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The main aim of this paper is to establish some coupled common fixed point theorems under a Geraghty-type contraction using
mixed weakly monotone property in partially ordered S-metric space. Also, we give some sufficient conditions for the uniqueness

of a coupled common fixed point. Some examples are provided to demonstrate the validity of our results.

1. Introduction and Preliminaries

One of the most important results in fixed point theory is
the Banach Contraction Principle (BCP for short) proposed
by Banach [1]. After that, there were many authors who
have studied and proved the results for fixed point theory
by generalizing the Banach Contraction Principle in several
directions. One of the celebrated results was given by Ger-
aghty [2].

For the sake of convenience, we recall Geraghty’s theo-
rem. Let & be the family of all functions f : [0, 00) — [0, 1)
satisfying the condition:

Jim B(t,) =1=

@

nangotn =0.

Geraghty [2] proved the following unique fixed point theo-
rem in complete metric spaces.

Theorem 1 (see [2]). Let (X, d) be a complete metric space and
let T : X — X be an operator. Suppose that there exists 3 € §
such that

d(Tx,Ty) < B(d(x.y))d (x 7). )
forallx,y € X. Then T has a unique fixed point x* € X.

Later, Amini-Harandi and Emami [3] generalized this
result to the setting of partially ordered metric spaces as
follows.

Theorem 2 (see [3]). Let (X, d) be a complete partially ordered
metric space and let f: X — X be an increasing self-mapping
such that there exists x, € X such that x, < fx,. Suppose that
there exists 3 € § such that

d(fx fy) < Bd(x y))d(xy), (3)

forall x, y € X satisfying x < y or x = y. Then, in each of the
following two cases, the mapping f has at least one fixed point
in X:

(1) f is continuous or,



(2) for any nondecreasing sequence {x,} in X, ifx,, — x €
Xasn — oo, then x, X x foralln > 1.

If, moreover, for all x,y € X, there exists z € X comparable
with x and y, then the fixed point of f is unique.

For more generalizations of Theorems 1 and 2, see [4-7].

On the other hand, several authors have studied fixed
point theory in generalized metric spaces. For details, we refer
readers to [8-13]. In 2012, Sedghi et al. [14] have introduced
the notion of an S-metric space and proved that this notion
is a generalization of a metric space. Also, they have proved
some properties of S-metric spaces and some fixed point
theorems for a self-map on an S-metric space. An interesting
work is that we can naturally transport certain results in
metric spaces and known generalized metric spaces to S-
metric spaces. After that, Sedghi and Dung [15] proved a
general fixed point theorem in S-metric spaces which is
a generalization of [14, Theorem 3.1] and obtained many
analogues of fixed point theorems in metric spaces for S-
metric spaces. In [16], Gordji et al. have introduced the
concept of a mixed weakly monotone pair of maps and proved
some coupled common fixed point theorems for contractive-
type maps using the mixed weakly monotone property in
partially ordered metric spaces. These results are of particular
interest to state coupled common fixed point theorems for
maps with mixed weakly monotone property in partially
ordered S-metric spaces. In 2013, Dung [17] used the notion
of a mixed weakly monotone pair of maps to state a coupled
common fixed point theorem for maps on partially ordered
S-metric spaces and generalized the main results of [16-18]
into the structure of S-metric spaces.

In this paper, motivated by the developments discussed
above, we state some coupled common fixed point theorems
for a pair of mappings with the mixed weakly monotone
property satisfying a generalized contraction by using the
ideas of Geraghty [2] in partially ordered S-metric spaces.
Also, we give some sufficient conditions for the uniqueness of
a coupled common fixed point. Some examples are provided
to illustrate our main theorems.

In the sequel, the letters R, R", and N will denote the set
of all real numbers, the set of all nonnegative real numbers,
and the set of all positive integers, respectively.

Let (X, <) be a partially ordered set. Then X x X is a
partially ordered set with partial order < defined by

(x,9) < (u,v) =
xLu,v<y, (4)
Vx, y,u,v e X.

Definition 3 ([14, Definition 2.1]). Let X be a nonempty set.
An S-metric on X is a function S : X> — [0, co) that satisfies
the following conditions for all x, y,z,a € X:

(1) S(x,y,z) =0ifandonlyifx = y = z.
(2) S(x, y,z) < S(x,x,a) +S(y, y,a) + S(z,z,a).

The pair (X, S) is called an S-metric space.
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The following is an intuitive geometric example for S-
metric spaces.

Example 4 ([14, Example 2.4]). Let X = R? and let d be an
ordinary metric on X. Put

S(x,y,2)=d(x,y)+d(x,2) +d(y,2) (5)
for all x, y,z € R?; that is, S is the perimeter of the triangle

given by x, y, z. Then S is an S-metric on X.

Lemma 5 ([17, Lemma 1.4]). Let (X,S) be an S-metric space.
Then

S(x,x,2) <2S8(x,x,9)+S(y, .2),

S(x,x,2) <2S8(x,x,9) +S(z,2, ),

forallx,y,z € X.

Lemma 6 ([14, Lemma 2.5]). Let (X, S) be an S-metric space.
Then S(x, x, y) = S(y, y, x), forall x, y € X.

Lemma 7 (see [16]). Let (X, d) be a metric space. Then X x X
is a metric space with metric D given by

Dy (%), w,v) =d (x,u) +d (y,v), (7)

orall x, y,u,v € X.
Yy

Lemma 8. Let (X, S) be an S-metric space. Then X x X is an
S-metric space with S-metric D, given by

D, ((x,y),w,v), (w,s)) =S(x,u,w) +S(y,v,t), (8)

forall x, y,u,v,w,t € X.

Proof. For all x, y,u,v,w,t € X, it is obvious that the first
condition of S-metric for D holds true.
We only need to check the second condition of S-metric:

D ((x, ), (w,v), (w, 1)) = S (x,u,w) + S (y, v, t)
<S(x,x,a) +Swu,a)+S(w,w,a)+S(y,y,b)
+S(v,v,b) +S(t,t,b)

9)
=D, ((x,y),(x,9),(a,))
+ D ((,v), (w,v),(a,b))
+ D, (w, 1), (w,1),(a,b)).
By the above, D, is an S-metric on X x X. O

Definition 9 ([16, Definition 1.5]). Let (X, <) be a partially
ordered setandlet f, g : X x X — X be two maps. We say the
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pair (f, g) has the mixed weakly monotone property on X if
for all x, y € X, we have

x2f(xy), frx)2y

implies f (x, y)
2g(f (%), f(3:x),g(f (%), f ()
< f(yx),

x2g(xy), gpx) =2y

(10)

implies g (x, y)
<fg(xy),g(»x). f(g(y.x),g(xy))

<g(y.x).

Example 10 ([16, Example 1.6]). Let f,g: RxR = R be two
functions given by

floy)=x-2y,
g(xy)=x-y.

(11)

Then the pair ( f, g) has the mixed weakly monotone property.

Definition 11 ([16, Definition 1.1]). Let (X, <) be a partially
ordered set and let f: X x X +— X be a map. We say the pair
f has the mixed monotone property on X if for all x, y € X,
we have

X%, €X, x; 2%,

implies f (x1,7) < f (x5, %),
(12)

YyoY €Xo 12 )
implies f (x, 1) = f (x, y,).

Remark 12 ([17, Remark 1.20]). Let (X, <) be a partially
ordered set; let f : X x X — X be a map with the mixed
monotone property on X. Then, foralln € N, the pair (1", f")
has the mixed weakly monotone property on X.

Definition 13. An element (x, y) € X x X is called a

(1) coupled fixed point of a mapping f : X x X — X if
x = f(x,y)and y = f(y,x);

(2) coupled common fixed point of two mappings f, g :
XxX - Xifx = f(x,y) = g(x, y)and y = f(y,x) =
gy, x).

2. Main Results

In this section, we establish some coupled common fixed
point theorems by considering mappings on generalized
metric spaces endowed with partial order. Before proceeding
turther, first, we define the following function which will be
used in our results.

Let {x,} and {y,} be any two sequences of nonnegative
real numbers. Define with ® the set of all functions 0 :

[0,00)> ~ [0,1) which, satisfying 6(x,, y,) — 1, implies
X Yn — 0.
Some examples of such a function are as follows.

Example 14. Let 6 : [0,00)* + [0, 1) be defined by

0 (x, )

w, x>00ry>0, kyky € (0,1); 13
= kix+kyy

ZE[O,I): x:y:O.

Example 15. Let 0 : [0, 00)* - [0, 1) be defined by

6 (x,y)

In(1+kx+k

O rkxtkay) oy, kk, € (0,1); (4)
= kyx +kyy

le[0,1), x=y=0.

Example 16. Let 0 : [0,00)> — [0, 1) be defined by

0(x,y)

In(1 kyx, k

n (1 + max {k; x 2)’})’ x>00ry>0, kj,k, € (0,1); (15)
= max {k, x, k, y}

leo,1), x=y=0

Example 17. Let 0 : [0, 00)* - [0,1) be defined by
0 (x.y)

{l—k(x+y), x>00ry>0, k(x+y)<1; (16)

le[o,1), k(x+y)>1.

Theorem 18. Let (X, S) be a partially ordered S-metric space;
let f,g: X x X — X be two maps such that

(1) X is complete;

(2) the pair (f, g) has the mixed weakly monotone property
on X:

X = f (%0, 7o) »
f (o %0) < o
or xy = g (x9> ¥o) (17)
9 (¥, %0) < ¥

for some xy, ¥, € X;

(3) assume that there exists 0 € © such that
S(f(xy). f(xy).gwv)
+S(f (), f (3:x), g (v,u)) (18)

SG(S(x,x,u),S(y,y,V)) [S(x,x,u)+S(y,y,V)],

forall x, y,u,ve Xwithx <u, y > v



(4) f or g is continuous.
Then f and g have a coupled common fixed point in X.

Proof.

Step 1. We construct two Cauchy sequences in X.

Let x, ¥, € X besuchthatx, < f(xy, ¥)> Yo = (o Xo)-

Put x; = f(x0, o) 1 = f(¥o,X0), %, = glxp, y1), ¥, =
9y %))

From the choice of x,,, ¥, and the fact that ( f, g) has mixed
weakly monotone property we have

x1 = f (%0, ¥9) 2 g (f (X0 %0) > f (Y0 %0))

=g(xpy)=x, =

X, 2 Xy,
(19)
x=g(xp,3) = f(g(x1)9(1x1))
= f(xp ) =% =
X, X X5.
Thus,
1= f (o %0) = g (f (Yoo %0) > f (%05 30))
=g(ypx) ==
Y1 Z Yo
(20)
=9 x1) = f(g(yx),9 (x5 1))
=fx)=y; =
Y2 = Y3
Continuing this way, we obtain
Xok+1 = f(xzk’)’zk)’
Yaks1 = (J’zk’xzk) >
(21)

Xok+2 = 9 (x2k+17y2k+1) >
Yok+1 = 9 (y2k+1’x2k+1) >

forall k € N.
Therefore, the sequences {x,} and {y,} are monotone:

IA
IA

Xog XX, 22X,

(22)

Y
Y

Yoz 1 Z " Z Y,

Assume that there exists a nonnegative integer » such that

S(xn+l’xn+1’xn) +S(yn+1’ yn+1’yn) =0. (23)

It follows that

N (xn+1>xn+1’ xn) =S§ (ynﬂ’ yn+1>yn) =0. (24)

Journal of Function Spaces

From the definition of S-metric space, we have x,,,, = x,,
Ype1 = Vo It follows from (21) that (x,, y,) is a coupled
common fixed point of f and g.

Now, we suppose that for all nonnegative n

S (%1 Xne1> %) + S (Vns1> Yns1» V) # 0. (25)
Using (18) and (21), for n = 2k + 1, we have
S (X1 Xor1> ¥ak42) + S (Vakat> Va1 Yake2)
= S(f (%o 1) » [ (%210 Yar) » 9 (Xar1> Yaksn))
+S(f 2o %) » f (P20 %20) » 9 (Vaksrs Xoiear)) (26)
< 0(S (X210 Xoior X2k41) » S (V2o Voo Vakes1))
(S (2t X0 X21e41) + S (Varo Yoo Vake1)) »

which implies that

S (k1> Xaks1> Xaks2) + S (Vake1> Yok 1> Yakea)

(27)
< 8 (%o Xago> Xk41) + S (Vagoo Yoo Yakr1) -
For all k € N, write
Voke1 =S (x2k+1, Xok+1> x2k+2)
(28)

+S (Vaks1> Yako1s Yaks2) »

and then the sequence {y,;} is monotone decreasing.
Therefore, there exists y > 0 such that

klingo)’zkﬂ = klingo [S (x2k+1, Xok+1> x2k+2)
(29)
+S (Va1 Yakr1> Yaks2)] = ¥-

We claim that y = 0. On the contrary, suppose that y > 0, and
we have from (26) that

S (%k41> Xaks1s Xakr2) + S (Vara1> Yore1> Vaksa)
S (X2 Xopo Xage1) + S (Voo Yoo Vara1) (30)

< 0 (S (%o Xago> Xk41) »S (Yot Yoo Yoke1)) < 1.
Letting k — 00, we get
6 (S (20 Xage> X2k41) > S (Vagoo Yoo Yae1)) — 1. (31)

Using the property of the function 6, we have

S (xzk’ Xok> x2k+1) N (J’zk’ Yako> )’2k+1) —0 (32)
as k — oo.

So, we have

S (X Xjo> Xk41) + S (Vago Yoo Yakr1) — 0 (33)
as k — oo,

which contradicts the assumption y > 0. Thus, y = 0.
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Analogously to n = 2k + 2, we also have

kli_{réo [S (Xaks2> X2ks2> Xok3) + S (Vakazs Yakaos Yokes)]
(34)
=0.
Thus, we have

,,IH%O [S (xn’ X xn+1) +S (yn’ Yn> yn+1)] =0. (35)

Now, we have to prove that {x,} and {y,} are two Cauchy
sequences in the S-metric space (X, S).

For all n,m € N with n < m, by using Lemma 5, we have
that

S (%215 X2n11> X2me1) + S (Vanet> Yanets Vamer)

< (28 (Xap41> Xome1> X2ms2)
+ 28 (Vo> Vane1> Yane2))
+ (S (%2420 X242 Xoms1)
+ 8 (Vanszs Yansz> Yamer))
< (28 (%m0 Xome 1> X2ne2)
+ 28 (Vans1> Yane1> Yane2)) (36)
+ (28 (X2 X2042> X213)
+ 28 (Vo> Vanezr Yonez)) + 0o
+ (28 (Xomo1> Xam-1> Xom)
+ 28 (Yam-1> Yam-1> Yam)) + (S (Xaym> X2 Xopmr1)
+ S (V2> Vo> Yome1)) = 2Vanet + 2Vami + 7
+2Y2m-1 * Vom-

Taking the limit as n,m — 00 and using (35), we obtain

S (%2415 Xane1> X2ms1) + S (Vans1s Yans1> Yamer) — 0. (37)

Therefore,

S (x2n+1’ Xon+1> x2m+1) N (}’2n+1> Yant+1> )’2m+1) — 0. (38)

By interchanging the roles of f and g and proceeding along
the arguments discussed above, we also obtain that

N (xZn’ Xon> x2m+1) »S (yZn’ Yon )’2m+1) — 0,
N (x2n> xZn’ me) > S (yZn’ yZn’ yZm) - 0’ (39)
S (%2415 Xams1> me) »S ()’2n+1’ Yon+1> yZm) — 0.

Hence, for all n,m € N with n < m, we get

limoo [S (xn’ Xp» xm) +S (yn’ Yo ym)] =0. (40)

n,m—

It implies that

lim_ S (x,, %, %,,) = Lm_ Sy ¥ Y) = 0. (41)

nm— n,m — 0o

Therefore, {x,} and {y,} are two Cauchy sequences in the S-
metric space (X, S). Since (X, S) is a complete S-metric space,
hence {x,} and {y,} are S-convergent. Then there exist x, y €
X such that x, — xand y, — y, respectively.

Step 2. We prove that (x, y) is a coupled common fixed point
of fand g.
We consider the following two cases.

Case 1 (f is continuous). We have

x = lim x, = lim f (x,,y,)

£ Jim x,0 Jim y,) = f (%),

n— 00

(42)
Jim y, = lim f (y,,x,)

=
I

= f( im y,, 1im x,) = f (7,%).
Now using (18), we have

S(f(xy), f(xy),9(xy))
+S(f (1.x), f(1.x),9(y, %)) (43)
<0(S(xx,x),8 (33, 9)) [S(6x,%) +S (3 3, ¥)] -

That is,

S(xxg(x ) +S(3.9(y.x))
<0(S(xx,x),S (3 3, ¥)) (44)
[S (e x,x) + S (3,3, )] -
Since S(x,x,x) = S(y,y,y) = 0, we get S(x,x, g(x, y)) =
S(»» > 9(y,x)) = 0; that is, g(x, ) = x, g(y, x) = y.
Therefore, (x, ¥) is a coupled common fixed point of f

and g.

Case 2 (gis continuous). We also prove that (x, y) isa coupled
common fixed point of f and g similarly as in Case 1. O

Theorem 19. Let (X, S) be a partially ordered S-metric space;
let f,g: X x X — X be two maps such that

(1) X is complete;

(2) the pair (f, g) has the mixed weakly monotone property
on X:

xo = f (%0 %) »
£ (Yo %0) = ¥
or xo % g (X o) (45)

9 (Yo %0) = %o

for some x,, y, € X;



(3) assume that there exists 0 € © such that
S(f(xy), f(xy)gwv)
+S(f (%), f (1. x), g (v, w)) (46)
<0 (S(xu),S(y ) [S(xx,u)+S(y, y.v)],

forall x, y,u,v e X withx <u, y > v;

(4) X has the following properties:

(a) If {x,,} is an increasing sequence with x,, — x,
then x,, < x for alln € N.

(b) If {x,)} is a decreasing sequence with x,, — x,
then x < x,, for alln € N.

Then, f and g have a coupled common fixed point in X.

Proof. Proceeding along the same steps as in Theorem 18, we
obtain a nondecreasing sequence {x,} converging to x and a
nonincreasing sequence {y,} converging to y, for some x, y €
X.Ifx, = xand y, = y forall n > 0, then by construction,
Xps1 = X% Vi = p- Thus, (x, y) is a coupled common fixed
point of f and g. So we assume either x,, # x or y, # y for
n > 0. Then by using (18) and Lemma 5, we have

S (%% f (%, ) + Sy, 35 f (35 %)) < 28 (%%, X15)
+ 8 (o2 Xorsr £ (3 7)) + 28 (95 95 Yager)
+ S (Pakss Vakaar £ (95%)) = 28 (5, X, x4)
+8(9 (Xaer> Yare1) » 9 (Fairrs Va1 f (%, 9))
+28(35 95 Yoks2)
+8(9 (Varr1> X2ks1) » 9 Vaks1> Xoier1) » f (315 %)) (47)
< 28 (%, X, Xppe42) + 28 (95 9> Vara2)
+ 6/ (S (%ak41> Xaks1> ) » S (Vaks 1> Yas15 )
“[S (aprt> X215 %) + S (Varer> Yot ¥)]
<28 (%, % X3pe42) + 28 (32 5 Yokra)
+ 8 (Xokr1s Xk %) +S (Vasea1> Vaks1 ¥) -

Lettingn — o0 in the above inequality, we get

S(xx f(x,9)+S(y. . f (%)) = 0. (48)

Thus, x = f(x,y), ¥y = f(y,x). By interchanging the roles
of f and g and using the same method mentioned above, we

also get x = g(x, y), ¥y = g(y, x).
Hence, (x, y) is a coupled common fixed point of f and

g.

Corollary 20. Let (X, X) be a partially ordered set and let S be
an S-metric on X such that (X, S) is a complete S-metric space.
Suppose that f, g : Xx X — X are two maps having the mixed

Journal of Function Spaces

weakly monotone property and assume that there exists y € @
such that

S(f(xy), f(xy),gwv)) <

(S (6, x,1),8 (9,,9)) [S (6 26,w) + S (3, ,v)]

| =

(49)

forall x, y,u,v e X withx <u, y > v.
Suppose that either

(1) f or g is continuous;

(2) X has the following property:

(a) If {x,} is an increasing sequence with x,, — x,
then x,, < x for alln € N.

(b) If {x,} is a decreasing sequence with x,, — x,
then x < x,, for alln € N.

If there exist x,, y, € X such that x;, < f(xy, ¥o)» f(¥g» %) 2
Yo or Xo 2 (x> o) 9(Vo»Xg) X Yo, then f and g have a
coupled common fixed point in X.

Proof. Forall x, y,u,v € X, write

S(f(yx), f(yx),g(vu)) <

U (S(395v),S (%, x, 1))

| =

(50)

(S ysv) + S (x, x,0)] .
Adding (49) and (50), we get

S(f(xy), f(xy),gwv)
+S(f (n.x), f (9,x), g (v,u))

<

(S xS (1 77))
(51)

+u(S(y, 35 v),S (%, 1))] [S (6, x, 1)
+S(y,y,‘l/) =9(S(x,X;u),S(y,y,V)) [S(x,x,u)

+S(nyv)]s
where 6(B;, B,) = (1/2)[u(By, B,) + u(By, B1)], for all By, B, €
[0, 0).
It is easy to verify that 6 € ©. Applying Theorems 18 and
19, we get desired result. O

Remark 21. Taking u(f3;,/3,) = k in Corollary 20 for all
Bi> B, € [0,00) and k € [0, 1), we get the following corollary
coinciding with [17, Corollary 2.4].

Corollary 22. In addition to the hypotheses of Corollary 20,
suppose that for all x, y,u,v € X with x < u, y > v, and some
k € [0, 1), inequality (49) in Corollary 20 is replaced by

S(f (%), f(xy),gwv)
k (52)
<35 [S(x,x,u) +S(y, y,v)].

Then f and g have a coupled common fixed point in X.
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By choosing f = g in Theorems 18 and 19 and using
Remark 12, we get coupled fixed point theorem of f written
by the following corollary.

Corollary 23. Let (X, X) be a partially ordered S-metric space
and let f: X x X — X be a map such that

(1) X is complete;
(2) f has the mixed monotone property on X;

xo = f (%0 ) »
f (7o> %) 2 ¥ (53)

for some x,, ¥, € X;

(3) assume that there exists 0 € © such that

S(f(x9), f (%), f ()
+S(f (%), f (%), f () (54)
<O(S(xxu),S(y,y.v) [SCuxu) +S(y, »,v)],

forall x, y,u,v e X withx <u, y > v;

(4) f is continuous or X has the following properties:

(a) If {x,;} is an increasing sequence with x,, — x,
then x,, < x for alln € N.

(b) If {x,} is a decreasing sequence with x,, — x,
then x < x,, for alln € N.

Then f has a coupled common fixed point in X.

Theorem 24. In addition to the hypotheses of Theorem I8,
suppose that, for all (x, y), (s,t) € X x X, there exists (p,q) €
X x X that is comparable with (x, y) and (s, t). Then f and g
have a unique coupled fixed point in X.

Proof. By Theorem 18, f and g have a coupled common fixed
point (x, y). Let (s, t) be another coupled common fixed point
of fand g.

By assumption, there exists (p,q) € X x X that is
comparable to (x, y) and (s, t). Put p = p,, q = q, and choose
P1-q1 € X such that py = f(py,qo), 41 = f(qo> po)- Using the
same construction as in the proof of Theorem 18, we have two
sequences {p,} and {g,,} such that

Poker = f (Poo k) »
Do = f (o Pok) »

(55)
Doz = 9 (Paks1> Gaks1) »
Doz = 9 (Qaksrs Pakern) s
satisfying
PoXpr=2 2P
(56)

Since (p,q) is comparable to (x,y), we can assume that

(%, ) = (p,q) = (Po»90)-

Then it is easy to show that (p,.q,) and (x,y) are
comparable; that is, (x, ) = (p,,q,), foralln € N.

For n = 2k + 1, from (18) we have

S (Paks1> % %) + S (Goks1> > ¥)
= S(f (Pao ) f (%, 7)., f (%, 7))
+S(f (@20 P2i)» f (02 %) f (3, %)) (57)
< 0(S(pao % %) S (Gt 3> )
[S (P> %, %) + S (G 3 7)]

which implies

S (Paks1> % %) + S (Goger1> 15 ¥)
(58)

< S (Pap> % X) + S (q> 1 ¥) -

We see that the sequence {S(p,,x,x) + S(qu> ¥>¥)} is
decreasing, and there exist & > 0 such that

S (poior %) +S(qo 3> y) — & ask — 0o (59)

Now, we have to show that £ = 0. On the contrary, suppose
that & > 0. Following the same arguments as in the proof of
Theorem 18, we obtain

0 (S (paso %.%), S (qap> 3, y)) — 1, as k — 0. (60)

It follows that

S (oo %,%),S (G ¥, ¥) — 0, ask — 00 (61)

This implies
S (pao%.%) + 8 (@i 3 y) — 0, ask — 00, (62)

which is not possible in virtue of (30). Hence, & = 0.
Therefore, (59) becomes

S (Pors %, %) + S(qop> ¥» ¥) — 0, as k — oo. (63)

Similarly, we can get that

S(pye>ss) +S(qu-t,t) — 0, as k — oo. (64)

Using (63)-(64), the second condition of S-metric, and taking
the limit k — 00, we obtain that

S(s,%x)+S(t,y,y) =0. (65)

Thus, we conclude that x = s, y = ¢.

Analogous to n = 2k + 1, by interchanging the roles of f
and g, (65) holds true for n = 2k + 2.

Therefore, we conclude that f and g have a unique
coupled common fixed point. O

Similarly, we can prove the following theorem.



Theorem 25. In addition to the hypotheses of Theorem 19,
suppose that, for all (x, y), (s,t) € X x X, there exists (p,q) €
X x X that is comparable with (x, y) and (s,t). Then f and g
have a unique coupled fixed point in X.

Finally, we give some examples to demonstrate the valid-
ity of our results.

Example 26. Let X = [0,7/4), with the S-metric defined by
S(x, ¥,z) = |x — z| + |y — z| and the natural ordering of real
numbers <. Then X is a totally ordered, complete S-metric
space.

Let 0 : [0,7/4)* — [0,1) be defined by

sin (x + y)

9&40={1‘ PN 15
0; x=y=0.

Forall x, y € X, put f(x,y) = g(x,y) = 2x — y + 15)/16.
The pair (£, g) has the mixed weakly monotone property
and Vx, y,u,v € X with x < u, y > v, we have that

S(f(x9). f(x.y),gw,v))
+S(f (r.x), f (9.x), 9 (v,u))
=2[f (xy) - gwv)|+2|f (3,x) - g (v,u)|
=2|2x—y+15 _2u—v+15|

16 16
+2|2y—x+15_2v—u+15|
16 16

=%|2(x—u)+(v—y)|+é|2(y—v)+(u—x)|

) (67)
S§(2|x—u|+|v—y|)
# (RO W]+ lu=xl) < 5 (o=l + |y = )
S(1_sin(lx—uz|+|v—)’|))(|x_u|+|V_y|)

=0(S(x,xu),S(y,y,v))
‘ [S(x,x,u)+S(y,y,V)]-

Then the contractive condition (18) in Theorem 18 holds, and
(1, 1) is the unique coupled common fixed point.

Example 27 Let X = [0,1], with the S-metric defined by
S(x, ¥,z) = (1/2)(|x — z| + |y — 2z|) and the natural ordering
of real numbers <. Then X is a totally ordered, complete S-
metric space.

Let 6 : [0,00)* + [0, 1) be defined by

In (1 + max {x, y})

, x>0o0ry>0;

0 (x,y) = (68)

max {x, y}
le[0,1), x=y=0.
Forall x,y € X, put f(x,y) = g(x, ) = (1/8)[In(1 + x) —
2In(1 + y)].
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The pair (f, g) has the mixed weakly monotone property.
Vx, y,u,v € X with x <u, y > v, we have that

S(f(xyp), f(xy),9wv)

+S(f (3:x), f (9,x), g (v,u))

In(1+x)-2In(1+y)
8

_1n(1+u)—21n(1+v)
8

In(1+y)-2In(1+x)
8

+

_1n(1+v)—21n(1+u)
8

:él(ln(1+x)—ln(1+u))
+2(ln(1+v)—ln(1+y))|

+é|(ln(1+y)—ln(1+v))

+2(In(1+u)-In(1+x)| <= [In(1+x)

@ | —

—1n(1+u)|+le|ln(1+v)—ln(1+y)|

1 1 (69)
+g|ln(1+y)—ln(1+v)|+Z|ln(1+u)

—In(1+x)| < %lln(1+u)—ln(1+x)|

1 1 1+u
+E|ln(1+y)—ln(1+v)|—§|ln<1+x>|

= ()
2 1+v 2 1+x

+%|ln(1+u)| < %lln(1+(u—x))|
1

1+v

N | =

+%|ln(1+(y—v))|=Eln(1+|u—x|)+

‘In(1+|y-v|) <In(1+max{lx—ul,|y-v|})

~ In (1 + max {|x —ul, |y - v|})

max {|x —ul, |y - v|}
-max {|x —ul, |y - v|}

In (1 + max {|x — ul, |y - v|}

) (lx = ul

max {|x — ul, |y - v|}
+]y =) =0(S(x,xu),S (3, 3,v)) [S (x, x,u)

+S(y yv)]-
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Then the contractive condition (18) in Theorem 18 holds, and
(0,0) is the unique coupled common fixed point.
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