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We study the singular points of analytic functions defined by Laplace-Stieltjes transformations which converge on the right half
plane, by introducing the concept of X-order functions. We also confirm the existence of the finite X-order Borel points of such
functions and obtained the extension of the finite X-order Borel point of two analytic functions defined by two Laplace-Stieltjes
transformations convergent on the right half plane. The main results of this paper are improvement of some theorems given by

Shang and Gao.

1. Introduction

For Laplace-Stieltjes transforms

+00

e Yda(x), s=o+it, o)

F(s)=l

0

where a(x) is a bounded variation on any interval [0, Y] (0 <
Y < +00) and 0 and t are real variables. We choose a sequence

{An}zil’
0=21;, <A, <A<+ <A, T +oo, (2)
which satisfies the following conditions:

limsup (A,,; — A,) < +00, lim supi =D< oo, (3)

n— +00 n—+o0o Ay
log A*
lim sup 88n _ 0, (4)
n— +00 /\n
where
X .
Al = sup J e da (y)l . (5)
A <xEA 4 ,—00<t<+00 [JA,

Remark 1. Dirichlet series was regarded as a special example
of Laplace-Stieltjes transformations; a number of articles have
focused on the growth and the value distribution of analytic
functions defined by Dirichlet series; see [1-3] for some
recent results.

In 1963, Yu [4] proved the Valiron-Knopp-Bohr formula
of the associated abscissas of bounded convergence, absolute
convergence, and uniform convergence of Laplace-Stieltjes.

Theorem A. Suppose that Laplace-Stieltjes transformations
(1) satisfy the first formula of (3) and limsup,,_, . (logn/
A,) < +00; then

+ lim sup lag n’ (6)

n— +00 n

log A, "

lo
< 05 < lim sup g
n— +00 n

lim sup
n— +00 n

where o”, is called the abscissa of uniform convergence of F(s).



By (3), (4), and Theorem A, one can get that 05 = 0; that
is, F(s) is analytic in the right half plane. Set

_ * —A,0
u(o,F) —%%({Ane } (o0>0),

M (o,F) = sup

—00<t<+00

|F (o +it)|,

X .
M, (0,F) = sup J e—(awt))’dtx (y)l , (0>0).
0<x<+00,—00<t<+00 |JO
(7)
Remark 2. From (4), for any o > 0, we have
) log A’ —A,0
limsup———— = -0 <0,
n— +00 )Ln
(8)

or limsuplogA*e ™ = —co.

n—+0o

This shows that u(o, F) exists.

In the past few decades, many people studied some
problems of analytic functions defined by Laplace-Stieltjes
transformations and obtained a number of interesting and
important results (including [5-11]). In those papers, there
are about two methods to control the growth of the maxi-
mum modulus M, (o, F) or the maximum term y(o, F): one
method is to replace the denominator in the definition of
growth order by using the technique of type function U(x)
(see [4, 12-14]) and the other method is to take multiple
logarithm to M, (o, F) or (o, F) in the definition of growth
order (see [15, 16]). For the second method, as the logarithm
function is a special function, a question rises naturally:
whether we can find a relatively general function to replace
the logarithm function to control the maximum growth rate.

In this paper, we investigate the above question and give
a positive answer to this question. Moreover, we confirm the
existence of singular points for these functions by applying
the main results of our paper. To do this, we introduce a com-
pletely new technique based on the concept of X(x) which is
different with the type function U(x) and more general than
logarithm function and obtain the main theorems as follows.

Theorem 3. If the Laplace-Stieltjes transformation F(s) of
infinite order has finite X-order and the sequence (2) satisfies
(3) and (4), then one has

i s X (log"™M,, (0, F))

ot log(l/o)

X (log'u (o, F))
log(1/0)

*

)

& lim sup
o—0*
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Theorem 4. If the Laplace-Stieltjes transformation F(s) of
infinite order and the sequence (2) satisfy (3) and (4), then one
has

X (log"M,, (0, F))

li =
et Tog(1/0)
(10)
X (A
& lim sup¢ =p"

n—oo log" (A,/log"A¥)
where 0 < p* < 0o0.

Remark 5. The definitions of X-order and the function in
Theorems 3 and 4 X(x) will be introduced in Section 2.

From Theorem 4, we further investigate the value distri-
bution of analytic functions with finite X-order represented
by Laplace-Stieltjes transformations convergent on the right
half plane and obtain the following theorems.

Theorem 6. Suppose that the sequence (2) satisfies (3) and (4)
and Laplace-Stieltjes transformation F(s) is of infinite order.
Let a(x) = ) (x) + icx,(x), where «,(x) is a creasing function,
and, for any positive number K > 0 and |8|, a,(x) satisfies

|oc2 (x+9) -« (x)| §K|oc1 (x+0)—oy (x)|,

0<x, x+08<+o00,

1
. X (4,)
lim sup

0<p" <),
neoa log (A,/ (log' A")) (0<p )

:p*)

and then s = 0 is the X-point of F(s) with X-order ¢ > p*; that
is, for any n > 0, the inequality

X (n(0,0,n,F =a)) .
g(l/o)  2%°F (12)

lim sup

o—0*"

holds for any a € C, except for one exception, where 7(o,0,
1, F = a) is the counting function of distinct zero of the function
F(s) —a in the strip {s : R(s) > 0,[I(s)| < u}.

Theorem 7. Suppose that the sequence (2) satisfies (3) and (4)
and Laplace-Stieltjes transformation F(s) is of infinite order.
Let a(x) = fox r(y)eito”dy, where r(y) is continuous function
on y € [0,+00), r(y) = 0, t, is a positive real number, and

X (1) .

lim sup =p", (0<p"<o0); (13)

n—oo log" (/\n/longA:‘l)

then s = it is the X-point of F(s) with X-order ¢ > p*; that is,
for any n > 0, the inequality
X (n(o,ity,n, F=a "
Blotanfa)
og(1/0)

lim sup
0— 0"

holds for any a € C, except for one exception, where n(o, it,
n,F = a) is the counting function of distinct zeros of the
function F(s) — a in the strip {s : R(s) > 0,|F(s) — t,| < n}.
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The structure of this paper is as follows. In Section 2,
we introduce the concept of X-order and give the proofs of
Theorems 3 and 4. Section 3 is devoted to proving Theorems 6
and 7.

Remark 8. From Theorems 3-7, we assume that the X-order
p* of F(s) is finite; that is, 0 < p < co. For p* = +00, we have
studied the value distribution of analytic functions defined by
Laplace-Stieltjes transformations which converge on the right
half plane and obtained some results (see [17]).

2. Proofs of Theorems 3 and 4

We first introduce the concept of X-order of such functions
as follows.

Definition 9 (see [18]). If the Laplace-Stieltjes transform F(s)
satisfies 05 = 0 (the sequence (2) satisfies (3) and (4)) and

log'log"M,, (0,F)
log (1/0) B

lim su

o— 0"

00, (15)

then F(s) is called a Laplace-Stieltjes transform of infinite
order.

To control the growth of the molecule M, (o, F) or y(o, F)
in the definition of order, many mathematicians proposed the
type functions U(x) to enlarge the growth of the denominator
log(1/0) or —o (see [4, 6, 11, 13, 14]). In this paper, we
will investigate the growth of Laplace-Stieltjes transform of
infinite order by using a class of functions to reduce the
growth of M, (0, F) or u(o,F) which is different with the
previous form. Thus, we should give the definition of the new
function as follows.

Let & be the class of all functions X which satisfies the
following conditions:

(i) X(x) is defined on [a, +00),a > 0, is positive, strictly
increasing, and differential, and tends to +oo as x —
+00;

(i) xX'(x) = o(1) as x — +00.

Definition 10. If the Laplace-Stieltjes transformation F(s) of
infinite order satisfies

X (logM,, (0, F)) B

log (1/0) P (16)

lim sup
o—0"

where X(x) € ¥, then p* is called the X-order of the Laplace-
Stieltjes transform F(s).

Remark 11. In particular, if we take X(x) = log,x,p > 2,p €
N, where log, x = log x and log ,x = log(log,,_,x), X-order
is p-order of Laplace-Stieltjes transformations with infinite
order.

Remark 12. In addition, X-order is more precise than p-
order. In fact, for p(>2) being a positive integer, we can find

out function X(x) € & and a positive real function M(x)
satisfying

limsupM:A, (0<A<o0),
x—oo logx
logPM (x) longM (x)
lim sup———— = oo, lim sup——— =
x—oo  logx x— 00 log x

17)

For example, letting M(x) = expp{(tlogx)l/d},X(x) =

(log Px)d, where ¢ is a finite positive real constantand 0 < d <

The following lemma is very important to study the
growth of analytic functions represented by Laplace-Stieltjes
transforms convergent on the right half plane, which show
the relation between M, (0, F) and u(o, F) of such functions.

Lemma 13 (see [7, 11]). If the abscissa crf = 0 of uniform con-
vergence of Laplace-Stieltjes transformation and the sequence
(2) satisfy (3), then, for any given ¢ € (0,1) and for o(>0)
sufficiently reaching 0, one has

%‘M(U’F) <M, (0,F)<K(E)u(l-¢)o,F) é, (18)

where K (&) is a constant depending on ¢, (3), and

logx x>1
log"x = 19
08 % {o x< 1. 19)

2.1. The Proof of Theorem 3. Firstly, for any constant K, we
will prove that

X(Kl lOg[/l(O',F)) _1:
log (1/0) -

X (log (o, F))
log(1/0)

lim sup . (20)

o— 0" o—0"

Without loss of generality, we suppose that K; > 1. From
the Laplace-Stieltjes transformation F(s) with infinite order
and Lemma 13, we have lim, _, o+ p(0, F) = oo. Then, from
the Cauchy mean value theorem, there exists # (log (o, F) <

n < K, log u(o, F)) satistying

X (K logu(0,F)) - X (logp (0, F)) _ X'(n) _ X' ()
log (K, log (0, F)) —loglogy (0, F)  (log&)’ L
(21)

that is,

X (K, log (0, F)) = X (log u (0, F)) + log K;n X' (1) .
(22)

From xX'(x) = o(1) as x — +0co and the above equality, we
can easily get (20).

Thus, from (20) and Lemma 13, we can prove the conclu-
sion of Theorem 3 easily.



2.2. The Proof of Theorem 4. («<): Suppose that

X (A,) .

lim sup =p. (23)

n—co log" (A,/log A’:l)
We consider two steps in this case as follows.

Step 1. We will prove that lim supaﬁw(X(log*Mu(a, F))/
log(1/0)) = p*. From (23) and 0 < p* < o, there exists a
positive sequence {r,}; forany ¢ (0 < € < p*),

*

log A, > A, exp {_P —

X(Ank)}, k=1,2,3,....
(24)

From (18) and (23), we have

logM,, (0,F) > logAZk A, 0+0(1)

X (Ank)} (25)

1
>/\nkexp{— "
pr—¢

- G)Lnk +0(1).
Setting 0 = o0 and taking o, = (1/2)exp{(-1/(p" -

s))X(/\nk)}, (k = 1,2,3,....), then, from (24) and (25), we
have

1 1
log M, (0}, F) > EAnk exp {_p* — SX(Ank)} (1+o0(1));
(26)
that is,
1
(1 +o(1))a—logMu (00 F) > A, (27)
k

From o} = (1/2) exp{(-1/(p" - €))X(A,,)}, we have

X(Ank) =(p" —¢)log i. (28)

Thus, from (27), (28) and X(x) being strictly increasing
function, we have

X((l +o(1))0—lklogMu (ok,F)> > (p* —¢€)log i. (29)

Since o > 0, from the Cauchy mean value theorem, there
exists ((log M, (0, F) < ¢ < (1 + 0(1))(1/0y) log M, (0., F))
satisfying
X((1+0(1)(1/0y)logM,, (0}, F)) — X (log M,, (0%, F))
log (1 +0(1)) (1/04) log M,, (0, F)) — loglogM,, (o}, F)

_X'©
(log¢)'

=X (0);
(30)
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that is,
1
X ((1 +0(1)) - log M,, (03, F))
k
= X (logM,, (0, F)) (31)

+log [(1 +0(1)) Uik] (X(©0).

Since xX'(x) = o(1) as x — +00, from (23) and (31), we can
get

X (log"M,, (0, F)) o

log(1/0) (32)

lim sup
o—0"

Step 2. We will prove that limsup, _ ,+(X(log" M, (0, F))/
log(1/0)) < p*.

From 0 < p* < 0o and (23), there exists a positive integer
ny; for any e(> 0), we have

log A} <A, exp <— X (/\n)> . n>mn,. (33)

p*+e

From (3), for any ¢'(> 0) and the above &, there exists a
positive integer N, (> n,) satisfying

N, S(D+s')W((p*+s)log§><N1+1, 0

+
aso — 0,

where W (x) and X (x) are two reciprocally inverse functions.
Set A, = W((p* +¢)log(2/0)), and then

o0

Z exp (An exp <p*_—J1F£X ()L,,)) - )L,p)

n=N;+1

< exp <—/\”a>
2

< Ozo: exp(z(l;—nfs,»

n=N;+1

_exp ((—a (N, +1))/ (2 (D + s'))).

1-exp(-o/(2(D+¢")))

(35)

From the above inequality and (34), we have

o P (Co D)/ (D))

1-exp(-a/2(D+¢"))

-0 (N; +1) 2
=——— " +log—+0(1
2(D+¢) s W
<—%W<(p*+s)log§>+log§+0(l), a—0".
(36)
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Next, we will prove that

g (o + )/ (D+e))
& 1-exp(-a/2(D+¢")) T 3)

og—0".

By using the same argument as in (31), we can get that

(2 )oY,

as o — 0%,

Since F(s) is infinite order and finite X-order, from the
definition of X(x), we can get the following equality easily:

. X (%)
lim sup

X — 00 X

=0. (39)

From (38), (39) and 0 < p* < 0o, we have

2 2 2\?
“+e)log > > X (log ) +o(1)log ()
(p* +¢) og > 0g +0(1)log =

J\2 , (40)
Thus, from (40), we can deduce
i sup "2 W ((p” + €) og (2/0))
P log (2/0)
(41)
= lim sup — E — —00
o_)mp o '
From (36), we can get that
. exp ((—0 (N, +1))/ (2 (D + e'))) e
& 1-exp(-0/2(D+¢')) ’ (42)
o — 0"
That is,
exp ((—o (N, +1))/ (2 (D + s'))) o oot
1-exp(-a/(2(D+¢"))) ’ '
(43)
Hence, we have
< 1
exp| A, e <— . X/\n>—)tn0>—>0,
n:;ﬁl > ( P p-te () (44)
o — 0"

Since X € § and x[3'(x) — 0asx — 00, then there
exists a positive integer N, (N, > n,) satisfying

1 1
—<1-

A.X (A <2,
2 pr+e

n> N,. (45)

5
Take
A=W (-(p"+e)lo 0(1— L x' (0 )>_1
n - P g p*+8 n n >
n> N,.
(46)

From (45) and W(x)being a strictly increasing function, we
can get that N, < N,. Then, from (33), (45), (47), and ¢ > 0,
we have

ymax {A exp (~oh,)}

< exp {)Ln exp< .
p

X(1))- o}

+ €

-1
< exp {An |:U<1 - ﬁkﬂx’(Aﬂ)> - G]} (47)

1 i\
< exp {—An0[1—<1—P*—+£AnX (An)> ]}

<exp{od,} < exp {0W<(p* te) log§>} .

For any 0 > 0 and any t € R, we have
n—-1

< ZAZ (e_AkHa + 'e—/\kﬂa _ e—/\ka')

‘J e—(a+it)yd(x (}’)
0 k=1

< S aze e
k=1
(48)

Thus, from (33), (34), (45)-(47), and the above inequality, we
have

M, (0,F) < Y Are™®
n=1
N, N, 0
< <Z + Z + Z )AZexp(—aAn)
n=1 n=N,+1 n=N;+1
5 (49)
<H(N,)+(D+ 8')W((p* +¢)log ;)

X exp {oW((p* +¢)log %>} +0(1),
o
o— 0",

where H(N,) is the sum of finite items of the series
Y%, Afe™7. Hence, from the above inequality, we have

logM,, (0,F) < (GW<(P* +¢) log§>) (1+o(), (50)

.
o— 07



that is,

O (1) élogMu (0,F) < W<(p* + e)log%), o—0".
(51)

Then, by using the same argument as in (31), we can deduce

X (log"M,, (0, F)) B
log (1/0)

lim sup (52)

o—0"

From Steps 1and 2, the sufficiency of the theorem is complet-
ed.

By using the same argument as in the above proof of the
theorem, we can prove the necessity of the theorem easily.
Thus, we complete the proof of Theorem 4.

3. Proofs of Theorems 6 and 7

Similar to the definition of X-order of Laplace-Stieltjes
transformations in the right half plane, we will give the
definition of X-order of Laplace-Stieltjes transformations in
the level half-strip as follows.

Definition 14. Let F(s) be the analytic function with infinite
order represented by Laplace-Stieltjes transformations con-
vergent on the right half plane; set S(¢,,]) = {o +it : 0 >
0, |t — tol < I}, where t, is a real number and / is a positive
number. Let X € & and

X (10g+MS (G’F))

log (1/0) ’ (53)

X _y
75 = limsup

o— 0"

where Mg(o,F) = suleolsllF(a + it)|; then Té( is called the
X-order of F(S) in the level half-strip S(t,,[).

To prove Theorems 6 and 7, we need some lemmas as
follows.

Lemma 15. If the Laplace-Stieltjes transformation F(s) of
infinite order and the sequence (2) satisfy (3) and (4) and
a(x) = oy (x) +ia, (x), where o, (x) is a creasing function, and,
for any positive number K > 0 and |6|, o, (x) satisfies

|oc2 (x+6) -, (x)| SK|0¢1 (x+96) - (x)|,

(54)
0<x, x+0<+o0,
then, for any € > 0, one has
. X (log"M,, (0, F))
p = limsup
o 0* log (1/0)
(55)

X (log" Mg, (0, F))
log(l/o) &

= lim sup
o— 0"
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Proof. We will prove this lemma by using the similar argu-
ment as in [11]. From the assumptions of Lemma 15, for any
0<x<o0,

M (0, F) 2

[ w\

J e Pdo (y

\%

[ e

X
+ljo

1 o0 (o+it)y
> e da .
K+1 jo ()/)

m

vV

e |day (y)]

=

Thus, we have

1 1
M (o,F) > Mg (0,F) > ——M,(0,F) > ——M (0, F).
(0.F) > My (0,F) > 7——=M, (0.F) > =——=M (0, F)
(57)
Since F(s) is an analytic function with infinite order, from

the above inequality and the definition of X-order, we can get
the conclusion of Lemma 15 easily. O

Lemma 16 (see [11, Lemma 2.4]). Let
1 —sinh
_Llosimhs e po {s:m(s)>o,|5(s)| < g}
(58)

1+sinhs’

Then, one has the following:

(i) this mapping maps the horizontal half-strip B to the
unit disc {z : |z| < 1}, and its inverse mapping is

1=
s=W¥(z) =sinh™ z

; 59
1+z (59)

(ii) ming g, R[W(re®)] = ¥(r), (0 <7 < 1);

(i) maxXgge,/R[¥(re”)] < ¥(?), (0 <1 < 1);

iv) Y({z : |z] < 7}) € {s : R(s) > ¥Y(1),|S(s)| < 7/2},
(0<r<1).

Definition 17 (see [19, 20]). Let f be a meromorphic function
inDandlim, ,,-T(r, f) = co. Then

T(r.f)

D(f):= limsup_log(1 5

r—1-

(60)

is called the (upper) index of inadmissibility of f. If D(f) <
00, f is called nonadmissible; if D(f) = oo, f is called
admissible.

Lemma 18 (see [20, Theorem 2]). Let f be a meromorphic
function in D and lim, _, |-T(r, f) = oo, let q be a positive
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integer, and let ay,a,,...,a, be pairwise distinct complex
numbers. Then, forr — 17, r ¢ E,

q
(q—2)T(r,f)s];N(r,f%aj)Hoglir +S(r, f).
(61)

Remark 19. We cansee that S(r, f) = o(log(1/(1-r))) holds in
Lemma 18 without a possible exception set when 0 < D(f) <
0.

Remark 20. The termlog(1/(1-r)) in Lemma 18 can enter the
remainder S(r, f) = o(T(r, f)) when the function f satisfies
D(f) = co.

From Lemmas 3.3 and 3.4 in [21], we can get the following
result for nonadmissible functions in the unit disc which is
used in this paper.

Lemma 21 (see [19, page 282 (1.8)]). Let h be analytic in the
disc |z| = r < 1; then

T (rh) < log M (r,h) < 2 (r, 1), (62)
r

1-
where M(r, h) is the maximum modulus of h in the disc |z| =
r<l.

3.1. The Proof of Theorem 6. From the sequence (2) satisfying
(3) and (4), Laplace-Stieltjes transformation F(s) of infinite
order, and limsup, , (X(,)/log"(A,/(log"A}))) = p7,
(0 < p* < 00), from Theorem 4, we have
X (log" ,
(g Mal0.F) _ . .
og(1/0)

and, from Lemma 15 and (63), for any € > 0, we have

X (log"Mj, (0, F))
li : =p". (64)
lﬂsﬁp log (1/0) p

lim sup
o—0"

Thus, we can get

X (logM (0,F,S,)) .
lim su =p, 65
g_>0+p log (1/0) P (65)

where S, = {s : R(s) > 0,|F(s)| < €} and M(0,F,S,) =
sup{|F(s)| : R(s) > 0,5 € S, }.

Set g(z) = F((2e/m)¥(z)), where ¥(z) is stated as in
Lemma 16; then, from Lemma 16, we have that g(z) is analytic
in the unit disc |z| < 1 and satisfies

M (2w (),E5, ) < M(ng) < M(Z¥0),E5,),
i i 66)

where 0 < & < & Therefore, from (66) and Lemma 16, we
have

) loglog"M (r, g)

lim sup——————= = 090,

log (1/(1—1))

o X(log'™M(rg)) .
limsup—————F=p

log (1/(1-1))

r—1"

(67)

r—1"

From Lemma 21, by using the same argument as in (31), we
can get

1 1
X(1 t:T(”9)> =X (T (r,g)) +o(1)log l—J_r: (68)

From (67), (68), and Lemma 21, we can get that g is an
admissible function in |z| < 1 and

. X (T (T, g)) %
T Plog /1 -m) P “‘”

Then, from Lemma 18, we can get that there at most exists one
except value a satisfying

X(n(r.g=a) .
limsup————F—F=902p; 70
r—)ll}p log(l/ (1—7')) p ( )
that is, for any # > 0, the inequality
X (n(0,0,n,F = a)) .
lim su =02 71
ot log(1/0) e=r 7

holds for any a € C, except for one exception, where

n(o,0,n, F = a) is the counting function of zeros of the

function F(s) — a in the strip {s : R(s) > 0, |F(s)| < #}.
Thus, we complete the proof of Theorem 6.

3.2. The Proof of Theorem 7. Since r(y) is a continuous
function on y € [0,+00), then we can get that a(x) =
_[: r(y)e™’dy is a function of bounded variation on x €
[0, X] (0 < X < 00). Set

Se={s:R(s)>0,|F(s)—to| < ¢},

Mg (0.F) = sup |F(o+it)]. (72)

[t—tol<e

From the assumptions of Theorem 7, for any real number
x (0 < x £ 00), we have

M§£ (0,F) = sup [|F(o+it)]

[t—tyl<e

J e r(y) eit"ydy‘

= sup
[t—tol<e 140
(73)
ZJ e_ayr(y)dyzj e ”r(y)dy
0 0
> J e_syr(y)eit‘)ydylzu e_syd(x(y)‘;
0 0

that is,

M (0,F) < M, (0,F) < Mg (0,F) < M (0,F).  (74)



From the assumption of Theorem 7, by (74) and Theorem 4,
we can get

X (log" M, (0,F)) _ X (log" Mg, (0, F))

lim su =limsu
T log(1/0) YT log(1/0)
I X (log+M (o, F)) .
=limsuyp———= =
YT log (1/0)
(75)
From (75), for any € > 0, we have
X (log"M (0, F,S,))
lim su =p", (76)
oo log(1/0) P

where M(0, F,S,) = sup{|F(s)| : R(s) > 0,5 € S,}.

Set g(z) = F((2e/m)¥(z) + it,)), where ¥(z) is stated as in
Lemma 16; then, from Lemma 16, we have that g(z) is analytic
in the unit disc |z| < 1 and satisfies

M<§‘I’(r2),F,S€2) <M(r,g) < M<2—S\P(r),F,SE),
" " 77)

where 0 < ¢, < ¢ Therefore, from the above inequality and
Lemma 16, we have

log*log"M (r,g)
log (1/(1-1))

. X(log'™M(r.g)) _ .

limsup—————F=p

log (1/(1-1))

Then, similar to the proof of Theorem 6, we can prove that,
for any 1 > 0, the inequality

lim su

r—1"

>

(78)

r—1"

X(A(0iton F=a) .
Tog (1/0) =0zp (79)

lim sup
o—0"

holds for any a € C, except for one exception, where #(0, it,
n, F = a) is stated as in Theorem 7.
Thus, we complete the proof of Theorem 7.
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