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We give sufficient conditions for subsets to be precompact sets in variable Morrey spaces. Then we obtain the boundedness of the
commutator generated by a singular integral operator and a BMO function on the variable Morrey spaces. Finally, we discuss the
compactness of the commutator generated by a singular integral operator and a BMO function on the variable Morrey spaces.

1. Introduction

Let the Calderón-Zygmund singular integral operator 𝑇 be
defined by

𝑇𝑓 (𝑥) fl p.v. ∫
R𝑛

Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛 𝑓 (𝑦) d𝑦, ∀𝑥 ∈ R
𝑛, (1)

where Ω is a measurable function on R𝑛 and satisfies the
following conditions:

(i) Ω is a homogeneous function of degree zero on R𝑛 \{0}; that is,
Ω (𝜇𝑥) = Ω (𝑥) for any 𝜇 > 0, 𝑥 ∈ R

𝑛 \ {0} . (2)

(ii) Ω has mean zero on 𝑆𝑛−1; that is,

∫
𝑆𝑛−1

Ω (𝑥) d𝜎 (𝑥) = 0. (3)

Here 𝑆𝑛−1 fl {𝑥 ∈ R𝑛: |𝑥| = 1} is the unit sphere in
R𝑛 and d𝜎 is the area measure on it.

For a function 𝑏 ∈ 𝐿 loc(R𝑛) (the set of all locally integrable
functions onR𝑛), let 𝑀𝑏 be the correspondingmultiplication

operator defined by 𝑀𝑏𝑓 = 𝑏𝑓 for a measurable function 𝑓.
Then the commutator between 𝑇 and 𝑀𝑏 is denoted by

[𝑏, 𝑇] fl 𝑀𝑏𝑇 − 𝑇𝑀𝑏

= p.v. ∫
R𝑛

Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛 (𝑏 (𝑥) − 𝑏 (𝑦)) 𝑓 (𝑦) d𝑦, (4)

for suitable functions 𝑓. Denote the bounded mean oscilla-
tion function space by

BMO (R𝑛)
fl {𝑏 ∈ 𝐿 loc (R𝑛) : ‖𝑏‖∗ fl sup

cube:𝑄⊂R𝑛
𝑀𝑏,𝑄 < ∞} , (5)

here and in the sequel

𝑀𝑏,𝑄 fl
1|𝑄| ∫

𝑄

𝑏 (𝑥) − 𝑏𝑄 d𝑥,
𝑏𝑄 fl

1|𝑄| ∫
𝑄

𝑏 (𝑦) d𝑦.
(6)

It is well known that commutators play a very important
role in harmonic analysis and PDEs. Indeed, Coifman et
al. [1] characterized the 𝐿𝑝-boundedness of [𝑏, 𝑅𝑗], where
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𝑅𝑗 (𝑗 = 1, . . . , 𝑛) are the Reisz transforms and 𝑏 ∈ BMO(R𝑛).
Using this characterization, the authors of [1] obtained a
decomposition theorem of the real Hardy spaces 𝐻1(R𝑛).
Uchiyama [2] and Janson [3] showed that the Riesz transform𝑅𝑗 may be replaced by the Calderón-Zygmund singular
integral operator 𝑇 as in (1). Coifman et al. generalized
the boundedness results of [𝑏, 𝑇] to Hardy spaces and gave
important applications to some nonlinear PDEs in [4]. The
characterization of 𝐿𝑝-compactness of [𝑏, 𝑇] was obtained by
Uchiyama [2].We remark that the interest in the compactness
of [𝑏, 𝑇] in complex analysis is from the connection between
the commutators and the Hankel-type operators; see [5]. In
recent years, Chen et al. have considered the compactness of
commutators in [6–8]. Specially, the results in [2] were gen-
eralized to Morrey spaces in [8]. The Morrey space 𝐿𝑝,𝜆(R𝑛)
was introduced by Morrey in 1938 and it is connected to
certain problems in elliptic PDE [9]. After that the Morrey
spaces were found to havemany important applications to the
Navier-Stokes equations (see [10]), the Schrödinger equations
(see [11]), and potential theory (see [12–14]).

During last three decades, the theory of variable function
spaces has developed quickly; see [15–40]. We claim that
the list is not exhaust. The boundedness in variable function
spaces of many classical operators from harmonic analysis
has been obtained; see [18, 19, 41–44]. Motivated by these
works, we will consider analogous results in [8] to variable
exponent situation. The structure of this paper is as follows.
In Section 2, we give sufficient conditions for a set to be
a precompact set in a variable Morrey space. In Section 3,
we obtain the boundedness of singular integrals and their
commutator in variable Morrey spaces. In Section 4, we
discuss compactness of commutators in variable Morrey
spaces. The remainder of this section is some notions.

Let 𝐸 be a measurable subset in R𝑛 with |𝐸| > 0, where
as usual |𝐸| is the Lebesgue measure of 𝐸. Let 𝑝(⋅) be a
measurable function on 𝐸 with range in [1, ∞). The variable
exponent modulus is defined for measurable functions 𝑓 on𝐸 by

𝜌𝑝(⋅) (𝑓) = ∫
𝐸

𝑓 (𝑥)𝑝(𝑥) d𝑥 < ∞. (7)

𝐿𝑝(⋅)(𝐸) denotes the set of measurable functions 𝑓 on 𝐸 such
that 𝜌𝑝(⋅)(𝜆𝑓) < ∞ for some 𝜆 > 0. The set becomes a Banach
function space when equipped with the norm

𝑓𝐿𝑝(⋅)(Ω) fl inf {𝜆 > 0: 𝜌𝑝(⋅) ( 𝑓𝜆 ) ≤ 1} . (8)

These spaces are the so-called variable Lebesgue spaces.
Denote by P1(𝐸) the set of measurable functions 𝑝(⋅) on 𝐸
with range in [1, ∞) such that

1 < 𝑝− fl ess inf
𝑥∈𝐸

𝑝 (𝑥) ,
ess sup

𝑥∈𝐸

𝑝 (𝑥) š 𝑝+ < ∞. (9)

For 𝑝(⋅) ∈ P1(R𝑛) and 0 < 𝜆(𝑥) < 𝑛 for 𝑥 ∈ R𝑛,
the variable Morrey space 𝐿𝑝(⋅),𝜆(⋅)(R𝑛) is defined as the set
of integrable functions 𝑓 on R𝑛 with the finite norm

𝑓𝐿𝑝(⋅),𝜆(⋅)(R𝑛) fl sup
𝑥∈R𝑛,𝑟>0

1
V1𝑟𝜆(𝑥)/𝑝(𝑥)

𝑓𝜒𝐵(𝑥,𝑟)
𝐿𝑝(⋅)(R𝑛) , (10)

where 𝐵(𝑥, 𝑟) denotes a ball centered at 𝑥 with radius 𝑟 and V1
is the volume of the unit ball in R𝑛.
2. Precompact Sets in Variable Morrey Spaces

In this section, we give a compactness criterion in variable
Morrey spaces. We remark here that a compactness criterion
for variable exponent Lebesgue spaces was given in [45].

Theorem 1. Let 𝑝(⋅) ∈ P1(R𝑛) and 0 < 𝜆(𝑥) < 𝑛 for 𝑥 ∈ R𝑛.
Suppose W is a subset in 𝐿𝑝(⋅),𝜆(⋅)(R𝑛) satisfying the following
conditions:

(i) Norm boundedness uniformly is

sup
𝑓∈W

𝑓𝐿𝑝(⋅),𝜆(⋅) < ∞. (11)

(ii) Translation continuity uniformly is

lim
𝑦→0

𝑓 (⋅ + 𝑦) − 𝑓 (⋅)𝐿𝑝(⋅),𝜆(⋅) = 0 for any 𝑓 ∈ W. (12)

(iii) Uniformly convergence at infinity is

lim
𝛼→∞

𝑓𝜒𝐸𝛼

𝐿𝑝(⋅),𝜆(⋅) = 0 for any 𝑓 ∈ W, (13)

where 𝐸𝛼 = {𝑥 ∈ R𝑛: |𝑥| > 𝛼}.
ThenW is a precompact set in 𝐿𝑝(⋅),𝜆(⋅)(R𝑛).
To prove Theorem 1, we need the following two lemmas,

which are well known; for example, see [46].

Lemma 2. A set 𝐸 is precompact in a Banach space 𝑋 if and
only if it is totally bounded which means for every positive
number 𝜖 there is a finite subset 𝑁𝜖 of points of 𝑋 such that

𝐸 ⊂ ⋃
𝑦∈𝑁𝜖

𝐵𝜖 (𝑦) , (14)

where 𝐵𝜖(𝑦) denotes a ball centered at 𝑦 with radius 𝜖. The set𝑁𝜖 is called an 𝜖-net of 𝐸.
Lemma 3 (the Ascoli-Arzela theorem). Let 𝐸 be a bounded
domain inR𝑛. A subset 𝐹 of 𝐶(Ω) is precompact in 𝐶(Ω) if the
following two conditions hold:

(i) There exists a constant 𝑀 such that |𝑢(𝑥)| ⩽ 𝑀 holds
for every 𝑢 ∈ 𝐹 and 𝑥 ∈ 𝐸.

(ii) For every 𝜖 > 0, there exists 𝛿 > 0 such that |𝑢(𝑥) −𝑢(𝑦)| < 𝜖 for 𝑢 ∈ 𝐹, 𝑥, 𝑦 ∈ 𝐸, and |𝑥 − 𝑦| < 𝛿.
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Now there is a position to proveTheorem 1.

Proof of Theorem 1. Let ℎ > 0, we denote the mean of 𝑓 on𝐵(𝑥, ℎ) by
𝑀ℎ𝑓 (𝑥) fl 1

V1ℎ𝑛
∫
𝑦∈𝐵(𝑥,ℎ)

𝑓 (𝑥 + 𝑦) d𝑦, for 𝑥 ∈ R
𝑛. (15)

For 𝑓 ∈ 𝐿𝑝(⋅),𝜆(⋅)(R𝑛) and 𝑥 ∈ R𝑛

𝑀ℎ𝑓 (𝑥) − 𝑓 (𝑥)
= 1
V1ℎ𝑛

∫
𝑦∈𝐵(𝑥,ℎ)

[𝑓 (𝑥 + 𝑦) − 𝑓 (𝑥)] d𝑦. (16)

Then byHölder’s inequality and Fubini’sTheorem, for any 𝑡 ∈
R𝑛 and 𝑟 > 0,

𝑀ℎ𝑓 − 𝑓𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ⩽ 𝐶 sup
‖𝑔‖
𝐿𝑝
(⋅)(𝐵(𝑡,𝑟))

⩽1

∫
𝑥∈𝐵(𝑡,𝑟)

∫
𝑦∈𝐵(𝑥,ℎ)

1
V1ℎ𝑛

(𝑓 (𝑥 + 𝑦) − 𝑓 (𝑥)) d𝑦 𝑔 (𝑥) d𝑥

= 𝐶 sup
‖𝑔‖
𝐿𝑝
(⋅)(𝐵(𝑡,𝑟))

⩽1

∫
𝑦∈𝐵(𝑥,ℎ)

1
V1ℎ𝑛

∫
𝑥∈𝐵(𝑡,𝑟)

(𝑓 (𝑥 + 𝑦) − 𝑓 (𝑥)) 𝑔 (𝑥) d𝑥 d𝑦
⩽ 𝐶sup

|𝑦|⩽ℎ

𝑓 (⋅ + 𝑦) − 𝑓 (⋅)𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) .
(17)

Thus,

𝑀ℎ𝑓 − 𝑓𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶sup
|𝑦|⩽ℎ

𝑓 (⋅ + 𝑦) − 𝑓 (⋅)𝐿𝑝(⋅),𝜆(⋅) . (18)

Therefore, to prove thatW is a precompact set, we need only
to prove that 𝑀ℎW is precompact for small ℎ. By Lemma 2,
it suffices to show that 𝑀ℎW has finite 𝜖-net for any 𝜖 > 0. To
do so, firstly, by Lemma 3, we show that 𝑀ℎW is precompact
in 𝐶(𝐸𝑐

𝛼) for each 𝛼 > 0, where 𝐸𝑐
𝛼 = {𝑥 ∈ R𝑛: |𝑥| ⩽ 𝛼}. For

any 𝑥 ∈ R𝑛, by Hölder’s inequality,

𝑀ℎ𝑓 (𝑥) ⩽ 1
V1ℎ𝑛

∫
|𝑦|⩽ℎ

𝑓 (𝑥 + 𝑦) d𝑦
⩽ 𝐶 1

V1ℎ𝑛

𝑓𝐿𝑝(⋅)(𝐵(𝑥,ℎ)) ‖1‖
𝐿𝑝
(⋅)(𝐵(𝑥,ℎ))

⩽ 𝐶 ℎ𝜆(𝑥)/𝑝(𝑥)

ℎ𝑛

1
V1ℎ𝜆(𝑥)/𝑝(𝑥)

𝑓𝐿𝑝(⋅)(𝐵(𝑥,ℎ)) ‖1‖
𝐿𝑝
(⋅)(𝐵(𝑥,ℎ))

⩽ 𝐶 ℎ𝜆(𝑥)/𝑝(𝑥)

ℎ𝑛
‖1‖

𝐿𝑝
(⋅)(𝐵(𝑥,ℎ))

𝑓𝐿𝑝(⋅),𝜆(⋅)
⩽ 𝐶 (ℎ, 𝜆 (⋅) , 𝑝 (⋅)) 𝑓𝐿𝑝(⋅),𝜆(⋅) ,

(19)

since ‖1‖
𝐿𝑝
(⋅)(𝐵(𝑥,ℎ))

⩽ max{(V1ℎ)1/𝑝− , (V1ℎ)1/𝑝+}, and
ℎ𝜆(𝑥)/𝑝(𝑥) ⩽ max{1, ℎ𝑛/𝑝−}. Therefore, 𝑀ℎW are uniformly
bounded functions by Condition (i). Then for 𝑥1, 𝑥2 ∈ R𝑛,

𝑀ℎ𝑓 (𝑥1) − 𝑀ℎ𝑓 (𝑥2) ⩽ 1
V1ℎ𝑛

⋅ ∫
|𝑦|⩽ℎ

𝑓 (𝑥1 + 𝑦) − 𝑓 (𝑥2 + 𝑦) d𝑦 ⩽ 𝐶
⋅ 1
V1ℎ𝑛

𝑓 (𝑥1 − 𝑥2 + ⋅) − 𝑓 (⋅)𝐿𝑝(⋅)(𝐵(𝑥2 ,ℎ))

⋅ ‖1‖
𝐿𝑝
(⋅)(𝐵(𝑥,ℎ))

⩽ 𝐶 (ℎ, 𝜆 (⋅) , 𝑝 (⋅))
⋅ 𝑓 (𝑥1 − 𝑥2 + ⋅) − 𝑓 (⋅)𝐿𝑝(⋅),𝜆(⋅) .

(20)

Thus, by Condition (ii) and Lemma 3, 𝑀ℎW is precompact
in 𝐶(𝐸𝑐

𝛼).
Finally, we verify that 𝑀ℎW has finite 2𝜖-net for each

small positive 𝜖. For 0 < 𝜖 < 1, there exist 𝑁 > 0 and 𝛼 > 0
such that 1 < 𝜖−𝑁/4 < 𝛼𝑛/𝑝− < 𝜖−𝑁/2 and for each 𝑓 ∈ W

𝑓𝐸𝛼

𝐿𝑝(⋅),𝜆(⋅) < 𝜖8 . (21)

By Lemma 3, there exist {𝑓1, 𝑓2, . . . , 𝑓𝑚} ⊂ W such
that {𝑀ℎ𝑓1, 𝑀ℎ𝑓2, . . . , 𝑀ℎ𝑓𝑚} is a finite 𝜖𝑁+1-net in 𝑀ℎW in
the norm of 𝐶(𝐸𝑐

𝛼). Below we verify that {𝑀ℎ𝑓1, 𝑀ℎ𝑓2, . . . ,𝑀ℎ𝑓𝑚} is a finite 𝜖-net in 𝑀ℎW in the norm of 𝐿𝑝(⋅),𝜆(⋅).
To finish the proof, we only need to show that, for𝑓 ∈ W,

there is a 𝑓𝑗 (𝑗 ∈ {1, 2, . . . , 𝑚}) such that for 𝑟 > 0, 𝑡 ∈ R𝑛

𝐼 fl
1

V1𝑟𝜆(𝑡)/𝑝(𝑡)

𝑀ℎ𝑓 − 𝑀ℎ𝑓𝑗

𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) < 𝜖. (22)

Now, we choose 𝑓𝑗, 𝑗 ∈ {1, 2, . . . , 𝑚} such that

sup
𝑦∈𝐸𝑐𝛼

𝑀ℎ𝑓 (𝑦) − 𝑀ℎ𝑓𝑗 (𝑦) < 𝜖𝑁+1. (23)

To show (22), we consider 𝐵(𝑡, 𝑟) into three cases.
Case 1. 𝐵(𝑡, 𝑟) ⊂ 𝐸𝑐

𝛼.
If 𝑟 ⩽ 1,

𝐼 ⩽ 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

𝜖𝑁+1𝑟𝑛/𝑝+ ⩽ 𝜖𝑁+1𝑟(𝑛−𝜆(𝑡))/𝑝+ < 𝜖. (24)

If 𝑟 > 1,
𝐼 ⩽ 𝑀ℎ𝑓 − 𝑀ℎ𝑓𝑗

𝐿𝑝(⋅)(𝐸𝑐𝛼) ⩽ 𝜖𝑁+1𝛼𝑛/𝑝− < 𝜖. (25)
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Case 2. 𝐵(𝑡, 𝑟) ⊂ 𝐸𝛼. Thus, we have

𝐼 = 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

(𝑀ℎ𝑓 − 𝑀ℎ𝑓𝑗) 𝜒𝐸𝛼

𝐿𝑝(⋅)(𝐵(𝑡,𝑟))
⩽ 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

((𝑀ℎ𝑓 − 𝑓) 𝜒𝐸𝛼

𝐿𝑝(⋅)(𝐵(𝑡,𝑟))
+ (𝑓 − 𝑓𝑗) 𝜒𝐸𝛼

𝐿𝑝(⋅)(𝐵(𝑡,𝑟))
+ (𝑓𝑗 − 𝑀ℎ𝑓𝑗) 𝜒𝐸𝛼

𝐿𝑝(⋅)(𝐵(𝑡,𝑟))) ⩽ 𝑀ℎ𝑓
− 𝑓𝐿𝑝(⋅),𝜆(⋅) + 𝑓𝜒𝐸𝛼

𝐿𝑝(⋅),𝜆(⋅) + 𝑓𝑗𝜒𝐸𝛼

𝐿𝑝(⋅),𝜆(⋅) + 𝑓𝑗

− 𝑀ℎ𝑓𝑗

𝐿𝑝(⋅),𝜆(⋅) < 𝜖.

(26)

Case 3. 𝐵(𝑡, 𝑟) ∩ 𝐸𝑐
𝛼 ̸= 0, and 𝐵(𝑡, 𝑟) ∩ 𝐸𝛼 ̸= 0. Hence,

𝐼 ⩽ 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

(𝑀ℎ𝑓 − 𝑀ℎ𝑓𝑗) 𝜒𝐸𝛼

𝐿𝑝(⋅)(𝐵(𝑡,𝑟))
+ 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

(𝑀ℎ𝑓 − 𝑀ℎ𝑓𝑗) 𝜒𝐸𝑐𝛼

𝐿𝑝(⋅)(𝐵(𝑡,𝑟))
fl 𝐼1 + 𝐼2.

(27)

Here, 𝐼1, 𝐼2 can be estimated that 𝐼1, 𝐼2 < 𝜖 by Cases 1 and2, respectively.
Therefore, 𝑀ℎW has a finite 2𝜖-net in 𝐿𝑝(⋅),𝜆(⋅)(R𝑛). This

completes the proof.

3. Boundedness of Singular Integrals and
Their Commutators

To consider the boundedness of singular integrals, a funda-
mental operator is the Hardy-Littlewood maximal operator.
Given a function 𝑓, the maximal function 𝑀𝑓 is defined by

𝑀𝑓 (𝑥) = sup
𝑄∋𝑥

1|𝑄| ∫
𝑄

𝑓 (𝑦) d𝑦, ∀𝑥 ∈ R
𝑛, (28)

where the supremum is taken over all cubes containing 𝑥.
It is well known that 𝑀 is bounded on 𝐿𝑝, 1 < 𝑝 < ∞.
However, for any 𝑝(⋅) ∈ P1(R𝑛), 𝑀 need not be bounded
in 𝐿𝑝(⋅)(R𝑛). LetB(R𝑛) be the set of 𝑝(⋅) ∈ P1(R𝑛) such that𝑀 is bounded on 𝐿𝑝(⋅)(R𝑛). For the set B(R𝑛), we refer the
reader to [19, 41] for details. If 𝑝(⋅) ∈ B(R𝑛), we will use the
following results.

Lemma 4 (see [22]). Let 𝑝(⋅) ∈ B(R𝑛). Then there exist 0 <𝛿 < 1 depending only on 𝑝(⋅) and 𝑛 such that for balls 𝐵 in R𝑛

and all measurable subsets 𝑆 ⊂ 𝐵𝜒𝑆
𝐿𝑝(⋅)(R𝑛)𝜒𝐵
𝐿𝑝(⋅)(R𝑛) ⩽ 𝐶 ( |𝑆||𝐵| )𝛿 . (29)

Lemma 5 (see [22]). Let 𝑝(⋅) ∈ B(R𝑛). Then there exists a
positive constant 𝐶 > 0 such that for balls 𝐵 in R𝑛,

1|𝐵| 𝜒𝐵
𝐿𝑝(⋅)(R𝑛) 𝜒𝐵

𝐿𝑝(⋅)(R𝑛) ⩽ 𝐶, (30)

where and what follows 𝑝(⋅) is the conjugate exponent of 𝑝(⋅),
which means 𝑝(𝑥) = 𝑝(𝑥)/(𝑝(𝑥) − 1).
Lemma 6 (see [23, 24]). Suppose 𝑝(⋅) ∈ B(R𝑛), and then
there exists a positive constant 𝐶 such that for each 𝑏 ∈𝐵𝑀𝑂(R𝑛)

𝐶−1 ‖𝑏‖𝐵𝑀𝑂(R𝑛) ≤ sup
𝑄

(𝑏 − 𝑏𝑄) 𝜒𝑄
𝐿𝑝(⋅)𝜒𝑄

𝐿𝑝(⋅)
≤ 𝐶 ‖𝑏‖𝐵𝑀𝑂(R𝑛) .

(31)

Theorem 7. Let 0 < 𝜆(𝑥) < 𝑛 for 𝑥 ∈ R𝑛. Suppose 𝑆 is a linear
or sublinear operator satisfying

𝑆𝑓 (𝑥) ⩽ 𝐶 ∫
R𝑛

𝑓 (𝑦)𝑥 − 𝑦𝑛 d𝑦, for 𝑥 ∉ supp𝑓. (32)

If 𝑝(⋅) ∈ B(R𝑛), 𝜆+ < 𝑛𝛿𝑝−, where 𝛿 is as in Lemma 4 and the
operator 𝑆 is bounded on 𝐿𝑝(⋅)(R𝑛), then 𝑆 is also bounded on𝐿𝑝(⋅),𝜆(⋅)(R𝑛). That means𝑆𝑓𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶 𝑓𝐿𝑝(⋅),𝜆(⋅) , (33)

where the constant 𝐶 is independent of 𝑓.
Proof. Let 𝑓 ∈ 𝐿𝑝(⋅),𝜆(⋅), pick any 𝑡 ∈ R𝑛, and write 𝑓(𝑥) =𝑓0(𝑥) + ∑∞

𝑖=1 𝑓𝑖(𝑥), where 𝑓0 = 𝜒𝐵(𝑡,2𝑟)𝑓, 𝑓𝑖 = 𝜒𝐵(𝑡,2𝑖+1𝑟)\𝐵(𝑡,2𝑖𝑟)𝑓.
Firstly, we estimate 𝑆𝑓0 on 𝐵(𝑡, 𝑟). By the boundedness of𝑆 on 𝐿𝑝(⋅)(R𝑛), we have𝑆𝑓0

𝐿𝑝(⋅)(R𝑛) ⩽ 𝐶 𝑓0
𝐿𝑝(⋅)(R𝑛)

⩽ 𝐶V1𝑟𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) .
(34)

Thus, 𝑆𝑓0
𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ⩽ 𝑆𝑓0

𝐿𝑝(⋅)(R𝑛)
⩽ 𝐶V1𝑟𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) .

(35)

Hence, we obtain𝑆𝑓0
𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶 𝑓𝐿𝑝(⋅),𝜆(⋅) . (36)

It remains to estimate 𝑆(∑∞
𝑖=1 𝑓𝑖)(𝑥) on 𝐵(𝑡, 𝑟). By the size

estimate of 𝑆, we have
𝑆𝑓𝑖 (𝑥) ⩽ 𝐶 (2𝑖𝑟)−𝑛 ∫

R𝑛

𝑓𝑖 (𝑦) d𝑦,
for 𝑥 ∈ 𝐵 (𝑡, 𝑟) .

(37)

Thus, by Lemmas 4 and 5 and Hölder’s inequality, we have
𝑆 ( ∞∑

𝑖=1

𝑓𝑖)
𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ⩽ 

∞∑
𝑖=1

𝑆𝑓𝑖

𝐿𝑝(⋅)(𝐵(𝑡,𝑟))
⩽ 𝐶 ∞∑

𝑖=1

(2𝑖𝑟)−𝑛 ∫
R𝑛

𝑓𝑖 (𝑦) d𝑦𝐿𝑝(⋅)(𝐵(𝑡,𝑟))
⩽ 𝐶 ∞∑

𝑖=1

(2𝑖𝑟)−𝑛 ‖1‖𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ∫
𝐵(𝑡,2𝑖+1𝑟)

𝑓 (𝑦) d𝑦
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⩽ 𝐶 ∞∑
𝑖=1

(2𝑖𝑟)−𝑛 ‖1‖𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ‖1‖
𝐿𝑝
(⋅)(𝐵(𝑡,2𝑖+1𝑟))

⋅ 𝑓𝐿𝑝(⋅)(𝐵(𝑡,2𝑖+1𝑟))
⩽ 𝐶 ∞∑

𝑖=1

(2𝑖𝑟)−𝑛 ‖1‖𝐿𝑝(⋅)(𝐵(𝑡,𝑟))‖1‖𝐿𝑝(⋅)(𝐵(𝑡,2𝑖+1𝑟)) ‖1‖𝐿𝑝(⋅)(𝐵(𝑡,2𝑖+1𝑟))
× ‖1‖

𝐿𝑝
(⋅)(𝐵(𝑡,2𝑖+1𝑟))

V1 (2𝑖+1𝑟)𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅)
⩽ 𝐶 ∞∑

𝑖=1

2−𝑛𝛿(𝑖+1)V1 (2𝑖+1𝑟)𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) .
(38)

Thus,𝑆 ( ∞∑
𝑖=1

𝑓𝑖)
𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶 ∞∑

𝑖=1

2−(𝑖+1)(𝑛𝛿−𝜆+/𝑝−) 𝑓𝐿𝑝(⋅),𝜆(⋅)
⩽ 𝐶 𝑓𝐿𝑝(⋅),𝜆(⋅) .

(39)

This finishes the proof of Theorem 7.

Next we turn to the boundedness of commutators in
variable Morrey spaces. Many authors have studied it; see
[44], but they considered that it restricts the underlying space
with finite measure.

Theorem 8. Suppose 𝑆 is a linear operator satisfying

𝑆𝑓 (𝑥) = ∫
R𝑛

Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛 𝑓 (𝑦) d𝑦, for 𝑥 ∉ supp𝑓, (40)

where Ω is a bounded measurable function. Let 0 < 𝜆(𝑥) <𝑛, and 𝑏 ∈ 𝐵𝑀𝑂(R𝑛) and 𝑝(⋅) ∈ B(R𝑛). If the commutator[𝑏, 𝑆] is bounded on 𝐿𝑝(⋅)(R𝑛), then [𝑏, 𝑆] is also bounded on𝐿𝑝(⋅),𝜆(⋅)(R𝑛).
Proof. For any 𝑡 ∈ R𝑛 and 𝑟 > 0, let 𝐵 = 𝐵(𝑡, 𝑟) and write 𝑓 as
in the proof ofTheorem 7. By the 𝐿𝑝(⋅)-boundedness of [𝑏, 𝑆],
we obtain[𝑏, 𝑆] 𝑓0 (𝑥) 𝜒𝐵

𝐿𝑝(⋅) ≤ 𝐶 𝑓0
𝐿𝑝(⋅)

≤ 𝐶V1 (2𝑟)𝜆(⋅)/𝑝(𝑥) 𝑓𝐿𝑝(⋅),𝜆(⋅)(R𝑛) . (41)

For 𝑘 > 0 and 𝑥 ∈ 𝐵, we write
[𝑏, 𝑆] 𝑓𝑘 (𝑥) ≤ 𝐶

(2𝑘𝑟)𝑛
⋅ ∫

2𝑘+1𝐵

𝑏 (𝑥) − 𝑏2𝑟 Ω (𝑥 − 𝑦) 𝑓𝑘 (𝑦) d𝑦 + 𝐶
(2𝑘𝑟)𝑛

⋅ ∫
2𝑘+1𝐵

𝑏2𝑟 − 𝑏2𝑘+1𝑟 Ω (𝑥 − 𝑦) 𝑓𝑘 (𝑦) d𝑦 + 𝐶
(2𝑘𝑟)𝑛

⋅ ∫
2𝑘+1𝐵

𝑏 (𝑦) − 𝑏2𝑘+1𝑟 Ω (𝑥 − 𝑦) 𝑓𝑘 (𝑦) d𝑦
fl 𝐼1𝑘 (𝑥) + 𝐼2𝑘 (𝑥) + 𝐼3𝑘 (𝑥) ,

(42)

where and in what follows, for 𝑘 ⩾ 0, 𝑏2𝑘+1𝑟 is defined by

𝑏2𝑘+1𝑟 = 1𝐵 (𝑡, 2𝑘+1𝑟) ∫
𝐵(𝑡,2𝑘+1𝑟)

𝑏 (𝑦) d𝑦. (43)

By the well-known fact that, for any 𝑟 > 0 and 𝑘 ∈ N,|𝑏2𝑘+1𝑟 − 𝑏2𝑟| ≤ 𝐶𝑛𝑘‖𝑏‖∗ (see [47, Proposition 7.1.5(i)]), we
obtain

𝐼2𝑘 (𝑥) ≤ 𝐶 (𝑘 + 1) ‖𝑏‖∗ (2𝑘𝑟)−𝑛 ∫
2𝑘+1𝐵

𝑓𝑘 (𝑦) d𝑦
≤ 𝐶 (𝑘 + 1) (2𝑘𝑟)−𝑛 ‖𝑏‖∗ 𝜒2𝑘+1𝐵

𝐿𝑝(⋅) 𝑓𝐿𝑝(⋅)(2𝑘+1𝐵) .
(44)

Hence, for 𝑘 > 0, using Lemmas 4 and 5 we have
𝐼2𝑘𝜒𝐵

𝐿𝑝(⋅) ≤ 𝐶 (𝑘 + 1) (2𝑘𝑟)−𝑛 ‖𝑏‖∗ 𝜒𝐵
𝐿𝑝(⋅)

⋅ 𝜒2𝑘+1𝐵
𝐿𝑝(⋅) 𝑓𝐿𝑝(⋅)(2𝑘+1𝐵) ≤ 𝐶 (𝑘 + 1) ‖𝑏‖∗

⋅ 2−𝑛𝛿(𝑘+1)V1 (2𝑘+1𝑟)𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) ≤ 𝐶 (𝑘 + 1)
⋅ ‖𝑏‖∗ 2−(𝑘+1)(𝑛𝛿−𝜆+/𝑝−)V1 (2𝑟)𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) .

(45)

For 𝐼3𝑘(𝑋), by Hölder’s inequality and Lemma 6, we have

𝐼3𝑘 (𝑥)
≤ 𝐶 1

(2𝑘𝑟)𝑛 (𝑏 − 𝑏2𝑘+1𝑟) 𝜒2𝑘+1𝐵
𝐿𝑝(⋅) 𝑓𝐿𝑝(⋅)(2𝑘+1𝐵)

≤ 𝐶 1
(2𝑘𝑟)𝑛 ‖𝑏‖∗ 𝜒2𝑘+1𝐵

𝐿𝑝(⋅) 𝑓𝐿𝑝(⋅)(2𝑘+1𝐵) .
(46)

Therefore, as the argument as for 𝐼2𝑘, we have𝐼3𝑘𝜒𝐵
𝐿𝑝(⋅)

≤ 𝐶 ‖𝑏‖∗ 2−(𝑘+1)(𝑛𝛿−𝜆+/𝑝−)V1 (2𝑟)𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) .
(47)

Finally, for 𝐼1𝑘(𝑥) by Hölder’s inequality, we have

𝐼1𝑘 (𝑥)
≤ 𝐶 𝑏 (𝑥) − 𝑏𝑟 1

(2𝑘𝑟)𝑛 𝜒2𝑘+1𝐵
𝐿𝑝(⋅) 𝑓𝐿𝑝(⋅)(2𝑘+1𝐵) . (48)

Thus, as the argument as before, we obtain that𝐼1𝑘𝜒𝐵
𝐿𝑝(⋅)

≤ 𝐶 ‖𝑏‖∗ 1
(2𝑘𝑟)𝑛 𝜒𝐵

𝐿𝑝(⋅) 𝜒2𝑘+1𝐵
𝐿𝑝(⋅) 𝑓𝐿𝑝(⋅)(2𝑘+1𝐵)

≤ 𝐶 ‖𝑏‖∗ 2−(𝑘+1)(𝑛𝛿−𝜆+/𝑝−)V1 (2𝑟)𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) .
(49)

From (45), (47), and (49), we get[𝑏, 𝑆] ∞∑
𝑘=1

𝑓𝑘𝜒𝐵

𝐿𝑝(⋅) ≤ 𝐶 ∞∑
𝑘=1

(𝑘 + 1) ‖𝑏‖∗
⋅ 2−(𝑘+1)(𝑛𝛿−𝜆+/𝑝−)V1 (2𝑟)𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) ≤ 𝐶 ‖𝑏‖∗
⋅ V1 (2𝑟)𝜆(𝑡)/𝑝(𝑡) 𝑓𝐿𝑝(⋅),𝜆(⋅) .

(50)
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Hence,
[𝑏, 𝑆] 𝑓𝐿𝑝(⋅),𝜆(⋅)(R𝑛) ≤ 𝐶 ‖𝑏‖∗ 𝑓𝐿𝑝(⋅),𝜆(⋅)(R𝑛) . (51)

This finishes the proof of Theorem 8.

Corollary 9. Let 0 < 𝜆(𝑥) < 𝑛. Suppose that Ω is a bounded
homogeneous function of degree 0 and satisfies conditions (2)
and

∫1

0

𝑤 (𝛿)𝛿 d𝛿 < ∞, (52)

where

𝑤 (𝛿) = sup
𝑥 ,𝑦∈𝑆𝑛−1,|𝑥−𝑦|<𝛿

Ω (𝑥) − Ω (𝑦) . (53)

If 𝑝(⋅) ∈ B(R𝑛), then the Calderón-Zygmund singular integral
operator 𝑇 defined by (1) and its commutator [𝑏, 𝑇] with 𝑏 ∈𝐵𝑀𝑂(R𝑛) are both bounded on 𝐿𝑝(⋅),𝜆(⋅)(R𝑛).
Proof. Corollary 9 is the result of the following lemmas.
Indeed, the boundedness of 𝑇 on 𝐿𝑝(⋅),𝜆(⋅)(R𝑛) is the direct
result of Theorem 7, Lemmas 12 and 13. For the commutator,
if 𝑤 ∈ 𝐴𝑝, 𝑝 ∈ (1, ∞), then by Corollary 9.2.6 in [47] there
exists 𝜖 > 0 such that𝑤 ∈ 𝐴𝑝−𝜖 and 𝑝−𝜖 > 1.Thenwe choose𝑠 = 𝑝/(𝑝 − 𝜖) < 𝑝 in Lemma 11; for 𝑤 ∈ 𝐴𝑝 by Lemma 10 we
obtain

∫
R𝑛

[𝑏, 𝑇] 𝑓 (𝑥)𝑝 𝑤 (𝑥) d𝑥 ⩽ 𝐶 ∫
R𝑛

𝑓 (𝑥)𝑝 𝑤 (𝑥) d𝑥, (54)

for bounded functions 𝑏 and compactly supported functions𝑓. Finally, using the similar argument for Theorem 7.5.6 in
[47], we obtain that the last inequality holds for any 𝑏 ∈
BMO(R𝑛). Thus, by Lemma 13, we obtain that [𝑏, 𝑇] is
bounded on 𝐿𝑝(⋅)(R𝑛). Consequently, by Theorem 8, [𝑏, 𝑇]
is bounded on 𝐿𝑝(⋅),𝜆(⋅)(R𝑛).

We remark here that the boundedness in variable
Lebesgue spaces 𝐿𝑝(⋅)(R𝑛) of commutator [𝑏, 𝑇] has been
proved in [44] by another method when Ω is an infinitely
differentiable function on 𝑆𝑛−1.
Lemma 10 (see Lemma 2.1 in [48]). Let 1 < 𝑝 < ∞ and 𝑤 ∈𝐴𝑝 (Muckenhoupt weight); then there exists a positive constant𝐶 such that

∫
R𝑛

𝑀𝑓 (𝑥)𝑝 𝑤 (𝑥) d𝑥 ≤ 𝐶 ∫
R𝑛

𝑀#𝑓 (𝑥)𝑝 𝑤 (𝑥) d𝑥, (55)

for functions 𝑓 such that the left-hand side is finite.

Here we say 𝑤 ∈ 𝐴𝑝, 1 < 𝑝 < ∞ if for every cube 𝑄
( 1|𝑄| ∫

𝑄
𝑤 (𝑥) d𝑥) ( 1|𝑄| ∫

𝑄
𝑤 (𝑥)1−𝑝 d𝑥)𝑝−1 ≤ 𝐶

< ∞.
(56)

For properties of 𝐴𝑝, we refer the reader to [47].

Lemma 11 (see Lemma 2.4.1 in [49]). Let 𝑏 ∈ 𝐵𝑀𝑂(R𝑛) and𝑝 ∈ (1, ∞). Then for any 𝑠 ∈ (1, 𝑝), there exists a constant 𝐶,
independent of 𝑏 and 𝑓, such that

𝑀# [𝑏, 𝑇] (𝑓) (𝑥)
≤ 𝐶 ‖𝑏‖∗ [(𝑀 (𝑇𝑓𝑠) (𝑥))1/𝑠 + (𝑀 (𝑓𝑠) (𝑥))1/𝑠] ,

∀𝑥 ∈ R
𝑛.

(57)

Lemma 12 (see Theorem 2.1.6 in [49]). Suppose that Ω is
a bounded homogeneous function of degree 0 and satisfies
conditions (1) and (52). If 𝑝 ∈ (1, ∞) and 𝑤 ∈ 𝐴𝑝, then there
exists a constant 𝐶, independent of 𝑓, such that

∫
R𝑛

𝑇𝑓 (𝑥)𝑝 𝑤 (𝑥) d𝑥 ≤ 𝐶 ∫
R𝑛

𝑓 (𝑥)𝑝 𝑤 (𝑥) d𝑥. (58)

Lemma 13 (see Corollary 1.11 in [18]). Given that F denotes
a family of ordered pairs of nonnegative, measurable functions(𝑓, 𝑔) on R𝑛, assume that

∫
R𝑛

𝑓 (𝑥)𝑝0 𝑤 (𝑥) d𝑥 ⩽ 𝐶0 ∫
R𝑛

𝑔 (𝑥)𝑝0 𝑤 (𝑥) d𝑥,
(𝑓, 𝑔) ∈ F,

(59)

holds for some 1 < 𝑝0 < ∞, for every 𝜔 ∈ 𝐴𝑝0
and for all(𝑓, 𝑔) ∈ F. Let 𝑝(⋅) ∈ B(R𝑛). Then𝑓𝐿𝑝(⋅) ⩽ 𝐶 𝑔𝐿𝑝(⋅) . (60)

4. Compactness of Commutators

Now we obtain sufficient conditions for the commutator[𝑏, 𝑇] to be a compact operator on 𝐿𝑝(⋅),𝜆(⋅)(R𝑛).
Theorem 14. Let 0 < 𝜆(𝑥) < 𝑛 for 𝑥 ∈ R𝑛 and 𝑝(⋅) ∈ B(R𝑛)
such that 𝜆(⋅)/𝑝(⋅) is a constant function. Suppose that Ω is a
bounded homogeneous function of degree of 0 and satisfies (2)
and for some 𝑞 ∈ (1, 𝑝−)

∫1

0

𝜔𝑞 (𝛿)
𝛿 (1 + log 𝛿) d𝛿 < ∞, (61)

where𝜔𝑞(𝛿) denotes the integral modulus of continuity of order𝑞 of Ω defined by

𝜔𝑞 (𝛿) = sup
‖𝜌‖<𝛿

(∫
𝑆𝑛−1

Ω (𝜌𝑥) − Ω (𝑥)𝑞 d𝜎 (𝑥))1/𝑞 , (62)

and 𝜌 is a rotation in R𝑛 and ‖𝜌‖ = sup𝑥∈𝑆𝑛−1 |𝜌𝑥 − 𝑥|. If 𝑏 ∈𝑉𝑀𝑂(R𝑛) (the closure of the set of compactly supported infinite
differential functions in 𝐵𝑀𝑂(R𝑛)), then the commutator[𝑏, 𝑇] is a compact operator on 𝐿𝑝(⋅),𝜆(⋅)(R𝑛).
Lemma 15. Let 0 < 𝜆(⋅) < 𝑛. Suppose that Ω is a bounded
homogeneous function of degree of 0 and satisfies (2) and (52).
For 𝜂 > 0, let

𝑇𝜂𝑓 (𝑥) = ∫
|𝑥−𝑦|>𝜂

Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛 𝑓 (𝑦) d𝑦. (63)
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Then for 𝑝(⋅) ∈ B(R𝑛), ‖𝑇𝜂‖𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶‖𝑓‖𝐿𝑝(⋅),𝜆(⋅) , where 𝐶 is
independent of 𝜂 and 𝑓.
Proof. Lemma 15 is a direct consequence of Theorem 7. In
fact, by Theorem 2.1.8 in [49], given that 1 < 𝑝 < ∞, if𝜔 ∈ 𝐴𝑝, then

∫
Ω

𝑇𝜂𝑓 (𝑥)𝑝 𝜔 (𝑥) d𝑥 ⩽ 𝐶0 ∫
Ω

𝑓 (𝑥)𝑝 𝜔 (𝑥) d𝑥 (64)

holds uniformly in 𝜂. Using Lemma 13, we can get that 𝑇𝜂 is
bounded on 𝐿𝑝(⋅)(R𝑛) uniformly in 𝜂. Now all conditions in
Theorem 7 are fulfilled.

Lemma 16 (see Lemma 2.2 in [8]). Suppose that 0 < 𝛽 < 𝑛,Ω satisfies (2), and Ω ∈ 𝐿𝑞(𝑆𝑛−1), where 𝑞 > 1. Then there exist𝐶 > 0 such that for an 𝑅 > 0 and 𝑥 ∈ R𝑛 with |𝑥| < 𝑅/2
(∫

𝑅<|𝑦|<2𝑅


Ω (𝑦 − 𝑥)𝑦 − 𝑥𝑛−𝛽 − Ω (𝑦)𝑦𝑛−𝛽


𝑞

d𝑦)
1/𝑞

⩽ 𝐶𝑅𝑛/𝑞−(𝑛−𝛽) { |𝑥|𝑅 + ∫|𝑥|/𝑅

|𝑥|/2𝑅

𝑤𝑞 (𝛿)
𝛿 d𝛿} .

(65)

Proof of Theorem 14. We will use the method in [8]. Let F
be the unit ball in 𝐿𝑝(⋅),𝜆(⋅)(R𝑛). By density, we only need to
prove that when 𝑏 ∈ 𝐶∞

𝑐 (R𝑛), the set G = {[𝑏, 𝑇]𝑓: 𝑓 ∈ F}
is a precompact in 𝐿𝑝(⋅),𝜆(⋅)(R𝑛). By Theorem 1, it is sufficient
to show that (11)–(13) hold uniformly inG.

Notice that 𝑏 ∈ 𝐶∞
𝑐 (R𝑛). Applying Corollary 9, we have

sup
𝑓∈F

[𝑏, 𝑇] 𝑓𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶 ‖𝑏‖∗ sup
𝑓∈F

𝑓𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶 ‖𝑏‖∗
< ∞.

(66)

This shows that (11) holds.
Next we show that (13) holds. To do so, we suppose that𝛽 > 1 taken so large that supp 𝑏 ⊂ {𝑥 : |𝑥| ≤ 𝛽}. For any0 < 𝜖 < 1, we take 𝛼 > 𝛽 such that (𝛼 − 𝛽)𝑛(1−𝑞) < 𝜖𝑞. Below

we show that for every 𝑡 ∈ R𝑛 and 𝑟 > 0, 𝑞 > 1
1

V1𝑟𝜆(𝑡)/𝑝(𝑡)

[𝑏, 𝑇] 𝑓𝜒𝐸𝛼

𝐿𝑝(⋅)𝐵(𝑡,𝑟) < 𝐶𝜖 ‖Ω‖𝐿𝑞(𝑆𝑛−1) . (67)

In fact, for any 𝑥 ∈ 𝐸𝛼 = {𝑥 ∈ R𝑛 : |𝑥| > 𝛼} and every𝑓 ∈ F, by Hölder’s inequality we have
[𝑏, 𝑇] 𝑓 (𝑥)

= ∫R𝑛
Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛 (𝑏 (𝑥) − 𝑏 (𝑦)) 𝑓 (𝑦) d𝑦

≤ 𝐶 ‖𝑏‖∞ ∫
|𝑦|<𝛽

Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛
𝑓 (𝑦) d𝑦

⩽ 𝐶 (∫
|𝑥−𝑦|⩽𝛽

Ω (𝑦)𝑞𝑦𝑛𝑞
𝑓 (𝑥 − 𝑦)𝑞 d𝑦)1/𝑞 .

(68)

Then for every 𝑡 ∈ R𝑛 and 𝑟 > 0, by theMinkowski inequality
and the choice of 𝛼, we get

1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

[𝑏, 𝑇] 𝑓𝜒𝐸𝛼

𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ⩽ 𝐶

⋅ 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

(∫
|⋅−𝑦|≤𝛽

Ω (𝑦)𝑞𝑦𝑛𝑞
𝑓 (⋅ − 𝑦)𝑞 d𝑦)1/𝑞

⋅ 𝜒𝐸𝛼

𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ⩽ 𝐶

⋅ 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

(∫
|⋅−𝑦|≤𝛽

Ω (𝑦)𝑞𝑦𝑛𝑞
𝑓 (⋅ − 𝑦)𝑞 d𝑦)

⋅ 𝜒𝐸𝛼


1/𝑞

𝐿𝑝(⋅)/𝑞(𝐵(𝑡,𝑟))

⩽ 𝐶 1𝑟𝜆(𝑡)/𝑝(𝑡)−𝜆(𝑡−𝑦)/𝑝(𝑡−𝑦)

⋅ sup
|𝑥−𝑦|⩽𝛽

1
V1𝑟𝜆(𝑡−𝑦)/𝑝(𝑡−𝑦)

𝑓𝐿𝑝(⋅)𝐵(𝑡−𝑦,𝑟)

⋅ {∫
|𝑦|>𝛼−𝛽

Ω (𝑦)𝑞𝑦𝑛𝑞 d𝑦)1/𝑞 ⩽ 𝐶𝜖 ‖Ω‖𝐿𝑞(𝑆𝑛−1)
⋅ 𝑓𝐿𝑝(⋅),𝜆(⋅) .

(69)

Thus, we get (67), which shows that (13) holds for [𝑏, 𝑇] inG
uniformly.

Finally, we show that the translation continuity condition
(12) holds for the commutator [𝑏, 𝑇] inG uniformly.We need
to prove that, for any 0 < 𝜖 < 1/2, if |𝑧| is sufficiently small
depending only on 𝜖, then for every 𝑓 ∈ F[𝑏, 𝑇] 𝑓 (⋅) − [𝑏, 𝑇] 𝑓 (⋅ + 𝑧)𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶𝜖. (70)
Now for 𝑧 ∈ R𝑛, we write

[𝑏, 𝑇] 𝑓 (𝑥 + 𝑧) − [𝑏, 𝑇] 𝑓 (𝑥)
= ∫

|𝑥−𝑦|>𝑒1/𝜖|𝑧|

Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛 [𝑏 (𝑥 + 𝑧) − 𝑏 (𝑥)]
⋅ 𝑓 (𝑦) d𝑦
+ ∫

|𝑥−𝑦|>𝑒1/𝜖|𝑧|
( Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛 − Ω (𝑥 + 𝑧 − 𝑦)𝑥 + 𝑧 − 𝑦𝑛 )

⋅ [𝑏 (𝑦) − 𝑏 (𝑥 + 𝑧)] 𝑓 (𝑦) d𝑦
+ ∫

|𝑥−𝑦|⩽𝑒1/𝜖|𝑧|

Ω (𝑥 − 𝑦)𝑥 − 𝑦𝑛 [𝑏 (𝑦) − 𝑏 (𝑥)] 𝑓 (𝑦) d𝑦

− ∫
|𝑥−𝑦|⩽𝑒1/𝜖|𝑧|

Ω (𝑥 + 𝑧 − 𝑦)𝑥 − 𝑦𝑛 [𝑏 (𝑦) − 𝑏 (𝑥 + 𝑧)]
⋅ 𝑓 (𝑦) d𝑦 fl 𝐽1 + 𝐽2 + 𝐽3 − 𝐽4.

(71)

Since 𝑏 ∈ 𝐶∞
𝑐 (R𝑛), we have |𝑏(𝑥)−𝑏(𝑥+𝑧)| ⩽ 𝐶‖∇𝑏‖∞|𝑧|.

Since Ω ∈ 𝐿𝑞(𝑆𝑛−1) and applying Lemma 15, we get𝐽1𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶 |𝑧| 𝑓𝐿𝑝(⋅),𝜆(⋅) < 𝐶 |𝑧| . (72)
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As for 𝐽2, for every 𝑡 ∈ R𝑛 and 𝑟 > 0, using Lemma 16 and
the Minkowski inequality, we get

1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

𝐽2𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ⩽ 2 ‖𝑏‖∞ 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

⋅ sup
|𝑥−𝑦|>𝑒1/𝜖|𝑧|

𝑓𝐿𝑝(⋅)(𝐵(𝑡−𝑦,𝑟)) ∫
|𝑦|>𝑒1/𝜖|𝑧|


Ω (𝑦)𝑦𝑛

− Ω (𝑦 + 𝑧)𝑦 + 𝑧𝑛
 d𝑦 ⩽ 𝐶

⋅ 1𝑟𝜆(𝑡)/𝑝(𝑡)−𝜆(𝑡−𝑦)/𝑝(𝑡−𝑦)

𝑓𝐿𝑝(⋅),𝜆(⋅)
∞∑
𝑘=0

{ |𝑧|2𝑘𝑒1/𝜖 |𝑧|
+ ∫|𝑧|/2𝑘𝑒1/𝜖|𝑧|

|𝑧|/2𝑘+1𝑒1/𝜖|𝑧|

𝜔 (𝛿)𝛿 d𝛿} ⩽ 𝐶 𝑓𝐿𝑝(⋅),𝜆(⋅)
∞∑
𝑘=0

{ 12𝑘𝑒1/𝜖
+ 11 + 𝑘 + 1/𝜖 ∫|𝑧|/2𝑘𝑒1/𝜖|𝑧|

|𝑧|/2𝑘+1𝑒1/𝜖|𝑧|

𝜔 (𝛿)𝛿 (1 + log 𝛿) d𝛿}
⩽ 𝐶 (𝑒−1/𝜖 + 𝜖) 𝑓𝐿𝑝(⋅),𝜆(⋅) .

(73)

Thus, we have
𝐽2𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶𝜖. (74)

Regarding 𝐽3, we have |𝑏(𝑥) − 𝑏(𝑦)| ⩽ 𝐶‖∇𝑏‖∞|𝑥 − 𝑦| by𝑏 ∈ 𝐶∞
𝑐 (R𝑛). Thus,

𝐽3 ⩽ 𝐶 ∫
|𝑥−𝑦|⩽𝑒1/𝜖|𝑧|

Ω (𝑥 − 𝑦) 𝑥 − 𝑦−𝑛+1 𝑓 (𝑦) d𝑦. (75)

By the Minkowski inequality, for every 𝑡 ∈ R𝑛 and 𝑟 > 0, we
have

1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

𝐽3𝐿𝑝(⋅)(𝐵(𝑡,𝑟)) ⩽ 𝐶 1
V1𝑟𝜆(𝑡)/𝑝(𝑡)

⋅ sup
|𝑥−𝑦|⩽𝑒1/𝜖|𝑧|

𝑓𝐿𝑝(⋅)(𝐵(𝑡−𝑦,𝑟))
⋅ ∫

|𝑦|⩽𝑒1/𝜖|𝑧|

Ω (𝑦) 𝑦−𝑛+1 d𝑦 ⩽ 𝐶
⋅ 1𝑟𝜆(𝑡)/𝑝(𝑡)−𝜆(𝑡−𝑦)/𝑝(𝑡−𝑦)

𝑒1/𝜖 |𝑧| 𝑓𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶𝑒1/𝜖 |𝑧|
⋅ 𝑓𝐿𝑝(⋅),𝜆(⋅) .

(76)

Thus,
𝐽3𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶𝑒1/𝜖 |𝑧| . (77)

Finally, by |𝑏(𝑥 + 𝑧) − 𝑏(𝑦)| ⩽ 𝐶‖∇𝑏‖∞|𝑥 + 𝑧 − 𝑦|, we have
𝐽4 ⩽ 𝐶 ∫

|𝑥−𝑦|⩽𝑒1/𝜖|𝑧|

Ω (𝑥 + 𝑧 − 𝑦) 𝑥 + 𝑧 − 𝑦−𝑛+1 d𝑦. (78)

Using the same argument for 𝐽3, it is easy to check that
𝐽4𝐿𝑝(⋅),𝜆(⋅) ⩽ 𝐶 (𝑒1/𝜖 |𝑧| + |𝑧|) . (79)

From (72), (74), (77), and (79), and taking |𝑧| to be
sufficiently small, we can get

[𝑏, 𝑇] 𝑓 (⋅) − [𝑏, 𝑇] 𝑓 (⋅ + 𝑧)𝐿𝑝(⋅),𝜆(⋅)
⩽ 𝐽1𝐿𝑝(⋅),𝜆(⋅) + 𝐽2𝐿𝑝(⋅),𝜆(⋅) + 𝐽3𝐿𝑝(⋅),𝜆(⋅) + 𝐽4𝐿𝑝(⋅),𝜆(⋅)
⩽ 𝐶𝜖.

(80)

Therefore, we show that the translation continuity (12) holds
for the commuator [𝑏, 𝑇] in G uniformly and this completes
the proof of Theorem 14.

We remark that in Theorem 14 the condition 𝑏 ∈
VMO(R𝑛) is necessary byTheorem 1.2 in [8].
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