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Estimating the growth of meromorphic solutions has been an important topic of research in complex differential equations. In
this paper, we devoted to considering uniqueness problems by estimating the growth of meromorphic functions. Further, some
examples are given to show that the conclusions are meaningful.

1. Introduction and Main Results

Assuming that the reader is familiar with the notations and
results on Nevanlinna theory [1] and the applications of
normal family theory on estimating the growth of mero-
morphic functions (see [2-4]), it is an interesting attempt
to consider the growth properties of meromorphic functions
under the condition involved sharing value or some complex
differential (or difference) equations (see [5-9]).

For a meromorphic function f, the order p(f) and
hyperorder o(f) of f are defined as follows [1]:

logT (1, f)
=i _— -7
p(f) Hrlligp logr
loglog T (r, f) ®
) oglogT (r,
=1 _
o(f) =limap =2

Let f(z) and g(z) be two nonconstant meromorphic
functions in the complex plane C, and let «(z) be a meromor-
phic function or a finite complex number. If g(z) — a(z) = 0
whenever f(z) — a(z) = 0, we write f(z) = a(z) = g(z) =
a(z). If f(z) = a(z) = g(z) = a(z) and g(z) = a(z) =
f(z) = a(z), we write f(z) = a(z) & g(z) = a(z) and
say that f(z) and g(z) share a(z) IM (ignoring multiplicity).
If g(z) — a(z) = 0 whenever f(z) — a(z) = 0 and the

multiplicity of the zero z, of g — « is greater than or equal
to that of the zero z;, of f — «, then we denote this condition
by f(z) —a(z) = 0 — g(z) — a(z) = 0. Let R be a rational
function which behaves asymptotically cr” as r — co, where
¢ # 0, 3 are constants. The degree of R at infinity is defined as
degR := deg_ R := max{0, 3}.

In the following, for a linear differential polynomial of f,
we write

L(f) =af® +a S+ raf vaf +af )

where a;,a,,...
integer.

In 1986, Jank et al. [10] proved that, for an entire function
f,if f and f' share a finite nonzero value a IM and if f(z) =
a= f'(z) = a,then f = f'. In 2006, Wang [11] replaced the
value a by a polynomial Q # 0 and obtained the following
result: let f be a nonconstant entire function, let Q be a
polynomial of degree g > 1, and let k > g be an integer. If

f and f' share Q CM and if f(z) = Q(z) = f*(z) = Q(2),
then f = f'.

In 2010, Lii and Yi [12] obtained the following results.

,a, (# 0) are constants and k > 2 is an



Theorem 1. Let f be a nonconstant meromorphic function
with finitely many poles, and let R be a nonzero rational
function. If

f(z)=R(z) = f' (2) =R (2),
f (@) =R(z)=|L(f)(@)| < (M+0(1)[R(2),

where M is a positive number, then f is of order at most 1.

(3)

Theorem 2. Let f be a nonconstant meromorphic function
with finitely many poles, and let R be a nonzero rational
function such that f and R have no common poles. If

f@) =R = [ (2)=R(),
f'@) =Rz =L(f)() =Rz, @
f(2)-R(z)=0— f(2)-R(2) =0,
then one of the following three cases holds:

() f(z) = be” and Tr_ya, =

constant;

1, where b is a nonzero

(ii) R reduces to a constant, say a, and a, + a, +
k —
Yo, a,c""! = 1 for some nonzero constant c such that

1 —
@ =pes - 1079 ©
c
where b is a nonzero constant;

(iil) R is a nonconstant polynomial with degR =1 < k -2,

f(2) = e + Q(z), and

a,+a; =1,
a2:a3:"':al:0,
(6)
k
Z ancnf(lﬂ) =0,
n=I+1

where A,c are two nonzero constants and Q is a
polynomial such that cQ — Q =(c-1R.

Problem 3. In Theorem 1, we see that f, f', and L(f) share
one function with zero order. So it is natural to ask what will
happen if they share a function of infinite order or positive
finite order?

Considering Problem 3, we derive the following results.
Theorem 4 (main theorem). Let R be a nonzero rational

function and let f,y be two entire functions. Let k (> 2) be
an integer and let L( f) be defined as (2). If

f@)=ak) = f'(z)=a(2),
fl @) =a@) = |L(f)@)| < M+o(1)|a(z),

7)

where « = Re” (a« # o), and if « — &' has at most finitely
many zeros, then a(f) < o(a) = p(y).
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The following examples show that our conclusion o( f) <
p(p) really exists and is sharp.

Example 5. Let f(z) = Ae®, where A is a nonzero constant.
Leta(z) = ¢ **. Noting that f = f' = f® (k > 2), we have

f@)=ak) = f(2)=al2),

8)
flf@=a@ = P @) =al).

Obviously, a(z) — o' (z) = ¢¢ has no zeros. Thus it satisfies
the assumptions of Theorem 4 and o(f) = 0 < o(«x) = 1.

Example 6. Let f(z) = 2¢* and a(z) = (4zz—z+2)ezz. Noting
that f = f' = f%, then

fR=ak) = f(2)=a(z),
fl@=a@= Y@ =a@).
It satisfies the assumptions of Theorem 4 and o(f) = 0.

Example 7. Let f(z) = 4z — 8z + 8, a(z) = 22°. Noting that
fz f # ' then f(z) - a(2) = 2(z - 2)°, f'(2) — a(2) =
2(z - 2)% and f"(2) - alz) = 22 - 2)(2 + 2). It is easy
to see f(z) = a(z) = f'(z) = a(z) and f'(2) = a(z) =
f "(z) = a(z) and o( f) = o(w). It satisfies the assumptions of
Theorem 4 and o(f) = () = 0.

Example 8. Let f(z) = z* Ae® + 2" + 82° + 242% + 48z + 48 and
a(z) = z* +82° + 2427 + 48z + 48, where A = e* is a constant.
Differentiating f twice yields f'(z) = (z* + 42°)Ae® + 42° +
24z° +48z+48and f''(z) = (2*+82° +122%) Ae” +122° +48z +
48; then f(z) = a(z) = f'(z) = a(z) and f'(z) =a(z) =
f"(2) = a(z). Thus o(f) < o(a), but f £ f'.

Theorem 9 (main theorem). Let f be a meromorphic function
with at most finitely many poles, and let « = Re? (a # o),
where R (# 0) is a rational function and Q is a nonconstant
polynomial. Let k (> 2) be an integer and let L(f) be defined

as (2). Then p(f) < degQ, if
f@=ak) = f (2)=a(2),
fl@=a@)=|L(f)(@)|<M+0Q1))|a(z)|.

(10)

Example 10. Let f(z) = 4€°, a(z) = ze**!, so p(f) = 1, and
degQ = 1. Noting that

f@=ak = f (@) =a),
flf@)=ak = P =a@),

then p(f) =1<degQ = 1.

(11)

Remark 11. Example 10 illustrates that the conclusion of
Theorem 9 really occurs.
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Problem 12. 1f the rational function R is replaced by a

function &« = Re® (here Q is a polynomial) in Theorem 2,
what will happen?

Investigating Problem 12, we obtain the following result.

Theorem13. Let f be a nonconstant transcendental meromor-
phic function with finitely many poles. Let « = Re? (here Qis a
polynomial and o # ') be a function and let R be a nonzero
rational function such that f and R have no common poles, and

let L(f) be defined as (2). Let p(«) < p(f). If
f@=ak) = f (2)=al2),
fl@=a@)=L(f) @) =a),

and f'(z) -a(z) =0~ f(z) —alz) =0, then the conclusions
of Theorem 2 still hold and Q(z) must be a constant.

(12)

2. Some Lemmas

In order to prove our theorems, we need the following
lemmas.

Normal families, in particular, of holomorphic functions
often appear in operator theory on spaces of analytic func-
tions; for example, see in [13, Lemma 3] and in [14, Lemma 4].
Using the same method of the famous Pang-Zalcman Lemma
[15, Lemma 2] and the result of Lii et al. [8, Lemma 2.1, page
595], it is easy to obtain the following lemma. It plays an
important role in the proof of Theorems 4 and 9.

Lemma 14 (see [8, 15]). Let {f,} be a family of meromorphic
(analytic) functions in the unit disc A. If a, — a, |a| < 1, and
f,f (a,) — oo, and if there exists A > 1 such that If,f(z)| <A
whenever f,(z) = 0, then there exist
(i) a subsequence of f,, (which we still write as { f,}),
(ii) points z,, — z, |zo| < 1,
(iil) positive numbers p, — 0,

such that p,' f,(z, + p,&) = g,(&) — g(&) locally uniformly,
where g is a nonconstant meromorphic (resp., entire) function

on C, such that p(g) < 2 (resp., p(g) < 1), gﬁ(f) < ga(O) =
A+ 1, and

M
fi(a,)

where M is a constant which is independent of n.
Here, as usual, gﬁ(ﬁ) =1g' @I/ (1+ |g(£)|2) is the spherical
derivative.

Pn = (13)

The next lemma is an extending result obtained by Lii and

Qi in [16].

Lemma 15 (see [16]). Let f be a meromorphic function of
hyperorder o(f) > 0. Then, for any € > 0, there exists a
sequence z,, — 00 such that

fi(z,) > e (14)

for large enough n, where d = o(f) if o(f) < oo ord is an
arbitrary positive number.

Lemma 16 (see [5]). Let f(z) be an entire function with
p(f) > 1; then for each 0 < u < p(f) — 1, there exist points
a, — 0o (n — 09), such that

@)

A

= +00. (15)

Lemma 17 (see [17]). Let g be a nonconstant entire function
with order p(g) < 1, let k > 2 be an integet, and let a be a
nonzero finite value. If g(z) = 0 = g'(z) = a and g'(z) =
a= g(k)(z) = 0, then g(z) = a(z — z,)), where z,, is a constant.

Lemma 18 (see [1]). Suppose that f(z) and g(z) are two
nonconstant meromorphic functions in the complex plane with
p(f) and p(g) as their orders, respectively. Then

p(fg) <max{p(f).p(9)}
p(f+g)<max{p(f),p(9)}-

The following lemma is from the proof of Theorem 2 in
[18] (see pages 493-495 in [18]). It plays an important role in
the proof of Theorem 13.

(16)

Lemma 19 (see [18]). Let f and « be two meromorphic
functions of finite order such that both f and « have finitely
many poles, f and o have no common poles, and the order of o
is less than the order of f. Let F = f—acand A = a—o/, let P be
a nonzero polynomial, and let Q be a polynomial. If F is a
solution of differential equation

F 1 A
_ k-4

F a7)
F P F

>

then Q reduces to a constant and P reduces a constant.

3. Proof of Theorem 4

In the proof, we use some ideas of [8, 19-21]. The proof of
Theorem 4 is as follows.

Noting that o« = Re?, thus (&) = p(y). So we just need to
obtain o(f) < p(y).

On the contrary, suppose that o(f) > p(y). Take d such
that o(f) > d > ¢ = p(y), and set H := f — a. Then

ODH=0=>H =a-d,
(I) H' =a-do = |[LH)| < (M +0(1))|a| + |L(«x)].

Put=a-a' = (R-R -Ry')e’ and ¢ = (M +0(1))|a| +
|L(@)| = AlPg,e?|. Here Py, = R® + Ry™ + REDy 4oy
R(y")¥ is a differential polynomial about R and y and A is a
positive number. Set F = H/f3. Obviously, o(F) = o(f). By
Lemma 15, then for 0 < € < (d — ¢)/2, there exists a sequence
w,, — 00 as n — oo such that

F)—e

F (1) > 0" 5 ol

(18)



Noting that = « — &' has at most finitely many zeros,
then there exists a positive number r such that F has no poles
inD={z:|z| >r}.

In view of w,, — 00 as n — 00, without loss of generality,
we may assume |w,,| > r+1 foralln. Define D, = {z : |z| < 1}
and

F(2) = F(w, +2) = L(n*2) 19)

B(w, +2)’

then every F,, is analytic in D,. Now, fixz € D,. If F,(z) = 0,
then H(w, + z) = 0. It is clear from (I) that H'(wn +z) =
B(w, + z). Hence (for n large enough)

H (w,+z) H(w,+z)B (w,+2)

|7 (2)| = Bw,+z) Pw,+z) B(w,+2)

(20)
=1

Also F,nl(O) — 00 as n — 00. It follows from Marty’s criterion
that (F,),, is not normal at z = 0.

Therefore, we can apply Lemma 14. Choosing an appro-
priate subsequence of (F,),, if necessary, we may assume that
there exist sequences (z,,), and (p,), with |z,| < r < 1 and
P, — 0 such that sequence (g,),, is defined by

9. = p,'E, (2, + puL)

_ —lH(wn+zn+pn()
w2+ pd)

(21)
— g ()

locally uniformly in C, where g is a nonconstant entire

function of order at most 1. Moreover, ga(f) < gu(O) =2
forall¢é € Cand

M M —|1U |dfe
<—F——=—7~<Me"™ 22
P HO Fw) ¢y
for a positive number M.
We claim that
 H® w, +2z,+p,
Lc 1 ( P, () N g(k) © (23)

B(w, +z, + p,0)

locally uniformly in C.

Using the mathematical induction, we prove the claim as
follows.

From (21), we have

H, (wf’l + Zfl + Pf’lc)
B (w, + 2, + p,)

g, =

H (wn +z,+ pn() ﬂ, (wn +zZ,+ pnC)
:B (wn +z,+ Pnc) ﬁ (wn +z,+ pn()

(24)
_H'(w,+2,+p))
T B(w, +z,+p,L)

ﬁl(wn+zn+Pnc) N
ﬁ(wn+zﬂ+pnc)

() g Q.
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Noting that § = a—a’ = (R-R'~Ry')e” and ¢ = a—a® =
Py, e’ we have B'/B = (R'+Ry'-R"-2R"y'~Ry" ~Ry"*) /(R
R’ —Ry")and p(y") = p(y") = p(#'*) = p(y) = c. In view of
the definition of order, we have

ﬁ,

B

z=w,+z,+p,{

RI + RY’ _ R” _ ZR,’}/’ _ R'y” _ RyIZ
R-R - Ry

(25)

Z=W,+2, +P,C

< |wn|qM(|wn +z,+ p,,(] ,y')

c+e

< lwal" M (2[w,] ') < w, [

where A is a positive constant and q is an integer. Noting that
0 <e < (d-c)/2,wehaved —€ > c+e. Then, combining (22)
and (25) yields

’H(wn+zn+pn()ﬂ’(wn+zn+pn()|
ﬁ(wﬂ+zn+Pﬂ()ﬁ(wn+Zﬂ+Pnc)

- B (w, + 2, + pud)
|0 | N
<M |9n (C)| |wn|q eAIwnl”e-|wn|dfe o
as 1 — 0o.
From (24) and (26), we deduce that
Plutatd) g © 27)

B(w, +z, + p,)

locally uniformly in C, which implies that the claim is right
when k = 1.
We assume that the claim is also right when k = J; that is,

/-1 H(l) (wn +z,+ Pn()
! ﬁ (wn +z,+ pn()

— 4" © (28)

locally uniformly in C.

Define G, ({) = p (HP (w,, + 2, + p,0)/ B(w, + 2, + p,L)).
Then

G, ()

— Pl H(l+1> (wn +z,+ Pn()
! ﬁ(wn +z,+ pn()

VHO (w, + 2, + p,0) B (w, + 2, + p0)
P B (W, + 2+ p) B(w, + 2, + p0)  (29)
I H(l+1) (wn + zn + Pn()
" ﬁ(wn+zn+pn()

B (w, +z, + p,L)
B(w, +z,+p,{)

- 0,G, () —g"©
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locally uniformly in C. Note the fact that
ﬁl(wﬂ+zn+PﬂC)
B (w, + 2, + paf)
We immediately derive that
pl H(Hl) (wn t2,+ pnC)
" B(wyt 2+ )

locally uniformly in C, which finishes the proof of the claim.
Furthermore, we have

py 'L (H) (w, + 2, + p,0)
ak/j (wn +z,+ Pnc)

PaG (©) — 0. (30)

— g"© (31)

_PTH® (w, + 2, + p,0)

32
B+ 2, ) G2

pS_IQOH (wn +z,t pnc)
akﬁ (wn +z,+ Pnc)

locally uniformly in C.
We claim that

Mg =0=4@0=1,
2 g0 =1=4g"@Q=0.

Suppose that g({;,) = 0; then by Hurwitz’s theorem there
exist {,,, {,, = {,, such that (for n sufficiently large)

2 H(w, +z, + pug,)
L (0,) = p o Pond g, (33)
)= g w2 )
Thus H(w, + z,, + p,{,) = 0; by (I) we have
HI (wn + Zﬂ + pncn) = ﬁ (wn + zﬂ + PTLC”) N (34)
By (27), we derive that

—g"©

§ (@)= lim Lt E )
nmeo ﬁ (wn + Zn + Pn{n)
which implies that g({) =0 = ¢'({) = 1.

To prove (2), suppose that g'(1,) = 1. We know g' # 1;
otherwise gﬁ(O) < 1 < 2 is a contradiction. Hence by (27)
and Hurwitz’s theorem, there exist 7, — #, such that (for n
sufficiently large)

H' (w, + 2, + py) = B(w, + 2, + pt,) . (36)
It is obvious from (II) that [L(H)(w, + z, + py)l <
AlPy €' (w, + 2, + p,n,)|. By (23), (32), and p(y™*) = p(y') =
p((P"F) = p(y) = ¢, similarly with (25) and (26), we obtain

1, (35)

=0

(k) . Pilqc_lL (H) (wn +z, + Pnﬂn)
g (n) = lim
ak:B (wn +z,+ pnnn)
Pg,
a (R-R' - Ry')

(37)

< lim pfflA =0

Z=Wy,+Z,+Putly
which yields (2). By Lemma 17, it is easy to deduce that g({) =
{ — by, where b, is a constant; then g*(0) < 1 < 2, which is also

a contradiction.
Thus, we complete the proof of Theorem 4.

4. Proof of Theorem 9
Set H = f — . Then

() H(z) =0 = H'(2) = a(z) — &' (2),
(I H' (z) = a — &' = |L(H)| < (M + o(1))|a] + |L(ex)].

Put g = a—-a = (R-R -RQHR = RleQandcp =
(M +o(1))la] + [L(et)| = A|Rye?|. Here R, = R® + RQ™W +
R&DQ 4+ ..+ R(Q')k, R, (# 0) and R, are two rational
functions, deg R, = deg RQ'¥, A is a positive number. Set F =
H/B.

Noting that 8 = «—a' has at most finitely many zeros and
f has finitely many poles, then there exists a positive number
r such that F has no polesin D = {z : |z| > r}.

If p(F) > deg Q, by Lemma 16, for every 0 < y < p(F) -1,
there exist w,, — 00, such that, for n — oo,

Ft
lim (w;]) - +00. (38)
n—0o0 |wn|

In view of w,, — 00 as n — 00, without loss of generality,
we may assume |w,,| > r+1 foralln. Define D, = {z : |z| < 1}
and

H(w, +z
M; (39)
B(w, +2)

then every F, is analytic in D,. Now, fixz € D,.If F,(z) = 0,

then H(w, + z) = 0. It is clear from (I) that H'(wn +z) =
B(w, + z). Hence (for n large enough)

F,(z2)=F(w,+z) =

H' (w,+2) H(w,+2)p (w,+2)
B(w,+z)  B(w,+2) B(w,+2)| (40)

F, (2)| =
=1.

Also Ffl(O) — 00 asn — oo. It follows from Marty’s criterion
that (F,),, is not normal at z = 0.

Therefore, we can apply Lemma 14. Choosing an appro-
priate subsequence of (F,),, if necessary, we may assume that
there exist sequences (z,,),, and (p,), with |z,] < r < 1 and
P, — 0 such that sequences (g,,),, is defined by

9. Q) =p, 'F, (2, + pl) — g () (41)

locally uniformly in C, where g is a nonconstant entire

function of order at most 1. Moreover, gu(f) < gu(O) =2
for all £ € C and

M M e
< ——=——<Mlw,|" 42
P By 4
for a positive number M.
We claim that
L H® (w +z,+
: 1 (w, pib) . g(k) © (43)

ﬁ(wn+zn+pn()

locally uniformly in C.



Using the mathematical induction, we prove the claim as
follows.

From (41), we have
H' (w, + 2, + p.d)
ﬁ(wn+zn+PnC)

g9, =

_H(wn+zn+PnC):8,(wn+zn+pnC)
ﬁ(wn+zn+Pn()ﬁ(wn+zn+pn{)

(44)
_ H, (wn +2,t Pnc)

- ﬂ(wn+zn+Pnc)

ﬁ,(wn+zn+p”lc)
B(w, +z,+ p,L)

- a9, () — 4 Q.
Noting that § = « - o = RleQ and ¢ = (M + o(1))|«| +

|L()| = AIRzeQI, we have

ﬁ,

B

R, +R,Q’
R,

Z=w, +2,+p,{ Z=w, +2,+p,{

RI _ RII _ 2RIQI _ RQH + RQI _ RQIZ
R-R - RQ'

(45)

z=w,+2,+p,{

=0 (Jw,[").

By (38) and (42), combining with p(F) > degQ and 0 <
p < p(F) — 1, we deduce that
Jim wlip, < lim M w, [ =0, (46)
wherel, = deg((R'-R"-2R'Q'-RQ" +RQ'-RQ"*)/(R-R' -
RQ)) = deg((R'/R-R"/R-2(R'/R)Q' -Q" +Q' -Q"*)/(1-
R'/R-Q")) = deg Q' isa fixed constant. Then, combining (38),
(42), (45), and (46) yields

H(w, +2z,+p,0) B (w, +2z,+ pno‘
B(wn+zn+pn{)ﬁ(wn+zn+pnq)

B (w, + 2z, + p,0) (47)
ﬁ(wn +Zﬂ +Pnc)

Prudn (©)

<M|g, Q) |wn|lﬂks — 0, asn— co.
From (44) and (47), we deduce that

H’ (wﬂ +zn +pﬂ()
B(w, +z,+ p,L)

— g © (48)

locally uniformly in C, which implies that the claim is right
when k = 1.
We assume that the claim is also right when k = J; that is,

-1 H(l) (wn +z,+ Pn()
" B(w, 2+ pid)

— g% (49)

locally uniformly in C.
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Define G,,({) = pL ' (H? (w, + 2, + p,)/ B(w,, + 2, + p,0)).
Then
G, ()
P HY (w, + 2, + p.d)
TP B (w, + 20t p0)

_ IH(I)(wn+Zn+pnc)ﬁ,(wn+zn+Pnc)
P B (W, + 2+ p0) Bw, + 2, + p0)  (50)
_ 1 H(l+1) (wn +z,t PnC)
~ PR (w, + 2, + pd)

ﬁ’(wn+zn+pn<)
B(w, + 2, + pu)
locally uniformly in C. Note the fact that

- 0,G, (0) — g

ﬁ,(wn+zn+PnC)
ﬁ(wn+zn+pnc)
We immediately derive that

PGy (©) — 0. (51)

pl H(Hl) (wn +z,+ pn()
! ﬁ(wn tZ,t PnC)

locally uniformly in C, which finishes the proof of the claim.
Furthermore, we have

ph L (H) (w, + 2, + p,g)
akﬁ (wn +z,+ PnC)

— g"© (52)

_ pﬁ_lH(k) (wn T2t Pn()
ﬂ (wn tz, + Pnc)

(53)
+ Pﬁ_lalH, (wn + Zn + p}’lc)
akﬁ (wn +z,+ Pnc)

PE_IQOH (wn + Zp + Pnc)

ak:B (wn +z,+ Pn()

locally uniformly in C.

We claim that

Mg)=0=4@) =1,

@ 4dQ=1=4g"0=0

The proof of (1) is exactly the same as in the proof of
Theorem 4. To prove (2), just replace (53) in the previous
proof by

—g? Q)

pi L (H) (w, +2, + pitly)
ak:B (wn +z,+ pnr]n)

9" () = lim

@ (W, + 2, + pu1ly)
akﬁ (wn +z,+ pnrln)

(54)
R2 (wn + Zy + pnr]n)
Ay (R -R - RQ’) (wn +z,+ Pn”n)

= fim (0 (fl”)).
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Here I, = deg(R,/(R - R' = RQ")) = deg(R,/R/(1 - R'/R -
Q) = deg(Q')k_1 is also a fixed constant.

By (38) and (42), combining with p(F) > degQ and 0 <

p < p(F) — 1, we deduce that

,,ILH,}wafP:_I < nh_,noloM|w"|lz_(k_l)(M+e) =0, (55)
which yields (2). From Lemma 17, it is easy to deduce that
g({) = { - b, where b, is a constant; then gﬁ(O) <1 <2,
which is also a contradiction.

So p(F) < degQ. Next we will prove p(f) < p(F) <
degQ.

If p(a) < p(f), noting that p((x—oc') < p(«), by Lemma 18,
then p(F(oc—oc')) < max{p(F), p(«)}. Dueto F = (f —«)/(a—
«'), we have f=a+Fla- «'). Thus, by Lemma 18, p(f) <
max{p(), p(F(e — a'))} < max{p(a), p(F)}. Then, it follows
from p(a) < p(f) that p(f) < p(F) < degQ.

If p(0) = p(f), noting that p() = degQ, we obtain
p(f) = pla) = deg Q.

If p(a) > p(f),dueto F = (f —a)/(ax — o) = (f - ReQ)/
ReR = f/RleQ —R/R;, hence f = (F + R/R,)R,e?. Because
R/R, is a rational function, we get p(R/R,) = p(R,) = 0. By
Lemma 18, we may obtain degQ = p(ReQ) = pa) < p(f) <
max{p(F + R/Rl),p(RleQ)} < max{p(F),p(RleQ)} < degQ,
a contradiction.

At last, we obtain p(f) < degQ.

Thus, we complete the proof of Theorem 9.

5. Proof of Theorem 13
Now we distinguish two cases.

Case I (if Q is a nonconstant polynomial). By the assumption
of Theorem 13 and the result of Theorem 9, we easily deduce
that f is of order at most deg Q. Define

_fl-a
#_f—oc' (56)

The fact that f is transcendental and p(«) < p(f) implies
yu # 0.

Because of f'(z) —a(z) =0 = f(z2) —afz) = 0, it
is easy to obtain that y has no zeros. With the assumption
f(z) = alz) = f’(z) = a(z), we derive that f — « has
finitely many multiple zeros. We know that the possible poles
of y are from the multiple zeros of f — « and the poles of f;
thus ¢ has finitely many poles. Moreover, from (56), we have
p(u) < p(f) < deg Q. Therefore, we can set

_ 1 Qe
Y= P (Z)e , (57)

where P is a nonzero polynomial and deg Q" is at most deg Q.
SetF = f —aand A = & — «. We obtain

Q*

eQ = (58)

-
SIS

Iﬂ
F_

By Lemma 19, we get Q" and P; both are constants. Thus 4 is
a nonzero constant. Set y = ¢, rewriting (56) as

fl=cf+(Q-c)a=cf +H, (59)

where H = (1 - ¢)a.

Ifc = 1,then f = f' and f(z) = be®, where b is a nonzero
constant. So p(f) = 1. Since Q is a nonconstant polynomial,
we get p(a) = p(ReQ) > 1. It is a contradiction with the
condition p(a) < p(f).

Next, we consider ¢ # 1. Differentiating (59) k — 1 times
yields

f(k) = ckf M H+ M H 4+ cHEY

(60)
+H*Y,
Furthermore, we get
k k k
L(f)=Yac'f+Yacd ' H+YacH +--
n=0 n=1 n=2
(61)
k
+ Z a PP 4 +akH(k71)
» .
n=p+1
Set
k k
¢ = Zanc”(x + Zancnf1 (1-0a
n=0 n=1
k
+ Zancm2 1-c)a +---
n=2
k
+ Z a, PV 1 -c)a? 4.
n=p+1
(62)

+a.(1-c¢) ok

k k
— — !
- <a0+a1 + Zanc" 1)oc+ Zanc” ‘(1-0)a

n=2 n=2

k
oot Z a,c PV (1 -c)a? ...
n=p+1

+a.(1-c¢) ak ) = RleQ.

Obviously, R, is a rational function.

Suppose z, is a zero of f — a. Substituting H = (1 - ¢)«
and z,, into (61), we get a(z;) = ¢(z,); this shows that z, is
also a zero of & — ¢.



Next, we will prove that &« = ¢. Otherwise, we assume
that « # ¢. Combining the above discussion and the fact
that f — « has finitely many multiple zeros yields

gl )

>+O(logr)

<N (r,
(63)

- N(r,m> +0 (logr)
= 0(logr),

and it implies that f — « has finitely many zeros. Thus we can
set f — a = Ry(2)e, where R, is a rational function and Q,
is a polynomial and degree at most deg Q. Differentiating the
above equation leads to

'@ =d (2)+ (R, + QR,) €. (64)

By the fact that f — « has finitely many zeros and the
assumption f'(z) = a(z) — f(z) = a(z), we deduce that
f' — & also has finitely many zeros. Noting that

fl@)-a)=a(z)-alz)

(65)
+ (R; (z) + Q. (2) R, (z)) e,

thus & — &' or R} + R,Q; = 0. By the assumptions of
Theorem 13, « # o, this is impossible.

If R, + Q|R, = 0, then R,/R, = —Q|. By the definition,
we get deg(R}/R,) = 0 and also deg Q| = 0. So we may set
Q, = bz+d or Q; = a, where b is a nonzero constant and a, d
are two constants.

IfQ, = a,then f = a+a.So p(f) = p(a). It is a
contradiction about the condition p(«) < p(f).

IfQ, =bz+d, then f —a = Rz(z)eb“d. So (64) changes
to

f'=a' + (R, +bR,) e, (66)

and (65) turns into
f/ —a=d —a+ (R; + bRZ) e, (67)
Thus o — ' = 0 or R} + R,b = 0. Also & # ' is impossible. If

R, + R,b = 0, then b = 0, a contradiction.
At last, we complete the proof of

o =¢. (68)
Next, we distinguish the following subcases.

Subcase 1.1 (R is not a polynomial). Suppose that g, is a pole
of R with multiplicity m. By (62) and the fact that ¢ # 1 and
a, is a pole of ¢ with multiplicity m + k — 1, it contradicts (68).

Subcase 1.2 (R is nonconstant polynomial). From (62), R,
is a polynomial. By simple calculation, we get degR, =
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deg(R(Q')kil). Combining with (68), we deduce degR =
degR, = deg(R(Q')k_l) =degR+ deg(Q')k_l. SoQ=mz+n
and p() = 1. Here m is a nonzero constant, and # is a
constant.

By integrating (59), we have
f(z) =2+ A(z)e™, (69)

where A is a nonzero constant and A is a polynomial.
So p(f) <1 = p(«), a contradiction.

Subcase 1.3 (R is a constant). Set R = a. So a = ae®. As
subcase 1.2, we also get Q(z) = mz + n. Here m is a nonzero
constant, and # is a constant. Integrating (59) yields

f(z)=la(l-c¢) J ez 4 ¢, | €%, (70)
where ¢, is a constant.

If m = c, by calculation, f(z) = (ab(1 - ¢)z + ¢, )e” (here
b = ¢" and ¢; is an arbitrary constant), and p(f) = p(a) = 1,
a contradiction.

Som # ¢, by calculation; f(2z) = ab(1—-c¢)(1/(m—c))e™ +
¢y e (hereb = " and ¢; is an arbitrary constant), and p(f) <
1 = p(«), a contradiction.

Case 2. If Q is a constant, because f is a transcendental
meromorphic function, obviously the condition p(«) < p( f)
anda # o hold.

So Theorem 13 turns into Theorem 2, and the results of
Theorem 2 still hold.
The proof is completed.
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