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Let X be a completely regular Hausdorft space, and let (E, | - ) and (F, || - [|z) be Banach spaces. Let C, (X, E) be the space of all
E-valued bounded, continuous functions defined on X, equipped with the strict topologies 3., where z = 0,00, p,7,t. General
integral representation theorems of (f3,, || - || z)-continuous linear operators T : C,(X, E) — F with respect to the corresponding
operator-valued measures are established. Strongly bounded and (3,, || - [|z)-continuous operators T : C, (X, E) — F are studied.
We extend to “the completely regular setting” some classical results concerning operators on the spaces C(X, E) and C, (X, E), where

X isacompact or a locally compact space.

1. Introduction and Terminology

Throughout the paper let (E,| - [lg) and (F, |- [|z) be real
Banach spaces, and let E' and F' denote the Banach duals
of E and F, respectively. By Bi and By we denote the closed
unit ball in F' and E, respectively. By Z(E, F) we denote the
space of all bounded linear operators U : E — F. Given a
locally convex space (L,¢) by (L, &) or Llf we will denote its
topological dual. We denote by (L, K) the weak topology on
L with respect to a dual pair (L, K).

Assume that X is a completely regular Hausdorff space.
Let C,(X,E) stand for the Banach space of all bounded
continuous, E-valued functions on X provided with the
uniform norm | - ||. We write C,(X) instead of C,(X,R).
By C,(X,E) we denote the Banach dual of C,(X, E). For
f e Cy(X,E)let f(t) = IIf(t)ll fort € X.

Let 9B (resp., Ba) be the algebra (resp., 0-algebra) of Baire
sets in X, which is the algebra (resp., o-algebra) generated by
the class Z of all zero sets of functions of C,(X). By & we
denote the family of all cozero sets in X. Let B(9, E) stand
for the Banach space of all totally 98-measurable functions
f : X — E (the uniform limits of sequences of E-valued
PB-simple functions) provided with the uniform norm | - |
(see [1, 2]). We will write B(%) instead of B(A, R).

Strict topologies 3, on C,(X) and C,(X, E) (for z = o,
00, p, T, t) play an important role in the topological measure
theory (see [3-12] for definitions and more details). Recall
that a subset H of C, (X, E) is said to be solid if f,; € C, (X, E)
and f, € H with f;(t) < f,(t) fort € X imply that f, € H.
Then 3, are locally convex-solid topologies on C, (X, E); that
is, they have a local base at 0 consisting of convex and solid
sets (see [6, Theorem 8.1], [10, Theorem 5]). We have f3, ¢
B: € Boo € By € Tyyand B, ¢ B, C f,. For a net (f,)
in C,(X, E), f, — 0 for f, if and only if f, — 0 for B, in
C(X) (see [6,10]).

Let C,(X) ® E stand for the algebraic tensor product of
C,(X) and E; that is, C;,(X) ® E is the space of all functions
Y (u; ® x;), where u; € C,(X), x; € Efori =1,...,n, and
(u; ® x;)(t) = u;(t)x; for t € X. Then C,(X) ® E is dense in
(Cy(X, E), B,) for z = 00, 1,1t (see [6, 8]). Moreover, C,(X) ®
E is dense in (Cy(X, E), B,) if X or E is a D-space (see [6,
Theorem 5.2], [13]) and in (C, (X, E), ﬁp) if X is real-compact
(see [10, Theorem 7]).

Let C,.(X, E) denote the Banach space of all continuous
functions i : X — E such that h(X) is a relatively compact
set in E, provided with the uniform norm | - ||. Then C,(X) ®
E cC,(X,E) c B(%,E).



Linear operators from the spaces C,.(X, E) and C, (X, E),
equipped with the strict topologies 8,(z = 0,00,7) to a
locally convex space (F,&), were studied by Katsaras and
Liu [14], Aguayo-Garrido, Nova-Yanéz and Sanchez [15, 16],
and Khurana [17]. In particular, Katsaras and Liu found
an integral representation of weakly compact operators S :
C,.(X,E) — F and characterizations of (f3,,)-continuous
and weakly compact operators S : C,.(X,E) — Fforz =o0,7
(see [14, Theorems 3, 4, 5]). Aguayo-Arrido and Nova-Yanéz
derived a Riesz representation theorem for (f3,, £)-continuous
and weakly compact operators T : C,(X,E) — Fforz =
00,7 in terms of their representing operator measures (see
[15, Theorems 5 and 6]). If X is a locally compact space,
continuous operators on C,(X, E) were studied by Dobrakov
(see [18]) and Mitter and Young (see [19]).

In this paper we develop the theory of continuous linear
operators from Cy (X, E), equipped with the strict topologies
B, (z = 0,00, p, 7,t) to a Banach space (F, || - |z). In partic-
ular, we extend to “the completely regular setting” some clas-
sical results of Brooks and Lewis (see [20, Theorem 5], [21,
Theorem 5.2], [22, Theorem 2.1]) concerning operators on
the spaces C(X, E) and C,(X, E), where X is a compact or
a locally compact space, respectively. In Section 2, using the
device of embedding the space B(%, E) into C,.(X, E)" (the
Banach bidual of C,.(X, E)), we state the integral represen-
tation of bounded linear operators from C,.(X, E) to F. In
Section 3 we derive general Riesz representation theorems
for (,, |l - lp)-continuous linear operators T : C,(X,E) —
F(z = 0,00,p,1,t) with respect to the corresponding
measures m B — L(EF") (see Theorems 9 and
14 below). Section 4 is devoted to the study of (B, | - llp)-
continuous and strongly bounded operators T : C,(X,E) —
F.

2. Integral Representation of Bounded
Linear Operators on C, (X,E)

Let M(X) stand for the Banach lattice of all Baire measures on
AB, provided with the norm ||| = |v|(X) (= the total variation
of v). Due to the Alexandrov representation theorem Cp,(X)’
can be identified with M(X) through the lattice isomorphism
MX)>v ¢, € Cb(X)', where ¢, (1) = IX udvforu €
C,(X) and |lg, |l = |IvIl (see [4, Theorem 5.1]).

By M(X,E') we denote the set of all finitely additive
measures ¢ : B — E' with the following properties:

(i) for each x € E, the function y, : %8 — R defined by
U, (A) = u(A)(x) belongs to M(X),

(ii) |ul(X) < oo, where |u|(A) stands for the variation of
uonAe %A

In view of [23, Theorem 2.5] C, (X, E)' can be identified
with M(X, E') through the linear mapping M(X,E') > u +>
®, € C,.(X,E)',where ®,(h) = [, hduforh € C,(X,E)and
||®,4|| = |u|(X). Then one can embed B(%, E) into C, (X, E)"

Journal of Function Spaces

by the mapping 7 : B(%,E) — C,.(X,E)", where for g €
B(%,E),

n(g) (GD#) = JX gdu forpeM (X,E'). (1

Letip : F — F' denote the canonical embedding; that is,
ir(»(Y') = y'(y) for y € F, y' € F'. Moreover, let j; :
ip(F) — F stand for the left inverse of i; that s, jpoip = idp.

Assume that S : C,.(X,E) — F is a bounded linear
operator. Let

§::S”07T:B(t%)E)—>F”’ (2)

where §' : F' — C..(X, E) and §" : C..(X, E)Y' - F"
denote the conjugate and biconjugate operators of S, respec-
tively. Then we can define a measure m : B — Z(E,F "
(called a representing measure of S) by

m(A)(x) =S(1,0x)=(S"c0n)(1,8x)
3)
for Ae %, x € E.

Then m(X) < 00, where the semivariation #7(A) of m on

A € R is defined by mi(A) = sup || Y m(A;)(x;)|lzn, where

the supremum is taken over all finite &-partitions (A;) of A
and x; € B, for each i. For y' € F' let us put

m (A) (x) = (m(A) (x)) (y') for Ae B,xecE. (4)

Let Imyr |(A) stand for the variation of m., on A. Then (see

y
[1, Section 4, Proposition 5])

i (A) = sup {[m,| (4) : y' € By} (5)
The following general properties of the operator S
B(%,E) — F'" are well known (see [1, Section 6], [2, Section
1], [13, 24]):
S(g) = JX gdm for g € B(%,E), ||§|| =m(X), (6)
and for each y' € F/,

S(9) (y') = JX gdm,, for g € B(%,E). (7)
For A € & let
J gdm = J 1,g9dm for g € B(%B,E). (8)
A X

From the general properties of S it follows that

$(C,. (X, E)) c iy (F),

9)

S(h) = qu hdm) for he C,, (X, E).
X

Hence for each y' € F' we get

' (S(h)) = L hdm, forheC, (X,E), (10)
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and hence my, € M (X, E"). Moreover, we have

Isi = ']
=sup {[s'"(»")]: »" € Br}
= sup{|y" o8| :y € Bw} (1)
o, |- ene)
{

= sup |my:' (X):y € BF/} ,
and using (5) we get
ISI = 7 (X).. (12)

By M(X, Z(E, F'")) we will denote the space of all
measures m : B — L(E,F") such that m(X) < oo and

my € M(X, E') for each y' € F'. Thus the representing

measure m of S belongs to M (X, Z(E, F")).
For any x € E define

S, () =Swex) forueC,(X),

(13)

m, (A) =m(A)(x) for AeRB.

Then S, : C,(X) — F is a bounded linear operator. Let y :

B(3B) — Cy(X )"" stand for the canonical embedding; that is,
for u € B(%),

x @) (p,) = J udv for v e M (X). (14)
X

Let

S.:=(8,)"ox:B(®B) — F". (15)
Then
8. (Cy (X)) C i (F),
. (16)
S, () = jp (S, (W) forueCy(X).

The following lemma will be useful.

Lemma 1. Let S : C,.(X,E) — F be a bounded linear
operator. Then S" (n(1, ® x)) = (S,)" (x(1,)) for any x € E
and A € B.

Proof. Let y' € F'. Then for each u € C,(X),
! !
(4 oS) W) =y (Suex)
= J (u®x)dm, = J udm, (17
X X

= (me,y' (1/[) °

3
Hence we have
(8)" (x (1)) (")
=X (“A) (S; ()’,))
, (18)
=x (1) (' 28) = x (1) (o)
= J-X ﬂAdmx,y' =My (HA) =my (]]A) (y’) .
On the other hand, for each h € C,.(X,E), (y' o 8)(h) =
jX hdm, = CDmy, (h), and hence
" (n(14®x))
=(1,®x) (S' (y')) =n(1,®x) (y' oS)
= (1,0%) (V) = Dy, (1,9%)
= JX (Ta®x) dmy, =my, (A)(x) =m,(1,) ().
(19)

It follows that §" (77(1 4, ® x)) = (S,)" (x(1,4)), as desired. [

From Lemma 1 for A € 9 and x € E we get

m, (4):=8(1,8x)=8" (1 (1,©x)) = (S,)" (x (14)):

(20)
that is,
m, (A) =S, (1,), S, (u) = J udm, for u € B(%).
X
(21)

Now we are ready to prove the following Bartle-Dunford-
Schwartz type theorem (see [25, Theorem 5, pages 153-154]).

Theorem 2. LetS: C,.(X,E) — F bea bounded linear oper-
ator and let M(X, Z(E, F"")) be its representing measure. Then
for each x € E the following statements are equivalent.

(i) S, : C,(X) — F is weakly compact.
(ii) m(A)(x) € ip(F) for each A € B and {jp(m(A)(x)) :
A € B} is a relatively weakly compact set in F.
(iii) m, : B — F" is strongly bounded.

Proof. (i)=(ii) Assume that S, is weakly compact. Then by
the Gantmacher theorem (Sx)"(Cb(X)") C ip(F) and (Sx)" :
Cb(X)" - F"is weakly compact (see [26, Theorem 17.2]).
Hence S,(B(%)) ¢ ix(F) and S, : B(B) — F" is weakly
compact. In view of (21) for each x € E, m,(A) € ip(F) for
A€ Bandm, : B — F" is strongly bounded (see [25,
Theorem 1, page 148]). It follows that {jp(m(A)(x)) : A € B}
is a relatively weakly compact subset of F (see [24, Theorem
71).

(ii)=(iii) It follows from [24, Theorem 7].

(iii)=(i) Assume thatm, : & — F" is strongly bound-
ed. Then by (21) §x : B(B) — F"is weakly compact and in
view of (16) we derive that S, is weakly compact. O



3. Integral Representation of Continuous
Linear Operators on C,(X,E)

The spaces of all o-additive, u-additive, perfect, T-additive,
and tight members of M(X) will be denoted by M, (X),
M (X), M,(X), M (X), and M,(X), respectively (see [3, 4]).
Then (Cy(X), 8,)" = {9, : v € M,(X)} for z = 7, c0, p, T, t.
For the integration theory of functions f € C,(X, E) with
respect to 4 € M, (X, E') we refer the reader to [6, page 197],
[5, Definition 3.10], [27, page 375]. For z = 0, 00, p, 7, t let

M, (X,E")

= {y € M(X,E') i Yy € M, (X) for each x € E}
(22)

Then |u| € M,(X) if u € M(X, E") (see [5, Proposition 3.9],
[6, Theorem 3.1], [10, Theorem 1]). For ® € C,(X, E) let us
put, for u € C,(X)",

O () := sup {|® (f)|: f €C,(XGE), f<u}.  (23)

Itis known that |®| : C,(X)" — R"isadditive and positively
homogeneous and can be extended to a linear functional on
C,(X) (denoted by |®| again) by |®|(u) = |O|(u") — |O|(u")
for u € C,(X).

Theorem 3. Assume that z = o and C,(X) ® E is dense in
(C,(X,E), B,) (resp., z = 00; z = p and C,(X) ® E is dense
in (Cy(X, E),ﬁp); z = 1; z = t). Then the following statements
hold.

(i) For a linear functional ® on C,(X, E) the following
conditions are equivalent.

(a) @ is 3,-continuous.
(b) There exists a unique yu € M (X, E') such that

O(f)=0,(N)= | fau for fec,(xB). @y

(ii) For u € M,(X,E"), |®,/(u) = [, udlul = ¢;,(u) for
u e Cb(X)

Proof. (i) See [6, Theorems 5.3 and 4.2, Corollary 3.9], [5,
Theorem 3.13], and [10, Theorem 8].
(ii) See [6, Theorem 2.1]. O

Assume that .4 is a subset of M,(X,E') and
SUpe 4 |H(X) < 00, where z = 0, 00, p, 7, t. Then we say
that ./ satisfies the condition (C,) if we have the following:

(1) for z = o: sup{|ul(Z,) : u € M} — 0 whenever
Z,10,(Z,)cZ;

(2) for z = co: for every partition of unity (i), for X
and every € > 0 there exists a finite set &/, in & such

that SUP e/ fx(l - Zagde u,)dlpl < &
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(3) for z = p: for every continuous function f from X
onto a separable metric space Y and every € > 0, there
is a compact subset K of Y such that SUP,c lpl (X

F &)<

(4) for z = 7 sup{|ul(Z,) : u € M} — 0 whenever
Z,10,(Z,) cZ;

(5) for z = t: for every € > 0 there exists a compact subset
K of X such that sup{|u|(Z) : Z € Z,Z c X\ K} <¢
for each p € M.

The following lemmas will be useful.

Lemma 4. Assume that M is a subset of M,(X,E') and
supﬂe/%lptl(X) < 00, where z = 0 and C,(X) ® E is f3,-dense
in Cy(X, E) (resp., z = 00; z = pand C,(X) ® E is ﬁp-dense
in Co(X,E); z = 7; z = t). Then the following statements are
equivalent.

(@) {®, = p € M} is B-equicontinuous.
(i) {|®,| : p € M} is B,-equicontinuous.
(iii) {opy, : p € M} is B,-equicontinuous.
(iv) The condition (C,) holds.

Proof. (i)&(ii) See [9, Lemma 2].

(ii) e (iii) It follows from Theorem 3.

(iii)&(iv) See [4, Theorem 11.14] for z = o; [28, Propo-
sition 3.6] for z = 05 [28, Proposition 2.6] for z = p; [4,
Theorem 11.24] for z = 7; and [28, Proposition 1.1] for z =
t. O

Lemma 5. Assume that z = 0 and C,(X) ® E is ,-dense in
Cy(X, E) (resp., z = 00; z = p, and Cy(X) ® E is fB,-dense in
Co(X,E); z=1;2=t). Lety € M,(X,E'). Then for A € B
the following statements hold.

(i) A functional®, : C,.(X, E) — R defined by ®© ,(h) =
IA hdu is B,|c, (x,p-continuous and can by uniquely

extended to a f3,-continuous linear functional ®, :
C,(X,E) — R, and one will write the following:

| sdu=T() for fec,xm. @)

i) | [, fdul < [, fdlul for f € Cy(X, E).

Proof. (i) Assume that (h,) is a net in C,.(X, E) such that
h, — 0for f3,. Then

|q¢mn:UhM4gjzﬂ“4gjﬁﬂmL (26)
A A X

Since fl“ — 0 for B, in Cp(X) and |u| € M (X), we
obtain that ®,(h,) — 0; thatis, ®, is B,|c (xp-con-
tinuous. Since C,.(X, E) is dense in (Cy(X, E), ,), 4 can
be uniquely extended to a f8,-continuous linear functional
()TA : C,(X, E) — R (see [29, Theorem 2.6]).
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(ii) Assume that f € C,(X,E). Choose a net (h,) in
C,.(X, E) such that h, — f for B,. Then h, — f for f3, in
Cy(X). Then

|| Fedlul - | Falul|< | [~ Fldlud
A A A
(27)
< | [~ 7ldlul,
X
and hence IAfdlyl = lim, IAﬁadlyl. Since JAfdy =
D,(f) = lim, JA h,dy, we get

[ s
A A (28)
<t | Bl = | Falul.
“ Ja A

For z = 0, 00, p, 7, t let us put
M, (X, Z(EF"))
={meM(X,2(EF")):m, e M,(X,E') (29)
for each y' € F'}.

Lemma 6. Assume that z = 0 and C,(X) ® E is ,-dense in
Cy(X, E) (resp., z = 00; z = p, and C(X) ® E is fB,-dense in
Cy(X,E); z = 7; z = t). Assume that m € M, (X, Z(E,F"))
and the set {myr : y' € F'} satisfies the condition (C,). Then
for A € B the following statements hold.

(i) An operator S, : C,.(X,E) — F" defined by S,(h) =
IA hdm is (ﬁzlc,c(X,E))" - | g )-continuous and can be

uniquely extended to a (3, || - ||g)-continuous linear
operator S, : C,(X, E) — F", and one will write the
following.

L fdm=S,(f) for feCy(X.E).  (30)

(ii) For each y' € F', ([, fdm)(y') = [, fdm,, for f €
Cp(X, E).

Proof. (i) In view of Lemma 5 the set {¢},,, | : y' € Bp}is
y

B,-equicontinuous in Cb(X);; . Assume that (h,) is a net in
C,.(X,E) such that h, — 0 for f3,. Let ¢ > 0 be given. Then
there exists a neighborhood V, of 0 for 3, in Cp,(X) such that

supyngF,| IX ud |my|| < eforu € V,.Since h, — 0 for 3,
in C,(X), choose «, such that h, € V, for « > «,. Hence
SUpycp, IX h, d|my,| < efor a > «a. It follows that, for

« > o, and each y' € By,

(] )7

= L?‘ad|my’| = Lﬁad|my’| =&

(31)

and hence,

ISath )] = sup {[Sa (ha) ()| : ¥ € Be} <& (32)
This means that S, : C,.(X,E) — F"is (B.lc. s I - llgn)-
continuous. Since C,.(X, E) is f3,-dense in (C,(X, E), ,),S4

possesses a unique (f3,, || - |z#)-continuous extension S, :
C,(X,E) — F" (see [29, Theorem 2.6]). Let

J fdm==S,(f) for feCy(X.E).  (33)
A

(ii) Let f € C,(X, E). Choose a net (h,) in C,.(X, E) such
that b, — f for B,. By Lemma 5 and (7) for y' € F' we have

(], 7m) (') = (1 ([ i) ()

- lim (L hodmy ) () (34)

Corollary 7. Assume that z = 0 and C,(X) ® E is [3,-dense
in Cy(X, E) (resp., z = 00; z = p and C,(X) ® E is B,-dense
in Co(X,E); z = 7; 2 = t). Assume that m € M (X, Z(E, F")
and the set {m.,, : y' € Bp} satisfies the condition (C,). Then
for A € B the following statements hold:

(a) [my| (4)
= sup{|[ mamy|:nec, 00 B <1}

= sup{|JAfdmy:| 1 f € Cu(X,E)||f] < 1}.

(b) m(A)

= sup {‘U hdm
A

= sup{”Lfdm"F” 1 f € Cu(X,E)||f] < 1}.

(35)

theC,(X)®E |h| < 1}

F/

In particular, if U € P, then

(c) |my:' (U) = sup {UU hdmyr :heCy(X)®E,

Al <1, supph C U} (36)

Z J wdm,

>




where the supremum is taken over all finite disjoint supported
collections {uy, ..., u,} < C,(X) with |u;| < 1 and suppu; C
U and {xy,...,x,} C Bg. One has

j hdm
U

Al < 1,supph C U}

(d)ﬁ(U):sup{ :heCy(X)®E,

F"

(37)
= sup {IIJU fdm”F” : f e Cy(X,E),

[£] < 1, supp f ¢ U}.

Proof. Let A € % and y' € F'. Then by Lemma 5 for f ¢
C,(X, E) with | fI| < 1 we have

|| sdmy| < | Famy| < |myl@r. e

On the other hand, let ¢ > 0 be given. Then there exist a finite
RB-partition (A;)\, of Aand x; € By, i = 1,...,n, such that

me,-,y' (Al) .

i=1
(39)

iy () -5 =

i
3

5 m(4) () ) -

By the regularity of m, ,, € M_(X) fori = 1,...,n, we can
choose Z; € Z, Z; ¢ A; such that [m, ,[(A;\ Z;) < &/3n
for i = 1,...,n. Choose pairwise disjoint V; € 9 with
Z; ¢ V.fori = 1,...,n such that Imxi,y/I(Vi \ Z,) < ¢/3n.
Then for i = 1,...,n we can choose v; € C,(X) with 0 <
v, < Ty, v,-IZi = 1, and Vi|X\V,. = 0 (see [4, page 115]).
Define h, = Y-, (v; ® x;). Then ||h,|| < 1 and [, h,dm, =

n N
Y jA vidm, =30, -[V,ﬂA v;dm, . Hence we get

n n
|my" (A) - g = mei,y’ (Az) - me,v,y’ (Zl)
i=1 i

i=1

n n

Z J vidm, o — Z J

i=1 7 Zi i=1 JVinA

|| ndm |
J, o,

+ v;dm,,

!
Y

= Z 'mxiJ’" (Ai \ Zi) + Z |mxi’)’,| (V’ \Z’)
i i=1

(40)

and hence Imy,|(A) < jA h,d m},rl + €. Thus the proof of (a)
is complete.
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In view of (5), (a), and Lemma 6 we get
p !
m(A) = sup{'my,| (A):y € BF,}
= sup ”(J hdm) (y')‘ :heCy(X)®E,
A
Il <1,y € BF,}
= sup ”(J fdm) (y')l 1 feCy(X,E),
A
I£1< 15" € B

= sup ”l(j hdm)ll :heCy(X)®E,|h| < 1}
A F”

=sp{|([ sam)] 5 e covxmrlst<nfs
(41)

that is, (b) holds.

Assume now that U € P. LetU; = V;NU € Pfori =
1,...,n. Then |mxi,yr|(Ui\Zi) < Imxi’y,|(Vi\Z,~) < ¢/3nfori
1,...,n.Fori=1,...,nchoose u; € Cy(X) with 0 < u; < Ty,
]y = 1andu |y = 0.Leth, = Y., (4;®x;). Then [, < 1
and supp h, € U; and hence by (a), |my,|(U) < IU hodmyfl +
e. Note that IU hodm, = Y, IX u;dm, s, where supp u; are

pairwise disjoint and supp u; ¢ U fori = 1,...,n. Thus (c)
holds.

Using (c) we easily show that (d) holds. Thus the proof is
complete. O

Definition 8. Let T : C,(X,E) — F be a bounded linear
operator. Then the measure m € M(X, Z(E, F'")) defined by

m(A) (x) := ((Tlc,c(X,E))” ° 7T) (Th®x)

for Ae B,x € E

(42)

will be called a representing measure of T'.

Now we state general Riesz representation theorems for
continuous linear operators on C,(X, E), provided with the
strict topologies f3,, where z = 0, 00, p, 7, t.

Theorem 9. Assume that z = o and C,(X) ® E is ,-dense in
C,(X,E) (resp., z = 005 z = p, and C,(X) ® E is ﬁp-dense in
C(X,Ez=1;2=t).

(I) Let T : C,(X,E) — F bea (B, Ilp)-continuous
linear operator and let m € M(X, ZL(E, F')) be its

representing measure. Then the following statements
hold.

()m € M(X,Z2(E,F")) and {m, : y' € Bp}
satisfies the condition (C,).

(ii) For each y' € F', y'(T(f)) = fX fdmy, for f €
Cy(X, E).



Journal of Function Spaces

(iii) For each f € Cy(X,E) and A € B there exists
a unique vector in F", denoted by IA fdm, such

that(IA fdm)(y') = JA fdm,, for each y eF.
(iv) For each A € B, the mapping C,(X,E) > f —

_[A fdm e F'isa (B> I - Il )-continuous linear
operator.

(v) For f € Cy(X, E), IX fdm € ig(F) and T(f) =
je ([ fdm).

i) ITN = m(X).

(II) Let m € M (X, Z(E, F")) and let the set {myr : y' €
By} satisfy the condition (C,). Then the statements (iii)
and (iv) hold and for f € C,(X,E), [, fdm € ip(F)
and the mapping T : C,(X,E) — F defined by
T(f) = jF(IX fdm)isa (B,, | - |p)-continuous linear
operator. Moreover, m coincides with the representing
measure of T and the statements (ii) and (vi) hold.

Proof. (I) In view of (10) for each y' e F, y'(T(h)) =
_[X hdm,, for h € C,.(X, E). By Theorem 3 for each y e F
there exists a unique Hyror € MZ(X,E') such that (y'oT)(f) =
_[X fauy.p for f € Cy(X, E). It follows that, for each y eF,

My = Py (see [23, Theorem 2.5]) and this means that

m e M (X, Z(E, F"")). Hence
V(T (f)) = L fdm, for feCy(X,E). (43)

Since {y' T : y' € B} is f,-equicontinuous in
C (X, E);Bz’ by Lemma 4 the set {my: : y' € Bp} satisfies the
condition (C,). Thus (i) and (ii) hold. In view of Lemma 6,
(iii) and (iv) are satisfied.

According to (9) for each h € C, (X, E), _[X hdm € ip(F)
and T'(h) = jF(IX hdm). Hence by Lemma 6, .[x fdm € ip(F).
Let f € Cu(X, E). Choose a net (h,) in C,.(X, E) such that
h, — f for 3,. Hence

T(f) = limT (h,) = limjr (L hodm )

= je (1im JX hodm ) = ji <L fdm).

Thus (v) holds. Using (v) and Corollary 7 we get || T'|| = m(X).
(II) By Lemma 6 the statements (iii) and (iv) are satisfied.
Now let f € C,(X, E). Choose anet (h,) in C, (X, E) such

that b, — f for f3,. Then by Lemma 6, Jx fdm = Sx(f) =

lim,, IX h,dm € ip(F) because Ix h,dm € ip(F), and it

follows that T(= jg o Sy) is (B,, || - lz)-continuous.

(44)

Let m, € M(X, Z(E, F"")) stand for the representing
measure of T. Note that, for A € %, x € E, and y' e F
we have

(m, (A) (x)) (J’,) = (((Tlcn(X,E))” ° ”) (140 x)) (J”)
m(1,®x) ((Tlcrc(x,}s))l ()’,))
=n(1,0x) (¥ (Tlexp))

1 ®xdm,:J 1,dm,
jX(A ) y XA 5%

= (m(4) () (')
(45)

that is, m, = m. By the first part of the proof (ii) and (vi) hold.
Thus the proof is complete. O

Following [14, 27] by M,(%a) we denote the space of
all bounded countably additive, real-valued, regular (with
respect to zero sets) measures on Ja.

We define M,(%Ba, E') to be the set of all measures y :
Ba — E' such that the following two conditions are
satisfied.

(i) For each x € E, the function y, : 3a — R, defined
by u, (A) = u(A)(x) for A € Ba, belongs to M, (HBa).

(ii) |#l(X) < oo, where for each A € ZBa, we define
|ul(A) = sup|Y u(A;)(x;)|, where the supremum is
taken over all finite Ba-partitions (A;) of A and all
finite collections x; € Bg.

It is known that if y € M, (Ba, E'), then lpl € M (PBa) (see
[27, Lemma 2.1]).

The following result will be of importance (see [27,
Theorem 2.5]).

Theorem 10. Let u € M, (X, E'). Then y possesses a unique
extension {i € Ma(gga,E') and |p|(X) = |pul(X).

Arguing as in the proof of Lemma 6 we can obtain the
following lemma.

Lemma 11. Assume that C,(X) ® E is ,-dense in C,(X, E)

and u € M_(X, E'). Then for A € Ba the following statements
hold.

(i) A functional @, : C,.(X,E) — R defined by ®,(h) =

f W hdpis Bsle, (x.g)-continuous and can be uniquely

extended to a B,-continuous linear functional ®, :
C,(X,E) — R, and one will write the following:

| fap=®5() for fec,xp.  wo)

(ii) For f € C,(X,E), | [, fdul < [, fdlul.

By M, (X, Z(E, F)) we will denote the space of all oper-
ator measures m : B — ZL(E, F) such that 71(X) < oo and



my € M, (X, E') for each y' € F. By M, (%Ba, L(E, F)) we
will denote the space of all operator measures m : Ba —
Z(E,F) with m(X) < oo such that m, € M (RBa, E) for

each y' € F'.

y

Remark 12. Note that in view of the Orlicz-Pettis theorem
every m € M (%Ba, Z(E,F)) is countably additive in the
strong operator topology; that is, for each x € E, the measure
m, : Ba — F defined by m_ (A) := m(A)(x) for A € Ba
is countably additive. Moreover, in view of [30, Theorem 2]
for each x € E, m, is inner regular by zero sets and outer
regular by cozero sets; that is, for each A € Baande > 0
there exist Z € & with Z ¢ Aand P € & with A ¢ & such
that [|m,[|(A\ Z) < eand ||m,[|(P\ A) < &, (|m,[|(A) denotes
the semivariation of m, on A € Ba).

According to [14, Theorem 7] we have the following
theorem.

Theorem 13. Assume that m € My(X, Z(E,F)) and
{m(A)(x) : A € B} is a relatively weakly compact subset of
F for each x € E. Then m possesses a unique extension m €

M, (Ba, Z(E, F)) such that m(X) = m(X).

For a linear operator T : C,(X,E) — Fand x € E let
T.(u) :=T(u® x) foru € Cy(X). Form € M (5B, Z(E, F')
and x € E let m,(A) := m(A)(x) for A € %.

Theorem 14. Assume that C,(X) ® E is f3,-dense in C, (X, E).

() Let T : C,(X,E) — F bea (B, - lIp)-continuous lin-
ear operator such that T, : C,(X) — F is weakly
compact for each x € E, and let m € M(X, Z(E,F"))
be the representing measure of T. Then the following
statements hold.

(i) m € M,(X, Z(E,F'")) and wi(Z,) — 0 when-
everZ,10,(Z,) C Z.

(i) m(A)(x) € ip(F), for each A € B, x € E, and
the measure mp : B — ZL(E,F), defined by
mp(A)(x) = jp(m(A)(x)) for A € B, x €
E, belongs to M (X, Z(E,F)) and possesses a
unique extension m € M, (Ba, L(E, F)) with
m(X) = m(X) which is countably additive both
in the strong operator topology and in the weak
star operator topology. Moreover, m,, = m for
y' eF.

(iil) For every f € C,(X,E) and A € PBa there exists
a unique vector in F, denoted by IA fdm, such
that, for each y' € F', y'([, fdm) = |, fdm,,.

(iv) For each A € Ba, the mappingT, : C,(X, E) —
F defined by To(f) = [, fdm is a (B, |l - Ig)-

continuous linear operator.

W T(f) =Tx(f) = IX fdm for f € C,(X, E).

(I) Let m € M (X, Z(E,F")) be such that m(Z,) — 0
whenever Z,, | 0,(Z,) ¢ Z and for each x € E, let
m, : B — F" bestrongly bounded. Then the operator
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T : Cy(X,E) — F defined by T(f) = jg(/, fdm) is
(Bg> I - |p)-continuous and T, : C,(X) — F is weakly
compact for each x € E, and the statements (ii)-(v)
hold.

Proof. (I) (i) It follows from Theorem 9.

(ii) In view of Theorem 2 m(A)(x) € ip(F) for A € &,
x € E,and {mp(A)(x) : A € 9B} is a relatively weakly
compact in F for each x € E. Since mp € M (X, Z(E, F)),
by Theorem 13 m possesses a unique extension 7 €
M, (RBa, Z(E, F)) with m(X) = #i(X). By the Orlicz-Pettis
theorem m is countably additive in the strong operator
topology. Moreover, since, for each y' € F', [m,| e
M, (Ba) = ca(PBa), we obtain that my, € ca(%a, E). This
means that m : Ba — Z(E, F) is countably additive in the
weak star operator topology.

Let y' € F'. Then for A € % and x € E we have
my (A)(x) = my (A)(x), and by Theorem 10, my =my.

(iii) For A € Balet Sy(h) := [, fdm for h € C, (X, E).
Proceeding as in the proof of Lemma 6 we can show that
Sy C(X,E) —» Fisa (ﬁalcrc(X,E), | - Ilz)-continuous lin-
ear operator, and hence S, possesses a unique (S, || - Ilp)-
continuous linear extension T : C,(X,E) — F (see [29,
Theorem 2.6]). Let us write the following:

J fdm:=T,(f) for fe€C,(X,E). (47)
A

Let f € Cu(X,E). Choose a net (h,) in C,.(X, E) such that
h, — f for . Foreach y' € F/, m, =m, (see (i)) and by
Lemma 11 we have

5 (L fam) = y/ (tim JA o) = lim 5/ (L )

~tim | hodri, =lim | i
“ Ja “ Ja

(48)

(iv) It follows from the proof of (iii).
(v) Let f € Cy(X, E). In view of Theorem 9, for each y' €

F', y'(T(f)) = [ fdm,. On the other hand by (ii) for y' €
! ! — —

F’ we have y (IX fdm) = IX fdm, = J'X fdm,,. It follows

that T(f) = [, fdm.

(II) Since {m,, : y' € Bp} satisfies the condition (C,),
by Theorem 9 for f e C,(X, E), IX fdm € ip(F) and
the mapping T : C,(X,E) — F defined by T(f) :=
jF(JX fdm)isa (P, || - |z)-continuous linear operator, and m
coincides with the representing measure of 7. Hence in view
of Theorem 2 T, : C,(X) — F isaweakly compact operator.

Thus by the first part of the proof the statements (ii)-(v) are
satisfied. O

4. Strongly Bounded Operators on C,(X,E)

Definition 15. A bounded linear operator T : C,(X,E) —
F is said to be strongly bounded if its representing measure
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m e M(X, Z(E, F")) is strongly bounded; that is, /7(A,) —
0 whenever (A,,) is a pairwise disjoint sequence in 3.

Note thatm € M(X, Z(E,F"))is strongly bounded ifand
only if the family {|m | : y' € Bp} is uniformly strongly
additive.

Now we are ready to state our main results that extend
some classical results of Lewis (see [20, Theorem 5], [31,
Lemma 1]) and Brooks and Lewis (see [22, Theorem 2.1], [21,
Theorem 5.2]) concerning operators on the spaces C(X, E)
and C,(X, E), where X is a compact or a locally compact
space, respectively.

Theorem 16. Assume that C;,(X) ® E is f3,-dense in Cy(X, E).
Let T : C)(X,E) — F bea (B, - |g)-continuous linear
operator and let m € M(X, ZL(E, F'")) be its representing
measure. Then m € M (X, Z(E, F"Y) and the following
statements are equivalent.

(i) T is strongly bounded.

(ii) sup {|m_y,|(An) : y' € Bp} — 0 whenever A, | 0,
(A,) < RBa (here my € M, (Ba,E') denotes the
unique extension of m,; € My (X, E).

(iii) If (A,) is a sequence in Ba such that A, | 0, then there
exists a nested sequence (U,) in P such that A, c U,
forn € Nand sup {(IT(H)ll; : f € CyXE) [l < 1
andsuppf cU,} — 0.

Proof. In view of Theorem 9 m € M (X, Z(E, F"y).

(i)=(ii) Assume that T is strongly bounded. Since the
family {m,| : y' € Bp} is uniformly strongly additive,
according to [25, Lemma 1, page 26] the family {|m,,| : y e
Bpi} is uniformly countably additive (see Theorem 16).

(ii)=(i) It follows from [25, Lemma 1, page 26].

(ii)=(iii) Assume that (ii) holds and (A,) is a sequence
in Ba such that A, | 0. Then there exists A € ca(%Ba)" such
that {Im_yll : y' € Bp} is uniformly A-continuous (see [25,
Theorem 4, pages 11-12]). Let ¢ > 0 be given. Hence there
exists § > 0 such that sup{lm_yrI(A) : y' € Bp} < g/2
whenever A(A) < § and A € JBa. Since A is zero-set regular,
there exists a nested sequence (U,,) in & so that A,, ¢ U,, and
AU, \ A,) < & forn € N. Hence sup{lm_yrl(Un \A,): y' €
B} < €/2 for n € N. In view of (ii) there exists n, € N
such that sup{[,/|(A,) : y' € Bp} < g/2forn > n,.
Hence sup{|my/|(Un) : y' € Bp} < eforn > ng thatis,
sup {|my/|(Un) :y' € Bp} — 0.

Let f € C,(X,E), Ifl < 1, and supp f ¢ U,. Then by

Theorem 9 we have
[T = sup || samy| 5" < B}
sup {J fd|my|:y' e BF,} (49)
X

< sup {'m},/| U,):y e BF:}.

L f e GXE)Ifll <

IA

It follows that sup{IT(f)ll»
fcU,} — 0.

1, supp

(iii)=(ii) Assume that (iii) holdsand A, | 0, (A,) ¢ Ha.
Then there exists a nested sequence (U,,) in & such that A,, C
U, forn € Nand

sup {|T(O : f € Gy (X B | f] < 1 supp £, < U} 50

— 0.

Assume that (ii) does not hold. Then there existe > O andn, €
N such that sup{lm (A, ) y' € B} > eand ||T(f)||F <
(1/8)e whenever f € Cb(X E), Ifll < 1,and supp f ¢ U,
It follows that there exists yo € By such that Imy,|(An£) > e
Hence there exist a finite ZBa-partition (Bi)f.(:1 of A, andx; €
Bgp,i=1,...,k, such that

] (An,) - ,; (B) (x;)

Z(m_y!y)xi (Bi) :

(51)

&
Z Yo

Since I(m_y;)x_l € M,(%Ba) is zero-set regular (see [4, page
118]), we can choose Z; € Z, Z; ¢ Bj, such that |(m1;) |(B; \

Z;) < ¢gldkfori=1,...,
with Z; c V;fori=1,...,

k. Choose pairwise disjoint V; € &
k such that |mxi,yu’ [(V;\ Z,) < ¢/4k.
LetU; = V;nU, fori=1,...,k.ThenU; € Pand|m, ,|(U;\
Z;) <eldkfori=1,...,k.Fori=1,...,kchooseu; € C,(X)
such that 0 < u; < Ty, u], =0, and u;|x\y, = 0 (see [4, page
115]). Let h, = Y&, (4; ® x;). Then |Ih,|| <
and

1,supph, c Un;

k

[, oy, - ZJ wdm, . (52)

g =1

Hence we get

gl (4,,) - %
< [X(my), B)- Y (my), (2)

N
—_

i=1 i

k

Z wdm,
[ i,

i=1

:ilj wdm,

k k
< 31| B2+ 3 el 01 2)
i=1 k=1
" Lﬂg hodm,
< £ ey J h,dm | .
4 4 U, Yo
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Hence
J hodm,, | > |m,, n) §s>ls,
U, /4
[Tt > |y (@ ()| = | nodmy| 60
= J h,dm | > le
- U, Yo 4

Thus we get a contradiction to | T'(h,)|lz < (1/8)e.
Thus the proof is complete. O

Theorem 17. Assume that C,(X) ® E is f3,-dense in Cy(X, E).
Let T : C,(X,E) — F bea (Bl p)-continuous and
strongly bounded operator and let m € M(X, Z(E, F")) be its
representing measure. Then the following statements hold.

Q) m e M (X,Z(EF") and m(A)(x) € in(F) for
A € B, x € E, and the measure mp : B — ZL(E, F),
defined by mp(A)(x) = jp(m(A)(x)) for A € %,
x € E, belongs to M (X, Z(E,F)) and possesses a
unique extensionm € M (%Ba, £ (E, F)) with m(X) =
mp(X) = m(X) which is variationally semiregular;
that is, ﬁ(An) — 0 whenever A, | 0, (A,,) C Ba.

(ii) For every f € Cy(X,E) and A € JBa there exists a
unique vector in F, denoted by J , fdm, such that, for

eachy' € F', y'([, fdm) = [, fdm,,.

(iii) For each A € Ra, f f.dm — 0 whenever (f,) is
a uniformly boundedAsequence in C,(X, E) such that
fa(t) = O0fort e X.

(iv) T(f) = [, fdm for f € C,(X, E).

) T(f,) — 0 whenever (f,) is a uniformly bounded
sequence in Cy(X, E) such that f,(t) — 0fort € X.

Proof. (i) Note that, for x € E, [|m (A)|pn < mi(A)|x| g for
A € B.Hencem, : B — FE" is strongly bounded, and
by Theorems 2 and 14 m(A)(x) € ip(F) and mp possesses
a unique extension m € M, (PBa, Z(E,F)) with mXx) =

mp(X) = m(X). Since my, =m, for y' e F, by Theorem 16

we have ﬁ(An) = sup{lmyll(An) : y' € B} — 0 whenever
A, 10,(A,) c RBa.

(ii) It follows from Theorem 14 because for each x € E,
T, :C.(X) — F is weakly compact (see Theorem 2).

(iii) In view of (i) there exists A € ca(%Ba)* such that
{Iﬁyrl : y' € Bp} is A-continuous (see [25, Theorem 4,
pages 11-12]). Let (f,,) be a sequence in C,(X, E) such that
sup, |l f,ll = M < ooand f,(t) — Oforeveryt € X.Lete >0
be given. Then there exists § > 0 such that sup{[m,,|(A) : y' €
B} < €/2M whenever A(A) < §, A € PBa. Since fn € B(AB)
for n € N, by the Egoroff theorem there exists A5 € %Ba with
MX\ As) < Sand supteAafn(t) — 0. Choose n, € N such
that suptGAafn(t) < ¢/2m(X) for n > n,.
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Let A € Ba. Note that m,, = m,, for y' € F'. Then by
Lemma 11 and (ii), for n > n, and y' € By we get

(] o)

[

<[\l < [ Rl
I

fnd|my’| +J XA, ﬁd'my"

(55)

< #@() |my/| (A@) + M- 'my:' (X\AS)

|mr|(X)+M —5

e €
—+-==¢
2M 2 2

€
S —_—
2m (X)
Hence || IA fndﬁn < e for n > n,, as desired.
(iv) It follows from Theorem 14.
(v) It follows from (iii) and (iv). O

Let £*°(%a, E) stand for the Banach space of all bounded
strongly Ja-measurable functions g : X — E, equipped
with the uniform norm || - ||. Assume thatm : 8 — Z(E, F)
with #1(X) < oo is variationally semiregular. Then every g €
F*°(Ba, E) is m-integrable (see [32, Definition 2, page 523
and Theorem 5, page 524]) and jX g,dm — 0 whenever (g,)
is a uniformly bounded sequence in #*°(%a, E) converging
pointwise to 0 (see [33, Proposition 2.2]).

Recall that a series ) ;) z; in a Banach space G is called
weakly unconditionally Cauchy (wuc) if, for each z' € G/,
2?31 Iz'(zi)l < 00. We say that a linear operator T: G — F
is unconditionally converging if for every weakly uncondition-
ally Cauchy series ) *, z; in G, the series ) ;) T(z;) converges
unconditionally in a Banach space F.

As an application of Theorem 17 we have the following
result.

Corollary 18. Assume that C,(X)®E is ,-dense in C,(X, E),
where E is a separable Banach space which contains no
isomorphic copy of ¢,. Let T C,(X,E) — Fbea
(By I - | p)-continuous and strongly bounded operator. Then T
is unconditionally converging.

Proof. Assumethat )", f;is a wuc series in the Banach space
C,(X, E). Hence Y| |x'(f,~(t))| < ooforeacht € Xand x' €
E' because Or € Cu(X, E)’, where S0 (f) = x'(f(t)) for
f € Cy(X, E). It follows that ) 2°, f;(¢) is an unconditionally
convergent series in E for each t € X because E contains no
isomorphic copy of ¢, (see [34]). Let g, () = lim,,S,,(¢) for t €
X, whereS,(t) = Y™ fi(t) fort € X,n € N. Then sup,,|IS,, || <
00 because Zf:l f; is wuc (see [34]) and S, € ZL*°(%a, E)
because E is assumed to be separable (see [2, Theorem 21, page
9]). Hence g, € &£*°(%a, E) (see [2, Theorem 10, page 6]).
Let m € M, (X, Z(E,F")) be the representing measure
of T and let m € M (%Ba, L(E, F)) be a unique extension
of mp € M, (B, ZL(E,F)) (see Theorem 17). Since m is
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variationally semiregular, in view of [33, Proposition 2.2] we
have

limY T (f) = limj S, i = J g dmcE  (56)
"ia "ox X

Hence Y2, T(f;) = IX godm. Finally, if (n;) is any permu-
tation of N, then lim,, Z?=1 Ja, () = g,(t) for t € X. Then
Y2 T(f) = | ¢ 9odm, as desired. O

Remark 19. A related result to Corollary 18 for strongly
bounded operators on the space C,(X, E) of E-valued con-
tinuous functions vanishing at infinity defined on a locally
compact space X was obtained by Brooks and Lewis (see [21,
Theorem 5.2]).

Recall that a Banach space E is said to be a Schur space if
every weakly convergent sequence in E is norm convergent.

As a consequence of Theorem 17 we derive the following
Dunford-Pettis type theorem for operators on Cy(X, E).

Theorem 20. Assume that C,(X)®E is f,-dense in C, (X, E),
where E is a Schur space. Let T : C,(X,E) — Fbea (B, -llg)-
continuous and strongly bounded operator. Then T(f,,) — 0
in F whenever (f,) is a 0(C,(X, E), M, (X, E")) convergent to
0 sequence in C, (X, E).

Proof. Assume that f, — 0 for o(C,(X,E), M,(X,E)).
Then according to [11, Corollary 5], we obtain that sup, || f,,[| <
oo and f,(t) — 0ino(E, E') for each t € X. It follows that
I f,(Ollg — 0fort e X because E is supposed to be a Schur
space. Using Theorem 17 we derive that T(f,) — 0in F, as
desired. O
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