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The paper deals with convex sets, functions satisfying the global convexity property, and positive linear functionals. Jensen’s type
inequalities can be obtained by using convex combinations with the common center. Following the idea of the common center, the
functional forms of Jensen’s inequality are considered in this paper.

1. Introduction

Introduction is intended to be a brief overview of the concept
of convexity and affinity. Let X be a real linear space. Leta, b €
X be points and let «, 3 € R be coefficients. Their binomial
combination

aa + b 1
is convex if «, > 0 and if
a+p=1 (2)

If ¢ = aa+ b, then the point c itself is called the combination
center.

A set & € X is convex if it contains all binomial convex
combinations of its points. The convex hull convd$’ of the set
& is the smallest convex set containing &, and it consists of
all binomial convex combinations of points of §.

Let € < X be a convex set. A function f : € — Riis
convex if the inequality

f (aa + Bb) < af (a) + Bf (b) (3)

holds for all binomial convex combinations aa + f3b of pairs
of points a,b € 6.

Requiring only the condition in (2) for coefficients and
requiring the equality in (3), we get a characterization of the
affinity.

Implementing mathematical induction, we can prove that
all of the above applies to n-membered combinations for any

positive integer #n. In that case, the inequality in (3) is the
famous Jensen’s inequality obtained in [1]. Numerous papers
have been written on Jensen’s inequality; different types and
variants can be found in [2, 3].

2. Positive Linear Functionals and
Convex Sets of Functions

Let 2 be a nonempty set, and let X be a subspace of the linear
space of all real functions on the domain &". We assume that
X contains the unit function 1 defined by 1(x) = 1 for every
xeX.

Let.# ¢ Rbeaninterval, andlet X ; be the set containing
all functions g € X with the image in .#. Then, X, is
convex set in the space X. The same is true for convex sets of
Euclidean spaces. Let € < R* be a convex set, and let (Xk)%
be the set containing all function k-tuples g = (g,...,g;) €
X* with the image in €. Then, (Xk)g is convex set in the space
X,

A linear functional L : X — R is positive (nonnegative)
if L(g) > 0 for every nonnegative function g € X, and L
is unital (normalized) if L(1) = 1. If g € X, then for every
unital positive functional L the number L(g) is in the closed
interval of real numbers containing the image of g. Through
the paper, the space of all linear functionals on the space X
will be denoted with L(X).

Let f: R — R be an affine function, that is, the function
of the form f(x) := kx + A where x and A are real constants.



If g;,...,9, € Xare functions and if L,,..., L, € L(X) are
positive functionals providing the unit equality

YL()=1, (4)
i=1
then

(ZL gl> Z () + ;

- YL (@),

ZL (kg; + A1)

©)

Respecting the requirement of unit equality in (4), the sum
Y Li(g;) could be called the functional convex combina-
tion. In the case n = 1, the functional L = L, must be unital
by the unit equality in (4).

In 1931, Jessen stated the functional form of Jensen’s
inequality for convex functions of one variable; see [4].
Adapted to our purposes, that statement is as follows.

Theorem A. Let 7 C R be a closed interval, and let g € X 5
be a function.

Then, a unital positive functional L € L(X) ensures the
inclusion

L(g)e s (6)
and satisfies the inequality

f(L(9)=<L(f(9) )

for every continuous convex function f : F — R providing
that f(g) € X.

If f is concave, then the reverse inequality is valid in (7). If
f is affine, then the equality is valid in (7).

The interval .# must be closed, otherwise it could happen
that L(g) ¢ .#. The function f must be continuous, otherwise
it could happen that the inequality in (7) does not apply. Such
boundary cases are presented in [5].

In 1937, McShane extended the functional form of Jensen’s
inequality to convex functions of several variables. He has
covered the generalization in two steps, calling them the
geometric (the inclusion in (8)) and analytic (the inequality
in (9)) formulation of Jensen’s inequality; see [6, Theorems
1 and 2]. Summarized in a theorem, that generalization is as
follows.

Theorem B. Let € < R be a closed convex set, and let g =

(G- gr) € (X)g be a function.
Then, a unital positive functional L € L(X) ensures the

inclusion
(L(g1)>---
and satisfies the inequality
F(L(g1)>--»L(g)) <L(f (g1>--->90)) 9)

for every continuous convex function f : € — R providing
that f(gy,...>g,) € X.

If f is concave, then the reverse inequality is valid in (9). If
f is affine, then the equality is valid in (9).

L) €€ (8)
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3. Main Results

3.1. Functions of One Variable. The main result of this sub-
section is Theorem 1 relying on the idea of a convex function
graph and its secant line. Using functions that are more
general than convex functions and positive linear functionals,
we obtain the functional Jensen’s type inequalities.

Through the paper, we will use an interval # € R and a
bounded closed subinterval [a, b] € .# with endpoints a < b.

Every number x € R can be uniquely presented as the
binomial affine combination

x-a

:I;_Za+mb, (10)
which is convex if and only if the number x belongs to the
interval [a,b]. Let f : F — R be a function, and let
fl(i:Z : R — Rbethefunction of the line passing through the
points A(a, f(a)) and B(b, f(b)) of the graph of f. Applying
the affinity of the function f{; »} to the combination in (10),
we obtain its equation

fom (x )— f()

The consequence of the representations in (10) and (11) is the
fact that every convex function f : ¥ — R satisfies the
inequality

(1)

f(x) < fi (x) for x € [a,b] (12)
and the reverse inequality
fx) = f{l;nlf} (x) forxe S\ (ab). (13)

In the following consideration, we use continuous func-
tions satisfying the inequalities in (12)-(13).

Theorem 1. Let ¥ € R be a closed interval, let [a,b] € .7 bea
bounded closed subinterval, and let g € X, ;,; andh € X g ;1
be functions.

Then, a pair of unital positive functionals L, H € L(X) such
that

L(g) = H (), (14)
satisfies the inequality
L(f(9) <H(f M) (15)

for every continuous function f: .5 — R satisfying (12)-(13)
and providing that f(g), f(h) € X.

Proof. The number L(g) belongs to the interval [a, b] by the

inclusion in (6). Using the features of the function f and
line

applying the affinity of the function f;;, we get

L(f(9) <L(fiy (g)) i (L(9))
= fiapy (HMW) = H(figy ()~ (6)
< H(f ()
because f1% (h(x)) < f(h(x)) for every x € . O
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It is obvious that a continuous convex function f: .f —
R satisfies Theorem 1 for every subinterval [a,b] € & with
endpoints a < b. The function used in Theorem 1 is shown in
Figure 1. Such a function satisfies only the global property of
convexity on the sets [a,b] and .7 \ (a, b).

Involving the binomial convex combination aa + b with
the equality in (14) by assuming that

L(g) =aa+ b= H (h) (17)

and inserting the term af(a) + Sf(b) in (16) via the double
equality

fim (L(g)) = af (a) + Bf (b) = fims (H(W)) (18

which is true because flme (wa + Bb) = af(a) + Bf(b), we
achieve the double 1nequahty

L(f(g)) < af (a)+ Bf (b) <H(f (). (19)

The functions used in Theorem 1 satisfy the functional
form of Jensen’ inequality in the following case.

Corollary 2. Let # € R be a closed interval, let [a,b] € &
be a bounded closed subinterval, and let h € X g ;) be a
function.

Then, a unital positive functional H € L(X) such that

H (h) € [a,b] (20)
satisfies the inequality
fHR) <H(f (W) (21)

for every continuous function satisfying (12)-(13) and providing
that f(h) € X.

Proof. Putting aa + b = H(h), it follows that

fH ) = f (aa+ o) < fohy (ca v f0)
= af (a) + Bf (b) < H(f ()
by the right inequality in (19). O

Now, we give a characterization of continuous convex
functions by using unital positive functionals.

Proposition 3. Let 5 C R be a closed interval. A continuous
function f . F — R is convex if and only if it satisfies the
inequality

L(f(9)) < fian (L(9)) (23)

for every pair of interval endpoints a,b € .7, every function g €
X(a,p) Such that f(g) € X, and every unital positive functional
L € L(X).

Proof. Let us prove the sufficiency. Let ¢ := aa + b be a
convex combination of points a,b € ¥ where a < b. We
take the constant function g = c1 in X, (actually g(x) = ¢

a b X

FIGURE 1: A continuous function satisfying (12)-(13).

for every x € ) and a unital positive functional L. Then,
connecting

L(f(g) =L(f©1) = f(©) = f (aa + Bb),
Fiai (1(9)) = fiap (aa + Bb) = af (@) + Bf (®)

via (23), we get the convexity inequality in (3). O

(24)

3.2. Functions of Several Variables. We want to transfer the
results of the previous subsection to higher dimensions. The
main result in this subsection is Theorem 6 generalizing
Theorem 1 to functions of several variables.

Let € < R? be a convex set, let A € € be a triangle with
vertices A, B, and C, and let A° be its interior. In the following
observation, we assume that f : € — R is a continuous
function satisfying the inequality

f(P)< fAle (P) for PeA (25)
and the reverse inequality
f(P) 2 fiile, (P) for Pe@\ A7 (26)

where f&a;ec} is the function of the plane passing through the
corresponding points of the graph of f.

It should be noted that convex functions of two variables
do not generally satisfy (26). The next example confirms this

claim.

Example 4. We take the convex function f(x, y) = x* + 7,
the triangle with vertices A(0, 0), B(1,0), and C(0, 2), and the
outside point P(1, 1).

The valuation of functions f and f&a;ec}(x, y) =x+2y
at the point P is

2= f(P) < fiyp (P) = (27)

as opposed to (26).

The generalization of Theorem 1 to two dimensions is as
follows.



Lemma 5. Let € < R* be a closed convex set, let A C € be
a triangle, and let g = (g,,9,) € ), and h = (h,h,) €
(Xz)g\AO be functions.

Then, a pair of unital positive functionals L, H € L(X) such
that

(L(g1),L(g)) = (H (h),H (h,)) (28)

satisfies the inequality

L(f (90 92) < H(f (b1 1)) (29)

for every continuous function satisfying (25)-(26) and provid-
ing that f(g,, g,), f(h, hy) € X.

Proof. The proof is similar to that of Theorem 1. Using the
triangle vertices A, B, and C, we apply the plane function

plane . stead of the line function l‘ne O
{A,BC}

The previous lemma suggests how the results of the
previous subsection can be transferred to higher dimensions.

LetS,,...,S;,, € R* be points. Their convex hull

S8 =conv{S,,...,S} (30)
is the k-simplex in R* if the points S, — Sy ..., S;
linearly independent.

Let @ < R* be a convex set, and let & € & be a k-simplex
with vertices S, ..., S, ;. In the consideration that follows,
we use a function f: ¥ — R satisfying the inequality

— Sy are

f(P) < fPB™ (P) for Pe 31)
and the reverse inequality

f(P) > f“ype“"“‘ne (P) forPe%\S°, (32)

.....

where f{};ylpergia?f is the function of the hyperplane passing
through the corresponding points of the graph of f.

Theorem 6. Let € < R be a closed convex set, let & < €
be a k-simplex, and let g = (gy,...,g) € (X5 and h =
(hys... hy) € (Xk)g\éﬂo be functions.

Then, a pair of unital positive functionals L, H € L(X) such
that

(L(g1)s--»L(g)) = (H ()., H () (33)
satisfies the inequality
L(f(gu-->9K) < H(f (hys-.s 1)) (34)

for every continuous function satisfying (31)-(32) and provid-

ing that f(gy,..., gi)> f(hy,.... ) € X
Proof. Relying on the hyperplane function fhyﬁﬁfplane where
Si>--+>Sk4 are the simplex vertices, we can apply the proof

similar to that of Theorem 1.
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Including the (k + 1)-membered convex combination

Zl;“l ¥,S, with the equality in (33) in a way that

k+1

(L(g1)>--L(9) = 27,8y = (H (1), H ()
p=1

(35)
and using the double equality

hyperplane
f{sylp I;LI}(L(gl),...

.....

L (gx))

k+1

= Zypf (Sp> (36)
p=1

h 1
= FEPEERE (f (1),

SH (1))

we can derive the double inequality

k+1

2 96) < Y f (Sp) < H(Sf (s ).
p=1

(37)

L(f (g1--

The following functional form of Jensens inequality is
true for functions of several variables.

Corollary 7. Let € < R* be a closed convex set, let S < € be
a k-simplex, and leth = (hy,...,h) € (Xk)cg\éﬂo be a function.
Then, a unital positive functional H € L(X) such that

(H(hy),....H(h)) e S (38)

satisfies the inequality

fHR), o H () < H(f (hyoooly)) - (39)

for every continuous function satisfying (25)-(26) and provid-
ing that f(hy,...,h) € X.

Continuous convex functions of several variables can be
characterized by unital positive functionals in the following
way. The dimension of a convex set is defined as the dimen-
sion of its affine hull.

Proposition 8. Let & < R be a closed convex set of dimension
k. A continuous function f: € — R is convex if and only if it
satisfies the inequality

L(f(gus--90) < Fi 5™ (L(g) -

----- Sk+1
for every (k + 1)-tuple of k-simplex vertices Sy,...,S;,; €
@, every function g = (gp....g) € (XN)g such that
f(g1>--->9k) € X, and every unital positive functional L €
L(X).

L(ge)  (40)

Proof. To prove the sufficiency, we take a convex combination
C-= ZI;II ¥pS, of k-simplex vertices S,,..., S, € €. 1fC =
(¢>- .. ¢), we take the constant mapping g = (g;,..., i) €

(X¥) ¢ consisting of constant functions g; = ¢;1 and continue
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the proof in the same way as in Proposition 3. Finally, we get
Jensen’s inequality

k+1 k+1
f ( ZVPSP> < 27 (Sp) (41)
=1 p=1
confirming the convexity of the function f. O

4. Applications to Functional
Quasiarithmetic Means

Functions investigated in Subsection 3.1 can be included to
quasiarithmetic means by applying methods such as those for
convex functions. The basic facts relating to quasiarithmetic
and power means can be found in [7]. For more details on
different forms of quasiarithmetic and power means, as well
as their refinements, see [8].

The next generalization of Theorem 1 will be applied to
the consideration of functional quasiarithmetic means.

Corollary 9. Let ¥ € R be a closed interval, let [a,b] € .7 be
a bounded closed subinterval, and let g,,..., g, € X, and
hys.. by, € X g\ (o) be functions.

Then, a pair of collections of positive functionals L;, H; €
L(X) providing the unit equalities )| L;(1) = 27:1 H;Q1) =
1 and the equality

n m

ZLi (9:) = ZH;‘ (hj) (42)

i=1

satisfies the inequality

YL (f(9)) < X, (£ (1)) (43)
i=1 j=1
for every continuous function satisfying (12)-(13) and providing
that all functions f(g,»),f(hj) e X.

Now, we present a way of introducing the functional
quasiarithmetic means. Let g;,...,g, € X be functions,
and let ¢ : F — R be a strictly monotone continuous
function such that all ¢(g;) € X. Let L,...,L, : X —
R be positive linear functionals providing the unit equality
Y%, Li1) = 1. The quasiarithmetic mean of functions g;

respecting the function ¢ and functionals L; can be defined
by

M(,,(Ll---,Ln;gp.--,gn)=¢’1(ZLi(¢(gi)))- (44)
i=1

In what follows, we will use the abbreviation M,(L;, g;)
for the above mean. The term in parentheses belongs to
the interval ¢(.#), and therefore the quasiarithmetic mean
M,(L;, g;) belongs to the interval .7.

In applications of the function convexity, we use a pair
of strictly monotone continuous functions ¢,y : & — R
such that v is convex with respect to ¢ (it also says that y
is p-convex), which means that the function f = y(¢™") is

convex on the interval ¢(.#). A similar notation is used for
the concavity.

Instead of the convexity of f, we will apply the conditions
in (12)-(13) via Corollary 9 as follows.

Theorem 10. Let F € R be a closed interval, let [a,b] € &
be a bounded closed subinterval, and let g,,...,g, € X
and hy,..., h, € X g\(qp) be functions. Let L;, H; € L(X) be
a pair of collections of positive functionals providing the unit
equalities Y, L,(1) = 2311 Hj(1) =1.Letg,y : F — Rbe
strictly monotone continuous functions such that all functions

#(g:), 9(h)), y(g), y(h;) € X, and let f = w(e™") be the
composite function.
If f satisfies (12)-(13) and y is increasing and if the equality

M, (L;,g;) = M, (Hh;) (45)
is valid, then we have the inequality
M, (L, g;) <M, (H;h;). (46)

Proof. Wetake 7 = ¢(7)and [c,d] = ¢([a, b]). We will apply
Corollary 9 to the functions u; = ¢(g;) € X 4 and v; =
@(h;) € X (cq) and the function f: 7 — R.

Using the equality (p(M(P(Li,gi)) = <p(M(P(Hj,hj)) and
including the functions u; and v;, we have

zLi () = ZIHJ' (v;)- (47)
i= j=

Then, the inequality

3

L () = 3, (£ (v) 49)

i=1

(.
I
—_

follows from Corollary 9, and applying the increasing func-
tion 1//_1, we get

o (ZL ( (u,.))> cy! < j_iHj ( f(vj))> )

The above inequality is actually the inequality in (46) because
fw;) = y(g;) and f(Vj) = W(hj)- O

All the cases of the above theorem are as follows.

Corollary 11. Let f = y(¢™') be the composite function
satisfying the conditions of Theorem I0.

If either f satisfies (12)-(13) and y is increasing or —f
satisfies (12)-(13) and y is decreasing and if the equality in (45)
is valid, then the inequality holds in (46).

If either f satisfies (12)-(13) and v is decreasing or —f
satisfies (12)-(13) and v is increasing and if the equality in (45)
is valid, then the reverse inequality holds in (46).

A special case of the quasiarithmetic means in (44) is

power means depending on real exponents r. Thus, using the
functions

(50)



where x € (0,00), we get the power means of order r in the

form
n 1/r
<ZL,-(g,-r)> , r+0
i=1
exp <2Li (In gi)> , r=0.

M, (L;g;) = (51)

i=1

To apply Theorem 1 to the power means, we use a closed
interval .F = [g,00) where ¢ is a positive number and the
equality

M, (L, g;) = ZLi (9:)- (52)
i=1
Corollary 12. Let .F = [g,00) be an unbounded closed
interval where ¢ > 0, let [a,b] C & be a bounded closed
subinterval, and let g,,...,g, € Xy and hy,....h, €
X 7\(ap) be functions. Let L;, H; € L(X) be a pair of collections
of positive functionals providing the unit equalities Y| L;(1) =
Z;?“:l Hy1) =1
I

M, (L;, g;) = M, (Hj)h]’) , (53)
then

M, (L;,g;) <M, (Hj,hj) forr>1,
(54)
M, (L, g;) = M, (Hj,hj) forr<1.

Proof. The proof follows from Theorem 10 and Corollary 11
by using convex and concave functions such as ¢(x) = x and
y(x) = x" forr £ 0,and y(x) = Inx forr = 0. O

5. Applications to Discrete and
Integral Inequalities

Our aim is to use Theorem 6 to obtain certain discrete and
integral inequalities concerning functions of several vari-
ables. The following is the application to discrete inequalities.

Proposition 13. Let @ < R* be a closed convex set, let S < €
be a k-simplex, let Y| o;A; be a convex combination of points
A; € &, and let Z]mzl B;B; be a convex combination of points
B; €€\ S§°.

If the above convex combinations have the common center

Z‘XiAi = Zﬁij’ (55)
i=1 =1
then the inequality
Z“z’f (4;) < Zﬁ;f (Bj) (56)

i=1 =1

holds for every continuous function f : ‘€ — R satisfying
(31)-(32).
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Proof. We take the set " = € and the space X containing all
real functions on . We also take any simplex vertex S and its
coordinates (s, ..., Sg).

Let g,,h, € X (p =1,...,k) be functions defined by

_xp (bnx)es 57
D R KA S P
S () €8°
P . _ 1% 1 k 58
p(xl xk) {xp’ (xl,...,xk)e(g\go' 9
"Ihen,g = (gl""’gk) € (Xk)cs’ andh = (hl)-..,hk) €
OF) g g0-

Let L,H e L(X) be summarizing unital positive func-
tionals defined by

= Z“ig (A)),
i=1

" (59)
Hi = (s,

i1

Applying the functional L to the functions g, and the
functional H to the functions h,,, we obtain

Za A;=(L(g1)>---»L ()
" (60)
=(H(h),....H(h)) = Zﬁij-
=1
Now, we can apply Theorem 6 and get the inequality
Z“zf L(f(g1>-->96) <H(f (hys... )
. (61)
- Zﬁjf (B])
=1
which concludes the proof. O

Proposition 13 does not generally hold for convex func-
tions. The next example demonstrates a concrete planar case
of k = 2.

Example 14. We take the convex function f(x, y) = x* + 7,

the triangle with vertices A,(-3,0), A,(3,0), and A5(0,3),

and the outside points B, (-2, 2), B,(0,-2), and B;(2, 2).
Then, we have

1 1 1 3 2 3
gAl + EAZ + §A3 = gBl + ng + §B3,
1 1 1
9= (A)+3f(A)+3f(A4) (@
> 2 F(B)+2f (By)+>f(By) =7
8 8 gl N
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More details on the behavior of a convex function of two
variables on the triangle and outside the triangle can be found
in [9, Theorem 3.2]. Triangle cones have a prominent part in
these considerations.

The integral analogy of the concept of convex combina-
tion is the concept of barycenter. Let y be a positive measure
on R¥, and let of < RFbea u-measurable set with u(</) > 0.
Given the positive integer n, let of = U, &/ ,; be the partition
of pairwise disjoint y-measurable sets </,;. Taking points
A,; € A,;, we determine the convex combmatlon

ni>

whose center A, belongs to convg/. The u-barycenter of the
set &f can be defined as the limit of the sequence (A,),; that

is,
52{
)Ani>

o)

o)

As defined above, the point M(</, ) is in conve/. So, the
convex sets contain its barycenters.

The application of Theorem 6 to integral inequalities is as
follows.

M (o) = lim (

£M=

(64)

Proposition 15. Let y be a positive measure on R Let € ¢
R* be a closed convex set, let § < € be a k-simplex, and let
o S8 and B < E\ S° be sets of positive y-measures.

If the above sets have the common p-barycenter

M (o) = M (B, p), (65)
then the inequality
1
#(d) J fxp.x)du < e L-gf(xl""’xk)dM
(66)

holds for every continuous function f : € — R satisfying
(31)-(32).

Proof. The proof is similar to that of Proposition 13 by using
X as the space of all y-integrable functions on €. We apply
the integrating unital positive functional L defined by

L) = i ), 9o mdan (@)

to the functions g, of (57), as well as the integrating unital
positive functional H defined by

H(h) = (%)J h(xp. ) du (68)

to the functions hp of (58). O

IfS,...
unique convex combination 21;11 VpS, satistying

,Sk41 are the simplex vertices, then using the

k+1

M('Q{n”): Zyp p:M(‘%’/‘) (69)
p=1

and applying (37), we obtain the extension of (66) as the
double inequality

1 k+1
i) Lf(xlw-)xk)dﬂ < P;Ypf (S5)
1
< e J@f(xl,...,xk)dy.

(70)

The above inequality is reminiscent of Hermite-Hadamard’s
inequality where discrete and integral terms are replaced, see
the below inequality in (72).

Implementing convex combinations to the integral
method, one may derive the following version of the Hermite-
Hadamard inequality for convex functions on simplexes.

Proposition16. Let u be a positive measure on Rk Let S c R
be a k-simplex of positive y-measure, let S|, . .., Sy, be simplex

vertices, and let 21;11 VpS be their convex combination.
If the convex combination center and the y-barycenter of §

both fall at the same point

k+1
215 = M (S0, @
then the double inequality
k+1 k+1
seenXg)dp < S
(Z)’p p> #(053) J‘ f(xl xk) p= ;Ypf( p)
(72)

holds for every u-integrable convex function f: & — R.

More on the important and interesting Hermite-Hada-
mard’s inequality, including historical facts about its name,
can be found in [10, 11].

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This work has been fully supported by Mechanical Engi-
neering Faculty in Slavonski Brod and Croatian Science
Foundation under Project 5435. The author thanks Velimir
Pavi¢ (graphic designer at Skolska knjiga Zagreb) who has
graphically prepared Figure 1.



References

[1] J. L. W. V. Jensen, “Om konvekse Funktioner og Uligheder
mellem Middelverdier,” Nyt Tidsskrift for Matematik B, vol. 16,
pp. 49-68, 1905.

[2] M. S. Moslehian and M. Kian, “Jensen type inequalities for Q-
class functions,” Bulletin of the Australian Mathematical Society,
vol. 85, no. 1, pp. 128-142, 2012.

[3] Z. Pavi¢, J. Pecari¢, and 1. Peri¢, “Integral, discrete and func-
tional variants of Jensen’s inequality,” Journal of Mathematical
Inequalities, vol. 5, no. 2, pp. 253-264, 2011.

[4] B. Jessen, “Bemarkninger om konvekse Funktioner og
Uligheder imellem Middelveerdier. I,” Matematisk Tidsskrift B,
vol. 2, pp. 17-28, 1931.

[5] 1. Rasa, “A note on Jensen’s inequality;,” in Itinerant Seminar on
Functional Equations, Approximation and Convexity, pp. 275-
280, Universitatea Babes-Bolyai, Cluj-Napoca, Romania, 1988.

[6] E. J. McShane, “Jensen’s inequality; Bulletin of the American
Mathematical Society, vol. 43, no. 8, pp. 521-527, 1937.

[7] P.S. Bullen, D. S. Mitrinovi¢, and P. M. Vasi¢, Means and Their
Inequalities, Reidel, Dordrecht, The Netherlands, 1988.

[8] J. Mi¢i¢, Z. Pavi¢, and J. Pecari¢, “The inequalities for quasiarith-
metic means,” Abstract and Applied Analysis, vol. 2012, Article
ID 203145, 25 pages, 2012.

[9] Z. Pavi¢ and S. Wu, “Inequalities for convex functions on
simplexes and their cones,” Abstract and Applied Analysis. In
press.

[10] C.P. Niculescuand L.-E. Persson, “Old and new on the Hermite-
Hadamard inequality;” Real Analysis Exchange, vol. 29, no. 2, pp.
663-685, 2003.

[11] S.S. Dragomir and C. E. M. Pearce, Selected Topics on Hermite-
Hadamard Inequalities and Applications, RGMIA Monographs,
Victoria University, Melbourne, Australia, 2000.

Journal of Function Spaces



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




