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We prove that every bounded linear operator on weighted Bergman space over the polydisk can be approximated by Toeplitz
operators under some conditions. The main tool here is the so-called (1, 1)-Berezin transform. In particular, our results generalized
the results of K. Nam and D. C. Zheng to the case of operators acting on o/5 (D").

1. Introduction

Let D be the unit disk in C and dAH(z) =c,(1- |z|*)*dA(z) be
a positive standard weighted probability measure on D, where
the weighted parameter fulfills 4 > —1 and the normalized
constant ¢, = p+ 1. For a fixed positive integer n, the polydisk

D" is the Cartesian product of n copies of D and
dA) (z) =dA, (z;)---dA, (z,) €]

is the normalized weighted Lebesgue volume measure on the
polydisk D". The Bergman space Mi([D") = &ii([D”, dA))
is the set of all analytic functions on D" in L}(D",dA,) =
La(ID"). As is well known di(lD”) forms a closed subspace of
La(ID”) and has the structure of reproducing kernel Hilbert
space. We denote by B, the Bergman projection of L} (D")
onto eszii([D"). In case of A = 0, .Qié([D”) is the unweighted
Bergman space denoted by o/*(D"). Given an essentially
bounded measurable function a € L®(D"), we write T,
for the Toeplitz operator with the symbol a, which acts on
di(l]])") as T, f = By(af). That is, the Toeplitz operator is
defined as the compression of a multiplication operator on
L3 (D") onto the Bergman space. The Toeplitz algebra T(L*)
is the closed subalgebra of #(</3) generated by {T, : a €
L®(D")}, where & (ﬂi) denotes the algebra of all bounded
linear operators on di(lD”).

Due to their simple structure Toeplitz operators form an
important, tractable, and intensively studied subclass in the

algebra & (di) of all bounded linear operators on &Ii(ID”).
The natural question is whether the Toeplitz algebra is dense
in the algebra of all bounded linear operators on the Bergman
space. On unweighted Bergman space over the unit disk and
even more general domain in C, it is proved in [1] that the
Toeplitz algebra is dense in the algebra of all bounded linear
operators in the sense of strong operator topology (SOT).
In general, it is not true if the SOT is replaced by the norm
topology.

Nam and Zheng give a criterion for bounded operators
approximated by Toeplitz operators on &/*(D"). Since the
Berezin transform is a useful tool to study operators on any
reproducing kernel Hilbert space, the m-Berezin transform
for any bounded linear operators acting on &/*(D") was
defined in [2]. The operator S € & (Li) can be approximated
in the norm by Toeplitz operators on the unit ball (see
[3]) by using the m-Berezin transform. In [4], the (k, a)-
Berezin transform for complex-valued regular measures
on the weighted p-Bergman space over the unit ball was
defined and studied. Using it, they show that every S €
F(L™) can be approximated by certain localized operators
and introduce a way to connect the behavior of these localized
operators with the Berezin transform. The (m, A)-Berezin
transform for general bounded operators acting on the
weighted Bergman space di(B”) was defined in [5] and the
authors establish various results on norm approximations via
the (m, A)-Berezin transform and describe conditions under
which a bounded linear operator S can be approximated



in norm by Toeplitz operators whose symbols are bounded
functions.

In this paper, we will define and study the (m, 1)-Berezin
transform for general bounded operators acting on the
weighted Bergman space o/3(D") in the third section. The
(m, A)-Berezin transform of a Toeplitz operator T, acting on
&ii(lD”) coincides with (0, A + m)-Berezin transform for T,
considered on the weighted Bergman space /3., (D"). We
will show that the (1, 1)-Berezin transforms are commuting
with each other. In Section 4, we will establish various results
on norm approximation by the (m, A)-Berezin transform.
More precisely, we describe how to approximate a bounded
linear operator S on o/;(D") in norm by Toeplitz operators
whose symbols are bounded functions which are given as
the (m, A)-Berezin transform of the initial operator S under
some conditions. We would like to point out that these results
generalize ideas and theorems in [2] to the case of operators
acting on .,Qf (D™).

2. Preliminaries

Let D" = {z = (2,...,%,) : lz;| < 1, fori=1,...,n} be the
polydisk in C" equipped with the standard weighted measure
(1), where A = (A4,...,A,) is fixedand A; > -1 for any i =
1,...,n. Foravector A = (A,,...,1,) € R" and a positive
integer m we will employ the notations

Am=A +m,..., A, +m),

A +m| = Z(Ai+m) =nm+2/\i,
i1 i1 2

n

(A +m] :H(/\i+m).

i=1

In addition, if A; is a positive integer for any i = 1,...,n and
m > 0, A and A + m are multi-index. Let Z, = {0,1,...}
be the set of nonnegative integers. With o € Z'}, we use the
standard notations 2% = z{* -+ 2%, ! == oy ! - - o) and || =
o+t

Asweall know, forallaw € Z” and A =
A; > -1, fori=1,...,n, wehave

(Aq>...,A,), where

T (e +1)T(A; +1)

wmf¢muﬂrwm+@ ®

i=1

and then {e, = w”‘||w“||;j\ : « € Z'}} is the standard ortho-

normal basis of di(lD”). The reproducing kernel in di(lD”)
is given by

1 1
K w) = [ [———1 4
=[] TR (4)
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for z, w € D", and the normalized reproducing kernel
Kw) = KXw)/IK = KXw)/\K}z) = T[], -
1,211 - Zw)*™). For z € D" let ¢ (w) =
(¢, (W), ..., ¢, (w,)), where ¢, (w;) = (z; —w))/(1 - w;z),
fori = 1,...,n; then ¢, (w) is an automorphism on D" that
interchanges 0 and z. Let (/)L(w) = ((/)é1 (wl),...,¢;n(wn));
then

[wm:ﬁ@w»IIM ®

i=1 ZiW; )

Given z € D", introduce the unitary operator U, on </ (D")
given by U f = f o ¢, - [(¢1)*/7], where [(¢)**""]
[T, (¢;i)(2+/\,.)/2‘ It is easy to see that U, is self-adjoint and so
U? = I. We have U, f (w) = (-1)*" M2 £ (~w).

For a fixed z € D" we define an automorphism on the
algebra 3(527 ) of all bounded operator on sz([D”) by S —
S, = U,SU, € ZL(of3). In particular, if S = T, is a Toeplitz
operator, then (T,), =T,

The principle difference between the unit ball B” and
the polydisk D" is that the later domain is reducible,
which involves the tensor product structure of various
objects introduced and studied in the paper. In particu-
lar, [3(D",dA,(2)) = I3 (D,dA, () ® --- ® L] (D,
dA, (z,) and o3 (D", dA,(2)) = o3 (D,dA) (2))®--®
ﬂin(lD, dA An(zn)). Therefore, for the orthonormal basis of
ﬂi(l]])”) and the reproducing kernel in &Iﬁ(ID”), we have w® =
® w* and Ki(w) = Kgll (w)® - ®

al...wa" = w“l®...

w
Kl (w,).

The unitary operator U, on o/3(D") can be written by
U,=U, & -oU, . Infact, Uw" = ¢X(w) - (¢, (w))*V" =

Hl ()] ()22 = (¢ (w)-(¢], (10,) g

-8 (¢ (w,) - (@, ()M =U, v e @ U, w =
U, ®- ®U )(wo‘l@ -@uw” )IfSEff(&i )canbewrltten
byS S,®--®S, thenS, =S, [ ®-®S, .

Let S, = S;(o/}) denote the class of trace operators on
&ii(lD”). Given T € S,, we write tr[T] for its trace and recall
that the trace norm of T is given by ||T| s, = trl VT*T]. Given
f,g € d3(D"), the rank-one-operator f®gactingon o/;(D")
by the formula (f ® g)h = (h, g), f obviously belongs to S;.
It is easily proved that f ® g isin S; and with norm equal to
If®gls = lflly- gl and tr[f ® g] = (f, ). Recall
as well that if T € S, has rank #, then one has the inequality
ITls, < ate[T*T])Y?. The pseudo-hyperbolic metric on
D" is defined as p(z, w) = max, ;¢ (w;)].

Throughout the paper and as a convention we will denote
by C(n, 1) a positive constant depending only on n and A and
appearing in various estimates and whose value may change
at each occurrence.
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3. The (m, A)-Berezin Transform

Recall that m-Berezin transform for unweighted Bergman
space over the unit disk and over the unit polydisk was
defined in [6] and [2], respectively. We will follow the recipe
in [2] and first introduce some notation. Put

e (™Y
Coa = (1) N L (6)
1 n

so that, for z, w € D", we know
m m
Y Y Cu T =[]z @)

Forz € D", A = (4;,...,A,) € R", and a positive integer m,
let K7™ (u) = [T} 1(1/(1 -z,

A generalization of the concept of m-Berezin transform to
an arbitrary bounded operator on the Bergman space &/*(D")
requires a modification of the definition in [2].

Deﬁnition 1. We define the (m, A)-Berezin transform of S €
< (Qf ) by

(Bm,/ls) (Z)

A 1] (8)
_[[;T: Z ZCma(Sw s w), .

It is easy to see that the following pointwise estimate

A+m+1] & n
|(Bm,/\s) (Z)l < "S" W%zz:o e anzz:o |Cm,(x|

. ||w"‘||)t =C\,m,n)|S|,

where the constant C(A,m,n) > 0 is independent of z € D";
that is, B, ;S is a bounded function on D" with ||B,, S|, <
C(A, m,n)||S]|.

In [5], the (m, A)-Berezin transform of S € .Sf(eszfi([D))
is defined by (B,;S)(z) = (A + m + 1)/(A +
1) Z;":O(—l)k (") (S,w", W), for the case of the unit
disk B' = D. From the point of view of the tensor product
structure, given an elementary tensor S = §; ® --- ® S, €
Z(d3 (D,dA, (2))) ® - ® Z(d3 (D,dA, (z,)), its
(m, A)-Berezin transform for A = (A,,...,A,) obviously and
naturally has to be defined as

(ByS) (2) = H(mAS)(z) 1"[“’“+1

Ai+1

) . " o
.aizzo (_1) ' ( o ) <(Si)z,- wi ,wi >Ai

3
A+m+1] & o
- A’fl] Zo Z(Ul()
()4, wut),
A+m+1] &
A W), = T 2
. i Cona (Sow*w%), .
o, =0
(10)

Unfortunately, the set of those tensor product operators is not
a linear space; that is, for any operator S € Z(o/3(D")), S
cannot be written in the form of the tensor product operators.
Therefore, we define for any operator S € g(di(ﬂ)”)) with
(10), and this coincides with Definition 1. If S can be the tensor
product form, this definition is the tensor product of (m, A;)-
Berezin transform for the case of n = 1.

As usual we define the (m, A)-Berezin transform of a
function a € L*(D") by

B, (@) (2) = (B To) (2)

MULLADE zcm«T) W),

A+1] =

(1)

It is easy to see that B, ,(a)(z) = Iu)n ao ¢ (wydA,, ().
Thus, (m, A)-Berezin transform of a Toeplitz operator T,
acting on &/ i(ID") coincides with (0, A+m)-Berezin transform
for T, now considered on the weighted Bergman space
o, (D).

From the definition of ¢, (1;), we have the identity 1 —
¢, W), (W) = (1 - 12,11 - W) /(1 - Zu,)(1 - W;z)), for
u;, w; € Dandi = 1,...,n. The following proposition gives
an integral representation of the (m, 1)-Berezin transform.

Proposition 2. Let S € 3’(&7 ), m>=0,andz € D”. Then

)/\,-+m+2

By () (2) = “”””1‘[(

8 J . J (1 -wu)" K () (12)

KM (w) S*KY (u) dA ) (u) dA, (w).

Proof. For S ¢ 3(&7 ) and w e D", we have S(¢;
TTE @) )W) = (S@ - T @) ™), K0, =
@ - TTL @)K, and Un® = ¢f(w) -
1‘[;;1(¢;i)‘2”i’/ ?. Using those by (5) and (7), we have



B,,2 (S)(2) = M;T:]l] Z Zcmtx<s W', w >

;=0

m

el $ (s T [0
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o a, 1
CAAm+1] ¢ UL o
VR alz anzcmaxjuy J[D"(pz (®)
T )™ g2 (w) - ]_[ (¢ ()™ ™" $*K () dA, () dA, (w) (13)

i=1

- L

[/\+m+1 J’ J
B [A+1 D"

[)t+m+1
[}t+1

1 B |Zi |2)m+2+/\i

i=1

Proposition 3. Let S € 3(52? ), m =0, and z € D". Then

A At
Bm,)t (S) (=) = %H (1 _ |Zi|2))t 2
i=1

. ZO Zocm,“ (s(wKI"™), w"
o= «,=
Proof. We have

(14)

K

KA (w) S*K) (u) dA ), (u) A, (w)

B o J J TUK™ (1)
o, =0 o, =0 b* JD"

KA (w) S*KY (u) dA ), (u) A, (w)

m m 1
= ZO Zocm,a JDnS(uaK;”+ ) ()
o= a,=

-wr KM (w) dA (w) = i

;=0

(15)

. i Con (S (WK™ WK
o,=0 D

For z, w € D", put t; (¢Z (w)z; - /A - zigbzi(wi)),
fori = 1,...,n In ([2], P98) the map Py, 0P, 0Py, isa

(1=, () s () (4 () ™" (8, ()™ 7KL () dar, () dA (w)

(1 - ;)" KT () K (w) S*KX () dA, (u) A, (w)

(1=1af)"" [ [ =) K 0 KT @) SRE W) dA, () dA ).

O

unitary map of D and maps ¢; to 1. Let t = (¢,£5,...,
tu = (t,uy,...,tu,), foru e D".

t,) and

Lemma 4. Forz, w € D",

UwUz = ‘/tU(/)z(w)’ (16)

where (V, £)(11) [T, @72, for

feds 1(D").

— t(2+/\)/2f(tu) tmd t(2+/\)/2 —

2+/\)/2(t )06 t(2+/11)/2(t1w1)0(1 ® - ®

®Vw"—(V ®- ®V)w,

Proof. Since V,w”
AR (RTTI d =V, wf

then V=V, ®® V It is suﬁﬁaent to show that n=1.
For z, w,t € ID and/\ > =1, ¢, ° Py w)(trr) = ¢, (). Thus
fork >0,

U U = U, (9560 (8 0) ™) = (9
) S CORT ) N ()
= (¢¢z(w) (tu))k . (¢; o, o ¢¢z(w) (tu) - ¢! 1)

() -1) " = (850 ()

)(2+)t)/2

!
° Po.(w) (t4) - by ()

k
(B0 (tw) -t = ViUs, ()t
O

Note that t?*"/2 is a complex number of modulus one.

Theorem 5. Let S € ff(szfi), m >0, and z € D"; then
Bm,/\Sz = (Bm,)ts) ° ¢z' (18)
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Proof. By definition,

(Bm,)tsz) (0)

_ [)L+m+1]

NS DIRE ZCWX(SUOw U™,

;=0 «,

(19)
A+m+1] &
B ATI] Z ZCm‘x(Sw s w*))

o, =0 o, =

= (Bm,AS) (Z) = (Bm,AS) ° ¢z (0) .

For any 57 € D", by Proposition 2, Lemma 4, and VtVt* =
we have

(Bm,ASz) (’1) = (Bm,ASz) ° ¢;1 (0) = (Bm,)u (Sz),]) (0)

_[A+m+1] 1 o m
= —[/\+1] JnJD 1_[(1 wiui)

nos
i=1

((8,),)" Kb (w)dA, (u) dA, (w)

C[A+m+1] 1 o m
T A1) Jnng(l i)

(20)

-U,U,S*UU, K} (u) dA, (u) dA, (w)

_[A+m+1] 1 o m
RSy Jnjnn(l i)

“ViUy pS* Uy p Vi Kby () dA, (1) dA, (w)
= (Bm,AS@(n)) (0) = (B,,28) bs,p (0) = (BnS)
°¢. ().
Then we have B, ,S, = (B,,,S) © ¢,. O

Lemma 6. Let S € ff(sziz) and m, j
for any w € D", then

> 0. IfIS"K}(w)| < C

(Bm,)»Bj,A) (8) = (Bj,ABm,/\) OF (21)

Proof. By Theorem 5, we only prove that (B,,;B;,)(S)(0) =
(Bj),\Bm,,\)(S)(O). Using Proposition 2, Fubini’s theorem, and
(11), we have

A n

M+m+1][A+j+1]
[A+1] [A+1]

- w[*)" dA, (w) =

n

Aj+m+j+2 _ i ir
L IO ] 0yt o

5
KL (1) $TKY () dA, () dA, (17) dA, (w)
S Am+ 1] [A+j+1]
TRl A+ JnjnF’”’f(c’”)
S K} () dA, () dA, (),
(22)

where  F,, (¢,n) = MTLa - 78 f,a
|wi|2)Ai+m+j+2K1{,+/\(()Kiz+A(77)dA,\(w)- Then Fm,j(c’n) =

Z£=1 H;({)G,(n), where H; and G; are holomorphic functions
and for some I > 0. Then, it is sufficient to show that
E,,;((,0) = F;,,({,0), forw € D".

B, GO =+ [P
i=1

=B R O daw)

= U (- 6Py
i=1

[ =l ) R |
o
k. @) dA @) = A+ 1] (1—|C| )"
. J ) (1 _ |wi|2)2M+m+j+2 |KZ:+)L (C)'z JA (w)
= Fj,m (() C) .
=

Lemma 7. For any S € 55(52@), there is a sequence {SB}
satisfying |S;K2(w)| < C(B) for any w € D" and z € D",
such that B, \Sg converges to B,, ) S pointwise.

Proof. Let H*® = H*(D") denote the algebra of bounded
holomorphic functions on D". Both the density of H™ in
o/3(D") and the density of finite rank operator in the ideal %
of compact operators on #(f3) imply that the set {25:1 fi®
9i» [i»9; € H®} is dense in the ideal % in the norm topology.
Note that # is dense in the space of bounded operators on
o3 (D") with respect to the strong operator topology. Thus,
foreach S € & (.szfi), there is a sequence {Sﬁ} of finite rank
operators Sg = Zl](f 1) fpj ® gp; converging strongly to S.
Then Proposition 2 shows that B,, ;S converges to B,,,S
pointwise. To finish the proof we estimate

1(13)

sK: (w)' gﬁ1®fﬁJ)K (w)

=

1(B) .

= Z (K (W), fg; W), gp,; W)
£




Ip)
< 2 i @) |gs; )|
=1

)
< 2 sl lomiles =€ B)-
=

(24)
O

Proposition 8. Let S € L(of3), and m, j > 0; then
(Bm,,\Bj,,x)(S) = (Bj,,\Bm,,x)(S)

Proof. Let S € £(of3); then Lemma7 implies that there
is a sequence {S,} satisfying ISZK:(w)I < C(a); hence by
Lemma 6

Bm,A (Bj,ASot) = Bj,)t (Bm,/\Szx) . (25)

From (11), we know that B, ,(B;,S,) = jD" (BjrSa) ©
6, () dA () and (B}, © bl = [BSules <
IBiall - ISl < C(j, MIISIIl. Furthermore (Bj1Sa) © ¢.(w)
converges to (B 5. 1S) o ¢ (w). As a consequence the functions
B,,1(B;1S«) and B; (B, ,S,) converge to (B, B;,5)(2) and
(Bj\B,,18)(2), respectively. By the uniqueness of the limit, we
have (Bm,ABj’A)(S) = (Bj,ABm’A)(S). O

Theorem 9. LetS € & (&ii); then there is a constant C(n, 1) >
0, such that

|(By,1S) (2) = (ByS) (w)| < C(m, M) Sl p (z,w) . (26)
Proof.
|(BO,AS) (2) - (BO,)LS) (w)| = |<Sz1’ 1>A - (Sul, 1>/\|
=[S, (1e1) =S, (1e1)]]
=|r[S,(1®1)-SU, (U,U,1eU,U,1)U,]|
= 'tr [SZ (1 ®1-— U¢w(z)1 ® U¢w(z)1)]'
<[s.]-|re1-Uy 1 ®U¢w(z)1||51 (27)

" 2 1/2
(2+1,)/2
, 1
<1,H<¢¢Wi(z,-)> > >
A

i=1

< V2. (z -2

n 2+1,)/2 1/2
<2|s) [1 T, ) ] :

i=1

Let o; = ¢, (z;); we have

[1 - ﬁ (1- |ai|z)<zﬂi),2]

i=1

=1-(1- |061|2)(M1)/2
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(1- |“1|z)<z+A1>/z [1 ~ ﬁ (- |oc,.|2)(2”")/2]

i=2

n

<C) e[ + [1 -T10- |ai|2)‘2”f)/2]

< C(n,A) max |oc,~|2 ,
1<i<n
(28)

where C(n,1) = n - max,;,C(};); we obtain [(By;S)(z) —
By S)(w)| < C(n, V)|Sllp(z, w). O

Corollary 10. LetS € 3(.52@), anda = B,,S € L™(D"); then

lim |B,,,a-al_ =0. (29)

m—00

Proof. Lete > 0;choose § > 0 with |a(z)—a(w)| < e whenever
z,w € D" with p(z,w) < 8. Ifw € D", m € N, by (11), we have

|B,.1 (@) (W) —a(w)| < [A+m+1]

J |ao¢w(z)—ao¢w(0)|
D

. H (1 - |z,.|2)A"+’" dA(z) < [A+m+1]
o (30)

“ +J }|a°¢w(Z)—a
[T, 0<lz;<8 [T, 8<lz1<1

n A
20, O] (1-[2})"" dA ().
i=1
Denote by I the first integral, and

I=[/\+m+1]J

[T, 0<|z,]<6

|BO,/\S (¢w (Z) - ¢w (0))|

T1(-12P) ™" da@ < comrd) sl p0o) Y

i=1
< E&.

In the first inequality we use that p(-, -) is invariant under the
automorphisms ¢, and by the Lipschitz continuity of B ,S.
Now we estimate the second integral above.

[/\+m+1]J |ae ¢, (2)—aed,(0)

[T, 0<lz<1

n

J10- 12" da@ <20 +m+1] - lal,

i=1

(32)

n
. J n (1-1zf?)"" dA(2)
[T, 0<lz1<1 323

)IA|+m

=2[A+m+1]|aly, (1-6° vol (D").

It is clear that the right-hand side converges to zero as m —
00. O
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4. Toeplitz Operators to Approximate the
Bounded Operators

In this section we will give a criterion for an operator
approximated by Toeplitz operators with symbol equal to
their (m, A)-Berezin transforms. From Proposition 1.4.10 in
[7] there exists Lemma 3.1in [2].

Lemma 11 (see [2]). Supposea < 1 anda + b < 2. Then

sup j dA W) <00
zeD" J0" T (1 - |wi|2)a |1 - Z’wi|b

(33)

Let 1 < g < co and let p be the conjugate exponent of g.
Note that the inequality

1 1+2(4;+1)
<maxy————
p-1 1sizn 2+ A

{ 1+Ai}
=max il +
1<i<n 2+)Li

g=1+

(34)

is equivalent to p > max;_;,{(1 + 2(A; + 1))/(1 + A))}.
Lemma 11 gives the following lemma.

Lemma 12. Let S € Z(di) and p > max, ., {(1 + 2(A; +
1))/(1 + M)} and put h(z) = [T, (1 - |z,1*)™ witha; = (1 +
A2+ A)/(1+2(A; + 1)), fori=1,...,n Then there exists
C(n, p, A) such that

J |(SK2) ()| h (w) dA, (w)
b (35)

< Clnp V) S.1],, @)

forallz € D", and

j |(SK2) (w)| h(2) dA, (2)
b (36)

< C(np V) 5510 )

forallw € D".

Proof. Given z € D", the equality U,1 = T2, (¢. )**/? =
H:lzl(_l)(2+li)/2(1 _ |Zi|2)(2+/\i)/2KZA _ (_1)|2+/\|/2H;’l:1(1 _

|z,|)** 42K implies that
(—1)2+2
SK; = SU,1
@2 Yz
[T (1 - |Zi|2)
(-1 nr ez (37)
- n 24 (2+1,)/2 (Szl ° ¢Z) 1_[ (‘pzi)
Hi:1 (1 - |Z,~| ) i=1

A
=S,1.¢,K;.

7
Thus, let u = ¢,(w), and apply the Holder’s inequality
%)
J Mcﬂ“w) =[A+1]
> ITe (1 = [wi] )
|S.10 ¢, (W) K} (w)| 2 .Y
. o 1-|wl|") " dA(w)
J g H?:1(1_|wi|2) 1:1[( )

=[A+1]
. J |S.1 ) o T

"1 (1= o, () (- f)

2

N Cal10 YV S

|1 -z [T (1= 1z])

(38)

J " 2|Sifl(u)| 240,-2a; dAw)

T, (1 ] ) " =z
S S

[T (1 - lzi|2)ai

|1 (u)]

. i dA, (u)
,[Dn I, (1 _ |ui|2)u, |1 B Zui|2+Ai—2ai A

Is:1l,

c—— 2 ([A+1]
H?:l(l_lzif) <

dA (u)

1/q
J[Dn 1—[:1:1 (1 B |ui|2)ai‘1_/\i |1 B Z_iui|(2+/\’_2u’_)q > .

According to (34) wehave g;q—A; < landg;q—A; + (2+A; -
2a;)q < 2,foranyi = 1,...,n. Hence inequality (35) follows
from Lemma 11.

The second inequality (36) follows from (35) after replac-
ing S by S*, interchanging w and z, and making use of

(S"K}) (2) = (s*K{j),Ki‘)A - (K{}J,SKQ)A
(39)

= SK;\ (w),
which holds for all z, w € D". O

Lemma 13. Let S € 3(&@) and p > max, ., {(1 +2(A; +
1))/(1+ A;)}; then

ISl

1/2 12 (40)
<copn) (sl ) (swlsil,,)
zeD" zeD"

where C(n, p, A) is the constant of Lemma 12.



Proof For f € di(D"), (SHw) = (LKL, =
.[[D” f(z)S*Kj(w) dA,(z). Thus S is the integral operator
with kernel function S*Kj(w). By classical Schur’s The-
orem [8], it is sufficient to prove that there exist posi-
tive constants C; = C(n, p, )t)susz,DnIISZIIIP,)L and C, =
C(n, p, A)suppn IS 11l A and a positive measurable function
g on D" such that .[D" |S*K2(w)|g2(w) dA,(w) < C,g%(z)
for almost every z € D" and IID" IS*Ki(w)IgZ(z) dA,(z) <
C,g*(w) for almost every w € D". By Lemma 12, let g = h'/%;
we get the conclusion. O

Lemma 14. Let {S,,} be a bounded sequence in g(d )
such that |By;S,lee — 0 as m — oo Yhen
sup,epnl((S,,), 1, f)I = 0asm — oo forany f € essz\(ID”),
and sup,cpal(S,,),1(-)| — 0 uniformly on compact subsets of
D" as m — co.

Proof. To prove the first statement it is sufficient to check that
for each multi-index k

sup [((S,) Lw)| — 0 (4an)

as m — oo. Since K’\ = [,/ - u—iwi))»i+2) -

[To Yao@le + A + 2)/((x)l"()t + 2))utw =

Z|a|:o(1/“ (MTL,(Tle; + A; + 2)/T(A; + 2)u"w®], by
Proposition 3 and Theorem 5 we have

n

BonSu (6, () = Bo (S,), G0 = [ [ (1 = [ )"™™

i=1

{(S,), KLKD), —H(1—|u| )y
(42)

R R AT (g +2) T (B A +2)
T(A+2) 4 r(A;+2)

I i
lal=0181=0 %" Bl

. o« B\ o B
<(Sm)zw W >Au uP.
Given a multi-index k and r € (0, 1), we have

dA, () = L1l
AR |a|zzom|z:o“! Bl

J By1S,, (¢, () "
D" 1—[:;1 (1 B Iui|2)2+/1i
( A +2)

T(og+A;+2) 2
'H T (A, +2) [1 r(r;+2)

i=1 j=1

(S,

) L T UPAA | () Zz '((Hk)'

kA +2)
T(A;+2) < Sm):

2T (o + A +2) T (g
11 r(A;+2)

i=1
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uw | dA, ()

o otk
. 5 ><
wow >A .[’ID"
i": [A+1]
o ol (a + k)!
DT (g +A+2)T (o +k+ A +2)
r(A;+2) r(A;+2)

((Sw).

i=1

n
-w, w"“’k>}L X J
rD"

i=1

2
‘?‘i‘*’ﬁi
i

(1= wP)" dAw).

u
(43)

Passing to the polar coordinates, the integral part is

Doptthtl YWl Define I (a,b) in the

M,

standard way ([9], Formula 8.392), I.(a,b) = (I'(a + b)/
I(@I(b)) [, t7'(1 - )" dt; then we have
11[ T +k+A;+2)
1T (o +k;+1)T(A;+1)
. Jr pa,-+k,-+1—1 (1 _ p)/\ﬁrlfl dP (44)
0

= HI,Z (o, +k;+ 1,1, +1).

i=1
In addition, (43) equals

2T (o + A +2)

(A +2) <(S"’)Z
<(Sm)z L wk>A

Tl G+ 1A+ 1)+ Y = (45)
i=1 ol

l[=1"""

[ee]
1
2l

To (o +k+1L,A+1) =

wtx wa+k>
> A

_ﬁl"(ai+/\,~+2) <(Sm

)Z wu’ wa+k>/\
1 T(L+2)

Lo (o +k+ LA +1).
Thus we have

{(CORRTON

1 BoaS (¢, ) 7"

_H, T (K +1,1,+1) J,Dn 0 (1 o) )2+AidA/\(”)
v T r( +A +2) at+k
’ |£1az=1w<(sm) w”, w >
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Lo (o +k;+ 1,4 +1)
Lo (k;j+ 1L,A; + 1)

[/\ + 1] "BO,ASm"oo J
s Le (ki +1L,A+1) | o I (

DRI

Jal=1""" i=1

@

1- |”i|

<

2)2+)L,~ dA (u)

o+ A +2)

eyl SR B T PR T

Lo(og+k;+ 1,4 +1)
Lo(kj+ 1L,A; +1)

A + 1] |BoaSnll, 'uk|
dA
[T, L2 (K + LA +1) J;D” I (1- |u1|2)2+,1i (u)
0 n IrZ(“i+k,~+l,Ai+1) )
+C'“|Z:1£1[ Lo(k+ LA +1) 1+Cs,
(46)

where C > 0 is a constant independent of m and z. In the last
estimate we used the boundedness of the sequence S,,, and the
inequality

1 & T+ +2)
aill

at+k
1 T(A+2) +“

[

(47)

T(o;+A;+2)T (o +k;+1)
:H\j IT (o +k; + A, +2) =1

which easily follows from (3). The first summand I above
tends to zero as m — 00. It is sufficient to estimate the second
summand X.

i": Lo (o +k+ LA +1)
Lo(k;+ 1,1, + 1)

al=1i=1

> =
[

ﬁ T(k;+A;+2)
z:1r(ki+1)r(/\i+ 1)

2 -1
: J P (1-p)" dp) (48)
0

Z n F(oc +hki+A;+2)
X
(o, +k;+1)T(A; +1)

la|= 111

2

"tk A
-L P (1-p) dp.

Estimating the multiple (1 — p)* for any i = 1,...,7 in both
integrals (1 — rZ)A" < (1- p)Af < 1l,forA; > 0,and 1 <
(1-p)* < (1-r})" for A, € (~1,0). By ([9], Formula 8.328.2),
T(og+k+A;+2)
oc.gn A+l
TOT (o +k+1) (o + k + 1)

=1 (49)

and thus there exists C; > 0 such that, for all « € Z7, I'(«; +
ki +A; +2)/T(o; + k; + 1)y + k; + 1M < C,. Then

1Al
s DI ) ) ()
i [(ki+A+2) 72k+2
T (“i + ki + Ai + 2) r2(0€,+k,-)+2

T +k+1)T(A;+1) (o +k; + 1)

-IA
)

||=1i=1

(50)

n T(k;+2)
<l_[Cl"(k +A;+2) (1-

. i ﬁ (o + k; + 1) 72,

la|=1i=1

The power series in  in the last line has radius of convergence
equal to 1and vanishes at 0. Thus the value of ¥ becomes small
if one takes r sufficiently closed to 0.

In order to prove the second statement we use the series
representations (3) and (4) again,

|(S,0), 1 w)] = [{(S
= 1 . r(ai+Ai+2)—(x o
< ZZ[QW“’ ]>

i 15T (o + A4 +2)
all 1 T(A;+2)

)z l’K3>A|

|< Sm). L), |- |
oy [((S), Lw™), |

Bl I (i B Bt |<(5m)z 1,w“>/\| |u]

Ialzl“! o1 T A +2) )
L1, o
1 r (‘Xi + /\i + 2) i
< ) — )L
) IaI:O“!H (A +2) |<( ), Lw >A|
S . oc +A+ 2) 3 )
"2l “roiay I8l I

o 2T (o + A +2) N
< Zg Tz)|<smzl’w>)t|

S (5T (o +A;+2) 2
o .
C — Tt 7 ‘=3 >,.
' z(i&mwuﬁ»> ] =24 2,

lacl=1

By the first statement of the lemma the expression X,
uniformly tends to zero as m — oo with [ being already
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fixed. To estimate X, we use the Cauchy-Schwarz inequal-
ity,

< DT (o + A+ 2
o83 ([Tsras) @

jlal=j \'i=1

<3 () ()

=

]' ]1/2 o 00 < 1 )1/2
— u|<C -
[ ! | | JZ; !

n T+ A +2) ) i ap v
B ( T (A, +2) ) (ZE'”') 52

In [5], we get Z|a|:j(j!/“!)|““|2 = |u|¥; we finally have =, <
C z;?;’l(l/jl)lfz((n+j-1)1/j!(n—1)!)1/21‘[;;1(r(j+A,.+z)/r(A,.+
2))/%#1. By choosing I sufficiently large we can make %, as
small as needed. This ends the proof. O

Lemma 15. Let {S,,} be a bounded sequence in £(of3) such
that ||By S, oo — 0 asm — oo. Assume that, for some p >
max, ., {(1 + 2(A; + 1))/(1 + A;)}, the following inequalities
hold:

Zs;gl ”(Sm)z lnp,/l <G,

* (5)
sup [(S;,), 1||p’)t <C,
zeD"

where C > 0 is independent of m. Then S,, — 0 asm — co in

the g(di)-norm.

Proof. By Lemma 13,

1/2
Il =C ) (s 50,1,
’ (54)

1/2
(suplsid.h,) < cOmp.
zeD"

Journal of Function Spaces

Then, for max, ;. {(1 +2(A; + 1))/(1 + A;)} < s < p, Hélder’s
inequality gives

sup [[(S,,), 1“;L < sup J (S, L) dA, (w)
zeD" zeD" JD"\rD"

+ sup _[* [(S,0), 1 ()| dA, (w)

zeD" JrD"

pls I
(s ], () any o)

zeD"

(1-s/p)
. <J da, (w)) (55)
D"\rD"

+ sup J* [(S,0), 1 (w)| dA, (w)

zeD" JrD"
. (1-s/p)
< sup ||(S,,). 1 J dA, (w >
gl ] o

+ sup J* [(S,0), 1 (w)|SdA)L (w).

zeD" JrD"

Then the first term is less than or equal to C*(n(1- 1’2)’\+1 J(A+

1))7? which converges to 0 as r goes to 1 and the second
term tends to 0 as m — oo by Lemma 14. Finally, Lemma 13
gives

12
[Sn]| < C (m,5,1) (sup 1S,0), 1||S’A>
zeD"

1/2
: <SuP 16S5.). 1IIM) <Cns M)
zeD"

(56)
1/2 1/2
(soptsa ) (sl )
— 0,
as m — 0, proving the statement of the lemma. O

Corollary 16. Let S € Z(f3) such that, for some p >
max, ;. {(1 + 2(A; + 1))/(1 + A;)}, the following inequalities
hold

su[DP S,1- (TBMS)Z 1 ’M <C,
z€ 1 >
(57)
g N <
:3]5 S;1 (TBMS )Z 1 ‘P,/\ <G,

where C > 0 is independent of m. Then Ty ¢ — Sasm — oo
in the E(dﬁ)-norm.

Proof. Let S, =S—Tp ¢andby Proposition 8, we have
BO,/\Sm = Bo,/\S - BO,ATBm,As = Bo,AS - Bo,A (Bm,/ls)

(58)
= By2S = B, (By,S).-
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By Corollary 10, the right of equation uniformly tends to 0 as
m — oo thatis, || By ;S,,llo, — 0. An application of Lemma 15
finishes the proof. O

Theorem 17. Let S € Z(dﬁ). If there is p > max;_;,{(1 +
2(A; + 1))/(1 + A}, such that

<G,

sup Tz .syep. 1
D" ( m,A )¢z |p,A

(59)
<C

= L

pA

sup
zeD"

T(8,.150.1
where C > 0 is independent of m, then Ty ¢ — Sasm — oo
in the E(di)-norm.

Proof. Since T(g g0, = (Ip,,s), and T&m,AS)"% = TEM,ASZ =
T5 5. = Ts,,s0 = T(g,,5)9. by Corollary 16, we only need
to prove that (59) implies (53). Hence, it is sufficient to prove
that

sup |81, < co. (60)

By Lemma 13, we have

1/2

[

m,As S C (n3 P’ A) ( Sup ||T(Bm,)ts)°¢z 1
zeD"

1/2
. (sup ) <C,
zeD" 2

where C is independent of m. Let S,, = S — T g then

'p,/\
(61)

T, 06,1

[S,. < C, where C is independent of m. Accordiﬂg to the
proof of Corollary 16, we get lim,,, , 1B, ,S,.l,, = 0. Let f
be an analytic polynomial with || f|| g1 = 1; Lemma 14 implies
sup,epnl{(S,,), 1, f)| = 0asm — co. Then, forany e > 0 and
any z, € D", there is a sufficiently large m such that

(82,1 ), < €8 1)+ ((Ts, ), 1) |

sup [((S). 1 ), (62)

IN

IN

+ |<(TB,,,,AS)ZO 1,f>/\| <e+C,

where C is independent of m and z,,. Since ¢ is arbitrary, we
have inequality (60). O
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