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A new characterization of k-uniformly rotund Banach space with 1 < P < +00 is given. Moreover, a corresponding result in the
locally k-uniformly rotund Banach space with 1 < P < +00 is given.

1. Introduction

In the geometric theory of Banach spaces the concept of uni-
form convexity plays a very significant role and is frequently
used in functional analysis. The concept of a uniformly
rotund (or uniformly convex) Banach space was first intro-
duced by Clarkson [1] in 1936 and this class of Banach space
is very interesting and has numerous applications (cf. [2-
8]). In 1979, Sullivan [9] introduced the k-uniformly rotund
spaces as a generalization of uniformly rotund Banach spaces.
Indeed, the l-uniformly rotund Banach spaces coincide with
usually uniformly rotund Banach spaces.

The purpose of this paper is to give a character inequality
of k-uniformly rotund Banach space (or locally k-uniformly
rotund Banach space) with 1 < p < +o0o. Throughout the
sequel, the symbol X denotes a real Banach space and X~
denotes its dual space. B(X) = {x : x € X,||x|| < 1} and
S(X) = {x : x € X,|Ix|l = 1} denote, respectively, the unit
ball and the unit sphere in X. For x;, x,, ..., x;,; € S(X), the
k-dimensional volume enclosed by x,, x,, . .., X, is given by

A (X, Xgs v e Xy1)

1 1 1
fi(x1) filxy) - fl(xkﬂ).

= sup

fk(xl) fk(xz) fk(xk+1)

fieS(XT), i=1,....k

@

A Banach space X is said to be k-uniformly rotund [9]
if, for any € > 0, there is a §(¢) > 0, such that, for
X1 Xgs oo Xy € S(X), if Iy + 25+ + x4l > (k+1) =8
then A(x;, x5, ..., X)) <€

A Banach space X is said to be locally k-uniformly rotund
[9] if, for Ve > 0, x € S(X), there is a 8(¢, x) > 0, such that,
for xy,...,x, € S(X), if [|x +x; ++-- + x;/l > (k+1) — § then
A(x,x1,...,%) <€

2. A New Characterization of k-Uniformly
Rotund Banach Spaces

Theorem 1. Let 1 < p < +oo, let X be a Banach space,
and let M be an arbitrary bounded subset of X. Then, X is k-
uniformly rotund space if and only if, for any € > 0, there exists
0 < 8(e, p) < 1, such that the inequality

llx+x1+~-+xkl|P

k+1
(2)

el + |+ -+ )
k+1

<(1-d(ep))



holds forall x € M and x, ...
€.

X, € X with A(x, x5 ..., %) =

In order to prove Theorem 1, we give three lemmas.

Lemma 2 (Yu [10]). X is k-uniformly rotund space if and only
if for any k + 1 sequences

B N e B %

n=1" n=1 n=1

iflx™l — a (=12, k+1), [x7 +x0 4420 | -
(k+1a, (n — 00), then

A(x(ln),xgn),...,x,(:fl) — 0, (n— 00). (4)

For the sake of completeness of this paper, here we present
the proof of Lemma 2.
The sufficiency of Lemma 2 is clear.

The Proof of Necessity. Without loss of generality, we may
assume thata = 1.

Suppose that {xE")}ii’l cX (i=1,2,...,k+ 1), satistying
the conditions given in Lemma 2. Then, for each § > 0, by the
assumption that ||x§”) +x§") 4o +x](:jr)1 | - k+1 (n = o0),
there exists N,, > 0, such that the inequality

()

)
ka1 >k+l—5 (5)

[+ 20 44 x

holds for alln > N,,.
On the other hand, since ||x§")|| - 1(=12,....,k+1,
n — 00), so there exists N; > N, such that the inequality

_1|<L

ki D) (i=12,...,k+1) (6)

<"

holds for alln > Nj.
Therefore, by letting yi(") = xlf")/llxlg") li=1,2,....,k+1,
n=1,2,..., we can deduce that

(n) (n) (n)
||J’1n 3, Y

(n)
k+1

(n) (n) (1) ()
X Y - X

o U

k+1 n)

(
ORI Y Bl IR
2"361 + + X ; "XE")" X; (7)
5§ O(k+1)
>kl S k)
=k+1-6.
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By the assumption that X is k-uniformly rotund space, we
may take & = &(e/2) for any € > 0. Therefore, by the above
proof, there exists an N, corresponding to § = &(e/2) such
that the inequality

€
AL 0,0 < 3 (8)

holds for alln > Nj.
Furthermore, by using inequality (8), we easily obtain the
desired result that

A(x(ln),xgn),...,x,(c'fl) — 0, (n— 00). 9)

Lemma 3. Let 1 < p < +00, then one has

p p
L+t +-e+ b
k+1

(10)

<1+t1+---+tk>p
k+1

>

where t,t,,...,t;, = 0, and the sign of equality holds if and
onlyift, =ty =---=t, =1

Proof. (1°) When k = 1, we construct a function f(¢;) = ((1+
t)/2)F = (1 +1)/2; then

ft)="2 [(ﬂ)p_l —t{”l] . (1)

2 2

Obviously,

fl(t)=0 ift, =1
fi(t)>0 ift, <1 (12)

fi(t) <0 ift; > 1.

It is easy to see that the function f(,) attains its maximum
value at point t; = 1 and f(1) = 0. Hence f(t;) < f(1) = 0;
that is,

P p
<1+t1> sl+t1. (13)
2 2

And the sign of equality holds if and only if t; = 1.
(2°) Suppose the conclusion of Lemma 3 is true when k =
n — 1; that is, the inequality

n-1 (14)

(1+t1+--~+tn,1)1”< L+th+o+t?

n n
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holds and the sign of equality holds if and only if t, = ¢, =
szt =1
(3°) When k = n, we construct a multivariate function

>

1+t1+---+tn)P 1+tf+---+t§_

f(tl’tZ""’tn) :<

n+1 n+1

(15)

then

i: p {(1+t1+-~-+tn)‘pl_tp—l}‘ (16)

ot, n+l n+1

Now, let us fix variables t,t,,...,t,_;. Then the function
f(t,,ty,...,t,) attains its maximum value at point t, = (1 +
t, + -+ +t,4)/n Hence

ftty..oty)

<1+t1+--~+t,,_1+(1+t1+---+tn_1)/n)P

IN

n+1

- Letl b tl (Lt +- 4t ) n)f

n+1
_n (1+t1+-~-+tn,1>1’ 1+th+o+th
Cn+1 n n
<0.
17)
This shows that the inequality
P L 4
(1+t1+ +tn>gl+t1+ +t, (18)
n+1 n+1

holds and the sign of equality holds if and only ift; = ¢, =
=t =1
Combining (1°), (2°), and (3%), we have

p p
L+t] 4+t

<1+t1+---+tk>1’
k+1

and the sign of equality holds if and only ift;, = ¢, = --- =
tk = 1. D

%_ 1

3
Lemma4. Let 1 < p < +00, then one has
(L4t +-+t)/ (k+ 1))
(1+tf++t0) [ (k+1)
1 (20)

1\ P
1 (1+£,)7\/7
S——l k—1+ 7 s

(k+1)? 1+t

wheret,t,,...,t; = 0.

Proof. (1°) When k = 1, the conclusion of Lemma 4 is
obvious. When k = 2, we construct a function

((1+t1+t2)/3)P_L(1+t1+t2)1’_

Iht) = = ——> (21

ftots) (1+ef+e5) /3 30 1+ +4] (@)
then

of 1 p(l+n ) 1 - ] (22)

o1, L (1 +tf +1.‘§)2

It is easy to see that the function f(t,,,) attains its maximum
value at point ¢, = ((1 +t)/(1 + t))*V Hence

<1 w4 (1)) /(14 tl))l/‘P—1)>P

)P/(p*l)

1
fltut) < o
VT e 1+tf+((1+tf)/(1+t1)

1/(p-1)\ P71
1 (1+¢,)° r
= Py 1+ —P .
37 1+t

(2°) Suppose the conclusion of Lemma 4 is true when k =
n — 1; that is, we have

(23)

(L+t,+-+t, ) /n)P
(1+tf+---+tf:71)/n

1/(p-1\ P71
1 - (1+t,)° A=)
< n-— - .
nptl 1+t

(3°) When k = n, we construct a multivariate function

(24)

(14t +---+t,)/ (n+1)F

19 t,ty .. t,) =
k+1 ’ 19) ftts ) (1+tf+--~+tﬁ)/(n+l) (25)
~ 1 (L4t +--+1,)"
IS Lo T O
then
p(1+t1+~-~+tn)p_1{1+tf+---+t£_1—tfq’(1+t1+---+tn,1)} 06)

ot, (n+1)!

(1+tf+-~-+t£)2



Now, let us fix variables t,¢,,...,t,_;. Then the function
f(t,t,,...,t,) attains its maximum value at point ¢, = ((1 +

et )+t +-+t, )P Hence,
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~D\?
1 <1+t1+“'”n—1+((1+ff+~-+tﬁ_1)/(1+t1+~--+tn,1))1/(pD)

= 1
(n+1)F L+tl 4 t?

-1t ((1 1y +"'+tﬁ,1)/(1 ot et tn_l))Mp—l)

(27)

1 1+t
=—P_1 1+ )
(n+1) 1+t

By using inequality (24) we have

(L4t +--+t,)/ (n+ 1)’
(14t ++th) /[ (n+1)

1/(p-1)\ P11

1 (T4t +--+t,,)° fip=1)
S——l 1+ P ?
(n+1)P L+t] +-+ 80

1/(p-1)\ P~
1 (1+¢,)° [p=D
1

(n+1)? 1+

(28)
Combining (1), (2°), and (3°), we have
(L4t +-+1) [(k+ 1)
(1484t td) (k1)
: (1+6,)7\ 7N\ (29)
Gy (k- () )
m

Proof of Theorem 1.

Proof of Sufficiency. Suppose that, for Ve > 0, thereisa 0 <
&, = 6,(e, p) < 1, such that the inequality

holds forall x;, x,, ..., x4, € S(X) with A(xy, X5, .. Xpy ) =
€.

p

X4 Xy 4+ Xy <16, (30)

k+1

Letd, = 1 —(1-6,)"Y” > 0and § = (k + 1)8,; then
) + 20 + -+ x4 <1 -6.

By the definition of k-uniformly rotund space, we know
that X is k-uniformly rotund space.

Proof of Necessity. Suppose inequality (2) is not true. Then
there exist b € R", ¢, > 0, such that, for V1/n > 0, there exist

1/(p-1)\ P~
+"-+tn_1)p /(P )
+otth

(e e kW% ¢ X, satisfying %] < b.

k+1'n=1
When A(xi”),xz"), .. 1(<+1) > €,, we have
xﬁ") + xé") +eeet x,(:r)l
k+1
(31)
P+ ]+ ’
g <1 - Z) k+1
Take ul”? = x"/IxPl, u$” = X/, L0 =
x,i’fl/ux‘”)u Then
] = 1.
A0, ) = T x;)“kA( 0 )
&
bk
(32)
By Lemma 3 we know that
R (G en)/ G+’
n ("u(”) + “ug")“p oot "”1(:31 | )/(k +1)
(R ESTTIED
- (1 + ||u§") + ““k+1“ )/(k +1)
It follows that
O )
"_'OO(HLL(“)" +||u2 +---+||u,(:31|| )/(k+1)
Now we prove that
lim |u|=1, i=23,. . k+1. (35)

n— 00
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If (35) does not hold, then there exists subsequence {ui.n")}
(n) . .
of {u;"} satisfying

"u;"") <aj ;<1 or ||u§"i)|| 2a > 1, 6)
j=2,..,k+1
Hence, by Lemma 4 we have
(e + +uk+1) JGk+ |
(Ilu(’”ll + ||“z""|| i) /e
1 1+||u(”)||+"'+||u:i’ii||)p
IEGERO T iC! L
_ p-1
R U 7L A
C (k+ P 1+ ]
(37)

Considering a function (1 +¢)?/(1 +t?) and noticing that

((1 + t)P>’ © = P+ (1 +tP) - ptP T (1 + )P
1+tP - (1 +tP)>?
_pa +6)P (1-)
- (1 +tp)?
(38)

we know that (1+t)? /(1+tP) is strictly increasing (decreasing)
function when ¢ < 1 (t > 1) and attains its maximum value

atpointf = 1.
Hence
m) (n) k P
(o + 145 4 -+ ) JR + D)

(el + Ilué"”ll

+oeet ||uk+"i||P)/(k+ 1)

< ; 3 1+ “ (ni)” P 1/(p-1)\ P71
e R
s (e ()Y
- ks ) 1+o,P
< 1;
(39)

this contradicts (34), so lim,, _, 0Ollugn) | =1.

5
Similarly, we can deduce that limn_,oollu(;‘) I
limnﬂoolluk +1|| = 1. It follows that
(n) (n) (n)
+uy +tu
lim 2 kel — . (40)
n— 0o k+1
Letz, = ”k+1/””k+1 I; then
k
Zy, 1(:31 “ +1 - ”l(:r)l — 0, (n—o00),
e
(n) () ()
. +uy” +- g
n— 0o k+1
( ) ( ) ()
< lim U uZn etz U1 ~ %n (4D)
T n—ooo k+1 k+1
) (")+u;")+---+zn
= lim
n—00 k+1
<1
This means that
(n) (1)
+uy’ +t+ 2z
lim 2 2l =1. (42)
n— 0o k+1

But

: (n)  (n) - 1 (n)  (n) (n)
nIL%A(ul s Uy ,...,zn)—nharréoA(u1 S Uy ,...,uk+l)

v
T

(43)

This contradicts that X is k-uniformly rotund space from
Lemma 2. O

Theorem 5. Let 1 < p < 400, let X be a Banach space, and let
M be an arbitrary bounded subset of X. Then, X is locally k-
uniformly rotund space if and only if, forany e > 0 and x, € M,
there exists 0 < O(€, p, x;) < 1, such that the inequality

|x1+x2+~-~+xk+1 p
k+1
(44)
xIF+ 2P+ -+ x|’
S(l—@(e,p,xl)) “ 1" ” 2“k+1 " k+1"
holds for all x5, x5, ..., %X, € X with A(xy,%,,...,X,) 2 €.

The proof of Theorem 5 is greatly similar to the proof of
Theorem 1.

In particular, considering the special cases of Theorems
1 and 5 when k = 1, we give a new characterization of
uniformly rotund (resp., locally uniformly rotund) Banach
space; that is, we have the following two corollaries.



Corollary 6. Let 1 < p < +00, let X be a Banach space,
and let M be an arbitrary bounded subset of X. Then, X is
uniformly rotund space if and only if, for any € > 0, there exists
0 < &(e, p) < 1, such that the inequality

2 s0-seam BT s

holds for all x € M and y € X with ||x - y| > €.

Corollary 7. Let 1 < p < +00, let X be a Banach space, and
let M be an arbitrary bounded subset of X. Then, X is locally
uniformly rotund space if and only if, for any € > 0 and x € M,
there exists 0 < O(€, p, x) < 1, such that the inequality

P P u
|52 <o pp BT a0

holds for all y € X with |x — y|| > e.
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