A%6] .
< CIvullt |A%u])) 1912 ||A o
5/6 1/4
+C|Vul . VOl
5/6
x VOl
3/2
< C|Vul; Vel + |
1/3 5/3
+CIVul]
1/2 5/3
+C|IVOl Vol
3/2
< C|IVul? L IVel2. + -
+C ||Vu||Lz + - ||A
9 393 2 Y
+CIVOly: [A%6]  IVOIT: + |a
Combining (33) and (35), we have
1 d 3 12 342
S5 ([ 1] el ax)
4 |2 4p|2
+11J"A u' dx+vJ|A 9' dx
< D|atull, + crvun aul,)
2
2
L +Cl6l
9/2 || A3, |13/? 4
+ CIVul 2 | A%u| ; IV6I%: + 5 ||A 6||

3
+ C|[Vuly + CIVOIZ: |A%6] . IV 5

that is,
‘. (] a2l a0 ax)
+7 J |A4u|2 dx +v J |A49|2 dx

<2C ||Vu||13/10 ||A3 "1/2

2
S +2C 0l

(35)

(36)

+2C[|Vul

/2 2 2
2 IVOll7> + 2C |[Vull}»

+2C[VOl: A’

|V6I|Lz
(37)

Choosing € small enough, using (16), (23), and (24), we
conclude that

||u||L°°(O,T;H3) + ”u"LZ(O’T;HA) < C,
(38)
||6”L°°(O,T;H3) + ”9||L2(0,T;H4) S C

We complete the proof. O
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