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We introduce the notion of generalized 6 — ¢ contraction and establish some new fixed point theorems for this contraction in the
setting of complete G-metric spaces. The results presented in the paper improve, extend, and unify some known results. Finally, we

give an example to illustrate them.

1. Introduction and Preliminaries

In 2006, Mustafa and Sims [1] introduced the notion of G-
metric space and studied the properties of it. Subsequently,
many authors studied the fixed point theory in the setting
of complete G-metric spaces and obtained some fixed point
theorems for different contractions (see [1-10]). In 2015,
Agarwal et al. [11] presented a self-contained account of
the fixed point theory (techniques and results) in G-metric
spaces. The book [11] contains almost all the research findings
that relate to basic fixed point theorems, common fixed point
theorems, and coupled fixed point theorems in G-metric
spaces and partially ordered G-metric spaces (see [11] and the
references therein).

In 2014, Jleli and Samet [12] introduced a new type of
contraction called 0-contraction. Later, many authors have
studied 0-contraction deeply (for example, see [13, 14]). Just
recently, Zheng et al. [15] introduced the notion of 6 — ¢
contraction in metric spaces which generalized 0-contraction
and other contractions (see [12, 15] and the references
therein).

Inspired by [12, 15], we introduce the notion of general-
ized 0 — ¢ contraction and establish some new fixed point
theorems for this contraction in the setting of complete G-
metric spaces. The results presented in the paper improve
and extend the corresponding results of Agarwal et al. [11],
Mustafa [4], Mustafa et al. [5], Mustafa and Sims [6], and
Shatanawi [9]. Also, we give an example to illustrate them.

According to [12, 15], denote by © the set of functions 6 :
(0,00) — (1, c0) satisfying the following conditions:
(®,) 0isnondecreasing.
(®,) For each sequence {t,} ¢ (0,00), lim,_, 0(t,) = 1 if

and only if lim,_, ¢, = 0".

(®;) 0 is continuous on (0, 00).

And by @ the set of functions ¢ : [1,00) — [1,00)
satisfies the following conditions:
(D) ¢:[1,00) — [1,00) is nondecreasing.
(®,) Foreacht > 1, lim,,_, ¢"(¢) = 1.
(®;) ¢ is continuous on [1, 00).

Lemma 1 (see [15]). If ¢ € O, then ¢(1) = 1 and ¢(t) < t for
eacht > 1.

Now we recall some basic definitions and give some
lemmas that will be used in the paper.

Definition 2 (see [1, 11]). A G-metric space is a pair (X, G),
where X is a nonempty setand G : X x X x X — [0, +00)
is a function such that, for all x, y,z,a € X, the following
conditions are fulfilled:

(G) G(x,y,2) =0ifx=y =z
(G,) G(x,x,y) >0forall x, y € X with x # y.
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(G3) G(x,x,y) <G(x, y,z) forall x, y,z € X with z # y.

(Gy) G(x, y,2) = G(x,2,y) = G(y,2,x) = -+ (symmetry
in all 3).

(Gs5) G(x, y,z) < G(x,a,a) + G(a, y, z) (rectangle inequal-
ity).

In such a case, the function G is called a G-metric.

Example 3 (see [1, 11]). If X is a nonempty subset of R, then
the function G : X x X x X — [0, +00), given by G(x, y, z) =
|x—yl+|y—z|+|z—x|forall x, y,z € X, isa G-metric on X.

Example 4 (see [1, 11]). Let X = [0,00) be the interval of
nonnegative real numbers and let G be defined by

0, ifx=y=g¢,

G(x,y,2) = <l @

max {x, y,z}, otherwise.

Then G is a complete G-metric on X.

Definition 5 (see [1, 11]). Let (X, G) be a G-metric space; let
x € X and {x,} € X be a sequence. We say that

(i) {x,} G-converges to x, and we write {x,} — x if
lim,,,,, o G(x,; X,,,, x) = 0; that is, for all € > 0 there
exists n, € N satisfying G(x,,,x,,,x) < ¢ for all
n,m € N such that n,m > n;

(i) {x,} is G-Cauchy if lim,,,, ;0 G(x,, X, X)) = 0
that is, for all € > 0 there exists n, € N satistying
G(x,, X, x;) < € for all n,m,k € N such that
n,m,k > ngy;

(iii) (X, G) is complete if every G-Cauchy sequence in X is
G-convergent in X.

Lemma 6 (see [1, 11]). Let (X, G) be a G-metric space, let x €
X and {x,} < X be a sequence. Then the following conditions
are equivalent.

(a) {x,} G-converges to x.

(b) lim,_,,G(x,,, x,,, x) = 0.

(c) lim,,_,,G(x,, x,x) = 0.

(d) lim,, ;00 msnG (X5 X, X) = 0.

(€) lim,, ;00 monG (X5 X, X) = 0.
Lemma 7 (see [1, 11]). Let (X,G) be a G-metric space and
{x,} < X be a sequence. Then the following conditions are
equivalent.

(a) {x,} is G-Cauchy.

(b) lim,,,,, |, G(x,5 X, x,,,) = 0.

(©) lim, . oo msnG (X, X, X,,) = 0.

(d) lim,, ., 00 msnG (X5 X, X,,) = 0.

(e) lim,,,,, ,,G(x,, x,,x,,) = 0.

Lemma 8 (see [11]). Let {x,} be an asymptotically regular
sequence in a G-metric space (X, G) and suppose that {x,} is
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not Cauchy. Then there exist a positive real number &€ > 0 and
two subsequences {x,;} and {x,,} of {x,} such that, for all
k € N,

k<n(k)<m((k)<n(k+1),
(2)

G (xn(k)’xm(k)—l’xm(k)—l) <e<G (xn(k)’xm(k)’xm(k))’
and also, for all given py, p,, p3 € Z,
Jim G (%n00+p00 X122 Xmitgep, ) = & (3)

Lemma 9 (see [11]). Let (X, G) be a G-metric space; then
G(x, y,y) <2G(y,x,x) forall x, y € X.

2. Main Results

Based on the functions 0 € ©® and ¢ € @, we give the
following definition.

Definition 10. Let (X, G) be a G-metric space. A mapping T :
X — X is said to be a generalized 0 — ¢ contraction if there
exist 0 € ® and ¢ € @ such that, forany x, y,z € X,

G(Tx,Ty,Tz) #+ 0 =

(4)
0(G(Tx,Ty,Tz)) < ¢ [0 (N (x, y,2))],
where
N (x, y,2) = max {G (x,.2),G (x, Tx, Tx),
G(».Ty,Ty),G(2,Tz,Tz), %G(x, Ty, Ty), %
(5)

1
-G(y,Tz,Tz), EG(Z’ Tx,Tx),

% (G(x, Ty, Ty) +G(y,Tz,Tz) + G (z, Tx, Tx))} .

Theorem 11. Let (X, G) be a complete G-metric space and let
T : X — X be a generalized 6 — ¢ contraction. Then T has
a unique fixed point x* € X such that the sequence {T"x}
converges to x* for every x € X.

Proof. Let x, € X be an arbitrary point. We define the
sequence {x,} in X by x,,,; = Tx,, foralln e N. If x,,,, = x,,
for some n € N, then x* = x,, is a fixed point for T. Next, we
assume that x,,, # x,, foralln € N. Then G(x,,, X,,, 1> X,,,1) >
Oforalln € N. Applying inequality (4) with x = x,,, y = x,,,;,
Z = X,,,,, We obtain

9 (G (Txn’ Txn+1’ Txn+1))

< (/5 [9 (N (xn>xn+l’xn+1))] >

(6)
where
N (xn’ Xn+1> xn+1) = max {G (xn’ Xn+1> xn+1) >

G (xn’ Xn+1> xn+1) > G (xn+1’ Xn+2> xn+2) >
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1

G (xn+1’ Xn+2> xn+2) G ('xn’ Xn+2> xn+2) > E

Do |

1
-G (xn+1’ Xn+2> xn+2) > EG ('xn+1’ Xn+1> xn+1) >

1

5 (G (xn’ Xn+2> xn+2) +G (xn+l’ Xn+1> xn+1)

+G (xn+1’ X2 xn+2))} = max {G (Xn, Xn+1> xn+1) 4
G (xn+1’ Xn+2 xn+2) >

1
EG (xn’ Xnt2s xn+2) >

1
5 (G (xn’
= max {G (xw Xn+1> xn+1) G (xn+1’ X2 xn+2)} .

(by (Gs)).

Xn+2> xn+2) +G (xn+1’ X2 xn+2))}

(7)

If NCx, X015 X01) = G(Xpp415 X s> Xpyn)> then it follows
from (4) that

Q(G( Xn+1> Xni2> X n+2)) G(G(Txn’Txn+l’Txn+l))
< ‘/5 [6 (N (xn’xnﬂ’xnﬂ))]

(8)
- (/5 [6 (G( Xn+1> Xnt2> X n+2))]
< G(G( Xn+1> Xni2> X n+2)) (by Lemma 1) >
which is a contradiction. Hence, for Vn € N,
N (xn’ xn+1’ xn+1) = G (‘xn’ xn+1’ xn+1) . (9)
Thus, (4) becomes
9 (G (Txn’ Txn+1> Txn+1 ))

(10)

< @ [0(G (xp X415 X11))]
Repeating this process, we get
0(G (X Xpar1> Xp1)) = 0 (G (T, Tx,, T,.))
< ¢[0(G (%515 % %))
< ¢* [6(G (X0 Xp15%,0))] (1)
< ¢ [0(G (%3 X0 X2))]
<< @"[0(G (x5 1, x1))] -
By the definition of 6 and (®,), we have

lnd PG Ga =1 )
By (©,), we obtain
JLI&G (xn) xn+1’ n+1) 0. (13)

Thus, {x,,} is an asymptotically regular sequence.

In what follows, we shall prove that {x,} is a Cauchy
sequence in X.

Suppose, on the contrary, that, by Lemma 8, there exist a
positive real number g, > 0 and two subsequences {x,,,} and
{Xn(0} of {x,} such that, for all k € N,

k<n(k)<m((k)y<n(k+1),

G (Xu(k)> Xm(i)-1> (k1) < € (14)

<G(x n(k)> m(k))xm(k))’
and also, for all given p, = p, = p; € Z,

}}Ln(;loG (xn(k)’ xm(k)’ xm(k))

(15)
- leHOlOG (x”(k)+P1’ Xm(k)+p,> Xm(k)+py ) = o
Pick k large enough, by (13), (15), and Lemma 9,
N (xn(k)> xm(k)’xm(k)) = max {G (xn(k)> xm(k)’xm(k))>
G (xn(k)’ Xn(k)+1> xn(k)+1) G (xm(k)’ Xm(k)+1> xm(k)+1) >
1 1
EG (xn(k)’ Xn(k)+2> xn(k)+2) )
1
“ G (Xp(ky Xy +1> Xm(y+1) » 3
-G (xm(k)’ Xn(l)+1> xn(k)+l) >
1
3 (G (xn(k)> Xn(k)+1> xn(k)+1)
(16)

+G (xm(k)’ Xim(k)+1> xm(k)+1)

+ G (Xrys X415 xn(k)+1))}

1
= max {G (xn<k), Xm(k)> xm(k)) )

* G (Xpn(k)> Xn(iy+1> Xn(hye1 )}

< max {G (X, h)> Xon(i)> Ximk)) »
G (xn(k)ﬂ’ Xn(l)+1> xm(k))} -
&, (ask— 00).

Using the contractivity condition (4),

Q(G(xn(k)ﬂ’ Xm(k)+1> % k)+1))
= 0(G (TXk)> T ity TXmiry)) (17)

<@ [0 (N (%49 x

Passing to limit as k — oo, then we get

0(g)) < ¢[0(gy)]. By Lemmal, ¢[0(g,)] < 0O(g,), then
0(gy) < ¢[0(gy)] < O(y), which is a contradiction. Thus, {x,}
is a Cauchy sequence in X.

m(k)> xm(k)))] .



Taking into account the fact that (X, G) is complete, there
exists x* € X such that {x,} converges to x*. In particular,

lim G (x,,, x™, x") = 0. a18)
Using the fact that G is continuous on each variable,
G(x",Tx",Tx") = im G (x,,1, Tx", Tx") . (19)

We claim that x™ is a fixed point of T. Suppose, on the
contrary, if x* # Tx", then by (18), (19),

N (x,,x",x") = max {G (x,x",x7),
G(xn’xn+1"xn+l)’G(x*’Tx*’Tx*)’
G« T, Tx), 5 (G (T ). 5
* * * 1 *
-G (x", Tx", Tx ),EG(x s Xy 1> K1) 5 (20)

1 % % * * *
g(G(xn,Tx JTxY)+G(x", Tx", Tx")

+G (' 5y 52) | —
G(x",Tx",Tx"), (asn— c0).
Using the contractivity condition (4),
0(G (x,,,, Tx", Tx")) = 6(G (Tx,, Tx*, Tx"))
<P[O(N (xx™,x7))]

Passing to limit as n — ©0, then we have

(21)

0(G(x", Tx". Tx")) < ¢ [0(G (x*, Tx", Tx"))] . (22)

By Lemma 1,
0(G(x*, Tx*, Tx")). Then

$lO(G(x*, Tx*, Tx*))] <

0(G(x",Tx",Tx")) < ¢ [0(G(x", Tx", Tx"))]
23
<O(G(x",Tx",Tx")), =

which is a contradiction. As a consequence, we conclude that
Tx" = x".

Now, we will prove that T has at most one fixed point.
Suppose, on the contrary, that there exists another distinct
fixed point y* of T such that Tx* = x* # Ty" = y".
Therefore, G(Tx", Ty*,Ty*) = G(x*,y*,y*) > 0, and
N, y", ") = G(x", y*, ¥*), and then by (4)

0(G(x"y"y") =0(G(Tx", Ty , Ty"))
<pO(N(GySy ) @)
=[0G (x"y" )]

and by Lemma 1, 0(G(x", y*, ")) < ¢[0(G(x", y", y"))] <
0(G(x", y*,x")), which is a contradiction. Therefore, the
fixed point of T' is unique. O
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Theorem 12. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping. Assume that there exist 0 € ©
and ¢ € @ such that, for any x, y € X,

G(Tx, Ty, Ty) #+ 0 =

(25)
0(G(Tx, Ty, Ty)) <$ [0 (N (x, 3, 9))]

where
N (x, y,y) = max {G (% 9,9),G(x,Tx, Tx),
G(y, Ty, Ty), %G (y,Tx,Tx), % (G(x,Ty,Ty) (26)
+G(y, Ty, Ty) + G(y,Tx,Tx))} )
Then T has a unique fixed point x* € X such that the
sequence {T"x} converges to x™ for every x € X.

The following Theorem 13 is the main result of [5].

Theorem 13 (see [5]). Let (X, G) be a complete G-metric space
and let T : X — X be a self-mapping which satisfies the
following condition, for all x,y € X,

G(Tx, Ty, Ty) < max{aG(x, y,y),
b(G(x,Tx,Tx) +2G (3, Ty, Ty)), (27)
b(G(x, Ty, Ty) +G(y, Ty, Ty) + G(y,Tx,Tx))},
where 0 < a < 1 and 0 < b < 1/3. Then T has a unique fixed

point x* € X such that the sequence {T" x} converges to x* for
every x € X.

Proof. Let A = max{a, 3b}; then 0 < A < 1. And let 6(¢) = ¢,
¢(t) = t"; then @ € ® and ¢ € @. Since

max {aG (x, y,y),b(G (x,Tx,Tx) + 2G (y, Ty, Ty)),
b(G(x,Ty,Ty) +G(y, Ty, Ty) + G (y, Tx, Tx))}
< A max {G (%),
% (G (x, Tx, Tx) +2G (y, Ty, Ty)),

) (28)
3 G TY.TY) + G (T Ty) + G (5. Tx.Tx)|

< Amax {G (%9.9),G(x,Tx, Tx),G (., Ty, Ty),

1
2 G T9.T9) + G (W Ty Ty) + G (3. Tx.Tx)|

<AN (x,y,y).



Journal of Function Spaces

Therefore,
0 (G (Tx, Ty, Ty)) = 5T < ANGYY)

_ ( NEY) )" (29)

=$O(N(x,2)).

From Theorem 12, we can see that T has a unique fixed
point x* € X such that the sequence {T"x} converges to x*
for every x € X. O

The following Theorem 14 is the main result of [6].

Theorem 14 (see [6]). Let (X, G) be a complete G-metric space
and let T : X — X be a self-mapping which satisfies the
following condition, for all x, y € X,

G(Tx,Ty,Tz) < kmax{G (x, y,2),G (x,Tx, Tx),
G(y, Ty, Ty),G(2,Tz,Tz),G(x, Ty, Ty), (30)
G(y,Tz,Tz),G (2, Tx, Tx)},

where 0 < k < 1/2. Then T has a unique fixed point x* € X
such that the sequence {T"x} converges to x™ for every x € X.

Proof. LetA = 2k;then0 < A < 1. Andlet0(t) = e, o(t) = A
then 0 € ® and ¢ € O. Since

kmax {G(x, y,2),G (x,Tx,Tx),G (y, Ty, Ty),
G(z,Tz,Tz),G(x,Ty,Ty),G(y, Tz, Tz),

1 1
G(z,Tx,Tx)} = A max{EG(x,y, z), 3
1 1 1 @D
-G (x,Tx,Tx), EG (y, Ty, Ty), EG (z,Tz,Tz), 3

1 1
G0 Ty Ty), 3G (1. T2 T2), 3G (2. Tx, Tx)]»

< AN (x, y,2),
therefore,

0/(G (Tx, Ty, Tz)) = ST5I1T2) < NG

= (N (32)

=¢(0(N(x7.2))).

From Theorem 11, we can see that T has a unique fixed
point x* € X such that the sequence {T"x} converges to x*
for every x € X. O

Theorem 15. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping. Assume that there exist 0 € ©
and ¢ € O such that, for any x, y,z € X,

G(Tx,Ty,Tz) + 0 =
0(G(Tx, Ty, Tz)) < $[0(G (x. y,2))].

(33)

Then T has a unique fixed point x* € X such that the sequence
{T"x} converges to x* for every x € X.

Theorem 16 (see [4]). Let (X, G) be a complete G-metric space
andlet T : X — X be a self-mapping such that there exists
A € [0, 1) satisfying, for any x, y,z € X,

G(Tx, Ty, Tz) < AG(x, y,2). (34)

Then T has a unique fixed point x* € X such that the
sequence {T"x} converges to x™ for every x € X.

Proof. Let O(t) = ', ¢(t) = t* then 6 € © and ¢ € ©.
G(Tx,Ty,Tz) < AG(x, y,z) is equivalent to GTTYTY)
D = (SN that s, O(G(Tx, Ty, Tz))
P(0(G(x, y, 2))).
From Theorem 15, we can see that T has a unique fixed
point x* € X such that the sequence {T"x} converges to x*
for every x € X.

<
<

Corollary 17. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping. Assume that there exist 0 € ©
and ¢ € O such that, for any x, y € X,

G(Tx, Ty, Ty) #+ 0 =

0(G(Tx, Ty, Ty)) < ¢[0(G (x, y,¥))].-

Then T has a unique fixed point x* € X such that the sequence
{T"x} converges to x* for every x € X.

(35)

Corollary 18. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping such that there exists A € [0, 1)
satisfying, for any x, y € X,
G(Tx, Ty, Ty) < AG(x, 5, ). (36)
Then T has a unique fixed point x* € X such that the
sequence {T"x} converges to x™ for every x € X.

Corollary 19. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping. Assume that there exist 0 € ©
and ¢ € O such that, for any x, y,z € X,

G(Tx, Ty, Ty) + 0 =
0(G(Tx, Ty, Tz))

Sqb[6<G(Jc,Tx,Tx)+G(y,73"y,Ty)+G(z,Tz,Tz)>].

(37)

Then T has a unique fixed point x* € X such that the sequence
{T"x} converges to x* for every x € X.

Corollary 20. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping such that there exists A € [0, 1)
satisfying, for any x, y,z € X,

G(Tx,Ty,Tz)

) ( G (x,Tx,Tx) + G (3. Ty, Ty) + G (2, Tz, Tz) ) (38)
< ; .

Then T has a unique fixed point x* € X such that the sequence
{T"x} converges to x* for every x € X.



Corollary 21. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping. Assume that there exist 0 € ©

0(G(Tx,Ty,Ty))
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and ¢ € O such that, for any x, y,z € X, G(Tx, Ty, Ty) # 0,
we have

[ ( {G(x,Tx,Tx)+G(y,Ty,Ty) G (9, Ty, Ty) + G (2, Tz, Tz) G(x,Tx,Tx)+G(z,Tz,Tz)})] (39)
< ¢ |0 max , > :

2

Then T has a unique fixed point x* € X such that the
sequence {T"x} converges to x* for every x € X.

Corollary 22. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping which satisfies the following
condition, for all x, y,z € X,

G(Tx,Ty,Tz) < kmax {G (x, Tx, Tx)
+G (313, Ty),G (3. Ty, Ty) (40)
+G(2,Tz,Tz),G(x,Tx, Tx) + G (2, Tz, Tz)},

where 0 < k < 1/2. Then T has a unique fixed point x* € X
such that the sequence {T"x} converges to x* for every x € X.

Corollary 23. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping. Assume that there exist 0 € ©
and ¢ € @ such that, for any x, y € X,

G(Tx, Ty, Ty) #+ 0 =
0 (G (Tx, Ty, Ty))

< [6<G(x,Tx,Tx)+G(y,Ty,Ty))].

(41)

2

Then T has a unique fixed point x* € X such that the sequence
{T"x} converges to x* for every x € X.

Corollary 24. Let (X, G) be a complete G-metric space and let
T : X — X be a self-mapping such that there exists A € [0, 1)
satisfying, for any x, y € X,

G (Tx, Ty, Ty)

<2 ( G (x,Tx, Tx) + G(y, Ty, Ty) ) (42)
< 3 )

Then T has a unique fixed point x* € X such that the sequence
{I"x} converges to x* for every x € X.

Theorem 25 (see [9]). Let (X, G) be a complete G-metric space
andlet T : X — X be a mapping such that, for all x, y,z € X,

G(Tx,Ty,Tz) < ¢ (G(x, y,2)), (43)

where ¢ : [0,00) — [0,00) is an increasing continuous func-
tion such that lim,_, . ¢"(t) = 0 for t > 0.

Then T has a unique fixed point x* € X and for every x €
X the sequence {T"x} converges to x™.

2 2

Proof. Let 0(t) = €' forall t € [0,+00), and $(t) = e?n0 for
allt € [1, +00).

Obviously, 0 € O, ¢ € D.

By the definition of ¢, we have ¢(e') = &)

0(G(Tx, Ty, Tz)) = XTI T2) < (#(Glor2)

= ¢ [¢7"?] (44)

=10 (G(x.».2))].

Therefore, from Theorem 15, T has a unique fixed point x* €
X and for every x € X the sequence {T"x} converges to x”.
O

Remark 26. In [9], the function ¢ is not required to be
continuous. But due to Theorem 1 of [16] and item 4.2.3 of
[11], we can suppose that ¢ is continuous.

Fai =19 : [0,00) — [0,00) | ¢ is continuous and non-
decreasing, ¢(t) = 0 © t = 0}, and
9/7;11 = {w : [0,00) — [0,00) | w is lower semicontin-
uous, w(t) =0 & t = 0}.

Theorem 27 (see [11]). Let (X,G) be a complete G-metric
space and let T : X — X be a self-mapping. Assume that there
exist p € F , and w € F' , such that, for any x, y € X,

¢ (G(Tx,Ty,Ty)) < (G (x, 3, ))
~0(G(x, 3, 9)).

Then T has a unique fixed point x* € X such that the sequence
{T"x} converges to x™ for every x € X.

(45)

Proof. Due to Theorem 1 of [16] and item 4.2.3 of [11], the
condition where there exist ¢ € %, and w € F. such
that, for any x, y € X, o(G(Tx,Ty,Ty)) < ¢(G(x, y,y)) —
w(G(x, ¥, ¥)) is equivalent to the condition where there exist
a € [0,1) and v € F, such that, for any x, y € X, w(G(Tx,
Ty, Ty)) < ay(G(x, y, ¥)). Let 8(t) = ™, ¢(t) = t* then 0 €
®and ¢ € O©. y(G(Tx, Ty, Ty)) < ay(G(x, y, y)) is equiva-
lent to eV ATV < (VG that is, O(G(Tx, Ty, Ty)) <
PlO(G(x, y, y))].

From Theorem 15, T has a unique fixed point x* € X and
for every x € X the sequence {T"x} converges to x*. O

Remark 28. According to fixed point theory of metric spaces,
we divide contractions into different type in the setting
of G-metrics. Then Theorem 16 and Corollary 18 belong to
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Banach type, Corollaries 19-24 Kannan type [17], Theorem 25
Browder type [18], and Theorem 27 Choudhury type. To
some extent, our results unify them.

3. Example
In this section, we give an example to illustrate our results.

Example 29. Let X = {0,+1,+2,...} be endowed with the G-
metric G(x, y,z) = |x — y| + |y — z| + |z — x| for all x, y,
z € X. Then (X, G) is a complete G-metric space. Define the
mapping T : X — X by

0, if x =0;
Tx=4-(mn-1), if x=mn (46)
n—1, if x=-n.

At first, we observe that Theorems 16, 25, and 27 cannot be
applied sinceforallx =n > y=z=m > 2,G(Tx,Ty,Tz) =
G(Tn,Tm, Tm) = 2n —2m = G(n, m, m).

And Theorem 13 cannot be applied too. In fact, let x = n,
y =z = 0; then G(Tx, Ty, Tz) = G(Tn,T0,T0) = 2n - 2,
while

max {aG (x, y, ¥),b (G (x, Tx, Tx) + 2G (y, Ty, Ty)),
b(G(x. Ty, Ty) + G (3. Ty, Ty) + G (3, Tx, Tx))}
= max {aG (1n,0,0),b(G(n,—(n—-1),-(n-1))
+0),b(G (n,0,0) + G (0,70, T0)

+G(0,-(n—1),—(n-1)))} = max {2an,b (4n (47)

4n -2
—2)}Smax{2an, n3 },

G(Tx, Ty, Ty) < max{aG(x, y,y),b (G (x,Tx, Tx)
+2G (3. Ty,T9)),b(G (%, Ty, Ty) + G (3, Ty, Ty)
+G(y,Tx, Tx))},

is equivalent to 2n — 2 < max{2an, (4n — 2)/3}.

Since 2n—2 < max{2an, (4n—2)/3} for alln € N, we have
a = 1, which yields a contradiction since a < 1.

By the same way, we can see that Theorem 14 cannot be
applied.

Now, let the function 0 : (0, 00) — (1, 00) be defined by

o(t)=5". (48)
And define ¢ : [1,00) — [1,00) by

if 1<t<2

1)
o (1) = { | (49)
t—1, if t>2.

Obviously, 0 € ©, ¢ € .

In what follows, we prove that T'is some 6—¢ Kannan-type
contraction; that is, T satisfies the condition of Corollary 23.

We consider three cases.

Casel(x =n>1,y=00rx =-n(n=> 1),y =0). In this
case, we have

G(Tx, Ty, Ty)=2(n-1),

G(x,Tx, Tx)=22n-1),
G(».Ty,Ty) =0,

8(G(Tx,Ty,Ty)) =0 (2n-2) =577,

" (0 ( G (x,Tx, Tx) er G (3. Ty, Ty) >> (50)

G(x,Tx, T
-o(5(EE)) gy
_ ¢(52n—1) _ 52n—1 —1=5x% 52(n—1) 1> 52(n—1)

=0(G(Tx,Ty,Ty)).

Case2(x=n>y=m>lorx=-n<y=-m<-1). In
this case, we have

G(Tx,Ty,Ty) = 2n-2m,
G(x,Tx,Tx) = 4n -2,
G(y, Ty,Ty) =4m -2,

¢(6<G(x,Tx,Tx)+G(y,Ty,Ty)>>

; (51
= ¢ (0@2n+2m-2)) =¢(5""7?)
= 5MTE x5 » 5P
=0(G(Tx,Ty,Ty)).
Case3(x =nmy=-mmn>m=1lorx =-ny=m,
n>m > 1). In this case, we have
G(Tx,Ty,Ty) =2n+2m—4,
G(x,Tx, TX) = 4n -2,
G(y, Ty, Ty) = 4m -2,
(p(e(G(x,Tx,Tx)+G(y,Ty,Ty)>> (52)
2

= ¢ (0 (2n+2m-2)) = ¢ (57"*"7?)

=25 x 57 1 > 5 = 9(G (T, Ty)).
Therefore, we have for all x, y € X

0(G(Tx, Ty, Ty))

(53)
<o [G(G(x,Tx,Tx);G(y,Ty,Ty))] .

Thus, T is a 8 — ¢ Kannan-type contraction.
So all the hypotheses of Corollary 23 are satisfied, thus T
has a fixed point. In this example x = 0 is the fixed point.



Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This research is supported by National Natural Science Foun-
dation of China (nos. 11461002 and 11461003) and Guangxi
Natural Science Foundation (2016GXNSFAA380003,
2016GXNSFAA380317, and 2017GXNSFAA198100).

References

[1] Z. Mustafa and B. Sims, “A new approach to generalized metric
spaces,” Journal of Nonlinear and Convex Analysis, vol. 7, no. 2,
pp. 289-297, 2006.

[2] R. P. Agarwal and E. Karapinar, “Remarks on some coupled
fixed point theorems in G-metric spaces,” Fixed Point Theory
and Applications, vol. 2013, no. 2, p. 33, 2013.

[3] E. Karapinar and R. P. Agarwal, “Further fixed point results on
G-metric spaces,” Fixed Point Theory and Applications, vol. 2013,
article no. 154, 14 pages, 2013.

[4] Z. Mustafa, A new structure for generalized metric spaces with
applications to fixed point theory [Ph.D. thesis], The University
of Newcastle, Australia, 2005.

[5] Z. Mustafa, M. Khandagji, and W. Shatanawi, “Fixed point
results on complete G-metric spaces,” Studia Scientiarum Math-
ematicarum Hungarica, vol. 48, no. 3, pp. 304-319, 2011.

[6] Z. Mustafa and B. Sims, “Fixed point theorems for contractive
mappings in complete G-Metric spaces,” Fixed Point Theory and
Applications, Article ID 917175, 2009.

[7] V.Popa and A. M. Patriciu, “A general fixed point theorems for
pairs of non weakly compatible mappings in G-metric spaces,’
Novi Sad Journal of Mathematics, vol. 44, no. 1, pp. 91-104, 2014.

[8] P.Salimiand P. Vetro, “A result of suzuki type in partial G-metric
spaces,” Acta Mathematica Scientia, vol. 34, no. 2, pp. 274-284,
2014.

[9] W. Shatanawi, “Fixed point theory for contractive mappings
satisfying ®-maps in G-metric spaces,” Fixed Point Theory and
Applications, vol. 2010, Article ID 181650, 2010.

[10] W. Shatanawi, “Common fixed point result for two self-maps in
G-metric spaces,” Matematicki Vesnik, vol. 65, no. 2, pp. 143-150,
2013.

[11] R. P. Agarwal, E. Karapinar, D. O'Regan, and A. E Roldan-
Lo'pez-de-Hierro, Fixed Point Theory in Metric Type Spaces,
Springer, Cham, Switzerland, 2015.

[12] M. Jleli and B. Samet, “A new generalization of the Banach
contraction principle,” Journal of Inequalities and Applications,
vol. 2014, no. 1, article no. 38, 8 pages, 2014.

[13] G. Minak and I. Altun, “On the effect of a-admissibility and
0-contractivity to the existence of fixed points of multivalued
mappings,” Lithuanian Association of Nonlinear Analysts. Non-
linear Analysis: Modelling and Control, vol. 21, no. 5, pp. 673-
686, 2016.

[14] T. Suzuki, “Comments on some recent generalization of the
Banach contraction principle,” Journal of Inequalities and Appli-
cations, vol. 2016, no. 1, article no. 111, 2016.

[15] D. Zheng, Z. Cai, and P. Wang, “New fixed point theorems for
0-¢ contraction in complete metric spaces,” Journal of Nonlinear
Sciences and Applications, vol. 10, no. 5, pp. 2662-2670, 2017.

Journal of Function Spaces

[16] J. R. Jachymski, “Equivalence of some contractivity properties
over metrical structures,” Proceedings of the American Mathe-
matical Society, vol. 125, no. 8, pp. 2327-2335, 1997.

[17] R. Kannan, “Some results on fixed points—II,” The American
Mathematical Monthly, vol. 76, no. 4, pp. 405-408, 1969.

[18] F E. Browder, “On the convergence of successive approxima-
tions for nonlinear functional equations,” Indagationes Mathe-
maticae (Proceedings), vol. 71, pp. 27-35,1968.



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

