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Bymeans of the technique of real analysis and the weight functions, a few equivalent statements of a Hilbert-type integral inequality
with the nonhomogeneous kernel in thewhole plane are obtained.The constant factor related to the beta function is proved to be the
best possible. As applications, the case of the homogeneous kernel, the operator expressions, and a few corollaries are considered.

1. Introduction

Suppose that 𝑝 > 1, 1/𝑝 + 1/𝑞 = 1, 𝑓(𝑥), 𝑔(𝑦) ≥ 0, 0 <∫∞
0

𝑓𝑝(𝑥)𝑑𝑥 < ∞, and 0 < ∫∞
0

𝑔𝑞(𝑦)𝑑𝑦 < ∞. We have
the following well-known Hardy-Hilbert’s integral inequality
(see [1]):

∫∞
0

∫∞
0

𝑓 (𝑥) 𝑔 (𝑦)
𝑥 + 𝑦 𝑑𝑥 𝑑𝑦

< 𝜋
sin (𝜋/𝑝) (∫∞

0
𝑓𝑝 (𝑥) 𝑑𝑥)1/𝑝 (∫∞

0
𝑔𝑞 (𝑦) 𝑑𝑦)1/𝑞 ,

(1)

where the constant factor 𝜋/ sin(𝜋/𝑝) is the best possible. For𝑝 = 𝑞 = 2, (1) reduces to the well-known Hilbert’s integral
inequality. By using the weight functions, some extensions
of (1) were given by [2, 3]. A few Hilbert-type inequalities
with the homogenous and nonhomogenous kernels were
provided by [4–7]. In 2017, Hong [8] also gave two equivalent
statements betweenHilbert-type inequalities with the general
homogenous kernel and parameters. Some other kinds of
Hilbert-type inequalities were obtained by [9–16].

In 2007, Yang [17] gave a Hilbert-type integral inequality
in the whole plane as follows:

∫∞
−∞

∫∞
−∞

𝑓 (𝑥) 𝑔 (𝑦)
(1 + 𝑒𝑥+𝑦)𝜆 𝑑𝑥 𝑑𝑦 < 𝐵 (𝜆2 , 𝜆2 )

⋅ (∫∞
−∞

𝑒−𝜆𝑥𝑓2 (𝑥) 𝑑𝑥 ∫∞
−∞

𝑒−𝜆𝑦𝑔2 (𝑦) 𝑑𝑦)1/2 ,
(2)

with the best possible constant factor 𝐵(𝜆/2, 𝜆/2) (𝜆 > 0,𝐵(𝑢, V) is the beta function) (see [18]). He et al. [19–
23] proved a few Hilbert-type integral inequalities
in the whole plane with the best possible constant
factors.

In this paper, by means of the technique of real analysis
and the weight functions, a few equivalent statements of a
Hilbert-type integral inequality with the nonhomogeneous
kernel in the whole plane similar to (2) are obtained. The
constant factor related to the beta function is proved to be the
best possible. As applications, the case of the homogeneous
kernel, the operator expressions, and a few corollaries are
considered.

2. An Example and Two Lemmas

Example 1. For R = (−∞, ∞),R+ = (0, ∞), we set ℎ(𝑢) fl(max{𝑢, 1})𝛼+𝛽/|𝑢 − 1|𝜆+𝛼(min{𝑢, 1})𝛽 (𝑢 ∈ R+), and then for𝑎, 𝑏 ̸= 0,

ℎ (𝑒𝑎𝑥+𝑏𝑦) = (max {𝑒𝑎𝑥+𝑏𝑦, 1})𝛼+𝛽𝑒𝑎𝑥+𝑏𝑦 − 1𝜆+𝛼 (min {𝑒𝑎𝑥+𝑏𝑦, 1})𝛽
(𝑥, 𝑦 ∈ R) .

(3)

For 𝜎, 𝜇 > 𝛽, 𝜎 + 𝜇 = 𝜆 < 1 − 𝛼 (𝛼 + 2𝛽 < 1), in view ofℎ(V−1)V1−𝜎 = ℎ(V)V𝜇−1 (0 < V < 1), we find
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𝑘𝜆 (𝜎) fl ∫∞
0

ℎ (𝑢) 𝑢𝜎−1𝑑𝑢 = ∫1
0

ℎ (𝑢) (𝑢𝜎−1 + 𝑢𝜇−1) 𝑑𝑢
= ∫1
0

(max {𝑢, 1})𝛼+𝛽
(1 − 𝑢)𝜆+𝛼 (min {𝑢, 1})𝛽 (𝑢𝜎−1 + 𝑢𝜇−1) 𝑑𝑢

= ∫1
0

1
(1 − 𝑢)𝜆+𝛼 (𝑢𝜎−𝛽−1 + 𝑢𝜇−𝛽−1) 𝑑𝑢

= 𝐵 (1 − 𝜆 − 𝛼, 𝜎 − 𝛽) + 𝐵 (1 − 𝜆 − 𝛼, 𝜇 − 𝛽)
∈ R+,

(4)

where 𝐵(𝑢, V) fl ∫1
0

(1 − 𝑡)𝑢−1𝑡V−1𝑑𝑡 (𝑢, V > 0) is the beta
function (cf. [18]).

In particular, (i) for 𝛼 = 0, we have 𝜎, 𝜇 > 𝛽, 𝜎 + 𝜇 = 𝜆 <1 (𝛽 < 1/2), ℎ1(𝑢) = (max{𝑢, 1})𝛽/|𝑢 − 1|𝜆(min{𝑢, 1})𝛽 (𝑢 >0), and
𝑘(1)𝜆 (𝜎) = 𝐵 (1 − 𝜆, 𝜎 − 𝛽) + 𝐵 (1 − 𝜆, 𝜇 − 𝛽) ; (5)

(ii) for 𝛽 = 0, we have 𝜎, 𝜇 > 0, 𝜎 + 𝜇 = 𝜆 < 1 − 𝛼 (𝛼 <1), ℎ2(𝑢) = (max{𝑢, 1})𝛼/|𝑢 − 1|𝜆+𝛼 (𝑢 > 0), and
𝑘(2)𝜆 (𝜎) = 𝐵 (1 − 𝜆 − 𝛼, 𝜎) + 𝐵 (1 − 𝜆 − 𝛼, 𝜇) ; (6)

(iii) for 𝛽 = −𝛼, we have 𝜎, 𝜇 > −𝛼, 𝜎+𝜇 = 𝜆 < 1−𝛼 (𝛼 >−1), ℎ3(𝑢) = (min{𝑢, 1})𝛼/|𝑢 − 1|𝜆+𝛼 (𝑢 > 0), and
𝑘(3)𝜆 (𝜎) = 𝐵 (1 − 𝜆 − 𝛼, 𝜎 + 𝛼) + 𝐵 (1 − 𝜆 − 𝛼, 𝜇 + 𝛼) . (7)

In the case of (iii), for 𝛼 = 0, we have 𝜎, 𝜇 > 0, 𝜎 + 𝜇 = 𝜆 <1, ℎ4(𝑢) = 1/|𝑢 − 1|𝜆 (𝑢 > 0), and
𝑘(4)𝜆 (𝜎) = 𝐵 (1 − 𝜆, 𝜎) + 𝐵 (1 − 𝜆, 𝜇) . (8)

In the following, we assume that 𝑝 > 1, 1/𝑝 + 1/𝑞 =1, 𝑎, 𝑏 ̸= 0, 𝜎1, 𝜎 ∈ R, 𝜎, 𝜇 > 𝛽, 𝜎 + 𝜇 = 𝜆 < 1 − 𝛼(𝛼 + 2𝛽 < 1),
and

𝐾𝜆 (𝜎) fl 1
|𝑎|1/𝑞 |𝑏|1/𝑝 𝑘𝜆 (𝜎)

= 1
|𝑎|1/𝑞 |𝑏|1/𝑝
× (𝐵 (1 − 𝜆 − 𝛼, 𝜎 − 𝛽) + 𝐵 (1 − 𝜆 − 𝛼, 𝜇 − 𝛽)) .

(9)

For 𝑛 ∈ N = {1, 2, . . .}, we define two sets 𝐸𝑐 fl {𝑡 ∈
R; 𝑐𝑡 ≥ 0}, 𝐹𝑐 fl R \ 𝐸𝑐 = {𝑡 ∈ R; 𝑐𝑡 < 0} (𝑐 = 𝑎, 𝑏), and the
following two expressions:

𝐼1 fl ∫
𝐹𝑏

𝑒(𝜎1+1/𝑞𝑛)𝑏𝑦 [∫
𝐸𝑎

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑒(𝜎−1/𝑝𝑛)𝑎𝑥𝑑𝑥] 𝑑𝑦, (10)

𝐼2 fl ∫
𝐸𝑏

𝑒(𝜎1−1/𝑞𝑛)𝑏𝑦 [∫
𝐹𝑎

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑒(𝜎+1/𝑝𝑛)𝑎𝑥𝑑𝑥] 𝑑𝑦. (11)

Setting 𝑢 = 𝑒𝑎𝑥+𝑏𝑦 in (10), in view of Fubini theorem (cf.
[24]), it follows that

𝐼1 = 1|𝑎| ∫
𝐹𝑏

𝑒(𝜎1−𝜎+1/𝑛)𝑏𝑦 (∫∞
𝑒𝑏𝑦

(𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢) 𝑑𝑦
= 1|𝑎𝑏| ∫1

0
V𝜎1−𝜎+1/𝑛−1 (∫∞

V
ℎ (𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢) 𝑑V

(V = 𝑒𝑏𝑦) .
(12)

In the same way, we find that

𝐼2 = 1|𝑎| ∫
𝐸𝑏

𝑒(𝜎1−𝜎−1/𝑛)𝑏𝑦 (∫𝑒𝑦
0

ℎ (𝑢) 𝑢𝜎+1/𝑝𝑛−1𝑑𝑥) 𝑑𝑦
= 1|𝑎𝑏| ∫∞

1
V𝜎1−𝜎−1/𝑛−1 (∫V

0
ℎ (𝑢) 𝑢𝜎+1/𝑝𝑛−1𝑑𝑢) 𝑑V.

(13)

Lemma 2. If there exists a constant 𝑀, such that for any
nonnegative measurable functions 𝑓(𝑥) and 𝑔(𝑦) in R, the
following inequality

𝐼 fl ∫∞
−∞

∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑔 (𝑦) 𝑑𝑥 𝑑𝑦
≤ 𝑀 [∫∞

−∞
(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝

⋅ [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜎1𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞

(14)

holds true, then we have 𝜎1 = 𝜎.
Proof. (i) If 𝜎1 < 𝜎, then for 𝑛 > 1/(𝜎 − 𝜎1) (𝑛 ∈ N), we set
two functions

𝑓𝑛 (𝑥) fl {{{
𝑒(𝜎−1/𝑝𝑛)𝑎𝑥, 𝑥 ∈ 𝐸𝑎
0, 𝑥 ∈ 𝐹𝑎,

𝑔𝑛 (𝑦) fl {{{
0, 𝑦 ∈ 𝐸𝑏
𝑒(𝜎1+1/𝑞𝑛)𝑏𝑦, 𝑦 ∈ 𝐹𝑏,

(15)

and obtain

𝐽2 fl [∫∞
−∞

𝑒−𝑝𝜎𝑎𝑥𝑓𝑝𝑛 (𝑥) 𝑑𝑥]1/𝑝

⋅ [∫∞
−∞

𝑒−𝑞𝜎1𝑏𝑦𝑔𝑞𝑛 (𝑦) 𝑑𝑦]1/𝑞 = (∫
𝐸𝑎

𝑒−𝑎𝑥/𝑛𝑑𝑥)1/𝑝

⋅ (∫
𝐹𝑏

𝑒𝑏𝑦/𝑛𝑑𝑦)1/𝑞 = 𝑛
|𝑎|1/𝑝 |𝑏|1/𝑞 .

(16)
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By (12) and (14), we find

1|𝑎𝑏| ∫1
0
V𝜎1−𝜎+1/𝑛−1𝑑V∫∞

1

𝑢𝛼+𝛽+𝜎−1/𝑝𝑛−1
(𝑢 − 1)𝜆+𝛼 𝑑𝑢 ≤ 𝐼2

= ∫∞
−∞

∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓𝑛 (𝑥) 𝑔𝑛 (𝑦) 𝑑𝑥 𝑑𝑦 ≤ 𝑀𝐽2
= 𝑀𝑛

|𝑎|1/𝑝 |𝑏|1/𝑞 .
(17)

For any 𝑛 > 1/(𝜎 − 𝜎1) (𝑛 ∈ N), 𝜎1 − 𝜎 + 1/𝑛 < 0, it follows
that ∫1
0
V𝜎1−𝜎+1/𝑛−1𝑑V = ∞.In view of ∫∞

1
(𝑢𝛼+𝛽+𝜎−1/𝑝𝑛−1/(𝑢 −

1)𝜆+𝛼)𝑑𝑢 > 0, by (17), we find that∞ ≤ 𝑀𝑛/|𝑎|1/𝑝|𝑏|1/𝑞 < ∞,
which is a contradiction.

(ii) If 𝜎1 > 𝜎, then for 𝑛 > (1/(𝜎1 − 𝜎)) (𝑛 ∈ N), we set
functions

𝑓𝑛 (𝑥) fl {{{
0, 𝑥 ∈ 𝐸𝑎
𝑒(𝜎+1/𝑝𝑛)𝑎𝑥, 𝑥 ∈ 𝐹𝑎,

𝑔𝑛 (𝑦) fl {{{
𝑒(𝜎1−1/𝑞𝑛)𝑏𝑦, 𝑦 ∈ 𝐸𝑏
0, 𝑦 ∈ 𝐹𝑏,

(18)

and find

𝐽2 fl [∫∞
−∞

𝑒−𝑝𝜎𝑎𝑥𝑓𝑝𝑛 (𝑥) 𝑑𝑥]1/𝑝

⋅ [∫∞
−∞

𝑒−𝑞𝜎1𝑏𝑦𝑔𝑞𝑛 (𝑦) 𝑑𝑦]1/𝑞 = (∫
𝐹𝑎

𝑒𝑎𝑥/𝑛𝑑𝑥)1/𝑝

⋅ (∫
𝐸𝑏

𝑒−𝑏𝑦/𝑛𝑑𝑦)1/𝑞 = 𝑛
|𝑎|1/𝑝 |𝑏|1/𝑞 .

(19)

By (13) and (14), we obtain

1|𝑎𝑏| ∫∞
1

V𝜎1−𝜎−1/𝑛−1𝑑V∫1
0

𝑢𝜎−𝛽+1/𝑝𝑛−1
(1 − 𝑢)𝜆+𝛼 𝑑𝑢 ≤ 𝐼1

= ∫∞
0

∫∞
0

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓𝑛 (𝑥) 𝑔𝑛 (𝑦) 𝑑𝑥 𝑑𝑦 ≤ 𝑀𝐽2
= 𝑀𝑛

|𝑎|1/𝑝 |𝑏|1/𝑞 .
(20)

For 𝑛 > 1/(𝜎1 − 𝜎) (𝑛 ∈ N), 𝜎1 − 𝜎 − 1/𝑛 > 0,
it follows that ∫∞

1
𝑦𝜎1−𝜎−1/𝑛−1𝑑𝑦 = ∞. By (20), in view

of ∫1
0

(𝑢𝜎−𝛽+1/𝑝𝑛−1/(1 − 𝑢)𝜆+𝛼)𝑑𝑢 > 0, we have ∞ ≤
𝑀𝑛/|𝑎|1/𝑝|𝑏|1/𝑞 < ∞, which is a contradiction.

Hence, we conclude that 𝜎1 = 𝜎.
The lemma is proved.

For 𝜎1 = 𝜎, we have the following.

Lemma 3. If there exists a constant 𝑀, such that for any
nonnegative measurable functions 𝑓(𝑥) and 𝑔(𝑦) in R, the
following inequality

𝐼 = ∫∞
−∞

∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑔 (𝑦) 𝑑𝑥 𝑑𝑦
≤ 𝑀 [∫∞

−∞
(𝑓 (𝑥)
e𝜎𝑎𝑥

)𝑝 𝑑𝑥]1/𝑝

⋅ [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜎𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞

(21)

holds true, then we have 𝑀 ≥ 𝐾𝜆(𝜎)(> 0).
Proof. By (12), for 𝜎1 = 𝜎, we obtain

𝐼1 = 1|𝑎𝑏| ∫1
0
V1/𝑛−1 (∫1

V
ℎ (𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢) 𝑑V + 1|𝑎𝑏|

⋅ ∫1
0
V1/𝑛−1 (∫∞

1
ℎ (𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢) 𝑑V = 1|𝑎𝑏|

⋅ ∫1
0

(∫𝑢
0
V1/𝑛−1𝑑V) ℎ (𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢 + 𝑛|𝑎𝑏|

⋅ ∫∞
1

ℎ (𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢
= 𝑛|𝑎𝑏| (∫1

0
ℎ (𝑢) 𝑢𝜎+1/𝑞𝑛−1𝑑𝑢

⋅ ∫∞
1

ℎ (𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢) .

(22)

We use inequality 𝐼1 ≤ 𝑀𝐽2 (for 𝜎1 = 𝜎) as follows:
|𝑎|1/𝑝 |𝑏|1/𝑞𝑛 𝐼1 = 1

|𝑎|1/𝑞 |𝑏|1/𝑝 (∫1
0

𝐻 (𝑢) 𝑢𝜎+1/𝑞𝑛−1𝑑𝑢
+ ∫∞
1

𝐻 (𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢) ≤ 𝑀.
(23)

By Fatou lemma (cf. [24]) and (23), it follows that

𝐾𝜆 (𝜎) = 1
|𝑎|1/𝑞 |𝑏|1/𝑝 × (∫1

0
lim
𝑛→∞

ℎ (𝑢) 𝑢𝜎+1/𝑞𝑛−1𝑑𝑢
+ ∫∞
1

lim
𝑛→∞

ℎ (𝑢) 𝑢𝜎−1/𝑝𝑛−1𝑑𝑢)
≤ lim
𝑛→∞

|𝑎|1/𝑝 |𝑏|1/𝑞𝑛 𝐼1 ≤ 𝑀.
(24)

The lemma is proved.



4 Journal of Function Spaces

3. Main Results and Some Corollaries

Theorem 4. If 𝑀 is a constant, then the following statements
(i), (ii), and (iii) are equivalent:

(i) For any nonnegative measurable function 𝑓(𝑥) in R, we
have the following inequality:

𝐽 fl [∫∞
−∞

𝑒𝑝𝜎1𝑏𝑦 (∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥)𝑝 𝑑𝑦]1/𝑝

≤ 𝑀 [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 .
(25)

(ii) For any nonnegative measurable functions 𝑓(𝑥) and𝑔(𝑦) in R, we have the following inequality:

𝐼 = ∫∞
−∞

∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑔 (𝑦) 𝑑𝑥 𝑑𝑦
≤ 𝑀 [∫∞

−∞
(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝

⋅ [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜎1𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞 .

(26)

(iii) 𝜎1 = 𝜎, and 𝑀 ≥ 𝐾𝜆(𝜎)(> 0).
Proof. (𝑖) => (𝑖𝑖). By Hölder’s inequality (see [25]), we have

𝐼 = ∫∞
−∞

(𝑒𝜎1𝑏𝑦 ∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥)
⋅ (𝑒−𝜎1𝑏𝑦𝑔 (𝑦)) 𝑑𝑦 ≤ 𝐽 [∫∞

−∞
(𝑔 (𝑦)

𝑒𝜎1𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞 .
(27)

Then by (25), we have (26).(𝑖𝑖) => (𝑖𝑖𝑖). By Lemma 2, we have 𝜎1 = 𝜎. Then by
Lemma 3, we have 𝑀 ≥ 𝐾𝜆(𝜎)(> 0).(𝑖𝑖𝑖) => (𝑖). Setting 𝑢 = 𝑒𝑎𝑥+𝑏𝑦, we obtain the following
weight functions: for 𝑦, 𝑥 ∈ R,

𝜔 (𝜎, 𝑦) fl 𝑒𝜎𝑏𝑦 ∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑒𝜎𝑎𝑥𝑑𝑥
= 1|𝑎| ∫∞

0
ℎ (𝑢) 𝑢𝜎−1𝑑𝑢 = 1|𝑎|𝑘𝜆 (𝜎) , (28)

𝜛 (𝜎, 𝑥) fl 𝑒𝜎𝑎𝑥 ∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑒𝜎𝑏𝑦𝑑𝑦 = 1|𝑏|𝑘𝜆 (𝜎) . (29)

By Hölder’s inequality with weight and (28), we have

(∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥)𝑝 = [∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦)
⋅ (𝑒𝜎𝑏𝑦/𝑝𝑒𝜎𝑎𝑥/𝑞𝑓 (𝑥)) ( 𝑒𝜎𝑎𝑥/𝑞𝑒𝜎𝑏𝑦/𝑝) 𝑑𝑥]𝑝 ≤ ∫∞

−∞
ℎ (𝑒𝑎𝑥+𝑏𝑦)

⋅ 𝑒𝜎𝑏𝑦𝑒𝜎𝑎𝑥𝑝/𝑞𝑓𝑝 (𝑥) 𝑑𝑥 (∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦)
⋅ 𝑒𝜎𝑎𝑥𝑒𝜎𝑏𝑦𝑞/𝑝 𝑑𝑥)𝑝/𝑞 = [𝜔 (𝜎, 𝑦) 𝑒−𝑞𝜎𝑏𝑦]𝑝−1
⋅ ∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑒𝜎𝑏𝑦𝑒𝜎𝑎𝑥𝑝/𝑞𝑓𝑝 (𝑥) 𝑑𝑥 = ( 1|𝑎|𝑘 (𝜎))𝑝−1

⋅ 𝑒−𝑝𝜎𝑏𝑦 ∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑒𝜎𝑏𝑦𝑒𝜎𝑎𝑥𝑝/𝑞𝑓𝑝 (𝑥) 𝑑𝑥.
(30)

For 𝜎1 = 𝜎, by Fubini theorem (see [24]) and (29), we
have

𝐽 ≤ ( 1|𝑎|𝑘𝜆 (𝜎))1/𝑞

⋅ (∫∞
−∞

∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑒𝜎𝑏𝑦𝑒𝜎𝑎𝑥𝑝/𝑞𝑓𝑝 (𝑥) 𝑑𝑥 𝑑𝑦)1/𝑝

= ( 1|𝑎|𝑘𝜆 (𝜎))1/𝑞

⋅ [∫∞
−∞

(∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑒𝜎𝑏𝑦𝑒𝜎𝑎𝑥𝑝/𝑞 𝑑𝑦) 𝑓𝑝 (𝑥) 𝑑𝑥]1/𝑝

= ( 1|𝑎|𝑘𝜆 (𝜎))1/𝑞

⋅ (∫∞
−∞

𝜔 (𝜎, 𝑥) 𝑒−𝑝𝜎𝑎𝑥𝑓𝑝 (𝑥) 𝑑𝑥)1/𝑝 = 𝐾𝜆 (𝜎)
⋅ (∫∞
−∞

𝑒−𝑝𝜎𝑎𝑥𝑓𝑝 (𝑥) 𝑑𝑥)1/𝑝 .

(31)

For 𝐾𝜆(𝜎) ≤ 𝑀, we have (25).
Therefore, the statements (i), (ii), and (iii) are equivalent.
The theorem is proved.

Theorem 5. The following statements (i) and (ii) are valid and
equivalent:

(i) For any 𝑓(𝑥) ≥ 0, satisfying 0 < ∫∞
−∞

(𝑓(𝑥)/𝑒𝜎𝑎𝑥)𝑝𝑑𝑥 <∞, we have the following inequality:

𝐽1 = {{{{{
∫∞
−∞

𝑒𝑝𝜎𝑏𝑦 [
[

∫∞
−∞

(max {𝑒𝑎𝑥+𝑏𝑦, 1})𝛼+𝛽 𝑓 (𝑥) 𝑑𝑥𝑒𝑎𝑥+𝑏𝑦 − 1𝜆+𝛼 (min {𝑒𝑎𝑥+𝑏𝑦, 1})𝛽]]
𝑝

𝑑𝑦}}}}}

1/𝑝

< 𝐾𝜆 (𝜎) [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 .
(32)
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(ii) For any𝑓(𝑥) ≥ 0, satisfying 0 < ∫∞
−∞

(𝑓(𝑥)/𝑒𝜎𝑎𝑥)𝑝𝑑𝑥 <
∞ and 𝑔(𝑦) ≥ 0, satisfying 0 < ∫∞

−∞
(𝑔(𝑦)/𝑒𝜎𝑏𝑦)𝑞𝑑𝑦 < ∞, we

have the following inequality:

𝐼 = ∫∞
−∞

∫∞
−∞

(max {𝑒𝑎𝑥+𝑏𝑦, 1})𝛼+𝛽 𝑓 (𝑥) 𝑔 (𝑦)𝑒𝑎𝑥+𝑏𝑦 − 1𝜆+𝛼 (min {𝑒𝑎𝑥+𝑏𝑦, 1})𝛽 𝑑𝑥 𝑑𝑦

< 𝐾𝜆 (𝜎) [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝

⋅ [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜎𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞 .

(33)

Moreover, the constant factor𝐾𝜆(𝜎) in (32) and (33) is the
best possible.

In particular, for 𝛼 = 𝛽 = 0, 𝜎, 𝜇 > 0, 𝜎 + 𝜇 = 𝜆 < 1
�̃�𝜆 (𝜎) fl 1

|𝑎|1/𝑞 |𝑏|1/𝑝 (𝐵 (1 − 𝜆, 𝜎) + 𝜁 (1 − 𝜆, 𝜇)) , (34)

we have the following equivalent inequalities with the best
possible constant factor �̃�𝜆(𝜎):

[∫∞
−∞

𝑒𝑝𝜎𝑏𝑦(∫∞
−∞

𝑓 (𝑥)𝑒𝑎𝑥+𝑏𝑦 − 1𝜆 𝑑𝑥)𝑝 𝑑𝑦]
1/𝑝

< �̃�𝜆 (𝜎) [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 ,
(35)

∫∞
−∞

∫∞
−∞

𝑓 (𝑥) 𝑔 (𝑦)𝑒𝑎𝑥+𝑏𝑦 − 1𝜆 𝑑𝑥 𝑑𝑦 < �̃�𝜆 (𝜎)

⋅ [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜎𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞 .

(36)

Proof. We first prove that (32) is valid. If (30) takes the form
of equality for a 𝑦 ∈ R, then (see [25]), there exist constants𝐴 and 𝐵, such that they are not all zero, and

𝐴 𝑒𝜎𝑏𝑦𝑒𝜎𝑎𝑥𝑝/𝑞𝑓𝑝 (𝑥) = 𝐵 𝑒𝜎𝑎𝑥𝑒𝜎𝑏𝑦𝑞/𝑝 𝑎.𝑒. in R. (37)

We suppose that𝐴 ̸= 0 (otherwise𝐵 = 𝐴 = 0).Then it follows
that

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 = 𝑒−𝑞𝜎𝑏𝑦 𝐵𝐴 𝑎.𝑒. in R, (38)

which contradicts the fact that 0 < ∫∞
−∞

(𝑓(𝑥)/𝑒𝜎𝑎𝑥)𝑝𝑑𝑥 < ∞.
Hence, (30) takes the form of strict inequality. For 𝜎1 = 𝜎 by
the proof of Theorem 4, we obtain (32).(𝑖) => (𝑖𝑖). By (27) (for 𝜎1 = 𝜎) and (32), we have (33).(𝑖𝑖) => (𝑖). We set the following function:

𝑔 (𝑦) fl 𝑒𝑝𝜎𝑏𝑦 (∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥)𝑝−1

(𝑦 ∈ R) .
(39)

If 𝐽1 = ∞, then it is impossible since (32) is valid; if 𝐽1 = 0,
then (32) is trivially valid. In the following, we suppose that0 < 𝐽1 < ∞. By (33), we have

0 < ∫∞
−∞

(𝑔 (𝑦)
𝑒𝜎𝑏𝑦 )𝑞 𝑑𝑦 = 𝐽𝑝1 = 𝐼 < 𝐾𝜆 (𝜎)

⋅ [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜎𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞

< ∞,
𝐽1 = [∫∞

−∞
(𝑔 (𝑦)

𝑒𝜎𝑏𝑦 )𝑞 𝑑𝑦]1/𝑝 < 𝐾𝜆 (𝜎)

⋅ [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 ;

(40)

namely, (32) follows, which is equivalent to (33).
Hence, Statements (i) and (ii) are valid and equivalent.
If there exists a constant 𝑀 ≤ 𝐾𝜆(𝜎), such that (33) is

valid when replacing 𝐾𝜆(𝜎) by 𝑀, then by Lemma 3, we have𝐾𝜆(𝜎) ≤ 𝑀. Hence, the constant factor 𝑀 = 𝐾𝜆(𝜎) in (33) is
the best possible.

The constant factor 𝐾𝜆(𝜎) in (32) is still the best possible.
Otherwise, by (27) (for 𝜎1 = 𝜎), we would reach a
contradiction that the constant factor 𝐾𝜆(𝜎) in (33) is not the
best possible.

The theorem is proved.

For 𝑔(𝑦) = 𝑒−𝜆𝑏𝑦𝐺(𝑦), and 𝜇1 = 𝜆 − 𝜎1 inTheorems 4 and
5, then replacing 𝑏 (𝐺(𝑦)) by −𝑏 (𝑔(𝑦)), setting

𝑘𝜆 (𝑒𝑎𝑥, 𝑒𝑏𝑦) fl
(max {𝑒𝑎𝑥, 𝑒𝑏𝑦})𝛼+𝛽𝑒𝑎𝑥 − 𝑒𝑏𝑦𝜆+𝛼 (min {𝑒𝑎𝑥 , 𝑒𝑏𝑦)𝛽

(𝑥, 𝑦 ∈ R) ,
(41)

we have the following corollaries.

Corollary 6. If 𝑀 is a constant, then the following statements
(i), (ii), and (iii) are equivalent:

(i) For any nonnegative measurable function 𝑓(𝑥) in R, we
have the following inequality:

[∫∞
−∞

𝑒𝑝𝜇1𝑏𝑦 (∫∞
−∞

𝑘𝜆 (𝑒𝑎𝑥, 𝑒𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥)𝑝 𝑑𝑦]1/𝑝

≤ 𝑀 [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 .
(42)

(ii) For any nonnegative measurable functions 𝑓(𝑥) and𝑔(𝑦) in R, we have the following inequality:
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∫∞
−∞

∫∞
−∞

𝑘𝜆 (𝑒𝑎𝑥, 𝑒𝑏𝑦) 𝑓 (𝑥) 𝑔 (𝑦) 𝑑𝑥 𝑑𝑦
≤ 𝑀 [∫∞

−∞
(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝

⋅ [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜇1𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞 .

(43)

(iii) 𝜇1 = 𝜇, and 𝑀 ≥ 𝐾𝜆(𝜎)(> 0).
Corollary 7. The following statements (i) and (ii) are valid and
equivalent:

(i) For any 𝑓(𝑥) ≥ 0, satisfying 0 < ∫∞
−∞

(𝑓(𝑥)/𝑒𝜎𝑎𝑥)𝑝𝑑𝑥 <∞, we have the following inequality:

{{{{{
∫∞
−∞

𝑒𝑝𝑏𝜇𝑦 [
[

∫∞
−∞

(max {𝑒𝑎𝑥, 𝑒𝑏𝑦})𝛼+𝛽 𝑓 (𝑥)𝑒𝑎𝑥 − 𝑒𝑏𝑦𝜆+𝛼 (min {𝑒𝑎𝑥, 𝑒𝑏𝑦})𝛽 𝑑𝑥]
]
𝑝

𝑑𝑦}}}}}

1/𝑝

< 𝐾𝜆 (𝜎) [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 . (44)

(ii) For any𝑓(𝑥) ≥ 0, satisfying 0 < ∫∞
−∞

(𝑓(𝑥)/𝑒𝜎𝑎𝑥)𝑝𝑑𝑥 <
∞, and 𝑔(𝑦) ≥ 0, satisfying 0 < ∫∞

−∞
(𝑔(𝑦)/𝑒𝜇𝑏𝑦)𝑞𝑑𝑦 < ∞, we

have the following inequality:

∫∞
−∞

∫∞
−∞

(max {𝑒𝑎𝑥, 𝑒𝑏𝑦})𝛼+𝛽 𝑓 (𝑥) 𝑔 (𝑦)𝑒𝑎𝑥 − 𝑒𝑏𝑦𝜆+𝛼 (min {𝑒𝑎𝑥, 𝑒𝑏𝑦})𝛽 𝑑𝑥 𝑑𝑦

< 𝐾𝜆 (𝜎) [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝

⋅ [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜇𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞 .

(45)

Moreover, the constant factor 𝐾𝜆(𝜎) in (44) and (45) is the
best possible.

In particular, for 𝛼 = 𝛽 = 0, 𝜎, 𝜇 > 0, 𝜎 + 𝜇 = 𝜆 < 1, we
have the following equivalent inequalities with the best possible
constant factor �̃�𝜆(𝜎):

[∫∞
−∞

𝑒𝑝𝜇𝑏𝑦(∫∞
−∞

𝑓 (𝑥)𝑒𝑎𝑥 − 𝑒𝑏𝑦𝜆 𝑑𝑥)𝑝 𝑑𝑦]
1/𝑝

< �̃�𝜆 (𝜎)

⋅ [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 ,
(46)

∫∞
−∞

∫∞
−∞

𝑓 (𝑥) 𝑔 (𝑦)𝑒𝑎𝑥 − 𝑒𝑏𝑦𝜆 𝑑𝑥 𝑑𝑦 < �̃�𝜆 (𝜎)

⋅ [∫∞
−∞

(𝑓 (𝑥)𝑒𝜎𝑎𝑥 )𝑝 𝑑𝑥]1/𝑝 [∫∞
−∞

(𝑔 (𝑦)
𝑒𝜇𝑏𝑦 )𝑞 𝑑𝑦]1/𝑞 .

(47)

In (35) and (36), setting 𝐹(𝑥) = 𝑒(𝜆𝑎/2)𝑥𝑓(𝑥), 𝐺(𝑦) =𝑒(𝜆𝑏/2)𝑦𝑔(𝑦), then replacing back 𝐹(𝑥)(𝐺(𝑦)) by 𝑓(𝑥)(𝑔(𝑦)),
and introducing the hyperbolic sine function as sinh(𝑠) =(𝑒𝑠 − 𝑒−𝑠)/2, we have
Corollary 8. If 𝜎, 𝜇 > 0, 𝜎 + 𝜇 = 𝜆 < 1, then the following
statements (i) and (ii) are valid and equivalent:

(i) For any 𝑓(𝑥) ≥ 0, satisfying 0 <∫∞
−∞

[𝑒(𝜆/2−𝜎)𝑎𝑥𝑓(𝑥)]𝑝𝑑𝑥 < ∞, we have the following
inequality:

[∫∞
−∞

𝑒𝑝(𝜎−𝜆/2)𝑏𝑦(∫∞
−∞

𝑓 (𝑥)sinh ((𝑎𝑥 + 𝑏𝑦) /2)𝜆 𝑑𝑥)𝑝 𝑑𝑦]
1/𝑝

< 2�̃�𝜆 (𝜎) {∫∞
−∞

[𝑒(𝜆/2−𝜎)𝑎𝑥𝑓 (𝑥)]𝑝 𝑑𝑥}1/𝑝 .
(48)

(ii) For any 𝑓(𝑥) ≥ 0, satisfying 0 <∫∞
−∞

[𝑒(𝜆/2−𝜎)𝑎𝑥𝑓(𝑥)]𝑝𝑑𝑥 < ∞ and 𝑔(𝑦) ≥ 0, satisfying 0 <
∫∞
−∞

[𝑒(𝜆/2−𝜎)𝑏𝑦𝑔(𝑦)]𝑞𝑑𝑦 < ∞, we have the following inequality:

∫∞
−∞

∫∞
−∞

𝑓 (𝑥) 𝑔 (𝑦)sinh ((𝑎𝑥 + 𝑏𝑦) /2)𝜆 𝑑𝑥 𝑑𝑦 < 2�̃�𝜆 (𝜎)

⋅ {∫∞
−∞

[𝑒(𝜆/2−𝜎)𝑎𝑥𝑓 (𝑥)]𝑝 𝑑𝑥}1/𝑝

⋅ {∫∞
−∞

[𝑒(𝜆/2−𝜎)𝑏𝑦𝑔 (𝑦)]𝑞 𝑑𝑦}1/𝑞 .

(49)

Moreover, the constant factor 2�̃�𝜆(𝜎) in (48) and (49) is the
best possible.

4. Operator Expressions

We set the following functions: 𝜑(𝑥) fl 𝑒−𝑝𝜎𝑎𝑥, 𝜓(𝑦) fl𝑒−𝑞𝜎𝑏𝑦, 𝜙(𝑦) fl 𝑒−𝑞𝜇𝑏𝑦, wherefrom,𝜓1−𝑝(𝑦) = 𝑒𝑝𝜎𝑏𝑦, 𝜙1−𝑝(𝑦) =𝑒𝑝𝜇𝑏𝑦 (𝑥, 𝑦 ∈ R), and define the following real normed linear
spaces:

𝐿𝑝,𝜑 (R) fl {𝑓 : 𝑓𝑝,𝜑 fl (∫∞
−∞

𝜑 (𝑥) 𝑓 (𝑥)𝑝 𝑑𝑥)1/𝑝

< ∞} ,
(50)
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wherefrom,

𝐿𝑞,𝜓 (R) = {𝑔 : 𝑔𝑞,𝜓 fl (∫∞
−∞

𝜓 (𝑦) 𝑔 (𝑦)𝑞 𝑑𝑦)1/𝑞

< ∞} ,
𝐿𝑞,𝜙 (R) = {𝑔 : 𝑔𝑞,𝜙 fl (∫∞

−∞
𝜙 (𝑦) 𝑔 (𝑦)𝑞 𝑑𝑦)1/𝑞

< ∞} ,
𝐿𝑝,𝜓1−𝑝 (R) = {ℎ : ‖ℎ‖𝑝,𝜓1−𝑝

= (∫∞
−∞

𝜓1−𝑝 (𝑦) ℎ (𝑦)𝑝 𝑑𝑦)1/𝑝 < ∞} ,
𝐿𝑞,𝜙1−𝑝 (R) = {ℎ : ‖ℎ‖𝑝,𝜙1−𝑝

= (∫∞
−∞

𝜙1−𝑝 (𝑦) ℎ (𝑦)𝑝 𝑑𝑦)1/𝑝 < ∞} .

(51)

(a) In view of Theorem 5, for 𝑓 ∈ 𝐿𝑝,𝜑(R), setting
ℎ1 (𝑦) fl ∫∞

−∞
ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥 (𝑦 ∈ R) , (52)

by (34), we have

ℎ1𝑝,𝜓1−𝑝 = [∫∞
−∞

𝜓1−𝑝 (𝑦) 𝐻𝑝1 (𝑦) 𝑑𝑦]1/𝑝

≤ 𝐾𝜆 (𝜎) 𝑓𝑝,𝜑 < ∞.
(53)

Definition 9. Define a Hilbert-type integral operator with
the nonhomogeneous kernel 𝑇(1) : 𝐿𝑝,𝜑(R) → 𝐿𝑝,𝜓1−𝑝(R)
as follows: for any 𝑓 ∈ 𝐿𝑝,𝜑(R), there exists a unique
representation 𝑇(1)𝑓 = ℎ1 ∈ 𝐿𝑝,𝜓1−𝑝(R), satisfying for any
𝑦 ∈ R, 𝑇(1)𝑓(𝑦) = ℎ1(𝑦).

In view of (53), it follows that𝑇(1)𝑓𝑝,𝜓1−𝑝 = ℎ1𝑝,𝜓1−𝑝 ≤ 𝐾𝜆 (𝜎) 𝑓𝑝,𝜑 , (54)

and then the operator 𝑇(1) is bounded satisfying

𝑇(1) = sup
𝑓( ̸=𝜃)∈𝐿𝑝,𝜑(R)

𝑇(1)𝑓𝑝,𝜓1−𝑝𝑓𝑝,𝜑 ≤ 𝐾𝜆 (𝜎) . (55)

If we define the formal inner product of 𝑇(1)𝑓 and 𝑔 as
follows:

(𝑇(1)𝑓, 𝑔)
fl ∫∞
−∞

(∫∞
−∞

ℎ (𝑒𝑎𝑥+𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥) 𝑔 (𝑦) 𝑑𝑦, (56)

then we can rewrite Theorem 5 as follows.

Theorem 10. The following statements (i) and (ii) are valid
and equivalent:

(i) For any 𝑓(𝑥) ≥ 0, 𝑓 ∈ 𝐿𝑝,𝜑(R), satisfying ‖𝑓‖𝑝,𝜑 > 0,
we have the following inequality:

𝑇(1)𝑓𝑝,𝜓1−𝑝 < 𝐾𝜆 (𝜎) 𝑓𝑝,𝜑 . (57)

(ii) For any 𝑓(𝑥), 𝑔(𝑦) ≥ 0, 𝑓 ∈ 𝐿𝑝,𝜑(R), 𝑔 ∈ 𝐿𝑞,𝜓(R),
satisfying ‖𝑓‖𝑝,𝜑 > 0, and ‖𝑔‖𝑞,𝜓 > 0, we have the following
inequality:

(𝑇(1)𝑓, 𝑔) < 𝐾𝜆 (𝜎) 𝑓𝑝,𝜑 𝑔𝑞,𝜓 . (58)

Moreover, the constant factor 𝐾𝜆(𝜎) in (57) and (58) is the
best possible, namely,

𝑇(1) = 𝐾𝜆 (𝜎) . (59)

(b) In view of Corollary 7, for 𝑓 ∈ 𝐿𝑝,𝜑(R), setting
ℎ2 (𝑦) fl ∫∞

−∞
𝑘𝜆 (𝑒𝑎𝑥, 𝑒𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥 (𝑦 ∈ R) , (60)

by (44), we have

ℎ2𝑝,𝜙1−𝑝 = [∫∞
−∞

𝜙1−𝑝 (𝑦) ℎ𝑝2 (𝑦) 𝑑𝑦]1/𝑝

≤ 𝐾𝜆 (𝜎) 𝑓𝑝,𝜑 < ∞.
(61)

Definition 11. Define aHilbert-type integral operator with the
homogeneous kernel 𝑇(2) : 𝐿𝑝,𝜑(R) → 𝐿𝑝,𝜙1−𝑝(R) as follows:
for any 𝑓 ∈ 𝐿𝑝,𝜑(R), there exists a unique representation
𝑇(2)𝑓 = ℎ2 ∈ 𝐿𝑝,𝜙1−𝑝(R), satisfying for any 𝑦 ∈ R, 𝑇(2)𝑓(𝑦) =ℎ2(𝑦).

In view of (61), it follows that𝑇(2)𝑓𝑝,𝜙1−𝑝 = ℎ2𝑝,𝜙1−𝑝 ≤ 𝐾𝜆 (𝜎) 𝑓𝑝,𝜑 , (62)

and then the operator 𝑇(2) is bounded satisfying

𝑇(2) = sup
𝑓( ̸=𝜃)∈𝐿𝑝,𝜑(R)

𝑇(2)𝑓𝑝,𝜙1−𝑝𝑓𝑝,𝜑 ≤ 𝐾𝜆 (𝜎) . (63)

If we define the formal inner product of 𝑇(2)𝑓 and 𝑔 as
follows:

(𝑇(2)𝑓, 𝑔)
fl ∫∞
−∞

(∫∞
−∞

𝑘𝜆 (𝑒𝑎𝑥, 𝑒𝑏𝑦) 𝑓 (𝑥) 𝑑𝑥) 𝑔 (𝑦) 𝑑𝑦, (64)

then we can rewrite Corollary 7 as follows.

Corollary 12. The following statements (i) and (ii) are valid
and equivalent:

(i) For any 𝑓(𝑥) ≥ 0, 𝑓 ∈ 𝐿𝑝,𝜑(R), satisfying ‖𝑓‖𝑝,𝜑 > 0,
we have the following inequality:

𝑇(2)𝑓𝑝,𝜙1−𝑝 < 𝐾𝜆 (𝜎) 𝑓𝑝,𝜑 . (65)
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(ii) For any 𝑓(𝑥), 𝑔(𝑦) ≥ 0, 𝑓 ∈ 𝐿𝑝,𝜑(R), 𝑔 ∈ 𝐿𝑞,𝜙(R),
satisfying ‖𝑓‖𝑝,𝜑 > 0, and ‖𝑔‖𝑞,𝜙 > 0, we have the following
inequality:

(𝑇(2)𝑓, 𝑔) < 𝐾𝜆 (𝜎) 𝑓𝑝,𝜑 𝑔𝑞,𝜙 . (66)

Moreover, the constant factor 𝐾𝜆(𝜎) in (65) and (66) is the
best possible, namely,

𝑇(2) = 𝐾𝜆 (𝜎) . (67)
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