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We first proveMazur’s lemma in a random locally convex module endowed with the locally 𝐿0-convex topology.Then, we establish
the embedding theorem of an 𝐿0-prebarreled random locally convex module, which says that if (𝑆,P) is an 𝐿0-prebarreled random
locally convex module such that 𝑆 has the countable concatenation property, then the canonical embedding mapping 𝐽 of 𝑆 onto
𝐽(𝑆) ⊂ (𝑆∗𝑠 )

∗
𝑠 is an 𝐿

0-linear homeomorphism, where (𝑆∗𝑠 )
∗
𝑠 is the strong random biconjugate space of 𝑆 under the locally 𝐿0-convex

topology.

1. Introduction

Mazur’s lemma in a locally convex space is a very useful fact in
convex analysis. The embedding theorem of a locally convex
space into its biconjugate space has played a crucial role in
the study of semireflexivity and reflexivity of a locally convex
space.The purpose of this paper is to generalize the two basic
results from a locally convex space to a random locally convex
module.

Based on the idea of randomizing functional space theory,
a new approach to random functional analysis was initiated
by Guo in [1–3]; in particular, the study of random normed
modules and random inner product modules together with
their random conjugate spaces was already the central theme
in random functional analysis in [2, 3]. Currently, random
normed modules, random inner product modules, random
locally convex modules, and the theory of random conjugate
spaces still occupy a central place in random functional
analysis. At the early stage, motivated by the theory of
probabilistic metric spaces [4], random normed modules
and random locally convex modules used to be endowed
with the (𝜀, 𝜆)-topology, which also leads to the theory of
random conjugate spaces under the (𝜀, 𝜆)-topology [5, 6].
In 2009, motivated by financial applications, Filipović et al.
presented the notion of a locally 𝐿0-convex module while

the locally 𝐿0-convex topology for random normed modules
and random locally convex modules was also introduced
in [7]. Subsequently, Guo established the relations between
some basic results derived from the (𝜀, 𝜆)-topology and the
locally 𝐿0-convex topology for a random locally convex
module in [8]. The (𝜀, 𝜆)-topology is too weak, whereas the
locally 𝐿0-convex topology is too strong, and the advantages
and disadvantages of the two kinds of topologies often
complement each other so that simultaneously considering
the two kinds of topologies for a random locally convex
module or a random normed module will make random
functional analysis deeply developed, which also leads to a
series of recent advances in random functional analysis and
its applications [9–14].

In 2009, Guo et al. first proved Mazur’s lemma in a
random locally convex module endowed with the (𝜀, 𝜆)-
topology in [6]. Recently, Zapata [15] studied Mazur’s lemma
in a random normed module endowed with the locally
𝐿0-convex topology. This paper will give Mazur’s lemma
in the sense of all kinds of random duality, in particular
Mazur’s lemma in a random locally convex module endowed
with the locally 𝐿0-convex module. The notion of an 𝐿0-
prebarreled module is a proper random generalization of
that of a barreled space; in particular, a characterization for
a random locally convex module to be 𝐿0-prebarreled was
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established in [10]. Based on [10], this paper will prove an
𝐿0-linear homeomorphically embedding theorem of an 𝐿0-
prebarreled random locally convex module into its strong
random biconjugate space.

The remainder of this paper is organized as follows.
Section 2 states and proves the main results of this paper.

2. Main Results and Their Proofs

Throughout this paper, (Ω,F, 𝑃) denotes a given probability
space and𝐾 the scalar field𝑅 of real numbers or𝐶 of complex
numbers. Now, we can state the main results of this paper as
follows.

Theorem1. Let (𝑆,P) be a random locally convexmodule over
𝐾with base (Ω,F, 𝑃) and𝐺 an 𝐿0-convex subset of 𝑆 such that
𝐺 has the countable concatenation property.Then,𝐺−𝑐 = 𝐺

−
𝜀,𝜆 =

[𝐺]−𝜎𝜀,𝜆(𝑆,𝑆∗𝜀,𝜆)
= [𝐺]−𝜎𝜀,𝜆(𝑆,𝑆∗𝑐 ) = [𝐺]

−
𝜎𝑐(𝑆,𝑆

∗
𝑐 )
.

Theorem 2. Let (𝑆,P) be an 𝐿0-prebarreled random locally
convex module over 𝐾 with base (Ω,F, 𝑃) such that 𝑆 has
the countable concatenation property. Then, 𝑆 is 𝐿0-linearly
homeomorphically embedded into (𝑆∗𝑠 )

∗
𝑠 by the canonical

mapping 𝐽 : 𝑆 → 𝐽(𝑆) ⊂ (𝑆∗𝑠 )
∗
𝑠 defined by 𝐽(𝑥)(𝑓) =

𝑓(𝑥), ∀𝑥 ∈ 𝑆 and 𝑓 ∈ 𝑆∗𝑠 , where 𝑆
∗
𝑠 denotes the random

conjugate space 𝑆∗𝑐 endowed with its strong locally 𝐿0-convex
topology.

For the sake of readers’ convenience and proofs of
Theorems 1 and 2, let us first recapitulate some notations and
known terminology.

In the sequel,𝐿0(F, 𝐾) denotes the algebra of equivalence
classes of 𝐾-valued random variables on Ω and 𝐿0(F) the
set of equivalence classes of extended real-valued random
variables on Ω, where two random variables are equivalent
if they are equal almost everywhere (briefly, a.s.).

It is well known from [16] that 𝐿0(F) is an order complete
lattice under the partial order: 𝜉 ≤ 𝜂 iff 𝜉0(𝜔) ≤ 𝜂0(𝜔) for
almost all 𝜔 in Ω, where 𝜉0 and 𝜂0 are arbitrarily chosen
representatives of 𝜉 and 𝜂, respectively; further, ∨𝐴 and ∧𝐴
stand for the supremum and infimum of a subset𝐴 of 𝐿0(F),
respectively. In addition, it is also well known that if 𝐴 is
directed upwards (downwards), then there exists a nonde-
creasing (nonincreasing) sequence {𝑎𝑛, 𝑛 ∈ 𝑁} ({𝑏𝑛, 𝑛 ∈
𝑁}) in 𝐴 such that 𝑎𝑛 ↑ ∨𝐴 (𝑏𝑛 ↓ ∧𝐴). 𝐿

0
(F) has the largest

element and the smallest element, denoted by +∞ and −∞,
respectively; namely, +∞ and −∞ stand for the equivalence
classes of constant functions with values +∞ and −∞ on
Ω, respectively. Particularly, 𝐿0(F, 𝑅) is order complete as a
sublattice of 𝐿0(F).

Let 𝐴 ∈ F and 𝜉 and 𝜂 be in 𝐿0(F); we say that 𝜉 > 𝜂
on 𝐴 (𝜉 ≥ 𝜂 on 𝐴) if 𝜉0(𝜔) > 𝜂0(𝜔) (accordingly, 𝜉0(𝜔) ≥
𝜂0(𝜔)) for almost all 𝜔 ∈ 𝐴, where 𝜉0 and 𝜂0 are arbitrarily
chosen representatives of 𝜉 and 𝜂, respectively. Similarly, one
can understand 𝜉 ̸= 𝜂 on 𝐴 and 𝜉 = 𝜂 on 𝐴. In particular,

𝐼𝐴 stands for the equivalence class of 𝐼𝐴, where 𝐼𝐴(𝜔) = 1 if
𝜔 ∈ 𝐴 and 0 if 𝜔 ∉ 𝐴.

This paper always employs the following notation:

𝐿0(F) = 𝐿0(F, 𝑅).
𝐿0+(F) = {𝜉 ∈ 𝐿

0(F) | 𝜉 ≥ 0}.
𝐿0++(F) = {𝜉 ∈ 𝐿

0(F) | 𝜉 > 0 onΩ}.

Similarly, one can understand 𝐿0+(F) and 𝐿
0

++(F).

Let 𝐸 be a left module over the algebra 𝐿0(F, 𝐾) (briefly,
an 𝐿0(F, 𝐾)-module); the module multiplication 𝜉 ⋅ 𝑥 is
simply denoted by 𝜉𝑥 for any 𝜉 ∈ 𝐿0(F, 𝐾) and 𝑥 ∈ 𝐸. A
mapping ‖ ⋅ ‖ : 𝐸 → 𝐿0+(F) is called an 𝐿0-seminorm on 𝐸 if
it satisfies the following:

(1) ‖𝜉𝑥‖ = |𝜉|‖𝑥‖, ∀𝜉 ∈ 𝐿0(F, 𝐾) and 𝑥 ∈ 𝐸.
(2) ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖, ∀𝑥, 𝑦 ∈ 𝐸.

If, in addition, ‖𝑥‖ = 0 implies 𝑥 = 𝜃 (the null element of
𝐸), then ‖⋅‖ is called an𝐿0-normon𝐸; at this time, the ordered
pair (𝐸, ‖ ⋅ ‖) is called a random normed module (briefly, an
RN module) over 𝐾 with base (Ω,F, 𝜇).

An ordered pair (𝐸,P) is called a random locally convex
module (briefly, an RLC module) over𝐾 with base (Ω,F, 𝑃)
if 𝐸 is an 𝐿0(F, 𝐾)-module and P is a family of 𝐿0-
seminorms on 𝐸 such that ∨{‖𝑥‖ : ‖ ⋅ ‖ ∈ P} = 0 implies
𝑥 = 𝜃. Clearly, when P is a singleton consisting of an 𝐿0-
norm ‖ ⋅ ‖, an RLC module (𝐸,P) becomes an RN module
(𝐸, ‖ ⋅ ‖), so the notion of an RN module is a special case of
that of an RLC module.

Motivated by Schweizer and Sklar’s work on random
metric spaces and random normed linear spaces [4], Guo
introduced the notions of RN modules and random inner
product modules (briefly, RIP modules) in [2, 3]. The impor-
tance of RNmodules lies in their 𝐿0(F, 𝐾)-module structure
whichmakes RNmodules and their random conjugate spaces
possess the same nice behaviors as normed spaces and their
conjugate spaces. At almost the same time, Haydon et al.
also independently introduced the notion of an RN module
over the real number field 𝑅 with base being a measure
space (called randomly normed 𝐿0-module in terms of [17])
as a tool for the study of ultrapowers of Lebesgue–Bochner
function spaces. The notion of an RLC module was first
introduced by Guo and deeply developed by Guo and others
in [6].

Given an RLCmodule (𝐸,P) over𝐾with base (Ω,F, 𝑃),
we always denote by P(𝐹) the family of finite nonempty
subsets of P. For each 𝑄 ∈ P(𝐹), ‖ ⋅ ‖𝑄 : 𝐸 → 𝐿

0
+(F) is

the 𝐿0-seminorm defined by ‖𝑥‖𝑄 = ∨{‖𝑥‖ : ‖ ⋅ ‖ ∈ 𝑄} for all
𝑥 ∈ 𝐸. Now, we can speak of the (𝜀, 𝜆)-topology as follows.

Proposition 3 (see [6]). Let (𝐸,P) be an RLC module over
𝐾 with base (Ω,F, 𝑃). For any positive numbers 𝜀 and 𝜆 with
0 < 𝜆 < 1 and for any 𝑄 ∈ P(𝐹), let 𝑁𝜃(𝑄, 𝜀, 𝜆) = {𝑥 ∈ 𝐸 :
𝑃{𝜔 ∈ Ω | ‖𝑥‖𝑄(𝜔) < 𝜀} > 1 − 𝜆}. Then, {𝑁𝜃(𝑄, 𝜀, 𝜆) | 𝜀 >
0, 0 < 𝜆 < 1, and 𝑄 ∈ P(𝐹)} forms the local base at 𝜃 of
some Hausdorff linear topology for 𝐸, called the (𝜀, 𝜆)-topology
induced byP.
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From now on, for any RLCmodule (𝐸,P), we always use
T𝜀,𝜆 for the (𝜀, 𝜆)-topology for 𝐸 induced by P. It is clear
that the absolute value | ⋅ | is an 𝐿0-norm on 𝐿0(F, 𝐾). T𝜀,𝜆
induced by | ⋅ | is exactly the topology of convergence in
probability; namely, a sequence {𝜉𝑛 : 𝑛 ∈ 𝑁} converges in
T𝜀,𝜆 to 𝜉 in 𝐿

0(F, 𝐾) if and only if it converges in probability
to 𝜉. It is easy to check that (𝐿0(F, 𝐾),T𝜀,𝜆) is a metrizable
topological algebra for an RLC module (𝐸,P) over 𝐾 with
base (Ω,F, 𝑃). (𝐸,T𝜀,𝜆) is a topological module over the
topological algebra (𝐿0(F, 𝐾),T𝜀,𝜆).

In 2009, Filipović et al. introduced another kind of
topology for 𝐿0(F, 𝐾): let 𝜀 belong to 𝐿0++(F) and 𝑈(𝜀) =
{𝜉 ∈ 𝐿0(F, 𝐾) | |𝜉| ≤ 𝜀}. A subset 𝐺 of 𝐿0(F, 𝐾) is said to
beT𝑐-open if for each 𝑔 ∈ 𝐺 there exists some𝑈(𝜀) such that
𝑔+𝑈(𝜀) ⊂ 𝐺. Denote byT𝑐 the family ofT𝑐-open subsets of
𝐿0(F, 𝐾); then, (𝐿0(F, 𝐾),T𝑐) is a topological ring; namely,
the multiplication and addition operations on 𝐿0(F, 𝐾) are
both jointly continuous. Let𝐸 be an 𝐿0(F, 𝐾)-module andT
a topology for 𝐸; then, the topological space (𝐸,T) is called a
topological 𝐿0-module in [7] if (𝐸,T) is a topologicalmodule
over the topological ring (𝐿0(F, 𝐾),T𝑐), namely, themodule
operations: themodulemultiplication operation and addition
operation are both jointly continuous. In [7], a topological
𝐿0-module (𝐸,T) is called a locally 𝐿0-convex module if T
possesses a local base at 𝜃 whose each element is 𝐿0-convex,
𝐿0-absorbent, and 𝐿0-balanced, at which timeT is also called
a locally𝐿0-convex topology.Here, a subset𝑈 of𝐸 is said to be
𝐿0-convex if 𝜉𝑥+ (1− 𝜉)𝑦 ∈ 𝑈 for all 𝑥, 𝑦 ∈ 𝑈 and 𝜉 ∈ 𝐿0+(F)
such that 0 ≤ 𝜉 ≤ 1;𝐿0-absorbent if for each𝑥 ∈ 𝐸 there exists
some 𝜂 ∈ 𝐿0++(F) such that 𝜉𝑥 ∈ 𝑈 for any 𝜉 ∈ 𝐿0(F, 𝐾) such
that |𝜉| ≤ 𝜂; and 𝐿0-balanced if 𝜉𝑥 ∈ 𝑈 for all 𝑥 ∈ 𝑈 and all
𝜉 ∈ 𝐿0(F, 𝐾) such that |𝜉| ≤ 1. The work in [7] leads directly
to the following.

Proposition 4 (see [7]). Let (𝐸,P) be an RLC module over
𝐾 with base (Ω,F, 𝑃). For any 𝜀 ∈ 𝐿0++(F) and 𝑄 ∈ P(𝐹),
let 𝑁𝜃(𝑄, 𝜀) = {𝑥 ∈ 𝐸 | ‖𝑥‖𝑄 ≤ 𝜀}. Then, {𝑁𝜃(𝑄, 𝜀) | 𝑄 ∈
P(𝐹), 𝜀 ∈ 𝐿0++(F)} forms a local base at 𝜃 of some Hausdorff
locally 𝐿0-convex topology, which is called the locally 𝐿0-convex
topology induced byP.

From now on, for an RLC module (𝐸,P), we always
use T𝑐 for the locally 𝐿0-convex topology induced by P.
Recently, it is proved independently in [18, 19] that the
converse of Proposition 4 is no longer true; namely, not every
locally 𝐿0-convex topology is necessarily induced by a family
of 𝐿0-seminorms.

For the sake of convenience, this paper needs the follow-
ing.

Definition 5 (see [8]). Let 𝐸 be an 𝐿0(F, 𝐾)-module and 𝐺
a subset of 𝐸. 𝐺 is said to have the countable concatenation
property if for each sequence {𝑔𝑛 : 𝑛 ∈ 𝑁} in 𝐺 and each
countable partition {𝐴𝑛 : 𝑛 ∈ 𝑁} of Ω to F there always
exists 𝑔 ∈ 𝐺 such that 𝐼𝐴𝑛𝑔 = 𝐼𝐴𝑛𝑔𝑛 for each 𝑛 ∈ 𝑁. If
𝐸 has the countable concatenation property, 𝐻cc(𝐺) denotes

the countable concatenation hull of 𝐺, namely, the smallest
set containing 𝐺 and having the countable concatenation
property.

Remark 6. As pointed out in [8], when (𝐸,P) is an RLC
module, 𝑔 in Definition 5 must be unique, at which time we
can write 𝑔 = ∑∞𝑛=1 𝐼𝐴𝑛𝑔𝑛.

In [7], a family P of 𝐿0-seminorms on an 𝐿0(F, 𝐾)-
module is said to have the countable concatenation property
if each 𝐿0-seminorm ‖ ⋅ ‖ fl ∑∞𝑛=1 𝐼𝐴𝑛‖ ⋅ ‖𝑄𝑛 still belongs toP
for each countable partition {𝐴𝑛 : 𝑛 ∈ 𝑁} of Ω to F and
each sequence {𝑄𝑛 : 𝑛 ∈ 𝑁} in P(𝐹). We always denote
Pcc = {∑

∞
𝑛=1 𝐼𝐴𝑛 ⋅ ‖ ⋅ ‖𝑄𝑛 : {𝐴𝑛 : 𝑛 ∈ 𝑁} as a countable

partition ofΩ toF and {𝑄𝑛 : 𝑛 ∈ 𝑁} as a sequence ofP(𝐹)},
called the countable concatenation hull ofP. Clearly,P has
the countable concatenation property iffPcc = P.

In random functional analysis, the notion of random
conjugate spaces is crucial, which is defined as follows.

Definition 7 (see [8]). Let (𝐸,P) be an RLC module over
𝐾 with base (Ω,F, 𝑃). Denote by (𝐸,P)∗𝜀,𝜆 the 𝐿

0(F, 𝐾)-
module of continuous module homomorphisms from
(𝐸,T𝜀,𝜆) to (𝐿

0(F, 𝐾),T𝜀,𝜆), called the random conjugate
space of (𝐸,P) underT𝜀,𝜆; denote by (𝐸,P)

∗
𝑐 the 𝐿

0(F, 𝐾)-
module of continuous module homomorphisms from
(𝐸,T𝑐) to (𝐿

0(F, 𝐾),T𝑐), called the random conjugate space
of (𝐸,P) underT𝑐.

From now on, when P is understood, we often briefly
write 𝐸∗𝜀,𝜆 for (𝐸,P)

∗
𝜀,𝜆 and 𝐸

∗
𝑐 for (𝐸,P)

∗
𝑐 . When P has

the countable concatenation property, it is proved in [8]
that 𝐸∗𝜀,𝜆 = 𝐸

∗
𝑐 . In general, 𝐸∗𝑐 ⊂ 𝐸

∗
𝜀,𝜆 and 𝐸

∗
𝜀,𝜆 has the

countable concatenation property. Recently, in [12], Guo et
al. established the following precise relation between 𝐸∗𝜀,𝜆 and
𝐸∗𝑐 .

Proposition 8 (see [12]). Let (𝐸,P) be an RLCmodule.Then,
𝐸∗𝜀,𝜆 = 𝐻cc(𝐸

∗
𝑐 ).

Remark 9. For an RLC module (𝐸,P), since P and Pcc
induce the same (𝜀, 𝜆)-topology on 𝐸, then (𝐸,P)∗𝜀,𝜆 =
(𝐸,Pcc)

∗
𝜀,𝜆. SincePcc has the countable concatenation prop-

erty, (𝐸,Pcc)
∗
𝜀,𝜆 = (𝐸,Pcc)

∗
𝑐 ; in fact, Proposition 8 has shown

that 𝐸∗𝜀,𝜆 = (𝐸,Pcc)
∗
𝑐 = 𝐻cc(𝐸

∗
𝑐 ).

To state and prove the main result of this section, we still
need Lemma 10.

Lemma 10 (see [8]). Let (𝐸,P) be an RLC module with
base (Ω,F, 𝑃) and 𝐺 ⊂ 𝐸 such that 𝐺 has the countable
concatenation property. Then, 𝐺𝜀,𝜆 = 𝐺𝑐, where 𝐺𝜀,𝜆 and 𝐺𝑐
stand for the closures of 𝐺 underT𝜀,𝜆 andT𝑐, respectively.

Guo et al. started the study of random duality under the
(𝜀, 𝜆)-topology in [10]; further, in [10], Guo et al. studied
random duality under the locally 𝐿0-convex topology. Let us
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recall some notions and results used in proofs of the main
results in this paper.

Definition 11 (see [5, 10]). Let 𝑋 and 𝑌 be two 𝐿0(F, 𝐾)-
modules and ⟨⋅, ⋅⟩ : 𝑋 × 𝑌 → 𝐿0(F, 𝐾) an 𝐿0-bilinear
functional. Then, ⟨𝑋, 𝑌⟩ is called a random duality pair
(briefly, a random duality) over 𝐾 with base (Ω,F, 𝑃) if the
following conditions are satisfied:

(1) ⟨𝑥, 𝑦⟩ = 0, ∀𝑦 ∈ 𝑌 iff 𝑥 = 𝜃 (the null in𝑋).
(2) ⟨𝑥, 𝑦⟩ = 0, ∀𝑥 ∈ 𝑋 iff 𝑦 = 𝜃 (the null in 𝑌).

Let ⟨𝑋, 𝑌⟩ be a random duality over 𝐾 with base
(Ω,F, 𝑃). For any given 𝑦 ∈ 𝑌, ‖ ⋅ ‖𝑦 : 𝑋 → 𝐿

0
+(F) defined

by ‖𝑥‖𝑦 = |⟨𝑥, 𝑦⟩| (∀𝑥 ∈ 𝑋) is an 𝐿
0-seminorm on𝑋; denote

{‖ ⋅ ‖𝑦 | 𝑦 ∈ 𝑌} by 𝜎(𝑋, 𝑌); then, (𝑋, 𝜎(𝑋, 𝑌)) is a random
locally convex module over𝐾 with base (Ω,F, 𝑃); the (𝜀, 𝜆)-
topology and the locally 𝐿0-convex topology induced by
𝜎(𝑋, 𝑌) are denoted by 𝜎𝜀,𝜆(𝑋, 𝑌) and 𝜎𝑐(𝑋, 𝑌), respectively.
In particular, it was proved in [10] that (𝑋, 𝜎𝑐(𝑋, 𝑌))

∗ = 𝑌.
A subset 𝐵 of 𝑌 is said to be 𝜎𝑐(𝑌,𝑋)-bounded if 𝐵 is 𝐿0-
absorbed by each 𝜎𝑐(𝑌,𝑋)-neighborhood 𝑈 of the null of 𝑌;
namely, there exists 𝜂 ∈ 𝐿0++(F) such that 𝜆𝐵 ⊂ 𝑈 whenever
𝜆 ∈ 𝐿0(F, 𝐾) and |𝜆| ≤ 𝜂, which is equivalent to saying
that ∨{|⟨𝑥, 𝑦⟩| : 𝑦 ∈ 𝐵} ∈ 𝐿0+(F), ∀𝑥 ∈ 𝑋. Denote
{𝐵 : 𝐵 ⊂ 𝑌 and 𝐵 is 𝜎𝑐(𝑌,𝑋)-bounded} by B(𝑌,𝑋); for
each 𝐵 ∈ B(𝑌,𝑋), the 𝐿0-seminorm ‖ ⋅ ‖𝐵 : 𝑋 → 𝐿

0
+(F)

is defined by ‖𝑥‖𝐵 = ∨{|⟨𝑥, 𝑦⟩| : 𝑦 ∈ 𝐵} (∀𝑥 ∈ 𝑋); then,
(𝑋, {‖ ⋅ ‖𝐵 : 𝐵 ∈B(𝑌,𝑋)}) is a random locally convex module
over 𝐾 with base (Ω,F, 𝑃); the locally 𝐿0-convex topology
induced by {‖ ⋅ ‖𝐵 : 𝐵 ∈B(𝑌,𝑋)} is denoted by 𝛽(𝑋, 𝑌).

Let (𝑆,P) be a random locally convex module over 𝐾
with base (Ω,F, 𝑃). An 𝐿0-balanced, 𝐿0-absorbent, andT𝑐-
closed 𝐿0-convex set of 𝑆 is an 𝐿0-barrel. (𝑆,T𝑐) is an 𝐿

0-
barreled module if each 𝐿0-barrel is a T𝑐-neighborhood of
𝜃 ∈ 𝑆, whereas (𝑆,T𝑐) is an 𝐿

0-prebarreled module if each
𝐿0-barrel with the countable concatenation property is aT𝑐-
neighborhood of 𝜃 ∈ 𝑆. Clearly, both ⟨𝑆, 𝑆∗𝜀,𝜆⟩ and ⟨𝑆, 𝑆

∗
𝑐 ⟩ are

a random duality pair over 𝐾 with base (Ω,F, 𝑃). Further,
let 𝑆 possess the countable concatenation property; then, it is
proved in [10] that (𝑆,T𝑐) is 𝐿

0-prebarreled iffT𝑐 = 𝛽(𝑆, 𝑆
∗
𝑐 ).

In 2009, Guo et al. proved Mazur’s lemma in a random
locally convex module under the (𝜀, 𝜆)-topology, which is
stated as follows.

Proposition 12 (see [11]). Let (𝑆,P) be a random locally
convexmodule over𝐾with base (Ω,F, 𝑃) and𝐺 an 𝐿0-convex
subset of 𝑆. Then, 𝐺−𝜀,𝜆 = [𝐺]

−
𝜎𝜀,𝜆(𝑆,𝑆

∗
𝜀,𝜆
).

Now, we can proveTheorem 1.

Proof of Theorem 1. Since 𝐺 has the countable concatenation
property,𝐺−𝑐 = 𝐺

−
𝜀,𝜆 by Lemma 10. Further,𝐺−𝜀,𝜆 = [𝐺]

−
𝜎𝜀,𝜆(𝑆,𝑆

∗
𝜀,𝜆
)

by Proposition 12. Since 𝑆∗𝜀,𝜆 = 𝐻cc(𝑆
∗
𝑐 ) by Proposition 8, it is

easy to see that 𝜎(𝑆, 𝑆∗𝜀,𝜆) and 𝜎(𝑆, 𝑆
∗
𝑐 ) induce the same (𝜀, 𝜆)-

topology on 𝑆, so that [𝐺]−𝜎𝜀,𝜆(𝑆,𝑆∗𝜀,𝜆) = [𝐺]
−
𝜎𝜀,𝜆(𝑆,𝑆

∗
𝑐 )
. Applying

Lemma 10 to the random locally convex module (𝑆, 𝜎(𝑆, 𝑆∗𝑐 ))
leads to [𝐺]−𝜎𝜀,𝜆(𝑆,𝑆∗𝑐 ) = [𝐺]

−
𝜎𝑐(𝑆,𝑆

∗
𝑐 )
.

This completes the proof.

Remark 13. In [15], Zapata proved the following result: let
(𝑆, ‖ ⋅ ‖) be a random normed module and 𝐺 an 𝐿0-convex
subset of 𝑆 such that 𝐺 has the relative countable concatena-
tion property; in addition, if 𝑆 possesses the property (sum
of any two subsets with the relative countable concatenation
property still has the relative countable concatenation prop-
erty), then 𝐺−𝑐 = [𝐺]

−
𝜎𝑐(𝑆,𝑆

∗
𝑐 )
. The advantage of Theorem 1 only

requires that𝐺 has the countable concatenation property and
(𝑆,P) is arbitrary, which is convenient to applications. On
the other hand, as far as 𝐺−𝑐 = [𝐺]

−
𝜎𝑐(𝑆,𝑆

∗
𝑐 )

in Theorem 1 is
concerned, the conclusion is also directly derived from Guo
et al.’s separation theorem between a point and a T𝑐-closed
𝐿0-convex subset in [12].

Let (𝑆,P)be a random locally convexmodule over𝐾with
base (Ω,F, 𝑃). A subset 𝐵 ⊂ 𝑆 is T𝑐-bounded if 𝐵 is 𝐿0-
absorbed by eachT𝑐-neighborhood𝑈 of 𝜃 ∈ 𝑆 (namely, there
exists 𝜂 ∈ 𝐿0++(F) such that 𝜆𝐵 ⊂ 𝑈 whenever 𝜆 ∈ 𝐿0(F, 𝐾)
and |𝜆| ≤ 𝜂); this is equivalent to saying that ∨{‖𝑏‖ : 𝑏 ∈ 𝐵} ∈
𝐿0+(F) for any ‖⋅‖ ∈ P. Denote {𝐵 ⊂ 𝑆 | 𝐵 isT𝑐-bounded} by
B(𝑆); for any given 𝐵 ∈B(𝑆), the 𝐿0-seminorm ‖ ⋅ ‖𝐵 : 𝑆

∗
𝑐 →

𝐿0+(F) is defined by ‖𝑓‖𝐵 = ∨{|𝑓(𝑥)| : 𝑥 ∈ 𝐵} (∀𝑓 ∈ 𝑆
∗
𝑐 );

then, (𝑆∗𝑐 , {‖ ⋅ ‖𝐵 : 𝐵 ∈ B(𝑆)}) is a random locally convex
module; the locally 𝐿0-convex topology induced by {‖ ⋅ ‖𝐵 :
𝐵 ∈ B(𝑆)} is called the strong locally 𝐿0-convex topology
for 𝑆∗𝑐 ; we use 𝑆

∗
𝑠 for 𝑆

∗
𝑐 endowed with this strong locally 𝐿0-

convex topology; similarly, (𝑆∗𝑠 )
∗
𝑠 stands for (𝑆

∗
𝑠 )
∗
𝑐 endowed

with its strong locally 𝐿0-convex topology. For any given 𝑥 ∈
𝑆, 𝐽(𝑥) : 𝑆∗𝑐 → 𝐿

0(F, 𝐾) is defined by 𝐽(𝑥)(𝑓) = 𝑓(𝑥) (∀𝑓 ∈
𝑆∗𝑐 ). Since 𝐽(𝑥) is a continuous module homomorphism from
(𝑆∗𝑐 , 𝜎𝑐(𝑆

∗
𝑐 , 𝑆)) to (𝐿

0(F, 𝐾),T𝑐) for each fixed 𝑥 ∈ 𝑆, 𝐽(𝑥)
also belongs to (𝑆∗𝑠 )

∗
𝑐 by an obvious fact that the strong locally

𝐿0-convex topology is stronger than 𝜎𝑐(𝑆
∗
𝑐 , 𝑆), which shows

that the canonical embedding mapping 𝐽 : 𝑆 → (𝑆∗𝑠 )
∗
𝑐 is well

defined, and 𝐽 is also injective by the Hahn–Banach theorem
established in [8]. For a subset𝐴 of 𝑆, the random right polar
𝐴∘ is defined by𝐴∘ = {𝑓 ∈ 𝑆∗𝑐 | |𝑓(𝑥)| ≤ 1 ∀𝑥 ∈ 𝐴}; similarly,
the random left polar ∘𝐵 of a subset 𝐵 of 𝑆∗𝑐 is defined by
∘
𝐵 = {𝑥 ∈ 𝑆 | |𝑓(𝑥)| ≤ 1 ∀𝑓 ∈ 𝐵}.

Now, we can proveTheorem 2.

Proof of Theorem 2. Let B(𝑆∗𝑠 ) denote the family of T𝑐-
bounded sets of 𝑆∗𝑠 ; then, {(𝐵

∗)∘ : 𝐵∗ ∈ B(𝑆∗𝑠 )} forms a
local base of (𝑆∗𝑠 )

∗
𝑠 . LetB(𝑆

∗
𝑐 , 𝑆)denote the family of𝜎𝑐(𝑆

∗
𝑐 , 𝑆)-

bounded sets of 𝑆∗𝑐 ; then, {
∘(𝐵∗) : 𝐵∗ ∈ B(𝑆∗𝑐 , 𝑆)} forms

a local base of 𝛽(𝑆, 𝑆∗𝑐 ). Since (𝑆,P) is an 𝐿0-prebarreled
random locally convex module such that 𝑆 has the countable
concatenation property, T𝑐 = 𝛽(𝑆, 𝑆

∗
𝑐 ) by the characteriza-

tion theorem established by Guo et al. in [10]. It remains to
check thatB(𝑆∗𝑠 ) =B(𝑆

∗
𝑐 , 𝑆).

It is obvious that B(𝑆∗𝑠 ) ⊂ B(𝑆∗𝑐 , 𝑆). As for the reverse
inclusion, let 𝐵∗ be any element in B(𝑆∗𝑐 , 𝑆); then,

∘(𝐵∗)

is a neighborhood of 𝜃 ∈ 𝑆, so ∘(𝐵∗) 𝐿0-absorbs each
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T𝑐-bounded set of the random locally convexmodule (𝑆,P),
which implies 𝐵∗ ∈B(𝑆∗𝑠 ). To sum up,B(𝑆∗𝑠 ) =B(𝑆

∗
𝑐 , 𝑆).

Finally, it is easy to observe that 𝐽(∘(𝐵∗)) = (𝐵∗)∘ ∩ 𝐽(𝑆)
for each 𝐵∗ ∈ B(𝑆∗𝑠 ), which shows that 𝐽 : 𝑆 → 𝐽(𝑆) ⊂ (𝑆∗𝑠 )

∗
𝑠

is an 𝐿0-linear homeomorphism.
This completes the proof.
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