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We prove the condition “c is neither 0 nor a negative integer” can be dropped on the boundedness of a class of integral operators

Su,b,c
the assumptionc =n+1+a+b.

1. Introduction

Let B, be the open unit ball in the complex space C". The
measure,

dv, = (1 - |z|2)tdv (z), ¢))

denotes the weighted Lebesgue measure on B,,, where ¢ is real
parameter and v is the normalized Lebesgue measure on B,
such that v(B,) = 1. It is easy to know dv, is finite if and only
ift > —1. Suppose 1 < p < 005 to simplify the notation, we
write LY := LP(B,,v,) for the weighted L?-space under the
measure v, on B, and L? := L? for the usual L?-space under
the measure v.

Suppose a,b, ¢ are real numbers, and a class of integral
operators is defined by

(1-wP)’

L (1= (zw)[

Sunef @ = (1-1=P)" | Fwydrw). @

The class of integral operators is introduced by Kures and
Zhu [1]. And it is closely related to “maximal Bergman
projection” and Berezin transform. In fact, the boundedness

on L? space, which improves the result by Krues and Zhu. Besides, the exact norm of S

on L? space is also obtained under

a,b,c

of Bergman projection on L? comes from the boundedness
of the operator

F(n+oc+1)J f(w)
nl(a+1) Js, |1-¢

dvy (W),
Z’w>|n+l+zx Vo (W (3)

Pif(z) =

o> -1,

on Lf;; see [2]. Therefore, we can call P(ﬁ by “maximal
Bergman projection,” which is the particular case of S, .
Berezin transforms, whatever the case of the unit disk [3, page
141] or the case of unit ball ([4, page 76], [5, page 383]), are all
concluded in the form of S, ;, . with special a, b, c.

In [1], Krues and Zhu gave the sufficient and necessary
conditions of the boundedness of operator S, .
Theorem A (see [1]). Suppose c is neither 0 nor a negative
integer.

(1) The operator S, is bounded on LY (1 < p < oco) if
andonlyif—-pa<t+1< plb+1), c<n+1l+a+b

(2) The operator S, . is bounded on L} if and only if —a <
t+1<b+l,c=n+l+at+bor-a<t+1<b+1,c<
n+l+a+b.

The main purposes of this note contain two parts. One
part is to prove the condition “c is neither 0 nor a nega-
tive integer” in Theorem A can be removed; see Section 3.



The other part is to give the accurate norm of the operator
SapeOn L? under the assumption ¢ = n+ 1 +a +b, which can
be seen from the following two theorems.

Theorem 1. Supposec =n+1+a+b. If1 < p < co and
—-pa<t+1<pb+1),then

nl(a+(t+1)/p)T(b+1-(t+1)/p)
I’(n+1+a+b)/2) '

“Sa,b,anf —Lf =

(4)

Else, we also give the sufficient and necessary conditions
of the operator S, . on L and the accurate norm under
¢ = n+1+a+b of this case, where L™ denotes the set of
all essentially bounded and measurable functions under the
measure v, on B,,.

Theorem 2. The operator S, . is bounded on L™ if and only
ifa>0,b>-l,andc=n+1+a+bora>0,b>-1,and
c<n+1+a+b. Moreover, whenc=n+1+a+b, we have

S _ nl'@TI(1+b) 5
Sosclio 1o = B v ar 072 ®

Notice S, ;. is the generalization of “maximal Bergman
projection” and Berezin transform which was first introduced
by Berezin [6]. The boundedness of Berezin transform of
f e L'(D) is a well-known fact; see [7, Proposition 2.2]. But
the norm of it was not calculated out until 2008 by Dostani¢;
see [8, Corollary 2]. Recently, the result by Dostani¢ has been
extended to several complex variables in [9, Theorem L1].
Thus, Theorems 1 and 2 promote the main results in [8, 9].
And they also imply the following corollary.

Corollary 3. Suppose 1 < p < 0o, « > —1, and the norm of
P! on L2 can be

|

b 1k

CT((a+ 1) /p)T((a+1) = (a+1)/p)T(n+a+1)
B R2((n+1+a)/2)T(a+1)

(6)

which implies "P(EHLI; _, 12, §rows at most like(@+ 1) asa —
-1.

Next, we will see that the boundedness of an operator
called Berezin-type transform on L? can also be obtained
from our main results. The Berezin-type transform is defined

by

Brapt (2)
= Ck,zx,ﬁ
(1=12)" P (1= qwp)*
d ,
X J[B&n (1-{(z, w))n+¢x+k+1(1 —(w, Z))"+ﬂ+k+1 f (w)dv(w)
(7)
where
Conp = Tn+a+k+1)T(n+B+k+1) )

Tn+ DT (k+ DT (n+a+B+k+1)
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andn+a+f > 0n+a > 0n+p > 0,and k >
—1. The transform was introduced by Li and Liu [10] when
they discuss whether the mean-value property implies (e, 3)-
harmonicity for integrable functions on the unit ball in C".
Notice that

"%kﬂ,ﬁf (Z)' < Ck,oc,ﬁsa,b,c |f| (Z) (9)

witha =n+a+f+k+1,b=kandc=n+1+a+b.
And By o f(2) = CrauSapcf(2) as a = . Therefore, the
boundedness of Berezin-type transform %, , s on L? comes

from the boundedness of the operator S, ;. on L. Thus, we
have the following result, which extends Propositions 3.3 and
3.4 in [10] combining the fact of Lemma 2.4 in [10] therein.

Corollary 4. If1 < p < cosuch that —p(n+a+ B +k+1) <
t+1 < p(k + 1), then the Berezin-type By, g is bounded on

LY and

Tn+ta+k+ )T (n+B+k+1)
2n+1+(a+pB)/2+k)

>

(10)

<
90asly 1 = e

where

Atafp

 T(nta+Brk+1+(t+1)/p)T(k+1-(+1)/p)
- T(n+a+Pf+k+1)T(k+1)

(1)
Moreover, the Berezin-type transform is bounded on L™, and

ITn+a+k+ )T (n+B+k+1)
I2(n+1+(a+p)/2+k)

“ggk’%ﬁ“w—ww s . (12)

2. Preliminaries

A number of hypergeometric functions will appear through-
out. We use the classical notation ,F,(a, 3;y; z) to denote

< (“)k(ﬁ)k Z_k

Fy (& Brysz) = , (13)
2 kgo (V)k k!
with y #0,-1,-2,..., where
(0) =1, () =a(@+1)---(a¢+k-1) fork>1.
(14)

And the hypergeometric series in (13) converges absolutely
for all the value of |z| < 1. Moreover, as |z] — 17, it is easy
to know that

1, ify—a-p>0;

log1_|zl, ify-a-=0 (15)
(- 1z)"F, fy-a-p<0,

oF (& Bysz) =
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where a(z) = b(z) represents the ratio and a(z)/b(z) has a
positive finite limit as |z| — 1. Now we list a few formulas
for easy reference (see [11, Chapter II]):

T(y)T(y—a-p)
T(y-a)T(y-p) (16)

Re(y—a—pB) >0,
B (aBiysz) = (1-2)"F LF (y-ay - Biysz), (17)
2F (o B y3 2)

_ T
TMI(y-2)

oF (o Bysl) =

(18)
1
< J A1 =P F (o s Ast2) di,

0

Rey>Red>0; |arg(l-2)|<m z#1

Lemma 5. Suppose Red > 0 and Re(A+8 —a— f3) > 0. Then

Jl A1 -0 F, (a, B Ast) dt
' (19)
CTTO)T(A+8-a-p)

CTA+0-a)T(A+6-p)°

Proof. Note that, under the assumption of the lemma, both
sides of (18) are continuous at z = 1. The lemma then follows
by letting z — 1 in (18) and applying (16). O

The following integral formulae concerning the hyperge-
ometric function are significant for our main results. And all
these formulae are contained in [12]. Now we list them.

Lemma 6 (see [12, Corollary 2.4]). Fora € Randy > -1, we
have

dv (w)

J (1- )’

2«
. 11— (z,w)l (20)

_ ol (1+y)

2
= m ,F (oc,oc;n+1+y;|z| )

Lemma 6 is also contained implicitly in the proof of
Theorem 1.4.10 in [13] (see the formula in page 19, line 5 of
[13]).

Lemma 7 (see [12, Corollary 2.5]). Suppose thata, 3 > 0,y €
R, andn+a+ -2y > 0. Then

(1-1et)”

28 _ \a-1
JB 1 (1 1 ) {J[EB,. |1—(z,w)|2de(w)} @)

n

_ nm)T(@T(B)T(n+a+pf-2y)
Zn+a+p-y) ’

(21)

3
Proof. Using Lemma 6 in the inner integral, we have
n!l’ a-1
(B) J |Z|2ﬁ(1 B |z|2)
[(n+p) Je,
x ,F, (y, p;n+ s |z|2) dv(z)
(22)
1
_ nm)T (/3) J rn+ﬁ—1(1 _ r)a—l
r (n + ﬂ) 0
x ,F, (y, y;in+ s |z|2) dr.
Then (19) gives the result. ]

The following result, usually called Schur’s test, is a very
effective tool in proving the LP-boundedness of integral
operators. See, for example, [3].

Lemma 8. Suppose that (X, ) is a o-finite measure space,
K(x, y) is a nonnegative measurable function on X x X, and T
is the associated integral operator:

)= [ Ko fdu). @)

Let1 < p < coand 1/p + 1/q = 1. If there exist a positive
constant C and a positive measurable function u on X such that

| KGyu)au) scuwt, e

for almost every x in X, and
LwawmwmmSwuﬂ (25)

for almost every y in X, then T is bounded on L¥(X, p) with
ITl < C.

3. The Improvement

The section mainly proposes the condition “c is neither 0 nor
a negative integer” can be omitted in Theorem A. Notice the
condition is only used to give ¢ < n+1+a+b while proving the
necessity for the boundedness of the operator S, . on LY (1 <
p < 00);see [1,lemma 12]. Now we will give a new proof of the
necessity for the boundedness of S, on L in Propositions
9 and 11 to introduce the condition can be put off.

Proposition 9. Suppose the operator S,;, . is bounded on

L}:(l < p < 00),andthen —pa <t+1 < pb+1),c<
n+l+a+b.

Proof. Let g be the number such that 1/p + 1/g = 1. For any
fixed € > 0, define

9. W) =Cy(e)(1- |w|2)(€‘(f+1))/p’
(26)

\E=(t+1))/q,  2(b+1+(e—t—1
]’le(Z)ZCz(E)(l—|Z| ) |Z| (b+1+(e—t )/P))



4
where

C, (€) = {nF(E)F(n+q(b+1)+q(€_(t+1))/P)}_l/q
L(ntqb++gle-(t+1)/p+e)

(28)

Easy calculation shows || g.|| ot = (1A gt = 1. Notice the fact

”Sa,b,c "Lf N 1}:

= sup
Iflpe=1
lglge=1

Al (o

(1 - |w|2)b_t
x mf (w) dv, (w) | g (z)dv, (2)

} |

(29)
Then the boundedness of the operator S, . on LY leads to the
integral
a b-t
[ ], G
w) dv, (w
[Bn Bn |1 _ <Z,w>|c ge t
(30)
x h, (2)dv, (2)

< ||Sa>b’C||L€4’L}: < +00.

Hence, using Lemma 7 with & = a+€/q+ (t + 1)/p, B =
b+1+(e—(t+1))/p,and y = ¢/2, we can conclude that

a+E+u>O, b+l+w>0,
(D)
n+l+a+b+e—-c>0.
Then the arbitrariness of € gives
-pa<t+1<pb+1), c<n+l+a+b. (32)

Now, we will give the proof by dividing into the following
two cases.

When ¢ =n+ 1+ a+ b, by Lemma 7, the integral in (30)
equals

nl (a+(e/q) +((t+1)/p))T(b+1+((e-(t+1))/p))
I’(n+1+a+b)/2+e¢)

“ {F(n+e)}l/p
T (n)

{F(n+q(b+1)+q(€—(t+1))/P+€)}l/q

T(n+tqb+1)+qe—(t+1)/p)
(33)
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Then lettinge — 07, by (30), we can know the limits

o < lim nl(a+(e/q) +(t+1)/p)T(b+1+((e-(t+1)/p))
T eoot IZ(n+1+a+b)/2+¢€)

< ”Su,b,c ”Lf L

(34)
Then the boundedness of the operator S, ;, . gives —pa < t +
1< pb+1).
When ¢ < n+ 1+ a + b, take the function

@ =(1-12P)" (35)

with A > a. The condition (32) implies the function f, € L.
And using Lemma 6, we have

)
1=z w)

anlT(1+b+A)
=(1=1z? LU+ o+A)
( |Zl)r(n+1+b+)t)

Sapcfr (@) = (1 - |Z|2)a J[aa £ (w) dv (w)

x ,F, (S,E;n+ 1+b+ A |z|2>.
2°2
(36)
According to (15), we can obtain that S, . f;(2) = (1 - FIRE

Thus the boundedness of the operator S, ;. on L¥(B,,) gives
that pa + t > —1; thatis, —pa < t + 1. Now we consider the

adjoint operator S}, . of the operator S, ; that s,
a+t
bt [ (1 [w]?)
St f @) =(1-z? J-—wde.
e @)= (1= 12F) | e f w)dv (w)

(37)

The boundedness of S,;,. on L implies the boundedness of

Sy on L. With the similar discussion above, we can obtain
thatq(b—t) +t > —1; thatis, t + 1 < p(b + 1). O

When ¢ =n+ 1+ a+ b, (34) implies the following result.

Corollary 10. Supposec =n+1+a+bandl < p < 0o,
-pa<t+1< plb+1),and then

nl(a+@t+1)/p)T(b+1-(t+1)/p)
I2((n+1+a+b)/2) '

“Sa,b,CHLf —Ir =
(38)

Proposition 11. The operator S, . is bounded on L} if and
onlyif-a<t+l<b+l,c=n+l+a+bor-a<t+1<
b+1l,c<n+1l+a+b Andwhenc=n+1+a+b, wehave

nl(l+a+t)T(b-t)

"Sa,b,c"u L = 2 (n+1+a+ b) /2) ’ %)

Whenc<n+1+a+b, —a<t+1=>b+1, wehave

nl(l+a+b)T (o)
S 1 1= > 4
Sasell; -1, = = (r1rarbro 0

whereo =(n+1+a+b)—c.
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Proof. By Lemma 6, we have

”Sa,b,C“L} —L! = Sa,b,c"LmHLoo
a+t
bt 1- |w|2
= sup(l - |z|2) J %dv (w)
z€eB, B, 11—z, w)]
nl'(1+a+t) 2\b-t
= —sup(l - |z )
F(n+1+a+t).es,
cc
x,F (—,—;n+ l+a+t |z|2>,
22
(41)
where S, . denotes the adjoint operator of S,;, .. Then, using

(15), we can obtain that the operator S,,, . is bounded on L} if
and only if

l+a+t>0,
b-t>0, (42)

n+l+a+t-c>t-b,
or

l+a+t>0,
b-t=0, (43)

n+l+a+t—-c>0,

which gives the first part of the proposition.

Now we will give the second part. Whenc <n+1+a+
band —a < t +1 = b + 1, the hypergeometric function in
(41) is increasing since its Taylor coeflicients are all positive.
Applying (16), we have (40). When ¢ = n+1+a+b, (17) gives

n+l+a+b n+l+a+b 2
2B 3 , 5 sn+l+a+t;z|

_ (1 - |Z|2)t—b

n+l+a->b n+t+l+a->b
x 5 F, +t, +1;
2 2

(44)

n+1+a+t;|z|2>.

Thus (41), the increase of the last hypergeometric function,
and (16) lead to

1Sapelz: - 1

*
= [Sanello - i

_ o nll(1+a+t)
T T(n+l+a+t)

5
<n+1+a—b n+l+a->b
x ,F, +t, +t;
2 2
n+1+a+t;l>
nll(1+a+t)T(b-1t)
T I2((n+1+a+b)/2)’
(45)
]
4. The Proof of Theorems 1 and 2
Proof of Theorems 1 and 2. Since
b
af (1-1wP)
Su cllpeo o = 1- ZZ J ch >
ISeseli o = sup(1 =) || ey @)
(46)

therefore Theorem 2 comes out as the same discussion as
Proposition 11.

Next, we will concentrate on the proof of Theorem 1.
Remember the hypothesis ¢ = n + 1 + a + b throughout
the following proof. Since (39) gives the case of p = 1, for
the case 1 < p < 00, Corollary 10 gives the lower bound of
[Sapcl L1 Thus we only show the fact

nl(a+@t+1)/p)T(b+1-(+1)/p)

“S“»b’C“L‘Z -Ly = IR2((n+1+a+b)/2)

(47)
To this end, we will use Schur’s test (Lemma 8) with

a b—
(1 - |Z|2) (1 - |w|2) t. (48)

K (z,w) =
|1 _ (Z, w)|n+1+a+b

Set

—(t+1
u (2) = (1-12P) ", (49)

where g is the conjugate exponent of p such that 1/p+1/g = 1.
It then suffices to show

(1 _ |w|2)l’7*l‘
(1- 121" JBn TR

g nl(a+@t+1)/p)T(b+1-(t+1)/p)
- I?((n+1+a+b)/2)

u,(w)1dv, (w)

u ()%,

(50)
forallz € B,, and
e (1-121%)" ,

(1= 1l)™ | @ @
<n!l"(a+(t+1)/p)1"(la+1—(t+1)/p) »
= T2 ((n+1+a+b)/2) ()

(51)



for allw € B,. We only prove (50), since (51) comes from the
same way as (50). Applying Lemma 6 and (17), we have

(1 _ |w|2)l’7—t
(1-1=P)’ Jﬁn 1= (@ w) e

i sa nC(b+1=(t+1)/p)
_(1—IZI ) T(n+b+1-(t+1)/p)

u,(w)1dv, (w)

<n+1+a+b n+l+a+b
X, F ;

> >

2 2
n+b+l—u;|z|2> (52)
p

_ nll(b+1-(t+1)/p) (1—|z|2

)*(Hl)/P
T T(n+b+1-(t+1)/p)

>

n+l+b-a t+1 n+l+b-a
x ,F 2 - IS 2

t+1 t+1
——;n+1+b——;|z|2).
p p

By (16), the last hypergeometric function is bounded from the
above by

t+1 n+l+b-a

>

n+l+b-a
21

2 p 2
t+1 t+1
——;n+1+b——;1> (53)
p p

IT(n+1+b-(t+1)/p)T(a+(t+1)/p)
I’((n+1+a+b)/2)

>

since it is increasing on the interval [0, 1). This proves (50),
which in turn implies (47). The proof is completed. O

5. Remark

The topic on the exact norm of an operator is an interesting
but difficult problem. In this note, we only give the accurate
norm of the generalized operator S, ;. on L} under ¢ = n +
1 + a + b. But for other cases, except the particular case (40),
we can give an upper bound of |IS,[l;»_, ;> by Theorem 1
according to the fact

(1 - |Z|2)a(l - |w|2)b_t _ 20(1 _ |Z|2)“(1 B |w|2)b—t

|1 _ (Z, 'LU>|C |1 _ <Z, w>|n+1+a+b

(54)

and a lower bound for one fixed € > 0 by (30) and Lemma 7;
thus the problem of the norm of other cases may be left as an
open problem to consider.
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