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In this note, we prove the existence and uniqueness of weak solutions for the boundary value problem modelling the stationary
case of the bioconvective flow problem. The bioconvective model is a boundary value problem for a system of four equations:
the nonlinear Stokes equation, the incompressibility equation, and two transport equations. The unknowns of the model are the
velocity of the fluid, the pressure of the fluid, the local concentration of microorganisms, and the oxygen concentration. We derive
some appropriate a priori estimates for the weak solution, which implies the existence, by application of Gossez theorem, and the
uniqueness by standard methodology of comparison of two arbitrary solutions.

1. Introduction

Bioconvection is an important process in the biological
treatment and in the life of some microorganisms. In a
broad sense, biconvection originates from the concentration
of upward swimming microorganisms in a culture fluid. It
is well known that, under some physical assumptions, the
process can be described by mathematical models which
are called bioconvective flow models. The first model of
this kind was derived by Moribe [1] and independently by
Levandowsky et al. [2] (see also [3] for the mathematical
analysis). In that model the unknowns are the velocity of the
fluid, the pressure of the fluid, and the local concentration
of microorganisms. More recently, Tuval et al. [4] have
introduced a new bioconvective flow model considering
an additional unknown variable, the oxygen concentration.
Some advances inmathematical analysis and some numerical
results for this newmodel are presented in [5] and [6], respec-
tively.

In this paper, we are interested in the existence and
uniqueness of solutions for the stationary problem associ-
ated with the bioconvective system given in [4] when the
physical domain is a three-dimensional chamber [6] (a par-
allelepiped).Thus, the stationary bioconvective flow problem
to be analyzed is formulated as follows. Given the external
force F, the source functions 𝑓𝑛, 𝑓𝑐, and the dimensionless

function 𝑟, find the velocity of the fluid u = (𝑢1, 𝑢2, 𝑢3)𝑡, the
fluid pressure 𝑝, the local concentration of bacteria 𝑛, and
the local concentration of oxygen 𝑐 satisfying the boundary
value problem:

−𝑆𝑐Δu + (u ⋅ ∇)u + 𝑆𝑐∇𝑝 = 𝛾𝑆𝑐𝑛g + F,
in Ω fl

3∏
𝑖=1

[0, 𝐿 𝑖] , (1)

div (u) = 0, in Ω, (2)

−Δ𝑛 + (u ⋅ ∇) 𝑛 + 𝜒 div (𝑛𝑟 (𝑐) ∇𝑐) = 𝑓𝑛, in Ω, (3)

−𝛿Δ𝑐 + (u ⋅ ∇) 𝑐 + 𝛽𝑟 (𝑐) 𝑛 = 𝑓𝑐, in Ω, (4)

∇𝑐 ⋅ ^ = ∇𝑛 ⋅ ^ = 0,
u = 0,

on 𝜕Ω𝐿 (𝑥3 = 0) ,
(5)

𝜒𝑛𝑟 (𝑐) ∇𝑐 ⋅ ^ − ∇𝑛 ⋅ ^ = 0,
u = 0,
on 𝜕Ω𝑈 fl 𝜕Ω − 𝜕Ω𝐿.

(6)
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Here ^ is the unit external normal to 𝜕Ω; g = (0, 0, −𝑔)
is a gravitational field with constant acceleration 𝑔; and𝑆𝑐, 𝛾, 𝛼, 𝛿, and 𝛽 are some physical parameters defined as
follows:

𝑆𝑐 = 𝜂𝐷𝑛𝜌 ,

𝛾 = 𝑉𝑏𝑛𝑟 (𝜌𝑏 − 𝜌) 𝐿3𝜂𝐷𝑛 ,
𝜒 = 𝜒𝑐air𝐷𝑛 ,
𝛿 = 𝐷𝑐𝐷𝑛 ,

𝛽 = 𝑘𝑛𝑟𝐿2𝑐air𝐷𝑛 ,

(7)

with 𝜂 being the fluid viscosity, 𝐷𝑛 the diffusion constant for
bacteria, 𝐷𝑐 the diffusion constant for oxygen, 𝜌 the fluid
density, 𝜌𝑏 the bacterial density, 𝑉𝑏 > 0 the bacterial volume,𝑛𝑟 a characteristic cell density, 𝐿 a characteristic length, 𝜒 the
chemotactic sensitivity, 𝑐air the oxygen concentration above
the fluid, and 𝑘 the oxygen consumption rate.

We consider the standard notation of the Lebesgue and
Sobolev spaces which are used in the analysis of Navier-
Stokes and related equations of fluid mechanics; see [7–11]
for details and specific definitions. In particular, we use the
following rather common spaces notation:

𝐻𝑚 (Ω) = 𝑊𝑚,2 (Ω) ,
�̃�1 (Ω) = {𝑓 ∈ 𝐻1 (Ω) : ∫

Ω
𝑓𝑑x = 0} ,

𝐻10 (Ω) = C∞0 (Ω)‖⋅‖𝐻1(Ω) ,
C∞0,𝜎 (Ω) = {k ∈ (𝐶∞0 (Ω))3 : div (k) = 0} ,

V = C∞0,𝜎 (Ω)‖⋅‖𝐻10 (Ω) ,

(8)

where 𝐴‖⋅‖𝐵 denotes the completion of 𝐴 in 𝐵. Also, we
consider the notation for the applications 𝑎0 : V × V → R,𝑎 : 𝐻1(Ω) × 𝐻1(Ω) → R, 𝑏0 : V × V × V → R, and𝑏 : V × 𝐻1(Ω) × 𝐻1(Ω) → R, which are defined as

𝑎0 (u, k) = (∇u, ∇k) ,
𝑎 (𝜙, 𝜓) = (∇𝜙, ∇𝜓) ,

𝑏0 (u, k,w) = ((u ⋅ ∇) k,w) ,
𝑏 (u, 𝜙, 𝜓) = (u ⋅ ∇𝜙, 𝜓) ,

(9)

where (⋅, ⋅) is the standard inner product in 𝐿2(Ω) or L2(Ω).
It is well known that 𝑎0 and 𝑎 are bilinear coercive forms and

𝑏0 and 𝑏 are well defined trilinear forms with the following
properties:

𝑏0 (u, k,w) = −𝑏0 (u,w, k) ,
𝑏 (u, 𝜙, 𝜓) = −𝑏 (u, 𝜓, 𝜙) ,
𝑏0 (u, k, k) = 0,
𝑏 (u, 𝜙, 𝜙) = 0,

(10)

for all u, k,w ∈ V and 𝜓, 𝜙 ∈ 𝐻1(Ω). Moreover, we need
to introduce some notation related to some useful Sobolev
inequalities and estimates for 𝑏 and 𝑏0. There exist 𝐶poi > 0,𝐶tr > 0, and 𝐶1 depending only onΩ such that

‖u‖L2(Ω) ≤ 𝐶poi ‖u‖V ,
‖𝑐‖𝐿2(Ω) ≤ 𝐶poi ‖𝑐‖�̃�1(Ω) ,𝜑𝐿1(𝜕Ω) ≤ 𝐶tr

𝜑𝑊1,1(Ω) ,𝑏0 (u, k,w) ≤ 𝐶1 ‖u‖V ‖k‖V ‖w‖V ,
|𝑏 (u, 𝑐, 𝑛)| ≤ 𝐶1 ‖u‖V ‖𝑐‖�̃�1(Ω) ‖𝑛‖�̃�1(Ω) ,

(11)

for all u, k,w ∈ V, 𝑐, 𝑛 ∈ �̃�1(Ω), and 𝜑 ∈ 𝑊1,1(Ω). For details
on Poincaré and trace inequalities, we refer to [8] and for the
estimates of 𝑏0 and 𝑏 consult [11].

The main result of the paper is the existence and unique-
ness of weak solutions for (1)–(6). Indeed, let us introduce
some appropriate notation:

Θ1 fl 1 − 𝐶tr1 − 𝐶tr − 2𝜒 ‖𝑟‖𝐿1(R) 𝐶tr𝐶poi
,

Θ2 fl 1 − 𝐶tr1 − 𝐶tr − 𝐶tr𝐶poi
,

(12)

Γ0 = |Ω|Θ1𝐶poi

|Ω| − 𝜒𝛽𝛼1 ‖𝑟‖2𝐿∞(R) 𝐶2poiΘ1Θ2 [
𝜒𝛼1 ‖𝑟‖2𝐿∞(R)Θ2𝛿 |Ω| 𝑓𝑐𝐿2(Ω)

+ 𝑓𝑛𝐿2(Ω)] ,
(13)

Γ1 = 𝛾𝑆𝑐𝑔𝐶poi𝑆𝑐 − 𝐶1𝐶poi (𝛾𝑔Γ0 + ‖F‖L2(Ω)) ,
Γ2 = 1 − 𝐶tr1 − 2 ‖𝑟‖𝐿1(R) (1 − 𝐶tr + 𝐶tr𝐶poi) ,

(14)

Γ3 = 1 − 𝐶tr𝛿 (1 − 𝐶tr − 𝐶tr𝐶poi) − (𝐶1)3 ‖𝑟‖Lip(R) Γ0 , (15)

such that the result is precised as follows.

Theorem 1. Let us consider that 𝑓𝑐, 𝑓𝑏 ∈ 𝐿2(Ω), F ∈ L2(Ω)
and 𝑛, the average of 𝑛 onΩ, are given. Also consider notations
(12)–(15). If we assume that the following assumptions,

𝑟 ∈ 𝐿∞ (R) ∩ 𝐿1 (R) ,
1 − 𝐶𝑡𝑟 > 𝐶𝑡𝑟𝐶𝑝𝑜𝑖max {2𝜒 ‖𝑟‖𝐿1(R) , 1} ,

1 > 𝜒𝛽𝑛 ‖𝑟‖2𝐿∞(R) 𝐶2𝑝𝑜𝑖Θ1Θ2,
(16)
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are satisfied, there is (u, 𝑝, 𝑛, 𝑐) ∈ V×𝐻1(Ω)×𝐻1(Ω)×𝐻1(Ω)
satisfying (1)–(6).Moreover, if we consider that additionally 𝑟 ∈𝐿𝑖𝑝(R) and the following inequalities,

𝑆𝑐 − 𝐶1𝐶𝑝𝑜𝑖 (𝛾𝑔Γ0 + ‖F‖L2(Ω)) > 0,
𝛿 (1 − 𝐶𝑡𝑟 − 𝐶𝑡𝑟𝐶𝑝𝑜𝑖) − (𝐶1)3 ‖𝑟‖𝐿1(R) Γ0 > 0, (17)

𝐶1 ‖𝑟‖𝐿𝑖𝑝(R) Γ0 < 1,
Π = Γ1Γ2 {𝐶1Γ0
+ ‖𝑟‖𝐿∞(R) 𝐶Γ3Θ2𝐶𝑝𝑜𝑖
𝛿 (1 − 𝐶1 ‖𝑟‖𝐿𝑖𝑝(R) Γ0) [𝛽𝐶𝑝𝑜𝑖 ‖𝑟‖𝐿∞(R) Γ0

+ 𝑓𝑐𝐿2(Ω)]} < 1,

(18)

are satisfied, the weak solution is unique.

It should be noted that existence and uniqueness results
are derived in [12, 13] for the bioconvection problem, when
the concentration of oxygen is assumed to be constant. In
the case of [12], the proof is based on the application of the
Galerkin approximation and in [13] on the application of the
Gossez theorem. Moreover, other related results are given in
[3, 5]. In particular, in [5], a well detailed discussion of some
particular models derived from (1)–(6) is given.

2. Proof of Theorem 1

2.1. Variational Formulation. By standard arguments, the
variational formulation of (1)–(6) is given by

Find (u, 𝑛, 𝑐) ∈ V × 𝐻1 (Ω) × 𝐻1 (Ω) such that

𝑆𝑐𝑎0 (u, k) + 𝑏0 (u, u, k) = 𝛾𝑆𝑐 (𝑛g, k) + (F, k) ,
∀k ∈ V,

𝑎 (𝑛, 𝜙) + 𝑏 (u, 𝑛, 𝜙) = 𝜒 (𝑛𝑟 (𝑐) ∇𝑐, ∇𝜙) + (𝑓𝑛, 𝜙) ,
∀𝜙 ∈ 𝐻1 (Ω) ,

𝛿𝑎 (𝑐, 𝜑) + 𝑏 (u, 𝑐, 𝜑)
= −𝛽 (𝑟 (𝑐) 𝑛, 𝜑) + 𝛿∫

𝜕Ω𝑈

∇𝑐 ⋅ ^𝜑𝑑𝑆 + (𝑓𝑐, 𝜑) ,
∀𝜑 ∈ 𝐻1 (Ω) .

(19)

We notice that if 𝑓𝑐 = 𝑓𝑛 = 0 and u0 is a solution of
(1)-(2) with 𝑛 = 0, we have that (u0, 0, 0) is a solution of
(19). However, (u0, 0, 0) does not describe the bioconvective
flow problem and we need to study the variational problem
when the total local concentration of bacteria and the total
local concentration of oxygen are some given strictly positive
constants, that is, ∫

Ω
𝑛
𝛼
𝑑x = 𝛼1 > 0 and ∫Ω 𝑐𝛼𝑑x = 𝛼2 > 0.

Thus, by considering the change of variable 𝑛
𝛼
= 𝑛
𝛼
−𝛼1|Ω|−1

and 𝑐
𝛼
= 𝑐
𝛼
− 𝛼2|Ω|−1, we can rewrite (19) as follows:

Given 𝛼 = (𝛼2, 𝛼2) ∈ ]0, 1] × ]0, 1] find (u
𝛼
, 𝑛
𝛼
, 𝑐
𝛼
)

∈ V × �̃�1 (Ω) × �̃�1 (Ω) : (20)

𝑆𝑐𝑎0 (u𝛼, k) + 𝑏0 (u𝛼, u𝛼, k) = 𝛾𝑆𝑐 (𝑛𝛼g, k) + (F, k) , (21)

𝑎 (𝑛
𝛼
, 𝜙) + 𝑏 (u

𝛼
, 𝑛
𝛼
, 𝜙)

= 𝜒((𝑛
𝛼
+ 𝛼1|Ω|) 𝑟 (𝑐𝛼 + 𝛼2|Ω|)∇𝑐𝛼, ∇𝜙)

+ (𝑓𝑛, 𝜙) ,
(22)

𝛿𝑎 (𝑐
𝛼
, 𝜑) + 𝑏 (u

𝛼
, 𝑐
𝛼
, 𝜑)

= −𝛽(𝑟(𝑐
𝛼
+ 𝛼2|Ω|)(𝑛𝛼 + 𝛼1|Ω|) , 𝜑)

+ 𝛿∫
𝜕Ω𝑈

∇𝑐
𝛼
⋅ ^𝜑𝑑𝑆 + (𝑓𝑐, 𝜑) ,

(23)

∀ (k, 𝜙, 𝜑) ∈ V × �̃�1 (Ω) × �̃�1 (Ω) . (24)

2.2. Some A Priori Estimates for u
𝛼
, 𝑛
𝛼
, and 𝑐

𝛼

Proposition 2. Consider that the assumptions for the existence
result of Theorem 1 are satisfied. If we assume that (u

𝛼
, 𝑛
𝛼
, 𝑐
𝛼
)

is a solution of (20)–(24), then ‖𝑛
𝛼
‖�̃�1(Ω) ≤ Γ0 with Γ0 defined

on (13). Furthermore, the following estimates are valid:

u𝛼V ≤ 𝐶𝑝𝑜𝑖 (𝛾𝑔Γ0 + ‖F‖L2(Ω)) ,
𝑐𝛼�̃�1(Ω) ≤ Θ2𝐶𝑝𝑜𝑖𝛿 [𝛽𝐶𝑝𝑜𝑖 ‖𝑟‖𝐿∞(R) Γ0 + 𝑓𝑐𝐿2(Ω)] .

(25)

Proof. In order to prove the estimates, we select the test
functions (k, 𝜙, 𝜑) = (u

𝛼
, 𝑛
𝛼
, 𝑐
𝛼
) in (21)–(23). From (21) and

(10), we deduce that

u𝛼V ≤ 𝛾𝑔𝐶2poi 𝑛𝛼�̃�1(Ω) + (𝑆𝑐)−1 𝐶poi ‖F‖L2(Ω) . (26)

Now, by the trace inequality and integration by parts, we have
that

∫
𝜕Ω

∇𝑛𝛼 ⋅ ]𝑛𝛼 𝑑𝑆 ≤ 𝐶tr
𝑛𝛼∇𝑛𝛼 ⋅ ]𝑊1,1(Ω)

≤ 𝐶tr𝐶poi
𝑛𝛼2�̃�1(Ω)

+ 𝐶tr ∫
𝜕Ω

∇𝑛𝛼 ⋅ ]𝑛𝛼 𝑑𝑆,
(27)

which implies that

∫
𝜕Ω

∇𝑛𝛼 ⋅ ]𝑛𝛼 𝑑𝑆 ≤ 𝐶tr𝐶poi1 − 𝐶tr

𝑛𝛼2�̃�1(Ω) . (28)
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Here, we have used the fact that 1−𝐶tr > 0, as a consequence
of the assumption (16). Then, by integration by parts we get
the bound

(𝑛
𝛼
𝑟 (𝑐
𝛼
+ 𝛼2|Ω|)∇𝑐𝛼, ∇𝑛𝛼)

= (∇[∫𝑐𝛼
0
𝑟 (𝑚 + 𝛼2|Ω|) 𝑑𝑚] , ∇(

𝑛2
𝛼2 ))

= −(∫𝑐𝛼
0
𝑟 (𝑚 + 𝛼2|Ω|) 𝑑𝑚, Δ(𝑛𝛼2 ))

+ ∫
𝜕Ω
[∫𝑐𝛼
0
𝑟 (𝑚 + 𝛼2|Ω|) 𝑑𝑚]∇(

𝑛2
𝛼2 ) ⋅ ]𝑑𝑆

≤ 2 ‖𝑟‖𝐿1(R) ∫
𝜕Ω

𝑛𝛼∇𝑛𝛼 ⋅ ] 𝑑𝑆
≤ 2 ‖𝑟‖𝐿1(R) 𝐶tr𝐶poi1 − 𝐶tr

𝑛𝛼2�̃�1(Ω) .

(29)

From (22), using the properties (10) and the inequality (29),
we have that

𝑛𝛼2�̃�1(Ω) = 𝜒(𝑛𝛼𝑟 (𝑐𝛼 + 𝛼2|Ω|)∇𝑐𝛼, ∇𝑛𝛼)
+ 𝜒𝛼1|Ω| (𝑟 (𝑐𝛼 + 𝛼2|Ω|)∇𝑐𝛼, ∇𝑛𝛼)
+ (𝑓𝑛, 𝜙)

≤ 2𝜒 ‖𝑟‖𝐿1(R) 𝐶tr𝐶poi1 − 𝐶tr

𝑛𝛼2�̃�1(Ω)
+ 𝜒𝛼1|Ω| ‖𝑟‖𝐿∞(R) 𝑐𝛼�̃�1(Ω) 𝑛𝛼�̃�1(Ω)
+ 𝐶poi

𝑓𝑛𝐿2(Ω) 𝑛𝛼�̃�1(Ω) ,

(30)

or equivalently, we get the following estimate for 𝑛
𝛼
:𝑛𝛼�̃�1(Ω)

≤ Θ1 [𝜒𝛼1|Ω| ‖𝑟‖𝐿∞(R) 𝑐𝛼�̃�1(Ω) + 𝐶poi
𝑓𝑛𝐿2(Ω)] ,

(31)

with Θ1 being defined in (12). Similarly, from (23) and (28)
with 𝑐

𝛼
instead of 𝑛

𝛼
, we deduce that𝑐𝛼�̃�1(Ω)

≤ Θ2𝐶poi𝛿 [𝛽𝐶poi ‖𝑟‖𝐿∞(R) 𝑛𝛼�̃�1(Ω) + 𝑓𝑐𝐿2(Ω)] ,
(32)

where Θ2 is given in (12). Now, replacing the estimate (32) in
(31) and applying (16), we deduce the existence of Γ0 defined
in (13) such that ‖𝑛

𝛼
‖�̃�1(Ω) ≤ Γ0. We notice that the second

and third relation in (16) imply thatΘ𝑖 > 1, 𝑖 = 1, 2, and |Ω| >𝜒𝛽𝛼1‖𝑟‖2𝐿∞(R)𝐶2poiΘ1Θ2, respectively, that is, Γ > 0 under (16).
Moreover, from (26) and (31), we deduce the estimates given
in (25) for ‖u

𝛼
‖V and ‖𝑐

𝛼
‖�̃�1(Ω), concluding the proof of the

Proposition.

2.3. Proof of Theorem 1. To prove the existence, we can apply
the Gossez theorem [9, 14]. Let us first define the mapping𝐺 : V × �̃�1(Ω) × �̃�1(Ω) → (V × �̃�1(Ω) × �̃�1(Ω)) by the
relation

(𝐺 (u, 𝑛, 𝑐) , (k, 𝜙, 𝜑)) = 𝜆1 {𝑆𝑐𝑎0 (u, k) + 𝑏0 (u, u, k)
− 𝛾𝑆𝑐 (𝑛g, k) − (F, k)} + 𝜆2 {𝑎 (𝑛, 𝜙) + 𝑏 (u, 𝑛, 𝜙)
− 𝜒((𝑛 + 𝛼1|Ω|) 𝑟 (𝑐 + 𝛼2|Ω|)∇𝑐, ∇𝜙) − (𝑓𝑛, 𝜙)}
+ 𝜆3 {𝛿𝑎 (𝑐, 𝜑) + 𝑏 (u, 𝑐, 𝜑)
+ 𝛽(𝑟(𝑐 + 𝛼2|Ω|)(𝑛 + 𝛼1|Ω|) , 𝜑) − 𝛿∫𝜕Ω𝑈 ∇𝑐
⋅ ^𝜑𝑑𝑆 − (𝑓𝑐, 𝜑)} ,

∀ (u, 𝑛, 𝑐) , (k, 𝜙, 𝜑) ∈ V × �̃�1 (Ω) × �̃�1 (Ω) ,

(33)

with(⋅, ⋅) denoting the duality pairing betweenV×�̃�1(Ω)×�̃�1(Ω) and (V × �̃�1(Ω) × �̃�1(Ω)) and 𝜆1, 𝜆2, and 𝜆3 are
positive fixed constant. From (10), (12), and (29), we then have
that

(𝐺 (u, 𝑛, 𝑐) , (u, 𝑛, 𝑐)) ≥ {𝜆1𝑆𝑐 ‖u‖2V
− 𝜆1𝛾𝑆𝑐𝑔 (𝐶poi)2 ‖𝑛‖�̃�1(Ω) ‖u‖V + 𝜆23Θ1 ‖𝑛‖

2
�̃�1(Ω)

}
+ { 𝜆23Θ1 ‖𝑛‖

2
�̃�1(Ω)

− 𝜆2𝜒𝛼1|Ω| ‖𝑟‖𝐿∞(R) ‖𝑐‖�̃�1(Ω) ‖𝑛‖�̃�1(Ω)
+ 𝜆3𝛿2Θ2 ‖𝑐‖

2
�̃�1(Ω)

} + {𝜆3𝛿2Θ2 ‖𝑐‖
2
�̃�1(Ω)

− 𝜆3𝛽 (𝐶poi)2 ‖𝑟‖𝐿∞(R) ‖𝑐‖�̃�1(Ω) ‖𝑛‖�̃�1(Ω)
+ 𝜆23Θ1 ‖𝑛‖

2
�̃�1(Ω)

} − 𝐶poi {𝜆1 ‖F‖L2(Ω) ‖u‖V
+ 𝜆2 𝑓𝑛𝐿2(Ω) ‖𝑛‖�̃�1(Ω) + 𝜆3 𝑓𝑐𝐿2(Ω) ‖𝑐‖�̃�1(Ω)}
fl Υ1 + Υ2 − Υ3.

(34)

Now, selecting 𝜆1, 𝜆2, 𝜆3 and 𝑟 such that

𝜆1 < 4𝜆2
3Θ1𝛾2𝑔2𝑆𝑐 (𝐶poi)4 ,

𝜆2 < 4𝛿 |Ω|2 𝜆36Θ1Θ2 (𝜒𝛼1 ‖𝑟‖𝐿∞(R))2 ,
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𝜆3 < 4𝛿𝜆2
6Θ1Θ2 (𝛽 (𝐶poi)2 ‖𝑟‖𝐿∞(R))2

𝑟 < Υ1 + Υ2𝐶poi (𝜆1 ‖F‖L2(Ω) + 𝜆2 𝑓𝑛𝐿2(Ω) + 𝜆3 𝑓𝑐𝐿2(Ω)) ,
(35)

we can prove that (𝐺(u, 𝑛, 𝑐), (u, 𝑛, 𝑐)) is positive for
all (u, 𝑛, 𝑐) ∈ V × �̃�1(Ω) × �̃�1(Ω) such that ‖(u, 𝑛,𝑐)‖V×�̃�1(Ω)×�̃�1(Ω) = 𝑟. Moreover, we notice that it is straight-
forward to deduce that 𝐺 is continuous between the weak
topologies ofV×�̃�1(Ω)× �̃�1(Ω) and (V×�̃�1(Ω)× �̃�1(Ω)).
Thus, there is (u, 𝑛, 𝑐) ∈ 𝐵𝑟(0) ⊂ V×�̃�1(Ω)×�̃�1(Ω) such that
(𝐺(u, 𝑛, 𝑐), (u, 𝑛, 𝑐)) = 0, concluding the proof of existence.

To prove the uniqueness we consider that there are two
solutions (u𝑖, 𝑛𝑖, 𝑐𝑖), 𝑖 = 1, 2, satisfying (21)–(23). Then, sub-
tracting, selecting the test functions (k, 𝜙, 𝜑) = (u1 − u2, 𝑛1−𝑛2, 𝑐1 − 𝑐2), using (10), (16), (17), and applying Proposition 2,
we get

u1 − u2V ≤ Γ1 𝑛1 − 𝑛2�̃�1(Ω) , (36)

𝑛1 − 𝑛2�̃�1(Ω) ≤ Γ2 [𝐶1 u1 − u2V 𝑛1�̃�1(Ω)
+ ‖𝑟‖𝐿∞(R) 𝑐1 − 𝑐2�̃�1(Ω)] ,

(37)

𝑐1 − 𝑐2�̃�1(Ω) ≤ 𝐶1Γ3 [u1 − u2V 𝑐2�̃�1(Ω)
+ (𝐶1)2 ‖𝑟‖Lip(R) 𝑛1�̃�1(Ω) 𝑐1 − 𝑐2�̃�1(Ω)] ,

(38)

with Γ𝑖 being defined in (13)–(15). From (38), Proposition 2,
and the first inequality in (18), we have that

𝑐1 − 𝑐2�̃�1(Ω)
≤ 𝐶1Γ3Θ2𝐶poi

𝛿 (1 − (𝐶1)2 ‖𝑟‖Lip(R) Γ0) [𝛽𝐶poi ‖𝑟‖𝐿∞(R) Γ0
+ 𝑓𝑐𝐿2(Ω)] u1 − u2V .

(39)

Then, replacing (39) in (37), using Proposition 2 to estimate‖𝑛1‖�̃�1(Ω), we obtain the bound ‖𝑛1−𝑛2‖�̃�1(Ω) ≤ Π(Γ1)−1‖u1−
u2‖V withΠ being defined in (18). Now, using this estimate in
(36), we get that ‖u1−u2‖V ≤ Π‖u1−u2‖V.Thus using the fact
that Π ≤ 1 we deduce that u1 = u2 on V, which also implies
that 𝑛1 = 𝑛2 and 𝑐1 = 𝑐2 on �̃�1(Ω), concluding the unique-
ness proof.
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