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In this article, we give the boundedness conditions in terms of Zygmund-type integral inequalities for oscillatory integral operators
and fractional oscillatory integral operators on the vanishing generalized weighted Morrey spaces. Moreover, we investigate

corresponding commutators.

1. Introduction

The classical Morrey spaces M?" that play important role in
the theory of partial differential equations were introduced
by Morrey [1] in 1938. Since then Morrey spaces have been
studied by various authors. We refer readers to the survey
[2] and to the elegant book [3] for further information about
these spaces and references on recent developments in this
field.

So far various generalizations of Morrey spaces have been
defined. Mizuhara [4] introduced the generalized Morrey
space MP? and Komori and Shirai [5] defined the weighted
Morrey spaces LP*(w). Guliyev [6] gave the notion of
generalized weighted Morrey space M??(w) which can be
accepted as an extension of MP? and LP*(w). Eroglu [7]
proved the boundedness of oscillatory integral operators,
fractional oscillatory integral operators, and the correspond-
ing commutators on M?”? and Shi et al. [8] proved the
boundedness of these operators and commutators on LP*(w).
In [9], Lu et al. obtained the boundedness of sublinear
operators with rough kernels on M?*? and in [10], Shi and
Fu showed the boundedness of these operators on LP*(w).
The boundedness of some sublinear operators and their
commutators on L”*(w) was obtained by Shi et al. [11] and the

boundedness of sublinear operators on M*#(w) was proved
by Mustafayev [12].

Vanishing Morrey spaces VMP*(R") are subspaces of
functions in Morrey spaces which were introduced by Vitanza
[13] satistying the condition

: -Alp _
}I_I,%j;gt ”f"LP(B(x,t)) =0. )

o<t<r

The properties and applications of vanishing Morrey
Spaces were given in [14]. On vanishing Morrey spaces, the
boundedness of commutators of the multidimensional Hardy
type operators was proved in [15]. The vanishing generalized
Morrey spaces VMP?(R") were introduced and studied by
Samko in [16].

In this study, as distinct from [8], we focus on vanishing
generalized weighted Morrey spaces and give Zygmund-
type conditions to prove the boundedness of oscillatory
and the fractional oscillatory integral operators and their
commutators in these spaces. In Section 2 we recall some
definitions and necessary preliminaries and in Section 3 we
give our main results; namely, we prove our theorems on
vanishing generalized weighted Morrey spaces.
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Throughout this paper, C,c,¢; and so on are used as
positive constant that can change from one line to another.
A < B means that A < ¢B with some positive constant c. If
A < Band B < A, then we say A = B which means A and B
are equivalent.

2. Preliminaries

Let w be a weight function on R”, such that w(x) > 0 for
almost every x € R". E is a measurable set with Lebesgue
measure notated by |E| and we define w(E) = _[E w(x)dx.

For1 < p < oo and Q ¢ R” we denote the weighted
Lebesgue space by L”*(Q) with the norm

1/p
ey = ([ [ 0P widx) " <o @

Let 1 < p < 00, ¢(x,r) be a positive continuous function
onR"x(0, 00) and let w be a weight function on R". We show
the generalized weighted Morrey space by MP?(R";w) =
MP?(w), which is space of all functions f € ng’cw(lR”) with
finite quasinorm

1
If |lMP"/’(w) = xeﬁ;iom If “LP»W(B(x,r)) , (3)

where B(x, r) is the open ball centered at x of radius r.

The fractional integral operator (Riesz potential) I, and
fractional Maximal operator M, which play important roles
in real and harmonic analysis, are defined by

f ()

Iaf(x):J —=dy, 0<a<mn,
R |x =y

(4)

M, f (x) = sup ,11_“ J f(y)dy, 0<a<n,
>0 T B(x,r)

where f € L'“(R"). If « = 0, then M = M, is the Hardy-
Littlewood maximal operator.

The class of A , weights was introduced by Muckenhoupt
in [17] to show that Hardy-Littlewood maximal function M
is bounded on weighted Lebesgue spaces L7 (R") if and only
ifweA,1<p<oo.

Now we define Muckenhoupt class A ,. Let 1 < p < c0. A
weight w is said to be an A, weight, if there exists a positive
constant ¢, such that, for every ball B ¢ R",

’ P_l
d J 7 4x)  <c B,
(JBw(x) x)( Bw(x) x> ¢, |Bl (5)
when 1 < p < co,andfor p=1

JBw(y) dy < qw (x) |B| (6)

for almost everywhere x € B. The smallest c, is shown by
[w]AP. We define Ao, = 21 4,
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A weight w belongs to A, for 1 < p < g < oo if there
exists C > 1 such that

(L w) dx>l/q <L we dx)l/p, %)

<C |B|1+1/q—1/p ,

where 1/p + 1/p' = 1. A q class was introduced by
Muckenhoupt and Wheeden ﬁ8] to study weighted norm
inequalities for fractional integral operators.

2.1. Vanishing Generalized Weighted Morrey Spaces. Let () be
an open set in R” and let IT be an arbitrary subset of Q. Let
also @(x,r) be a measurable nonnegative function on IT x
[0,]) (I = diam Q) and positive for all (x,¢) € IIx(0,1). Let w
be a weight function on ; then we notate by VME? (Q; w) =
VME?(w) the vanishing weighted Morrey spaces which are
defined as the spaces of functions f € Ll;fw(Q) with finite
quasi norm:

1
If “VM{;’“’(w) = :&iom I.f "LP’“’(E(x,r)) (8)
such that
. 1
limsup 7 oy Ml =0 ©)

where B(x,7) = Blx,r) N Qand 1 < p < oo.
Naturally, it is suitable to impose the function ¢(x,r) on
the following conditions:
: Iwllz, By
h_}mo sup—(x " =0,
r x€ell SD > (10)
inf sup ¢ (x,7) > 0.
r>1 xell
which makes VMﬁ’(p(w) nontrivial, since bounded functions
which have compact support belong to this space.
Henceforth we denote by ¢ € B(w) if ¢(x,r) is a
nonnegative measurable function on IT x [0,]) and positive
for all (x,t) € IT x (0,1) and satisfies conditions (10).

2.2. Oscillatory Integral Operators and Fractional Oscillatory
Integral Operators. Oscillatory integral operators appear in
many fields of mathematics and physics. Furthermore oscil-
latory integrals have been an essential part of harmonic
analysis. Many important operators in harmonic analysis are
some versions of oscillatory integrals, such as the Fourier
transform, Bochner-Riesz means, and Radon transform.
Properties of oscillatory integral operators have been studied
by Stein in [19].

A distribution kernel K is called a standard Calderdén-
Zygmund (in short C-Z) kernel when it satisfies the following
conditions:

K (x, )| < Xty

_C
lx—y

(11)
C
|VxK (X,y)| + |VyK (.X',y)| < W, X # y.
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C-Z integral operator T and the oscillatory integral operator
S are defined by

Tf (x) = p.v. J K(x,y) f(y)dy,
. (12)

S () = pav. | MK (xy) £ () dy

where P(x, y) is a real valued polynomial defined on R" x
R". Lu and Zhang [20] used L2-boundedness of T to get LP-
boundedness of S with 1 < p < co.

Ricci and Stein [21] introduced the standard fractional C-
Z kernel, K, with 0 < « < n, where

K, (x,y)] <

IV K, (x, )] + |VyK“ (x, y)' < % (13)

X #y.

The fractional oscillatory integral operator is defined in
[22] as

Sof () =p [ MK (xy) )y 19

where P(x, y) is areal valued polynomial and defined on R" x
R" and K, is a standard fractional C-Z kernel; note that when
a=0,S, =Sand K, = K.

Lemma 1 (see [23]). If K is a standard C-Z kernel and the C-
Z singular integral operator T is of type (L*(R™), L*(R")), then
for any real polynomial P(x, y) andw € A, (1 < p < 00),
there exists constants C > 0 independent of the coefficients of P
such that |Sfllppw ey < Cll fllLpwwn)-

Lemma 2 (see [24]). Let0 < o« < n, 1 < p < n/a, 1/q =
lp-anwe A, ¢ ¢ B(wr), and v € B(w?). Then
the operators M, and I, are bounded from VME? (R"; wP) to
VME (R w), if

oo Yp (x,t) dt
Jsupgo (,)_ (15)
8 xerr |Wilpagpexy) t
for every § > 0, and
o oUP (x,t) dt Y4 (x,r
J Tt dt oy () (16)
r ||w||Lq(B(x,t))t "w"L‘i(B(x,r))

where C does not depend on x € R" and r.

2.3. The Commutator Operators S, and S,,,. Let f € L}, (R");
we define

Ifll, = sup |f (%) = focen| 4y

cerry>0 | B (x,7)| «[B(x,r) 17)

< 00,

where

1
SBen = Ba J.B(”) f(y)dy. (18)

In harmonic analysis a function of bounded mean oscilla-
tion, also known as a BMO function, is a real valued function
whose mean oscillation is bounded. BMO(R") is the set of all
locally integrable functions f on R" with | f]|, < oo.

Next we shall introduce the commutators of oscillatory
integral operators and fractional oscillatory integral opera-
tors.

Let b be a locally integrable function; the commutator
operators S, and S ;, which are formed by S and b are defined

by
S f (x) = Sf (x) b(x) - S(bf) (x),
Sapf (x) =S f (x)b(x) = S (bf) (x).

(19)

Lemma 3 (see [25]). Suppose that K is a standard C-Z kernel,
w € A, (1 < p < 00), and the operator T is of type

(L*(R™), L*(R™)). Then for any b € BMO(R"), there exists
constants C > 0 independent on the coefficients of P such that

IS0 f iy < CHONL N f oy - (20)

Lemma 4 (see [18]). Let w € A,. Then the norm of
BMO(R") is equivalent to the norm of BMO(w), where

1
BMO (w) = {b: ol,, = sup ———
w7 armow (B(x,7))

. JB(x r) |b ()/) - bB(x,r),wl w (}’) dy < 00} > (21)

1

b -
B(x,r),w w (B (X, T))

Jy EOIwG)y

Remark 5 (the John-Nirenberg inequality). There are possi-
ble constants C,;,C, > 0 such that for all b € BMO(R") and

B>0
[{x € B:|b(x)—by| > B}| < C, Bl =P, (22)

for all B ¢ R". The John-Nirenberg inequality implies that

1
bl, = su <—
o1, = b @G

(23)

1/p
’ JB( ) |b(y) _bB(x,r)|Pw(y) dy)

forl<p<ooandw e A,



Lemma 6 (see [26]). (i) Letw € A and let b be a function in
BMO(R"). Let also 1 < p < 00, x € R”, and r|,r, > 0. Then

1
<w (B (x, ”1))
1/p
j b () = By @ )dy> s<j<1 (24)
B(x,r;)

> 1o, »

where C > 0 is independent of f, x, r\, and r,.
(ii) Let w € A, and let b be a function in BMO(R"). Let

alsol < p<oo,x€R”, andr|,r, > 0. Then

!

' 1/p
P 1-p'
'L(Juﬂ—%mmin)P@) 2

sC(1+ In2 >||b||*,
T

2
where C > 0 is independent of f, x, ry, and r,.

Lemma 7 (see [24]). Let 1 < p < 0o,b € BMO(R"),0 <
a<n/p, 1/g=1/p-a/n, we A, , ¢ € Bwh), andy €
B(w?). Then M, and I, are bounded from VMﬁ’(P(R”; wP)
to VMEY (R"; w) if

(o] I/P t
sup J ln<e+£> sup('o—(x’)£<oo (26)
r

0<r<g J& x€R" ||w||Lq(B(x,t))
for every § > 0, and

1//1/’1 (x,7)

, (27)
lwlla(B(x,ry)

0o 1/p
J ) (x,t)ﬂ<

v Wl £

where C does not depend on x and r.

3. Main Results

3.1. Boundedness of S and S, in VMP? (R"; w)

Lemma8. Let1 < p < 0o, w € A, and K is a standard C-Z
kernel and C-Z singular operator T is of type (LA(R™), L*(R™)).

Then for any ball B = B(x,, 1) in R" and any real polynomial
P(x, y) the following inequality holds:
Isf ”LP'“’(B)
dr (28

1/p 1/p
e T P

where the constant ¢ > 0 does not depend on B and f.
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Proof. We split f into two parts in a neighbourhood of point
X, as follows:

f=h+fi(y)=Ff) () 09)
() =1 XR™\(2B) ().
By linearity of the operator S we have
“Sf"LP’“’(B) S "Sfl”LW(B) + "sz”LW(By (30)

From the boundedness of Sf on L (R") (see Lemma 1), it
follows that

ISf, ||U”"’(B) < |$fi "LP"“(R”) <c|fi “LP»W(R")

=c ”f "LP"“(ZB) >

where constant ¢ > 0 is independent of B and f.
Since |[K(x, y)| < C/|x - y|", x # y, we have

|Sf2 (x)| <

J ePVK (x,y) > (y) dy
R™\(2B)

scj 12 0ldy (32)

vyl

for x € B(x,,7). It is obvious that x € Band y € R" \ (2B)
implies that |x, — y| < |x — y|. Thus we get

|Sf, (x)] < CJ Oy

" (33)
R™\2B) |xo — ¥

Since the right-hand side does not depend on x we get

1Ol

(34)
mep) |xo - y[" —y|

1/p
81 “LP”“(B) < llwlg ) JR
By Fubini’s theorem we have

j |f ()] dy

n
"2B) |xo = |

= JW\(ZB) |f ()] (L:yl titl )dy
[ (L rola)

<, (Jun, r010) 5

By Hoélder’s inequality, we get

I |f ()l dy

n
nes) [xo - |

_ dt
J “f”b" B(xo,t)) “ UP"L"’(B(xO,t))W (36)

dt
e

(35)

[w]l/PJ "f“LP"’(B(xO )” ”_I/Pxo 1)
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Thus,
Ifall o )
(37)
/ -1/ dt
< "w”i 1(7B) J ”f"LP“’(B(xU ) lw IILI(,‘;(XOJ)) T
On the other hand,
© dt
T e
© dt
<r" er If “LP"”(B(xO,t)) ey (38)

1/ -1/ dt
= T P ol 3

By (31) and (38) we write

(NI

< N -1/p dt
||u)||L @ ), “f”LP"“(B(xo,t)) “w "LP'(B(xO,t)) 1 (39)

) Ly dt
< 1y [ 1 i 10 e -

Then by (37) and (39) we get the inequality (29). O

Remark 9. Note that Lemma 8 was proved in [7] in the case
w = 1.

Theorem 10. Let 1 < p < 0o, w € A, and ¢,y € B(w). The
oscillatory integral operator S is bounded from VME?(R"; w)
to VMEY(R™;w) for any real polynomial P(x,y) if K is a
standard C-Z kernel, the C-Z singular operator T is of type
(LX(R"), LA(R")):

o0 VP (x,t) dt

Cs = J supgoTT < 00 (40)
o Wl (e

for every § > 0, and

© oVP(x,t) dt _ y'P(x,r)
TT < COT, (41)
r ”w"Ll(B(X,t)) "w"Ll(B(XJ’))

where ¢, does not depend on x € Il and r > 0.

Proof. To estimate the norm of the operator we use (28) and
get

1
”Sf "VMf;‘”(w) = GSIEII’%OW “Sf "Lva(B(x,r))

<c sup lw ||1/p (42)

x€lLr>0 Wl/p (x, T')

- /
3 R V] P

By using (41) we can write

1
Isf ”Vng’(w) < Cxeslfll’iom If “LP””(B(x,r)) - (43)

Thus,
Isf ||VMg’“’(w) <c|f ||VM§“’(w) . (44)

Now we prove that it belongs to VMﬁ’V(w); that is,

15% sugm "f ||LP"“(B(x,r)) =0=
(45)
1
Vi Supm 1S/l oeny = O

To show that supxen(l/t//l/P(x, IISf | zpw B,y < € for small
r, we split the right-hand side of (28):

l/p ( " f”LP B(x,r)) [150 (x,7) + ]50 (%, r)] (46)

where §, > 0 (we may take §, < 1) and

ISU (x’ T’)
1p
_ Il ey J R ACY) Sup ——
y i een) \ s, ocrie!? (o)
dt
wwwme)
(47)
Js, (x,1)
1/p
B "w"Ll(B(x,r)) © @ (x,t) 1
sy een) \ s, uwpt? oS<uEt<p1/P(x r)
’ o MWL (B *" ’
dt
: “f”LP""(B(x,r)) T)

and it is supposed that r < &,,.

Now we fix 6, > 0 such that sup, supg.,.(1/
(pl/P(_x,r))”f"Lp,w(B(x)r)) < ¢/2Ccg, where ¢, and C are
constants from (41) and (46), respectively. Then we can write

sup Cls, (x,7) < z,

x€ell

0<r<d, (48)

By choosing r sufficiently small and considering (40) we have

1/p

IIL (B(x,1))
Js (%,7) < ¢5 — 22 o (49)
60( ) 8o 1//1/P(x,r) ” "VM{;“’(w)

where G, 1s the constant from (40). Then by (10) we choose
small enough such that

lwl ?
sup Li(Been) ¢ (50)
xell Y (x,71) 2Cc, "f “VMﬁ"”(w)

which completes the proof. O




Theorem 11. Let 1 < p < 00, 0 < « < n/p, 1/q =
1/p—a/n, P(x,y) be real polynomial, w € A, ., ¢ € B(w?),
and y € B(w). Then S, is bounded from VME? (wF) to
VMEY (W) if

sup————— < 00 (51)
8 xell "w”Lq(B

jo" (pl/P (x,t) dt
ot
for every § > 0, and
v ()

"w"Lq(B(x,r))

o) 1/p
[ leen d

< , (52)
r ”w"L‘i(B(x,t)) t

where C is not depending on x € Il and r.

Proof. Since [S, f(x)| < I, (If)(x) and thanks to Lemma 2
proof is completed. O

3.2. Boundedness of S, and S, in the Spaces VME? (w)

Lemma 12. Let 1 < p < 0o, b € BMO(R"),w € A,, K is
a standard C-Z kernel, and the C-Z integral operator T is type
of (L,(R"), L,(R™)). Then for 1 < p < oo and polynomial
P(x, y) the inequality

1501,

I ln(e+

holds for any ball B = B(x,, 1)

1/
< Cllbl. wily’?,,

53
it

t

t _
;) "f“LP»W(B(xO,t)) w (B (xo:1))
and forall f € ngc(w).

Proof. Let 1 < p < co. For any x, € R", we split f into two
parts in a neighbourhood of point x,, such that

f=h+h
=5 s () (54)
L) =) xrmen ()
where r > 0, and by linearity of the operator S, we have
1S5 poisy < 186 fillipusy + ISo fall pogey - (55)

Moreover, from the boundedness of S, in LP“(R") (see
Lemma 3), it follows that

180 filowiwy < 186 filiomian < CION | fillirn

= C 16l | fll o ap »

where constant C > 0 is independent of f.
For x € B(x,, r) we have

@%3—Tﬁhﬁ<Nd

:J [b(y) - b(x)|
@B |xo —y"

|Sbf2 (x)| < J
(57)

|f ()] dy.
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Then
1S5 1> "W (B)
[o(y)-b(x)| )p
SC(J‘B<.[th\(23) |x0 }’| |f( |d
1/p
~w(x)dx>
|b bBwl )
. (JB(.[R"\(ZB) |xo = »|" Ol (58)
1/p
~w(x)dx>

(J, (o B2y 1)

1/p
-w(x)dx) =1+1I.

Let us estimate I

| (y Bw|
I=Clulffy | e p ()d

Li® Jom2p %o — " |f ()l dy

= Cllwl;?y,
©dt

. b(y)-b J d
Joo PO -l PO |y
= Cllwlly%, (59)

o0 dt
J J b () = gl |f W) dy -7
2r J2rg|x,—yl<t t

1/
< Clluwl},,

h dt
I, [y O -tnal 7 Oy

Using Holder’s inequality and (25), we have

!

1/p o p
< lwly 1(B) .|-r (JB(x £) |b - bty
o

dt

B(x,t)) tn+1

wi ™ a) " 11l

*© t
< [wl? ol e | (1+1n7)

dt

“w—l/p"L B ||f||pr(B(x0 1) g+l
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(o)
1/ 1/ t
< Wl 1ol Jwl/fy | (e+int)
,

dt

-1/
w(B(xq,1)) v ”f"LP’w(B(xo,t)) T

In order to estimate I note that
1/p
I = (J b (x) = by, |F w (x) dx)
B

j |f ()] dy.

n
"B %o = ]

By (23) we get

17 < 1B, Jwl” j O g,

2 Jwnn [ - "

Applying Holder’s inequality, we get

J |f (y)ln dy
R"™\2B) |xo — ¥

< ro 1l airony ], 1 (Blxort)) tf_fl
N ,
<[w I/PJ 10 p g ) w (B (0 1))™" %
Thus by (63) we write
11 < bl lwly %,
p dt-

[ U ot @ B G0

Summing up I and I, for all 1 < p < co we get
1/p t
16 £21l2,, By B N0l G ln -

1/ @

: “f||LP"“(B(x0,t)) w (B (xp,1)) ;
On the other hand,

dt
tn+1 _| |

"f “LP””(ZB) ~ |B| “f ”I}’"“(ZB) er
o0 dt / _
: Lr ”f"LP'“’(B(xO,t)) sy S ||w||i pB) "w 1/P”LP’(B)
dt /
J ”f”LP“’(B(xO 0) gl = ||w||i PB)

“ “1/p dt 1/p
'L ”f ”LPW(B(xO,t)) "w “u’(s) pras] < [w A,

-1/p dt

/ o0
||w||i [(JB jr “f”LP'"’(B(xO,t)) w (B (xq,t)) F

(60)

(61)

(62)

(63)

(65)

(66)

7
Thus,
1/
10 £ 1z, ey < Woll |f Dpoeiay + B o0l T,
b t
: Lr In <e + ;) If "LP""(B(xO,t)) (67)
cw (B (1)) " %,
which along with (66) and (67) lead us to (53). O

Theorem 13. Let 1 < p < co and b € BMO(R"),w € A,
and ¢,y € B(w). Then S, is bounded from VME? (R™;w) to
VMEY (R w) if

[} t (pl/p (x, t) dt
s = sup ln(e+—) SupT_ <00 (68)

0<r<d Jo T/ xerr ”w"L (B(x,t)) g

1(B(x,
for every § > 0, and
o0 1/p p
[Tn(e+t) "’Tﬁx’t)% P L
r ”w"Ll(B(x,t)) "w"Ll(B(x,r))

where ¢, does not depend on x € R" and r > 0.

Proof. Boundedness follows from Lemma 12 and the same
procedure is argued in the proof of Theorem 10. We have to
prove that

lliré Sup W ”f"LP“’(B(x ) 0=
(70)
1
1133 eylP (1) I8 £lere oy = ©-

We suppose that 0 < r < §,. In view of (53) we can write

1/
1Bl Nl Py )

1/P( ” bf“LP“’ B(x,r)) 1//1/P(x,r)

[t

To show that supxew(l/t//l/?(x, NS, fllLpwperyy < € for
small 7, we split the right side of (71)

(71)

/ dt
) (b e "w”Lll(g(xt ) ¢

1/p (x r) " bf”LP B(x,r)) (72)

<C [IBO (1) +J5, (x, r)] »
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where
1/p
lwl; s
)
Is, Ger) = Ibll, —7——=
yHP(x,r)
J‘sﬂ @"? (x,t)In (e + t/r) 1
. s
Pl o9 (6n)

: “f"LP’“’(B(x,r)) dt,

) (73)
1/p
lwli; B
Is (x,7) = ||b||, —L—222
s, ()= I = s
J‘X’ @' (x,t) In (e + t/r) 1
. su
S t ||w||1{{1(JB(x,t)) 0<r<t(p1/P (x,7)
: “f"LP"“(B(x,r)) dt.
Now we choose any fixed §, > 0 such that
1 £
sup sup ———— w <= 74
S0 558 o7 Gy I o < g o Y

where C and ¢, are constants appearing in (72) and (69),
respectively. This allows to estimate the first term uniformly
inr € (0,6,):

sup CIs (x,7) < f, 0<r<d. (75)
x€eR" ° 2
The estimation of the second term can be obtained by
choosing r sufficiently small. Indeed, by (10), we have
1/p

(e
x,7) < |bl, ¢ "W TiTp (e )’ 76)
Jo, (x:7) M|mmmmw¢mw@

where ¢ is the constant from (68). Then by (10) it suffices to
choose r small enough such that

p
w
; lwllz, (B, . € 77
xerr Y (x,1) 2CC50 bl ”f”vMp«p(w)
which completes the proof. O

Theorem 14. Let 1 < p < 00, b € BMO(R"), 0 < « <
n/p, 1/q = 1/p — a/n, P(x,y) be a real valued polynomial,
¢ € BWwr) and y € B(w?). Then S, is bounded from
VME? (wP) to VMEY (w?) if

© t VP (x,t) dt
sup j In <e + —) sup(P—()— < 00 (78)
0<r<d J8 T/ xell ||w||m(3(x,t)) t

forevery§ > 0, and

co /P 1/q
[F el d o wiesn g,

r “w"L‘i(B(x,t)) t "w"L‘f(B(x,r))

where C does not depend on x and r.

Proof. Since S, ;, f(x)| < I,,(|f1)(x), from the boundedness
of I,;, (see Lemma 7) proof is completed. O
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