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Let B be the real unit ballin R" and f € &N (B). Given a multi-index m = (my,...
the quantity Sup, g e p(x, s, (1 = Ix)*(1 = [y (10" f (x) -

,m,,) of nonnegative integers with |m| = N, we set

" FWI/1x—yI"[x, '), x # y,where0 <y <landa+B=N+1.

In terms of it, we characterize harmonic Bloch and Besov spaces on the real unit ball. This generalizes the main results of Yoneda,

2002, into real harmonic setting.

1. Introduction

Let B be the real unit ball in R"” with n > 2, where dv is the
normalized volume measure on B and do is the normalized
surface measure on the unit sphere S = dB. We denote the
class of all harmonic functions on the unit ball by H(B). For
f € H(B), Vf(x) denotes the gradient of f. Given a multi-
index m = (m;,...,m,) of nonnegative integers, we use the
notations |m| = m, +--- + m, and

|m|
oS )

ox™  ax™ .. oxpn

For each a > 0, the harmonic a-Bloch space B* consists
of all functions f € H(B) such that

11, = Sgg(l - lez)“ |Vf (x)| < oo, @)

and the little a-Bloch space 9, consists of the functions f €
PB* such that

lim sug (1 - |x|2)a |Vf (x)| =0. (3)

[x|—=17 xe

The harmonic Besov space 9B, is the space of all functions in
H(B) for which

JB (1= 1xP)’ |9f )| dr (x) < o0, (4)
where p > n—1anddr(x) = (1- |x>) " dv(x) is the invariant
measure on B.

Let f be a continuous function in B. If there exists a
constant C such that

% (0y) = (1- 1) (1= pf) "

<G,

f@)-f()
x—y

‘ (5)

forany x, y € B, then we say that f satisfies weighted Lipschitz
condition. By means of it, Ren and Kahler [1] obtained the
following.

Theorem A. Let f € H(B). Then f € B if and only if it
satisfies the weighted Lipschitz condition.

Theorem B. Let f € H(B) and p € (2(n - 1),00). Then f €
B, if and only if

“B Z? (x, y)dr (x)dr (y) < oo. (6)



Let D be the open unit disk in the complex plane C and
let f be a continuous complex-value function in D. Denote

by

(1-12P)" (1~

w?)* | f 2)- D
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~(n-1)

M = sup

zeD,weD(z,r),z+w

where D(z,7) is the hyperbolic disc with center z € D and

radius r, n > 1 an integer, « + 3 = 1, and p"
d"/oz".

In [2], Yoneda characterized harmonic Bloch and Besov
spaces in D in terms of M as follows.

Theorem C. Let f be a complex-value harmonic function in
D. Fix an integer n > 1 and a pair of real numbers o, f such
that o + B = n. Then f € B" (D) if and only if M is bounded.

Theorem D. Let f be a complex-value harmonic function in
D. Fix an integer n > 2 and a pair of real numbers o, 3 such
that o + 3 = n. Then for each p > 1, f € % ,(D) if and only if

I MPd) (2) < oo, (8)
D

where dA(z) = (1 - |z*)da.

See [3-5] for various characterizations of the Bloch, little
Bloch, and Besov spaces in the unit ball of C".

The main purpose of this paper is to give some charac-
terizations for the spaces %%, %, and %,, in the real unit
ball along Yoneda’s direction. In Section 2, we collect some
known results that will be needed in the proof of our results.
Our main results and their proofs are presented in Sections 3
and 4.

Throughout this paper, constants are denoted by C; they
are positive and may differ from one occurrence to the other.
The notation A = B means there is a positive constant C such
that B/C < A < CB.

2. Preliminaries

We will be using the same notation in [1, 6]: we write x, y €

R" in polar coordinates by x = |x|x" and y = |y|y’. For any
a,b e R", let
[a,b] = |lalb-a'|. )
Then the symmetry lemma in [7] shows that
[a,b] = [b,a]. (10)

For any a € B, denote by ¢, the Mébius transformation in B.
It is an involution of B such that ¢,(0) = a and ¢,(a) = 0,
which is of the form

|x —al*a- (1 - |a|2) (x—a)

¢, (x) = , xed. (11

[x,a]?

f )|

7)
|z - wl
By simple computations, we have
)
= 0"/0z" + Xx—a
a0 = B2
(12)
2 (1—|x|2)(1—|a|2)
1- |¢a (X)l = :

[x,a]?

For any a € B and r € (0,1), we define the pseudo-
hyperbolic ball with center a and radius r as

E(ar) ={weB:|¢, (w)| <r}. (13)
Clearly, E(a, 1) = ¢,(B(0,1)).

Lemma 1 (see [1, Lemma 2.1]). Letr € (0,1) and y € E(x,1).
Then

- x? = 1=y =[x y] = [E(x, 1), (14)

where |E(x, 1)| denotes the volume of E(x,1).

The following is a characterization of the space &' (resp.,
93(1)) which is proved in [8].

Lemma 2. Let h € H(B) and N be a positive integer. Then
he B (resp., By) if and only if
sup (1 - |x|2)N |07k (x)| < 00
x€B
(15)
(resp lim sup (1 — |x] ) [0"h (x)| = 0)

[%]=1" xeB
for all multi-index m with |m| = N

As an application of Lemma 2, we can obtain the follow-
ing.

Lemma 3. Let h € H(B). Then h € &' if and only if for each
jefl,...,n}

1= 1xP) (1= y[)
sup ( —( )— —(»)
x,y€B,x#y |x )’l (16)
< 00.
Proof. Fixing a point x and letting
y=x+tV(%)(x)—>x 17)
0x;
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with t € R, we have
(1-1xP)' v (%) (x)
0x;

for each j € {1,...,n}. By Lemma 2, we see that h € %"

For the converse, we assume that h € %', Let hj(x) =
ah(x)/axj; then for each j € {1,...,n}

h(y)| = U

(%% = ) J

<L, (18)

|hj (x) - (sx+(1-s)y)ds

oh;
— (sx+(1-5)y)ds
0

n
<)
k=1

. (19)
< Vnlx -y Jo |th (sx+(1- s)y)'ds

1 ds
SClx—le —-
0 (1—|sx+(1—s)y|)

It follows from [9] that there exists C > 0 such that

J’ ! ds - C
o (1-frra-apf) (-1 (b))
This implies that

(1= 1xP) (1-1yf)

|x ~ y|

'hj (x) —h; (y)’ <oo. (21)

x,yEB,x#y
So the result follows. O

Combining Theorem A and Lemma 3, we extend [2,
Corollary 2.4] into the real harmonic setting as follows.

Corollary 4. Let h € H(B). Then fori = 1,2, h € &' ifand

only if
if2 2\il2
L) (=)
o 00"
x,y€B,x#y Ix - )’I (22)
~07 f ()| < o,
whered' f = of [ox; forall j € {1,...,n}.

In the following, we give an example which shows that
Corollary 4 does not hold for i > 3.

Example 5. Let f(x) = In((1 - x1)2 + xg); then f € B Bya
simple computation we have

Pf_ 2 al-m)
o (1-x )43 ((1-x) +x2)
(23)
-1xP)” | 2 7
i [ 0] -

3. Results and Discussions

3.1. Harmonic Bloch Spaces. In this section, we give some
characterizations of the spaces %” which can be viewed as the
generalizations of Yoneda’s results into the real unit ball B of
Rn

For a continuous function hin B and 0 < y < 1, we write

|h(x) - h(y)]

LA (h) = L
x =y [x ]

xyeB, x+y.  (24)

By using the notation, we characterize %', %, as follows.

Theorem 6. Let f € H(B), N > 0 be an integer and 0 < r <
1. Then f € B" if and only if

Ly= sup (1—|x|2) (1_|J’| ) LA (9" f)
x€B,y€E(x,r),x#y (25)

< 00,

for all multi-index m with |m| = N, whereax + 3 = N + 1.

Proof. First we prove the sufficiency. Let f € H(B). Then for
each multi-index m, 0™ f € H(B). For r € (0,1), it follows
from [1] that

) m JE(x,r) Iamf (J’)l dr (y) - (26)

V(0" ) )
Fixing x € B and replacing 9" f by 0" f — 9" f(x), we have

(1-1x2)"" v @ f) ()

2\Iml m m (27)
c(-1)" [ 10" ()-3"f e ().
By Lemma 1, we can deduce that
(1 B le2)Im|+1 IV @ 1) (x)l <C (1 _ |x|2)lml+1
o -0"
(21) Y (28)

e\ (L 21\B
sc| (-rr) (b

A" f)dr(y) <CL;T(B(0,7)).

Since 7(B(0,7)) = n jor "7 1(1 — t*)™dt is a constant, we see
that

(1 _ |x|2)N+1

for any multi-index m with |m]
that f € &'.

[V (0" f) (x)] < o0, (29)

= N. Hence Lemma 2 yields



Now we prove the necessity. Let y € E(x,r), x # y. Then

for each multi-index m with |m| = N, we have
(0" ) (x) - (@" ) ()
1 m
= j 4(0"f) (sx+(1-5)y)ds
o ds

Si(k

Lo(o™
0 [ 2D (w19 )0

(30)

<nl|x- y|J |V )f)(sx+(1—s)y)|ds

ds
(1-|xz+(1-59)y|)

By Lemma 1 we infer that there exists A > 0 such that 1-|y| =
A(1 - |x]) and

<Clx- ylj

N+1°

! ds
LA(@"f)<C ;
,[0 (5(1 —|x) + (1 -y5) (1 _ |y|))N 1
< C Jl ds
< (- |x|2)N+1 0o s+ A5V (31)
< C

(1-1xP) (1= [pP)

Thus,
B m
L= sup (1—|x|2)a(1—|y|2) LA (™)
x€B,yeE(x,r),x+y (32)
< 0.
So the proof is complete. O

Theorem?7. Let f € H(B), N > 0 be an integer and 0 < r < 1.
Then f € By if and only if

lim s (1= 1) (1= ) 1A @)
1XI=1" xeB, ye E(x,r) x#y (33)
= 0,

for all multi-index m with |m| = N, whereax + 3 = N + 1.

Proof. Sufficiency: assume that (33) holds. Then for any e > 0,
there exists § € (0, 1) such that

sup  (1- 1) (1= ) LA@ ) <e (3
x€B,yeE(x,r),x+y

whenever § < |x| < 1. It follows from an argument similar to
that in proof of Theorem 6 that we have

(1 _ |x|2)N+1

<C sup
x€B,y€E(x,r),x#y

V(3" ) ()
(1= 1) (1= [pP) LA @"f) 33)

< Ce,
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whenever § < |x| < 1. Hence

tm swp (1= ) (1= ) LA @)
[XI=1" xeB, ye E(xr)xty (36)

= 0,
from which we see that f € 3|,
Necessity: for t € (0, 1), let f,(x) = f(tx). By Lemma 1

and proof of Theorem 6, we see that, for each multi-index m
with |m| = N

(1-1xP)" (1= |y ) LA™ (f - 1,)
<c(1-[) " vom (£ - ) @,
(1—|X|2) ( | |) LA (™) (37)
SR
(1-1e)

forall x € Band &,7 € E(x,7). So

) v @ ) ()]

Lysc(i-1ef)" v (f - £) @)
C (1= 1) (1= )’
(1 _ |t|2)N+1
V@ f,) ()]

(1-fe)™ B9

First letting |x| — 1 and then letting t — 17, we obtain the
desired result. O

In the following, by removing the restriction y € E(x,r)
in Theorem 6, we obtain the following.
Theorem 8. Let f €¢ H(B), 0 < < land B <a<1+p.
Then f € B* if and only if

Q= sup (1 - |x|2)ﬁ (1 - |y|2)a_ﬁ LA

x,y€B,x#y

(f) <00. (39)

Proof. We only need to prove the necessity since the proof of
sufficiency is similar to that in proof of Theorem 6. Assume
that f € % Forx,y € B,s € [0,1],

(1 - |sx +(1-5s) y|2)a

1- | 1=\
<S< 5 )+(1—S)<—2 (40)

=(3) () 0y i)

[\
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which gives

! ds
LA(f) <C _
()< JO (1 —|sx+(1- s)y|2)
! ds
<C -
L /2 (=9 27 (1= 1) (1- )"
(41)
- C Jl ds
(1= R) (1) e S a9
- C
(1-1) (1= )
where the last integral converges since « < 1 + f. Thus
(=1 (=) LA (f) < 0. (42)
O

Similarly, we can prove the following.

Theorem 9. Let f € B%,0< < 1,and B <o < 1+ f. Then
f € BB ifand only if

. ﬂ (X_l;
lim  sup w<(1—|x|2) (l_l)’lz) )LA(f)
[xI=17 x, yeB,x+y (43)
=0.

3.2. Harmonic Besov Space. In order to prove our next result,
we need the following lemma.

Lemma 0. Let f € H(B). Then f € %, if and only if
N+1 "
sug (1 - |x|2) ' [V (0" f) (x)| € L* (B, dT) (44)
X€
for all multi-index m with |m| = N.

Proof. This follows from [10, Theorem 3.7] by letting &« = p —
n. O

Lemma ll. Let h € H(B) and 0 < r < 1. Then there exist
constants C > 0, r < v < 1 such that

h(x)-h(y)
x-y

sup
yEE(x,1),x#y

gcj IVh ()] d (). (45)
E(x,r")

Proof. By Cauchy’s estimates and Lemma 1, for each x € B,
we have

h(x)-h
sup M <C sup |[Vh(Q)
YEE(x,r),x#y xX=y {eE(x,r)
< L,J VR Q)| dv(©) (46)
|E (x> r )l E(x,r")
<C J VR ©)|dr )
E(x,r")

for some r' > 7. O

Now, we come to state and prove the result for harmonic
Besov spaces.

Theorem 12. Let f € H(B), N > 0 be an integer and 0 < r <
L. Then f € B, if and only if

= 2\ (1 2\
KP B JB (xEB,yEs};l(I;,r))x¢y (1 le ) (1 |y| )
P (47)
-LA (amf)) dt (x) < oo,

for all multi-index m with |m| = N, whereax + 3 = N + 1.

Proof. Let f € H(B). Suppose that

Kp= | s (1=1al) (- )
B x€B,yeE(xr).xty (48)
<LA (3" f)dt < 00.
Set
Ly () = limsup (1= 1<) (1- /") 24 @7 ). (49)
It follows from proof of Theorem 6 that we have
(1-1xP)" V@ ) )| <CLy (). (50)
Since Lf(x) < Ly, wesee that
J, =)™ 9 @) 0l e

(51)
<C JB Lf} (x)dt(x)<C JB Lf}dr (x) = CK,,

for all multi-index m with [m| = N. By Lemma 10, f € %,,.
To prove the necessity, we suppose that f € %,. By

Lemmas 1 and 11, for each multi-index m and r < r’ < 1,

a+p m
L;<C sup (1—|x|2) LA(0™f)
x€B,yeE(x,r),x+y
(52)
N+1 m
<C JE( (1) @) ] dr @),
Since
J dt < oo, (53)
E(x,r")

by Holder’s inequality and Fubini’s theorem, we can obtain

2 N+1
Ky < C.[[B (JE(x,r')(l ul )

p
V(0" f) (w)| dr (u)) dr (x)
(54)

<C JB ((1-1P)" v @)

- (u)|)P dr (u) .



It follows from Lemma 10 that we see that K s bounded. This
completes the proof. O

4. Conclusions

In this paper, we characterize harmonic Bloch and Besov
spaces by using the quantity sup,..g e p(x ).y (1 ~ lx)*(1 -

yPYE(0™ £() =" F(p x— I [x, 3117, x # y. Since |x—
y| < [x, y], our results can be viewed as the generalizations
of Yoneda’s results (see [2]) into real harmonic setting. Fur-
thermore, we obtain a characterization of the space 3% in
terms of Q = Squ,yeB,x:;y(l - lez)ﬁ(l - Iylz)“_ﬁLA(f), where
0<B<I, f<sa<l+f.
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