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We characterize the validity of a Hardy-type inequality with a kernel and three parameters 1 < 𝑝, 𝑞, 𝑟 < ∞ under some conditions
on three weight functions 𝑢, V, and 𝑤.

1. Introduction

Let 1 < 𝑝, 𝑟 < ∞, 0 < 𝑞 < ∞, and −∞ ≤ 𝑎 < 𝑏 ≤ +∞.
Let 𝑢(⋅), V(⋅), and 𝑤(⋅) be positive functions locally integrable
on (𝑎, 𝑏), hereinafter referred to as weights. Suppose that for
two nonnegative quantities 𝐴 and 𝐵 the expression 𝐴 ≪ 𝐵

means 𝐴 ≤ 𝐶𝐵 with some constant 𝐶 that through the paper
depends only on the parameters 𝑟, 𝑝, and 𝑞.The notation𝐴 ≈

𝐵 means 𝐴 ≪ 𝐵 ≪ 𝐴. Moreover, 1/𝑝 + 1/𝑝
󸀠
= 1.

We consider the following inequalities:

(∫

𝑏

𝑎

𝑢 (𝑥)

⋅ (∫

𝑥

𝑎

(∫

𝑥

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥) 𝑓
𝑝

(𝑥) 𝑑𝑥)

1/𝑝

,

(1)

(∫

𝑏

𝑎

𝑢 (𝑥)

⋅ (∫

𝑏

𝑥

(∫

𝑡

𝑥

𝐾 (𝑡, 𝑠) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥) 𝑓
𝑝

(𝑥) 𝑑𝑥)

1/𝑝

(2)

for all 𝑓 ≥ 0, where the kernel 𝐾(⋅, ⋅) satisfies the conditions

𝐾 (𝑠, 𝑡) ≥ 0,

𝑎 < 𝑡 ≤ 𝑠 < 𝑏, 𝐾 (𝑠, 𝑡) is increasing in 𝑠 and decreasing in 𝑡,

𝐾 (𝑠, 𝑡) ≈ 𝐾 (𝑠, 𝑧) + 𝐾 (𝑧, 𝑡)

(3)

for all 𝑡, 𝑧, and 𝑠 such that 𝑎 < 𝑡 ≤ 𝑧 ≤ 𝑠 < 𝑏.
A class of Volterra type integral operators with kernels

𝐾(⋅, ⋅) satisfying condition (3) was introduced in [1] and
independently in [2]. Later such kernels were considered in
many works (see, e.g., [3–8]).

The main aim of this paper is to find necessary and
sufficient conditions on theweights 𝑢, V, and𝑤 for the validity
of inequalities (1) and (2) in the case 1 < 𝑝, 𝑞, 𝑟 < ∞. The
same problem for 𝐾(⋅, ⋅) = 1 was considered in [9, 10].

Assume

𝐴
−

0
(𝛼, 𝛽) = sup

𝛼<𝑥<𝛽

(∫

𝑥

𝛼

𝐾
𝑟

(𝑥, 𝑠) 𝑤 (𝑠) 𝑑𝑠)

1/𝑟

⋅ (∫

𝛽

𝑥

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

1/𝑝
󸀠

,

𝐴
−

1
(𝛼, 𝛽) = sup

𝛼<𝑥<𝛽

(∫

𝑥

𝛼

𝑤 (𝑠) 𝑑𝑠)

1/𝑟

(∫

𝛽

𝑥

𝐾
𝑝
󸀠

(𝑠, 𝑥)

⋅ V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

1/𝑝
󸀠

,
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𝐴
+

0
(𝛼, 𝛽) = sup

𝛼<𝑥<𝛽

(∫

𝛽

𝑥

𝐾
𝑟

(𝑠, 𝑥) 𝑤 (𝑠) 𝑑𝑠)

1/𝑟

⋅ (∫

𝑥

𝛼

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

1/𝑝
󸀠

,

𝐴
+

1
(𝛼, 𝛽) = sup

𝛼<𝑥<𝛽

(∫

𝛽

𝑥

𝑤 (𝑠) 𝑑𝑠)

1/𝑟

(∫

𝑥

𝛼

𝐾
𝑝
󸀠

(𝑥, 𝑠)

⋅ V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

1/𝑝
󸀠

,

𝐵
−

0
(𝛼, 𝛽) = (∫

𝛽

𝛼

(∫

𝑥

𝛼

𝐾
𝑟

(𝑥, 𝑠) 𝑤 (𝑠) 𝑑𝑠)

𝑝/(𝑝−𝑟)

⋅ (∫

𝛽

𝑥

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑝(𝑟−1)/(𝑝−𝑟)

V1−𝑝
󸀠

(𝑥) 𝑑𝑥)

(𝑝−𝑟)/𝑝𝑟

,

𝐵
−

1
(𝛼, 𝛽) = (∫

𝛽

𝛼

(∫

𝑥

𝛼

𝑤 (𝑠) 𝑑𝑠)

𝑟/(𝑝−𝑟)

⋅ (∫

𝛽

𝑥

𝐾
𝑝
󸀠

(𝑠, 𝑥) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑟(𝑝−1)/(𝑝−𝑟)

𝑤 (𝑥) 𝑑𝑥)

(𝑝−𝑟)/𝑝𝑟

,

𝐵
+

0
(𝛼, 𝛽) = (∫

𝛽

𝛼

(∫

𝛽

𝑥

𝐾
𝑟

(𝑠, 𝑥) 𝑤 (𝑠) 𝑑𝑠)

𝑝/(𝑝−𝑟)

⋅ (∫

𝑥

𝛼

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑝(𝑟−1)/(𝑝−𝑟)

V1−𝑝
󸀠

(𝑥) 𝑑𝑥)

(𝑝−𝑟)/𝑝𝑟

,

𝐵
+

1
(𝛼, 𝛽) = (∫

𝛽

𝛼

(∫

𝛽

𝑥

𝑤 (𝑠) 𝑑𝑠)

𝑟/(𝑝−𝑟)

⋅ (∫

𝑥

𝛼

𝐾
𝑝
󸀠

(𝑥, 𝑠) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑟(𝑝−1)/(𝑝−𝑟)

𝑤 (𝑥) 𝑑𝑥)

(𝑝−𝑟)/𝑝𝑟

,

𝑈 (𝛼, 𝛽) = (∫

𝛽

𝛼

𝑢 (𝑥) 𝑑𝑥)

1/𝑞

,

𝐴
−
= max {𝐴

−

0
, 𝐴
−

1
} ,

𝐴
+
= max {𝐴

+

0
, 𝐴
+

1
} ,

𝐵
−
= max {𝐵

−

0
, 𝐵
−

1
} ,

𝐵
+
= max {𝐵

+

0
, 𝐵
+

1
} ,

𝐽
−
(𝛼, 𝛽) = sup

𝑓≥0

(∫
𝛽

𝛼
(∫
𝛽

𝑡
𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

(∫
𝛽

𝛼
V (𝑥) 𝑓

𝑝
(𝑥) 𝑑𝑥)

1/𝑝
,

𝐽
+
(𝛼, 𝛽) = sup

𝑓≥0

(∫
𝛽

𝛼
(∫
𝑡

𝛼
𝐾 (𝑡, 𝑠) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

(∫
𝛽

𝛼
V (𝑥) 𝑓

𝑝
(𝑥) 𝑑𝑥)

1/𝑝
.

(4)

Two-sided estimates of the values 𝐽− and 𝐽
+ with kernels

satisfying condition (3) were found in [11]. Moreover, when
𝐾(⋅, ⋅) = 1 we get standard Hardy-type estimates that have
been extensively investigated by many authors. A complete
review of Hardy-type estimates and generalized Hardy-type
estimates can be found in books [12, 13] and references given
there.

The following theorem will be used for the main results.

TheoremA (see [11]). (1) If 1 < 𝑝 ≤ 𝑟 < ∞, then for all 𝑓 ≥ 0

we have

𝐽
−
≈ 𝐴
−
,

𝐽
+
≈ 𝐴
+
.

(5)

(2) If 1 < 𝑟 < 𝑝 < ∞, then for all 𝑓 ≥ 0 we have

𝐽
−
≈ 𝐵
−
,

𝐽
+
≈ 𝐵
+
.

(6)

Remark 1. Since the expressions 𝐴
±

0
, 𝐴
±

1
, 𝐵
±

0
, and 𝐵

±

1
are

decreasing in 𝛼 and increasing in 𝛽, then from (5) and (6)
we have that 𝐽±(𝛼, 𝛽) are equivalent to a decreasing function
in 𝛼 and an increasing function in 𝛽. This means that there
exists a constant 𝐶 > 0 depending only on 𝑝 and 𝑟 such that
𝐽
±
(𝛼, 𝛽) ≤ 𝐶𝐽

±
(𝛼
1
, 𝛽
1
) for 𝛼

1
≤ 𝛼 < 𝛽 ≤ 𝛽

1
.

2. Main Results

2.1. Case 𝑝 ≤ 𝑞

Theorem 2. Let 1 < 𝑝 ≤ 𝑞 < ∞ and 1 < 𝑟 < ∞.
Inequality (1) holds for all 𝑓 ≥ 0 if and only if 𝐸

− fl
sup
𝑎<𝑧<𝑏

𝐽
−
(𝑎, 𝑧)𝑈(𝑧, 𝑏) < ∞. Moreover, 𝐸− ≈ 𝐶, where 𝐶 is

the best constant in (1).

Theorem 3. Let 1 < 𝑝 ≤ 𝑞 < ∞ and 1 < 𝑟 < ∞.
Inequality (2) holds for all 𝑓 ≥ 0 if and only if 𝐸

+ fl
sup
𝑎<𝑧<𝑏

𝐽
+
(𝑧, 𝑏)𝑈(𝑎, 𝑧) < ∞. Moreover, 𝐸+ ≈ 𝐶, where 𝐶 is

the best constant in (2).

Remark 4. Let us prove only Theorem 2 since the proof of
Theorem 3 is similar.

Proof of Theorem 2.

Sufficiency. Let 𝐸− < ∞. For any integer 𝑘 we introduce

𝑥
𝑘
= sup{𝑎 < 𝑥

< 𝑏 : ∫

𝑥

𝑎

(∫

𝑥

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡 ≤ 2
𝑟𝑘
} .

(7)
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It is obvious that for any 𝑘 we have 𝑥
𝑘

≤ 𝑥
𝑘+1

. However,
when 𝑥

𝑘
< 𝑏 we have 𝑥

𝑘
< 𝑥
𝑘+1

≤ 𝑏. Therefore,

∫

𝑥
𝑘

𝑎

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡 = 2
𝑟𝑘
, (8)

∫

𝑥
𝑘+1

𝑎

(∫

𝑥
𝑘+1

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡 ≤ 2
𝑟(𝑘+1)

. (9)

Let 𝐼
𝑘
= [𝑥
𝑘
, 𝑥
𝑘+1

). Then

(𝑎, 𝑏) = ⋃

𝑘

[𝑥
𝑘
, 𝑥
𝑘+1

) . (10)

Suppose that 𝑥
𝑘

< 𝑏; then from (8), twice applying
Minkowski’s inequality, we get

2
𝑘−1

= 2
𝑘
− 2
𝑘−1

= (∫

𝑥
𝑘

𝑎

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

⋅ 𝑤 (𝑡) 𝑑𝑡)

1/𝑟

− (∫

𝑥
𝑘−1

𝑎

(∫

𝑥
𝑘−1

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

≤ (∫

𝑥
𝑘

𝑥
𝑘−1

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ (∫

𝑥
𝑘−1

𝑎

(∫

𝑥
𝑘−1

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠

+ ∫

𝑥
𝑘

𝑥
𝑘−1

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

− (∫

𝑥
𝑘−1

𝑎

(∫

𝑥
𝑘−1

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

≤ (∫

𝑥
𝑘

𝑥
𝑘−1

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ (∫

𝑥
𝑘−1

𝑎

(∫

𝑥
𝑘

𝑥
𝑘−1

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

.

(11)

Since 𝑎 < 𝑡 ≤ 𝑥
𝑘−1

≤ 𝑠 < 𝑏, we can use (3) so that the last
gives

2
𝑘−1

≪ (∫

𝑥
𝑘

𝑥
𝑘−1

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ (∫

𝑥
𝑘−1

𝑎

(∫

𝑥
𝑘

𝑥
𝑘−1

𝐾(𝑠, 𝑥
𝑘−1

) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ (∫

𝑥
𝑘−1

𝑎

(∫

𝑥
𝑘

𝑥
𝑘−1

𝐾(𝑥
𝑘−1

, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

= (∫

𝑥
𝑘

𝑥
𝑘−1

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ ∫

𝑥
𝑘

𝑥
𝑘−1

𝐾(𝑠, 𝑥
𝑘−1

) 𝑓 (𝑠) 𝑑𝑠 (∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ ∫

𝑥
𝑘

𝑥
𝑘−1

𝑓 (𝑠) 𝑑𝑠 (∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

1/𝑟

.

(12)

From (9) and (10) we have

𝑇 fl ∫

𝑏

𝑎

𝑢 (𝑥)

⋅ (∫

𝑥

𝑎

(∫

𝑥

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥

≤ ∑

𝑘

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥

⋅ (∫

𝑥
𝑘+1

𝑎

(∫

𝑥
𝑘+1

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

≤ ∑

𝑘

2
𝑞(𝑘+1)

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥

= 2
2𝑞
∑

𝑘

2
𝑞(𝑘−1)

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥.

(13)

From (12) and (13) it follows that

𝑇 ≪ 2
2𝑞
∑

𝑘

((∫

𝑥
𝑘

𝑥
𝑘−1

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ ∫

𝑥
𝑘

𝑥
𝑘−1

𝐾(𝑠, 𝑥
𝑘−1

) 𝑓 (𝑠) 𝑑𝑠 (∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ ∫

𝑥
𝑘

𝑥
𝑘−1

𝑓 (𝑠) 𝑑𝑠 (∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

1/𝑟

)

𝑞

⋅ ∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥

≪ ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

⋅ ∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥 + ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

𝐾(𝑠, 𝑥
𝑘−1

) 𝑓 (𝑠) 𝑑𝑠)

𝑞

⋅ (∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥

+ ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

𝑓 (𝑠) 𝑑𝑠)

𝑞

(∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

⋅ ∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥 = 𝑇
1
+ 𝑇
2
+ 𝑇
3
.

(14)
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Next, we separately estimate 𝑇
1
, 𝑇
2
, and 𝑇

3
for 1 < 𝑝 ≤

min{𝑟, 𝑞} < ∞ and 1 < 𝑟 < 𝑝 ≤ 𝑞 < ∞.
Let 1 < 𝑝 ≤ min{𝑟, 𝑞} < ∞. From (5) we get

𝑇
1
≪ ∑

𝑘

(𝐽
−
(𝑥
𝑘−1

, 𝑥
𝑘
)𝑈 (𝑥

𝑘
, 𝑥
𝑘+1

))
𝑞

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≪ ∑

𝑘

(𝐽
−
(𝑎, 𝑥
𝑘
) 𝑈 (𝑥

𝑘
, 𝑏))
𝑞

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (𝐸
−
)
𝑞

⋅ (∑

𝑘

∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (𝐸
−
)
𝑞

⋅ (∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

.

(15)

To estimate 𝑇
2
we use Hölder’s inequality:

𝑇
2
= ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

𝐾(𝑠, 𝑥
𝑘−1

) 𝑓 (𝑠) V1/𝑝 (𝑠) V−1/𝑝 (𝑠) 𝑑𝑠)
𝑞

⋅ (∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥,

(16)

𝑇
2
≤ ∑

𝑘

(∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

𝐾
𝑝
󸀠

(𝑠, 𝑥
𝑘−1

) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑞/𝑝
󸀠

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≤ ∑

𝑘

(𝐴
−

1
(𝑎, 𝑥
𝑘
) 𝑈 (𝑥

𝑘
, 𝑏))
𝑞

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

,

(17)

𝑇
2
≪ sup
𝑎<𝑧<𝑏

(𝐽
−

(𝑎, 𝑧) 𝑈 (𝑧, 𝑏))
𝑞

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

= (𝐸
−
)
𝑞

(∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

.

(18)

To estimate 𝑇
3
we again use Hölder’s inequality and get

𝑇
3
= ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

𝑓 (𝑠) V1/𝑝 (𝑠) V−1/𝑝 (𝑠) 𝑑𝑠)
𝑞

⋅ (∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥,

(19)

𝑇
3
≤ ∑

𝑘

(∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑞/𝑝
󸀠

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≤ ∑

𝑘

(𝐴
−

0
(𝑎, 𝑥
𝑘
)𝑈 (𝑥

𝑘
, 𝑏))
𝑞

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

,

(20)

𝑇
3
≪ sup
𝑎<𝑧<𝑏

(𝐽
−

(𝑎, 𝑧) 𝑈 (𝑧, 𝑏))
𝑞

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

= (𝐸
−
)
𝑞

(∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

.

(21)

From (14), (15), (18), and (21) it follows that for 1 < 𝑝 ≤

min{𝑟, 𝑞} < ∞ inequality (1) is correct. Moreover,

𝐶 ≪ 𝐸
−
, (22)

where 𝐶 is the best constant in (1).
Let us turn to the case 1 < 𝑟 < 𝑝 ≤ 𝑞 < ∞. In the same

way as above from (6) we get

𝑇
1
≪ ∑

𝑘

(𝐽
−
(𝑥
𝑘−1

, 𝑥
𝑘
) 𝑈 (𝑥

𝑘
, 𝑥
𝑘+1

))
𝑞

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≪ ∑

𝑘

(𝐽
−
(𝑎, 𝑥
𝑘
)𝑈 (𝑥

𝑘
, 𝑏))
𝑞

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (𝐸
−
)
𝑞

⋅ (∑

𝑘

∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (𝐸
−
)
𝑞

⋅ (∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

.

(23)
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To estimate 𝑇
2
we work with (17). Since

(∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

𝐾
𝑝
󸀠

(𝑠, 𝑥
𝑘−1

) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

1/𝑝
󸀠

≤ (
𝑝 − 𝑟

𝑝

⋅ ∫

𝑥
𝑘−1

𝑎

(∫

𝑥

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑟/(𝑝−𝑟)

𝑤 (𝑡) 𝑑𝑡)

(𝑝−𝑟)/𝑝𝑟

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

𝐾
𝑝
󸀠

(𝑠, 𝑥
𝑘−1

) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

1/𝑝
󸀠

≪ 𝐵
−

1
(𝑎, 𝑥
𝑘
) ,

(24)

we have

𝑇
2
≪ ∑

𝑘

(𝐵
−

1
(𝑎, 𝑥
𝑘
)𝑈 (𝑥

𝑘
, 𝑏))
𝑞

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≪ sup
𝑎<𝑧<𝑏

(𝐽
−

(𝑎, 𝑧) 𝑈 (𝑧, 𝑏))
𝑞

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

= (𝐸
−
)
𝑞

(∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

.

(25)

Similarly, working with (20) we have

(∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

1/𝑟

(∫

𝑥
𝑘

𝑥
𝑘−1

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

1/𝑝
󸀠

≤ (∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

1/𝑟

(
𝑝 − 𝑟

𝑟 (𝑝 − 1)

⋅ ∫

𝑥
𝑘

𝑥
𝑘−1

(∫

𝑥
𝑘

𝑥

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑝(𝑟−1)/(𝑝−𝑟)

⋅ V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

(𝑝−𝑟)/𝑝𝑟

≪ 𝐵
−

0
(𝑎, 𝑥
𝑘
)

(26)

that yields

𝑇
3
≪ ∑

𝑘

(𝐵
−

0
(𝑎, 𝑥
𝑘
)𝑈 (𝑥

𝑘
, 𝑏))
𝑞

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≪ sup
𝑎<𝑧<𝑏

(𝐽
−

(𝑎, 𝑧) 𝑈 (𝑧, 𝑏))
𝑞

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

= (𝐸
−
)
𝑞

(∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

.

(27)

Combining (14), (23), (25), and (27), we have that for 1 <

𝑟 < 𝑝 ≤ 𝑞 < ∞ inequality (1) is correct. Moreover,

𝐶 ≪ 𝐸
−
, (28)

where 𝐶 is the best constant in (1).

Necessity. Let (1) be valid. Let 𝑧 ∈ (𝑎, 𝑏) and 𝑓 : (𝑎, 𝑧) →

𝑅 be an arbitrary function such that ∫𝑧
𝑎
V(𝑥)𝑓𝑝(𝑥)𝑑𝑥 < ∞.

Suppose that

𝑓
𝑧
(𝑠) =

{

{

{

𝑓 (𝑠) , 𝑎 < 𝑠 < 𝑧,

0, 𝑧 ≤ 𝑠 < 𝑏.

(29)

If we substitute the function 𝑓
𝑧
in (1) we have

(∫

𝑏

𝑧

𝑢 (𝑥) 𝑑𝑥)

1/𝑞

⋅ (∫

𝑧

𝑎

(∫

𝑧

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

≤ 𝐶(∫

𝑧

𝑎

V (𝑥) 𝑓
𝑝

(𝑥) 𝑑𝑥)

1/𝑝

.

(30)

From (30) we have

𝑈 (𝑧, 𝑏) 𝐽
−

(𝑎, 𝑧) ≤ 𝐶 ∀𝑧 ∈ (𝑎, 𝑏) . (31)

Therefore,

𝐸
−
≤ 𝐶. (32)

Moreover, from (22), (28), and (32) we have 𝐶 ≈ 𝐸
−,

where 𝐶 is the best constant in (1). The proof of Theorem 2
is complete.

2.2. Case 𝑞 < 𝑝. In this section we consider the case 0 <

𝑞 < 𝑝 < ∞, 𝑝 > 1, and 1 < 𝑟 < ∞ and present sufficient
conditions for the validity of inequalities (1) and (2).

Let

𝐹
−
= (∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑥

𝑢 (𝑠) 𝑑𝑠)

𝑞/(𝑝−𝑞)

⋅ (𝐽
−

(𝑎, 𝑥))
𝑝𝑞/(𝑝−𝑞)

𝑑𝑥)

(𝑝−𝑞)/𝑝𝑞

,

𝐹
+
= (∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑥

𝑎

𝑢 (𝑠) 𝑑𝑠)

𝑞/(𝑝−𝑞)

⋅ (𝐽
+

(𝑥, 𝑏))
𝑝𝑞/(𝑝−𝑞)

𝑑𝑥)

(𝑝−𝑞)/𝑝𝑞

.

(33)

Theorem 5. Let 0 < 𝑞 < 𝑝 < ∞, 𝑝 > 1, and 1 < 𝑟 < ∞.
Inequality (1) holds if 𝐹− < ∞. Moreover, 𝐶 ≪ 𝐹

−, where 𝐶 is
the best constant in (1).

Theorem 6. Let 0 < 𝑞 < 𝑝 < ∞, 𝑝 > 1, and 1 < 𝑟 < ∞.
Inequality (2) holds if 𝐹+ < ∞. Moreover, 𝐶 ≪ 𝐹

+, where 𝐶 is
the best constant in (2).

Remark 7. Let us prove only Theorem 5 since the proof of
Theorem 6 is similar.
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Proof of Theorem 5. The first steps of the proof are similar to
those inTheorem 2 up to (14), where

𝑇 ≪ 𝑇
1
+ 𝑇
2
+ 𝑇
3
. (34)

This means that we need to separately estimate 𝑇
1
,𝑇
2
, and𝑇

3
.

Let us start with 𝑇
1
. Let us notice that we use Hölder’s

inequality:

𝑇
1
= ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

(∫

𝑥
𝑘

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

⋅ ∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥 ≤ ∑

𝑘

(𝐽
−
(𝑥
𝑘−1

, 𝑥
𝑘
))
𝑞

⋅ ∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥(∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (∑

𝑘

(∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥)

𝑝/(𝑝−𝑞)

⋅ (𝐽
−
(𝑥
𝑘−1

, 𝑥
𝑘
))
𝑝𝑞/(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

(∑

𝑘

∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡)

⋅ 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≪ (∑

𝑘

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥)

⋅ (∫

𝑥
𝑘+1

𝑥

𝑢 (𝑠) 𝑑𝑠)

𝑞/(𝑝−𝑞)

𝑑𝑥

⋅ (𝐽
−
(𝑥
𝑘−1

, 𝑥
𝑘
))
𝑝𝑞/(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑡)

⋅ 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≪ (∑

𝑘

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥)

⋅ (∫

𝑏

𝑥

𝑢 (𝑠) 𝑑𝑠)

𝑞/(𝑝−𝑞)

⋅ (𝐽
−

(𝑎, 𝑥))
𝑝𝑞/(𝑝−𝑞)

𝑑𝑥)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑡)

⋅ 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (𝐹
−
)
𝑞

(∫

𝑏

𝑎

V (𝑡)

⋅ 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

.

(35)

Now, we turn to the estimation of 𝑇
2
. Again Hölder’s

inequality is used:

𝑇
2
= ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

𝐾(𝑠, 𝑥
𝑘−1

) 𝑓 (𝑠) 𝑑𝑠)

𝑞

(∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥 ≤ ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

𝐾
𝑝
󸀠

(𝑠, 𝑥
𝑘−1

) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑞/𝑝
󸀠

⋅ (∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥(∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (∑

𝑘

(∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥)

𝑝/(𝑝−𝑞)

⋅ (∫

𝑥
𝑘

𝑥
𝑘−1

𝐾
𝑝
󸀠

(𝑠, 𝑥
𝑘−1

) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑞(𝑝−1)/(𝑝−𝑞)

(∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑞𝑝/𝑟(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

(∑

𝑘

∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (∑

𝑘

(∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥)

𝑝/(𝑝−𝑞)

⋅ [(∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑝/(𝑝−𝑟)

(∫

𝑥
𝑘

𝑥
𝑘−1

𝐾
𝑝
󸀠

(𝑠, 𝑥
𝑘−1

) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑟(𝑝−1)/(𝑝−𝑟)

]

𝑞(𝑝−𝑟)/𝑟(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≪ (∑

𝑘

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) (∫

𝑥
𝑘+1

𝑥

𝑢 (𝑠) 𝑑𝑠)

𝑞/(𝑝−𝑞)

𝑑𝑥

⋅ [∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) (∫

𝑡

𝑎

𝑤 (𝜏) 𝑑𝜏)

𝑟/(𝑝−𝑟)

𝑑𝑡 (∫

𝑥
𝑘

𝑥
𝑘−1

𝐾
𝑝
󸀠

(𝑠, 𝑥
𝑘−1

) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑟(𝑝−1)/(𝑝−𝑟)

]

𝑞(𝑝−𝑟)/𝑟(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

⋅ (∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (∑

𝑘

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) (∫

𝑏

𝑥

𝑢 (𝑠) 𝑑𝑠)

𝑞/(𝑝−𝑞)

𝑑𝑥
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⋅ ([∫

𝑥
𝑘−1

𝑎

𝑤 (𝑡) (∫

𝑡

𝑎

𝑤 (𝜏) 𝑑𝜏)

𝑟/(𝑝−𝑟)

(∫

𝑥
𝑘

𝑡

𝐾
𝑝
󸀠

(𝑠, 𝑡) V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑟(𝑝−1)/(𝑝−𝑟)

𝑑𝑡]

(𝑝−𝑟)/𝑝𝑟

)

𝑝𝑞/(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

⋅ (∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≤ (∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑥

𝑢 (𝑠) 𝑑𝑠)

𝑞/(𝑝−𝑞)

(𝐵
−

1
(𝑎, 𝑥))

𝑝𝑞/(𝑝−𝑞)

𝑑𝑥)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

≪ (∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑥

𝑢 (𝑠) 𝑑𝑠)

𝑞/(𝑝−𝑞)

(𝐽
−

(𝑎, 𝑥))
𝑝𝑞/(𝑝−𝑞)

𝑑𝑥)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

= (𝐹
−
)
𝑞

⋅ (∫

𝑏

𝑎

V (𝑡) 𝑓
𝑝

(𝑡) 𝑑𝑡)

𝑞/𝑝

.

(36)

The last step is to estimate 𝑇
3
:

𝑇
3
= ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

𝑓 (𝑠) 𝑑𝑠)

𝑞

(∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥 ≤ ∑

𝑘

(∫

𝑥
𝑘

𝑥
𝑘−1

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑞/𝑝
󸀠

(∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡)

⋅ 𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥(∫

𝑥
𝑘

𝑥
𝑘−1

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≤ (∑

𝑘

(∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥)

𝑝/(𝑝−𝑞)

⋅ [(∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

(∫

𝑥
𝑘

𝑥
𝑘−1

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑞/𝑝
󸀠

]

𝑝/(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≤ (∑

𝑘

(∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥) 𝑑𝑥)

𝑝/(𝑝−𝑞)

([(∫

𝑥
𝑘

𝑥
𝑘−1

V1−𝑝
󸀠

(𝑠) 𝑑𝑠)

𝑟(𝑝−1)/(𝑝−𝑟)

⋅ (∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑝/(𝑝−𝑟)

]

(𝑝−𝑟)/𝑝𝑟

)

𝑝𝑞/(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≪ (∑

𝑘

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥)

⋅ (∫

𝑏

𝑥

𝑢 (𝜏) 𝑑𝜏)

𝑞/(𝑝−𝑞)

𝑑𝑥([∫

𝑥
𝑘

𝑥
𝑘−1

V1−𝑝
󸀠

(𝑠) (∫

𝑥
𝑘

𝑠

V1−𝑝
󸀠

(𝑡) 𝑑𝑡)

𝑝(𝑟−1)/(𝑝−𝑟)

𝑑𝑠

⋅ (∫

𝑥
𝑘−1

𝑎

𝐾
𝑟
(𝑥
𝑘−1

, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑝/(𝑝−𝑟)

]

(𝑝−𝑟)/𝑝𝑟

)

𝑝𝑞/(𝑝−𝑞)

)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≤ (∑

𝑘

∫

𝑥
𝑘+1

𝑥
𝑘

𝑢 (𝑥)

⋅ (∫

𝑏

𝑥

𝑢 (𝜏) 𝑑𝜏)

𝑞/(𝑝−𝑞)

⋅ ([∫

𝑥

𝑎

V1−𝑝
󸀠

(𝑠) (∫

𝑥

𝑠

V1−𝑝
󸀠

(𝑡) 𝑑𝑡)

𝑝(𝑟−1)/(𝑝−𝑟)

(∫

𝑠

𝑎

𝐾
𝑟

(𝑠, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑝/(𝑝−𝑟)

𝑑𝑠]

(𝑝−𝑟)/𝑝𝑟

)

𝑝𝑞/(𝑝−𝑞)

𝑑𝑥)

(𝑝−𝑞)/𝑝

⋅ (∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≤ (∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑥

𝑢 (𝜏) 𝑑𝜏)

𝑞/(𝑝−𝑞)

(𝐵
−

0
(𝑎, 𝑥))

𝑝𝑞/(𝑝−𝑞)

𝑑𝑥)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

≪ (∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑥

𝑢 (𝜏) 𝑑𝜏)

𝑞/(𝑝−𝑞)

(𝐽
−

(𝑎, 𝑥))
𝑝𝑞/(𝑝−𝑞)

𝑑𝑥)

(𝑝−𝑞)/𝑝

(∫

𝑏

𝑎

V (𝑠) 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

= (𝐹
−
)
𝑞

(∫

𝑏

𝑎

V (𝑠)

⋅ 𝑓
𝑝

(𝑠) 𝑑𝑠)

𝑞/𝑝

.

(37)
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Combining (14), (35), (36), and (37), we have that inequality
(1) is correct. Moreover,𝐶 ≪ 𝐹

−, where𝐶 is the best constant
in (1).

Remark 8. Let us consider the following inequalities:

(∫

𝑏

𝑎

𝑢 (𝑥)

⋅ (∫

𝑥

𝑎

(∫

𝑏

𝑡

𝐾 (𝑠, 𝑡) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶̃(∫

𝑏

𝑎

V (𝑥) 𝑓
𝑝

(𝑥) 𝑑𝑥)

1/𝑝

,

(38)

(∫

𝑏

𝑎

𝑢 (𝑥)

⋅ (∫

𝑏

𝑥

(∫

𝑡

𝑎

𝐾 (𝑡, 𝑠) 𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶̃(∫

𝑏

𝑎

V (𝑥) 𝑓
𝑝

(𝑥) 𝑑𝑥)

1/𝑝

.

(39)

It is obvious that, in view of (3), the validity of inequality
(38) is equivalent to the simultaneous validity of inequality
(1) and the following inequalities:

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑥

𝑎

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

⋅ (∫

𝑏

𝑥

𝐾 (𝑠, 𝑥) 𝑓 (𝑠) 𝑑𝑠)

𝑞

𝑑𝑥)

1/𝑞

≤ 𝐶
1
(∫

𝑏

𝑎

V (𝑡)

⋅ 𝑓
𝑝

(𝑡) 𝑑𝑡)

1/𝑝

,

(40)

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑥

𝑎

𝐾
𝑟

(𝑥, 𝑡) 𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

⋅ (∫

𝑏

𝑥

𝑓 (𝑠) 𝑑𝑠)

𝑞

𝑑𝑥)

1/𝑞

≤ 𝐶
2
(∫

𝑏

𝑎

V (𝑡)

⋅ 𝑓
𝑝

(𝑡) 𝑑𝑡)

1/𝑝

.

(41)

Inequality (40) can be treated byTheoremA, while inequality
(41) is the standard Hardy-type inequality. This means that
if we combine Theorem 2 and the known results on Hardy-
type inequalities, we can characterize (38) for the case 1 <

𝑝 ≤ 𝑞 < ∞ and 1 < 𝑟 < ∞. Similar splitting can be
done for inequality (39). In [14] inequalities (38) and (39) are
completely characterized for all relations between 𝑝, 𝑞, and
𝑟, where 1 ≤ 𝑝 < ∞, 0 < 𝑞 < ∞, and 0 < 𝑟 ≤ ∞. The
characterization method in [14] is not based on the integral

splitting. Thus, due to the splitting, our main inequalities
(1) and (2) allow characterizing inequalities (38) and (39).
However, inversely, inequalities (38) and (39) do not help to
characterize inequalities (1) and (2).

Let us also notice that when 𝐾(⋅, ⋅) = 1 inequalities (38)
and (39) were considered in [15–17].

3. Applications

(1) Let a function 𝑔 : 𝐼 → 𝑅 have generalized derivatives up
to 𝑛th order; 𝑛 > 1. Let 0 ≤ 𝑘 ≤ 𝑛 − 1. Now we consider the
inequality

󵄩󵄩󵄩󵄩󵄩󵄩

󵄩󵄩󵄩󵄩󵄩
𝑅
𝑛−𝑘

(⋅, ⋅, 𝑔
(𝑘)

)
󵄩󵄩󵄩󵄩󵄩𝑟,𝑤

󵄩󵄩󵄩󵄩󵄩󵄩𝑞,𝑢
≤ 𝐶

󵄩󵄩󵄩󵄩󵄩
𝑔
(𝑛)󵄩󵄩󵄩󵄩󵄩𝑝,V

, (42)

where the inside norm ‖𝑅
𝑛−𝑘

(⋅, ⋅, 𝑔
(𝑘)

)‖
𝑟,𝑤

is takenwith respect
to the second argument of the function𝑅

𝑛−𝑘
and the function

𝑅
𝑛−𝑘

(𝑡, 𝑥, 𝑔
(𝑘)

) is the (𝑛 − 𝑘)th remainder of Taylor’s formula
of 𝑔(𝑘); that is,

𝑅
𝑛−𝑘

(𝑡, 𝑥, 𝑔
(𝑘)

) = 𝑔
(𝑘)

(𝑡) −

𝑛−𝑘−1

∑

𝑖=0

𝑔
(𝑘+𝑖)

(𝑥) (𝑡 − 𝑥)
𝑖

𝑖!
. (43)

In the case 𝑘 = 0 we have

𝑅
𝑛
(𝑡, 𝑥, 𝑔) = 𝑔 (𝑡) −

𝑛−1

∑

𝑖=0

𝑔
(𝑖)

(𝑥) (𝑡 − 𝑥)
𝑖

𝑖!
. (44)

Moreover, ‖ ⋅ ‖
𝑝,V stands for

󵄩󵄩󵄩󵄩𝑓
󵄩󵄩󵄩󵄩𝑝,V = (∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨𝑓 (𝑥)

󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

. (45)

By integration by parts it is easy to see that for 𝑥 > 𝑡 we have

𝑅
𝑛−𝑘

(𝑡, 𝑥, 𝑔
(𝑘)

)

=
(−1)
𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫

𝑥

𝑡

(𝑠 − 𝑡)
𝑛−𝑘−1

𝑔
(𝑛)

(𝑠) 𝑑𝑠

fl 𝐺
−

𝑘
(𝑡, 𝑥, 𝑔

(𝑛)
) .

(46)

Similarly, for 𝑥 < 𝑡 we get

𝑅
𝑛−𝑘

(𝑡, 𝑥, 𝑔
(𝑘)

)

=
1

(𝑛 − 𝑘 − 1)!
∫

𝑡

𝑥

(𝑡 − 𝑠)
𝑛−𝑘−1

𝑔
(𝑛)

(𝑠) 𝑑𝑠

fl 𝐺
+

𝑘
(𝑡, 𝑥, 𝑔

(𝑛)
) .

(47)



Journal of Function Spaces 9

Therefore, inequality (42) holds if and only if the follow-
ing inequalities simultaneously hold:

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑥

𝑎

󵄨󵄨󵄨󵄨󵄨
𝐺
−

𝑘
(𝑡, 𝑥, 𝑔

(𝑛)
)
󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

,

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑥

󵄨󵄨󵄨󵄨󵄨
𝐺
+

𝑘
(𝑡, 𝑥, 𝑔

(𝑛)
)
󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

.

(48)

Thus, if we denote 𝐸
±

𝑘
fl 𝐸
± and 𝐹

±

𝑘
fl 𝐹
± when 𝐾(𝑠, 𝑡) =

(𝑠−𝑡)
𝑛−𝑘−1, fromTheorems 2, 3, 5, and 6wehave the following.

Theorem9. Let 0 ≤ 𝑘 ≤ 𝑛−1. Let 1 < 𝑝 ≤ 𝑞 < ∞ and 1 < 𝑟 <

∞. Inequality (42) holds if and only if𝐸
𝑘
= max{𝐸−

𝑘
, 𝐸
+

𝑘
} < ∞.

Moreover, 𝐸
𝑘
≈ 𝐶, where 𝐶 is the best constant in (42).

Theorem10. Let 0 ≤ 𝑘 ≤ 𝑛−1. Let 0 < 𝑞 < 𝑝 < ∞,𝑝 > 1, and
1 < 𝑟 < ∞. Inequality (42) holds if 𝐹

𝑘
= max{𝐹−

𝑘
, 𝐹
+

𝑘
} < ∞.

Moreover, 𝐶 ≪ 𝐹
𝑘
, where 𝐶 is the best constant in (42).

Remark 11. If inequality (42) holds, then the inequalities

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑎

󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛−1)

(𝑥) − 𝑔
(𝑛−1)

(𝑡)
󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

,

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑎

󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑘)

(𝑥) − 𝑔
(𝑘)

(𝑡)
󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶((∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

+

𝑛−1

∑

𝑖=𝑘+1

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑎

󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑖)

(𝑡) (𝑥 − 𝑡)
𝑖−𝑘󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

) , 0 ≤ 𝑘 < 𝑛 − 1,

(49)

also hold.

(2) In this part of the paper we investigate the inequality

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑎

󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑘)

(𝑥) − 𝑔
(𝑘)

(𝑡)
󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

(50)

for 0 ≤ 𝑘 < 𝑛 − 1 with the conditions

lim
𝑡→𝑎
+

𝑔
(𝑖)

(𝑡) = 𝑔
(𝑖)

(𝑎) = 0,

lim
𝑡→𝑏
−

𝑔
(𝑖)

(𝑡) = 𝑔
(𝑖)

(𝑏) = 0

for 𝑖 = 𝑘, 𝑘 + 1, . . . , 𝑛 − 1.

(51)

When 𝑟 = 𝑞 inequality (50) turns to the inequality

(∫

𝑏

𝑎

∫

𝑏

𝑎

󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑘)

(𝑥) − 𝑔
(𝑘)

(𝑡)
󵄨󵄨󵄨󵄨󵄨

𝑞

𝑢 (𝑥)𝑤 (𝑡) 𝑑𝑡 𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

.

(52)

Characterization of inequality (52) with conditions (51) is
associated with open problem 2 in book [13, page 297].

First, we consider the inequality

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑥

𝑎

󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑘)

(𝑥) − 𝑔
(𝑘)

(𝑡)
󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

(53)

for 0 ≤ 𝑘 < 𝑛 − 1 with the conditions

lim
𝑡→𝑏
−

𝑔
(𝑖)

(𝑡) = 𝑔
(𝑖)

(𝑏) = 0 for 𝑖 = 𝑘, 𝑘 + 1, . . . , 𝑛 − 1. (54)

Let 𝑔(𝑛)(𝑡) = 𝑓(𝑡); then we have

𝑔
(𝑘)

(𝑡) =
(−1)
𝑛−𝑘

(𝑛 − 𝑘 − 1)!
∫

𝑏

𝑡

(𝑠 − 𝑡)
𝑛−𝑘−1

𝑓 (𝑠) 𝑑𝑠,

𝑘 = 0, 1, . . . , 𝑛 − 1.

(55)

Therefore, for 𝑥 > 𝑡,

𝑔
(𝑘)

(𝑡) − 𝑔
(𝑘)

(𝑥)

=
(−1)
𝑛−𝑘

(𝑛 − 𝑘 − 1)!
[∫

𝑏

𝑡

(𝑠 − 𝑥)
𝑛−𝑘−1

𝑓 (𝑠) 𝑑𝑠

− ∫

𝑏

𝑥

(𝑠 − 𝑡)
𝑛−𝑘−1

𝑓 (𝑠) 𝑑𝑠]
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=
(−1)
𝑛−𝑘

(𝑛 − 𝑘 − 1)!
[∫

𝑥

𝑡

(𝑠 − 𝑡)
𝑛−𝑘−1

𝑓 (𝑠) 𝑑𝑠

+ ∫

𝑏

𝑥

[(𝑠 − 𝑡)
𝑛−𝑘−1

− (𝑠 − 𝑥)
𝑛−𝑘−1

] 𝑓 (𝑠) 𝑑𝑠] .

(56)

In the case 𝑛 > 2 and 𝑘 = 𝑛 − 2 we have

𝑔
(𝑛−2)

(𝑡) − 𝑔
(𝑛−2)

(𝑥) = ∫

𝑥

𝑡

(𝑠 − 𝑡) 𝑓 (𝑠) 𝑑𝑠

+ (𝑥 − 𝑡) ∫

𝑏

𝑥

𝑓 (𝑠) 𝑑𝑠.

(57)

In the case 𝑛 > 2 and 0 ≤ 𝑘 < 𝑛 − 2 for 𝑠 ≥ 𝑥 ≥ 𝑡 we use the
following relation:

(𝑠 − 𝑡)
𝑛−𝑘−1

− (𝑠 − 𝑥)
𝑛−𝑘−1

≈ (𝑥 − 𝑡) [(𝑠 − 𝑥)
𝑛−𝑘−2

+ (𝑥 − 𝑡)
𝑛−𝑘−2

] .

(58)

From (56), (57), and (58) we have

𝑔
(𝑘)

(𝑥) − 𝑔
(𝑘)

(𝑡)

≈ ∫

𝑥

𝑡

(𝑠 − 𝑡)
𝑛−𝑘−1

𝑓 (𝑠) 𝑑𝑠 + (𝑥 − 𝑡)
𝑛−𝑘−1

∫

𝑏

𝑥

𝑓 (𝑠) 𝑑𝑠

+ 𝛾 (𝑘, 𝑛) (𝑥 − 𝑡) ∫

𝑏

𝑥

(𝑠 − 𝑡)
𝑛−𝑘−2

𝑓 (𝑠) 𝑑𝑠,

(59)

where 𝛾(𝑘, 𝑛) = 0 when 𝑘 = 𝑛 − 2 and 𝛾(𝑘, 𝑛) = 1 when
0 ≤ 𝑘 < 𝑛 − 2.

From (59) we obtain

(∫

𝑥

𝑎

󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑘)

(𝑥) − 𝑔
(𝑘)

(𝑡)
󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

≈ (∫

𝑥

𝑎

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

𝑥

𝑡

(𝑠 − 𝑡)
𝑛−𝑘−1

𝑓 (𝑠) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

1/𝑟

+ (∫

𝑥

𝑎

(𝑥 − 𝑡)
𝑟(𝑛−𝑘−1)

𝑤 (𝑡) 𝑑𝑡)

1/𝑟 󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

𝑏

𝑥

𝑓 (𝑠) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

+ 𝛾 (𝑘, 𝑛) (∫

𝑥

𝑎

(𝑥 − 𝑡)
𝑟
𝑤 (𝑡) 𝑑𝑡)

1/𝑟

⋅

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

𝑏

𝑥

(𝑠 − 𝑡)
𝑛−𝑘−2

𝑓 (𝑠) 𝑑𝑠

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

.

(60)

Consequently, the validity of inequality (53) is equivalent
to the simultaneous validity of the following inequalities:

(∫

𝑏

𝑎

𝑢 (𝑥)

⋅ (∫

𝑥

𝑎

(∫

𝑥

𝑡

(𝑠 − 𝑡)
𝑛−𝑘−1

𝑓 (𝑠) 𝑑𝑠)

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶
1
(∫

𝑏

𝑎

V (𝑥) 𝑓
𝑝

(𝑥) 𝑑𝑥)

1/𝑝

,

(61)

(∫

𝑏

𝑎

𝑊
−

𝑚
(𝑥) (∫

𝑏

𝑥

(𝑠 − 𝑥)
𝑚−𝑘

𝑓 (𝑠) 𝑑𝑠)

𝑞

𝑑𝑥)

1/𝑞

≤ 𝐶
2
(∫

𝑏

𝑎

V (𝑥) 𝑓
𝑝

(𝑥) 𝑑𝑥)

1/𝑝

(62)

for 𝑚 = 𝑘 and 𝑚 = 𝑛 − 2, where 𝑊
−

𝑘
(𝑥) = 𝑢(𝑥)(∫

𝑥

𝑎
(𝑥 −

𝑡)
𝑟(𝑛−𝑘−1)

𝑤(𝑡)𝑑𝑡)
1/𝑟, 0 ≤ 𝑘 < 𝑛 − 1.

Inequality (61) can be characterized byTheorems 2 and 5
when 𝐾(𝑠, 𝑡) = (𝑠 − 𝑡)

𝑛−𝑘−1.
Inequality (62) can be characterized by Theorem A if we

denote 𝐴
−

𝑞,𝑚
(𝑎, 𝑏) fl 𝐴

−
(𝑎, 𝑏) and 𝐵

−

𝑞,𝑚
(𝑎, 𝑏) fl 𝐵

−
(𝑎, 𝑏),

where we replace 𝐾(𝑠, 𝑡) by (𝑠 − 𝑡)
𝑚−𝑘, 𝑤 by 𝑊

−

𝑚
, and 𝑟 by

𝑞. Then by Theorem A inequality (62) is valid if and only if
𝐴
−

𝑞,𝑚
(𝑎, 𝑏) < ∞ for 1 < 𝑝 ≤ 𝑞 < ∞ and 𝐵

−

𝑞,𝑚
(𝑎, 𝑏) < ∞ for

1 < 𝑞 < 𝑝 < ∞.
Thus, the following hold.

Proposition 12. Let 𝑛 ≥ 2 and 0 ≤ 𝑘 < 𝑛 − 1. Let
1 < 𝑝 ≤ 𝑞 < ∞ and 1 < 𝑟 < ∞. Suppose that 𝑔

satisfies condition (54).Then inequality (53) holds if and only if
𝐷
−

𝑘
= max{𝛾(𝑘, 𝑛)𝐴−

𝑞,𝑛−2
(𝑎, 𝑏), 𝐴

−

𝑞,𝑘
(𝑎, 𝑏), 𝐸

−

𝑘
} < ∞. Moreover,

𝐷
−

𝑘
≈ 𝐶, where 𝐶 is the best constant in (53).

Proposition 13. Let 𝑛 ≥ 2 and 0 ≤ 𝑘 < 𝑛 − 1. Let
1 < 𝑞 < 𝑝 < ∞ and 1 < 𝑟 < ∞. Suppose that 𝑔

satisfies condition (54). Then inequality (53) holds if 𝑀
−

𝑘
=

max{𝛾(𝑘, 𝑛)𝐵−
𝑞,𝑛−2

(𝑎, 𝑏), 𝐵
−

𝑞,𝑘
(𝑎, 𝑏), 𝐹

−

𝑘
} < ∞. Moreover, 𝑀−

𝑘
≈

𝐶, where 𝐶 is the best constant in (53).

A similar result can be written for the inequality

(∫

𝑏

𝑎

𝑢 (𝑥) (∫

𝑏

𝑥

󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑘)

(𝑡) − 𝑔
(𝑘)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑟

𝑤 (𝑡) 𝑑𝑡)

𝑞/𝑟

𝑑𝑥)

1/𝑞

≤ 𝐶(∫

𝑏

𝑎

V (𝑥)
󵄨󵄨󵄨󵄨󵄨
𝑔
(𝑛)

(𝑥)
󵄨󵄨󵄨󵄨󵄨

𝑝

𝑑𝑥)

1/𝑝

(63)

with the conditions

lim
𝑡→𝑎
+

𝑔
(𝑖)

(𝑡) = 𝑔
(𝑖)

(𝑎) = 0 for 𝑖 = 𝑘, 𝑘 + 1, . . . , 𝑛 − 1. (64)

Here we need the following notations: 𝐴+
𝑞,𝑚

(𝑎, 𝑏) fl 𝐴
+
(𝑎, 𝑏)

and 𝐵
+

𝑞,𝑚
(𝑎, 𝑏) fl 𝐵

+
(𝑎, 𝑏), where we replace 𝐾(𝑠, 𝑡) by
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(𝑠 − 𝑡)
𝑚−𝑘, 𝑤 by 𝑊

+

𝑚
for 𝑚 = 𝑘 and 𝑚 = 𝑛 − 2, where

𝑊
+

𝑘
(𝑥) = 𝑢(𝑥)(∫

𝑏

𝑥
(𝑡 − 𝑥)

𝑟(𝑛−𝑘−1)
𝑤(𝑡)𝑑𝑡)

1/𝑟, 0 ≤ 𝑘 < 𝑛 − 1,
and 𝑟 by 𝑞.

Proposition 14. Let 𝑛 ≥ 2 and 0 ≤ 𝑘 < 𝑛 − 1. Let
1 < 𝑝 ≤ 𝑞 < ∞ and 1 < 𝑟 < ∞. Suppose that 𝑔

satisfies condition (64).Then inequality (63) holds if and only if
𝐷
+

𝑘
= max{𝛾(𝑘, 𝑛)𝐴+

𝑞,𝑛−2
(𝑎, 𝑏), 𝐴

+

𝑞,𝑘
(𝑎, 𝑏), 𝐸

+

𝑘
} < ∞. Moreover,

𝐷
+

𝑘
≈ 𝐶, where 𝐶 is the best constant in (63).

Proposition 15. Let 𝑛 ≥ 2 and 0 ≤ 𝑘 < 𝑛 − 1. Let
1 < 𝑞 < 𝑝 < ∞ and 1 < 𝑟 < ∞. Suppose that 𝑔

satisfies condition (64). Then inequality (63) holds if 𝑀
+

𝑘
=

max{𝛾(𝑘, 𝑛)𝐵+
𝑞,𝑛−2

(𝑎, 𝑏), 𝐵
+

𝑞,𝑘
(𝑎, 𝑏), 𝐹

+

𝑘
} < ∞. Moreover, 𝑀+

𝑘
≈

𝐶, where 𝐶 is the best constant in (63).

The validity of inequality (50) with conditions (51) is
equivalent to the simultaneous validity of inequalities (53)
with (54) and (63) with (64).Therefore, from Propositions 12,
13, 14, and 15 we have the following.

Theorem 16. Let 0 ≤ 𝑘 < 𝑛 − 1. Let 1 < 𝑝 ≤ 𝑞 < ∞ and 1 <

𝑟 < ∞. Suppose that 𝑔 satisfies conditions (51).Then inequality
(50) holds if and only if 𝐷

𝑘
= max{𝐷−

𝑘
, 𝐷
+

𝑘
} < ∞. Moreover,

𝐷
𝑘
≈ 𝐶, where 𝐶 is the best constant in (50).

Theorem 17. Let 0 ≤ 𝑘 < 𝑛 − 1. Let 1 < 𝑞 < 𝑝 < ∞ and 1 <

𝑟 < ∞. Suppose that 𝑔 satisfies conditions (51).Then inequality
(50) holds if 𝑀

𝑘
= max{𝑀−

𝑘
,𝑀
+

𝑘
} < ∞. Moreover, 𝑀

𝑘
≈ 𝐶,

where 𝐶 is the best constant in (50).
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