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We shall discuss three generalizedmoduli such as generalizedmodulus of convexity, modulus of smoothness, andmodulus of Zou-
Cui of quasi-Banach spaces and give some important properties of these moduli. Furthermore, we establish relationships of these
generalized moduli with each other.

1. Introduction

The study on Banach space geometry provides many funda-
mental notions and interesting aspects and sometimes has
surprising results. The basic geometric properties such as
convexity, smoothness, and nonsquareness have made great
contributions to various fields of Banach space theory. Strict
convexity of Banach spaces was first introduced in 1936 by
Clarkson [1] (and independently by Akhiezer and Krein) as
the property that the unit sphere contains no nontrivial line
segments; that is, 1−‖2−1(𝑥+𝑦)‖ > 0whenever ‖𝑥‖ = ‖𝑦‖ = 1.
Clarkson [1] made use of these values to define the “uniform”
version of convexity to look at how “convex” the unit ball
is in a space. And the modulus of convexity provides a
quantification of the geometric structure of the space from
the viewpoint of convexity. A situation similar to this also
occurs in smoothness and other properties. A Banach space𝑋 is said to be smooth if each unit vector has a unique
norm one support functional. In fact, this is equivalent to
the statement that the norm is Gateaux differentiable. This
allows us to quantify the geometric structure of the space
from the viewpoint of smoothness, namely, the modulus of
smoothness of a Banach space 𝑋. An advantage of these

quantifications is that the complete duality between uniform
convexity and uniform smoothness can be easily deduced
by the well-known Lindenstrauss formulas; that is, a Banach
space 𝑋 is uniformly convex if and only if its dual space𝑋∗ is uniformly smooth. The same statement still holds if 𝑋
is replaced with 𝑋∗. Thus quantifying geometric structures
might lead to better results. Note that the same duality does
not hold between strict convexity and smoothness in general,
though one of those two properties of 𝑋∗ implies the other
of 𝑋. There are some other ideas to quantify geometric
structures of Banach spaces.

In [2], the authors claim that modulus of convexity and
generalized convexity mold have dual relationship, and gen-
eralized convexity mold has many excellent properties.

In [3], the authors study a generalized modulus of con-
vexity where certain related geometrical properties of this
modulus are analyzed in Banach spaces.

In [4, 5], the modulus of Yang-Wang was introduced in
Banach spaces.

In [6], themodulus of Zuo-Cui was introduced in Banach
spaces. The author proved many results with this special type
of modulus.
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The most recent research work at this topic can be
consulted from [7, 8].

2. Preliminaries

There are lots of quantitative descriptions of geometrical
properties of quasi-Banach spaces. The most common way
for creating these descriptions is to define a real function
(a modulus) and a suitable coefficient or constant closely
related to this function, depending on the space structure
under consideration. Some of the moduli and their related
coefficients (or characteristics) for quasi-Banach spaces have
also been investigated so far. These moduli are the attempts
in order to get a better understanding of the two facts about
the space:

(i) The shape of the unit ball of the concerned space.
(ii) The conditions and relations for convergence of

sequences.

The most recent research work with these moduli is investi-
gated by [7, 8].

Definition 1. For a quasi-Banach space B, the modulus of
convexity is a function 𝛿B : (0, 2] → [0, 1] defined as

𝛿B (𝜖) = inf {1 − 𝑥1 + 𝑥22𝐶 : 𝜖 ∈ [0, 2] , 𝐶 ≥ 1, 𝑥1, 𝑥2
∈ 𝑆B,

𝑥1 − 𝑥2𝐶 ≥ 𝜖} .
(1)

A characteristic or related coefficient of this modulus is

𝛿0 (B) = sup {𝜖 ∈ [0, 2] : 𝛿B (𝜖) = 0} . (2)

Definition 2. Let 𝛼 ∈ (0, 1) and 𝜖 ∈ [0, 2]. For a quasi-Banach
space B, the generalized modulus of convexity is a function𝛿(𝛼)
B
: (0, 2] → [0, 1] defined as

𝛿(𝛼)B (𝜖) = inf {1 − (𝛼) 𝑥1 + (1 − 𝛼) 𝑥2𝐶 : 𝐶
≥ 1, 𝑥1, 𝑥2 ∈ 𝑆B,

𝑥1 − 𝑥2𝐶 ≥ 𝜖} .
(3)

A characteristic or related coefficient of this modulus is

𝛿𝜃 (B) = sup {𝜖 ∈ [0, 2] : 𝛿(𝛼)B (𝜖) = 0} . (4)

Definition 3. For a quasi-Banach space B, the modulus of
smoothness is a function 𝜌B : [0,∞) → [0,∞) defined as

𝜌B (𝑡) = sup{1 − 𝑥1 + 𝑥22𝐶 : 𝑥1, 𝑥2 ∈ 𝑆B, 𝐶
≥ 1, 𝑥1 − 𝑥2𝐶 ≤ 𝑡, 𝑡 ≥ 0} .

(5)

A characteristic or related coefficient of this modulus is

𝜌0 (B) = lim
𝑡→0+

(𝜌B (𝑡)𝑡 ) = lim
𝑡→0+

(𝜌1B (𝑡)𝑡 )
= lim
𝑡→0+

(𝜌2B (𝑡)𝑡 ) .
(6)

Definition 4. Let 𝛼 ∈ (0, 1) and 𝑡 ∈ [0, 2]. For a quasi-Banach
spaceB, the generalized modulus of smoothness is a function𝜌(𝛼)
B
: [0,∞) → [0,∞) defined as

𝜌(𝛼)B (𝑡) = sup{1 − (𝛼) 𝑥1 + (1 − 𝛼) 𝑥2𝐶 : 𝐶 ≥ 1, 𝑥1, 𝑥2
∈ 𝑆B,

𝑥1 − 𝑥2𝐶 ≤ 𝑡} ,
𝜌(𝛼)B (𝑡)
= sup{(𝛼) 𝑥1 − (𝑡/2) 𝑥2 + (1 − 𝛼) 𝑥1 − (𝑡/2) 𝑥2𝐶
− 1𝐶} ,

(7)

where 𝑥1, 𝑥2 ∈ 𝑆B, ‖𝑥1‖ ≤ 1, ‖𝑥2‖ ≤ 1, and 𝐶 ≥ 1.
A characteristic or related coefficient of this modulus is

𝜌𝜃 (B) = lim
𝑡→0+

(𝜌(𝛼)B (𝑡)
𝑡 ) = lim

𝑡→0+
(𝜌(𝛼)1B (𝑡)𝑡 ) . (8)

Definition 5. Let 𝑡 ∈ [0,∞) and 𝑝 ∈ [1,∞). For a quasi-
Banach space B, the modulus of Zuo-Cui is a function 𝜉(𝑝)

B
:(0,∞) → (0,∞) defined as

𝜉(𝑝)
B (𝑡)
= sup

{{{
[𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝2𝐶𝑝 ]1/𝑝 , 𝑥1, 𝑥2

∈ 𝑆B, 𝐶 ≥ 1}}}
.

(9)

A characteristic or related coefficient of this modulus is

𝜉𝜃 (B) = lim
𝑡→0
(𝜉(𝑝)B (𝑡) − 1/𝐶

𝑡 ) . (10)

3. Relations Concerning Generalized
Modulus of Convexity

Lemma 6 (see [9]). Every convex function 𝑓 with convex
domain in R is continuous.

Proposition 7 (see [10]). LetB be a uniformly convex space.
Then for every 𝑑 > 0, 𝜀 > 0, and for arbitrary vectors, 𝑥1, 𝑥2 ∈
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Bwith ‖𝑥1‖ ≤ 𝑑, ‖𝑥2‖ ≤ 𝑑, and ‖𝑥1−𝑥2‖/𝐶 ≥ 𝜀, where𝐶 ≥ 1,
there exists 𝛿 > 0 such that𝑥1 + 𝑥22𝐶 ≤ [1 − 𝛿 ( 𝜀𝑑)] 𝑑. (11)

Proposition 8 (see [10]). A nontrivial quasi-Banach spaceB
is uniformly nonsquare if and only if 𝛿B(𝜖) > 0.
Proposition 9. Let 𝛿B(𝜖) be the modulus of convexity of a
quasi-Banach spaceB; then

2𝛼𝛿B (𝜖) ≤ 𝛿(𝛼)B (𝜖) ≤ 2 (1 − 𝛼) 𝛿B (𝜖) . (12)

Proof. Let 𝑥, 𝑦 ∈ B, ‖𝑦‖ = 𝐶, and ‖𝑥 − 𝑦‖/𝐶 ≥ 𝜖. Then we
have

1 − 𝛼𝑥 + (1 − 𝛼𝑦)𝐶 = 1 − 𝛼 𝑥 + 𝑦 + (1 − 2𝛼) 𝑦𝐶
= 1 − 𝛼 𝑥 + 𝑦𝐶 − (1 − 2𝛼) 𝑦𝐶
= 1 − 2𝛼 𝑥 + 𝑦2𝐶 − (1 − 2𝛼)
≤ 2𝛼 sup{1 − 𝑥 + 𝑦2𝐶 }
= 2𝛼 [𝛿B (𝜖)] ,

(13)

and we have obtained the first inequality; now to prove the
second one, for any 𝜂 > 0, there exist 𝑥, 𝑦 ∈ 𝑆B with ‖𝑥‖ = 1,‖𝑦‖ = 𝐶, and ‖𝑥 − 𝑦‖/𝐶 ≥ 𝜖 such that ‖𝑥 + 𝑦‖/2𝐶 ≤ 𝛿(𝜖) + 𝜂;
then we have

1 − 𝛼𝑥 + (1 − 𝛼𝑦)𝐶 = 1 − 𝛼 𝑥 + 𝑦 + (1 − 2𝛼) 𝑦𝐶
≤ 1 − (1 − 𝛼) 𝑥 + 𝑦 + (1 − 2𝛼) 𝑦 − 𝐶𝐶
≤ 1 − 2 (1 − 𝛼) 𝑥 + 𝑦2𝐶 + (1 − 2𝛼) 𝑦 − 𝐶𝐶
≤ 1 − 2 (1 − 𝛼) 𝑥 + 𝑦2𝐶 + 2 (1 − 𝛼) − 1
≤ 2 (1 − 𝛼) − 2 (1 − 𝛼) 𝑥 + 𝑦2𝐶
≤ 2 (1 − 𝛼) [1 − 𝑥 + 𝑦2𝐶 ] ≤ 2 (1 − 𝛼) [𝛿B (𝜖)] .

(14)

This completes the proof.

Corollary 10. Let 𝜖𝜃 be the characteristic of generalized
modulus of convexity 𝛿(𝛼)

B
(𝜖) of a quasi-Banach spaceB. Then

𝜖𝜃 (B) = sup {𝜖 ∈ (0, 2] : 𝛿(𝛼)B (𝜖) = 0} . (15)

Theorem 11. A quasi-Banach spaceB is uniformly nonsquare
if and only if

𝛿(𝛼)B (𝜖) > 0. (16)

Proof. By Proposition 8, B is uniformly nonsquare if and
only if 𝛿B(𝜖) > 0, where 𝜖 ∈ (0, 2), and by Proposition 9,𝛿B(𝜖) > 0 if and only if 𝛿(𝛼)

B
> 0(𝜖) > 0.

Combining both of these results we get the proof.

Lemma 12. Let B be a quasi-Banach space and 𝜖 ∈ (0, 2].
Then the following statements hold:

(1) 𝛿(𝛼)
B
(𝜖) is convex and continuous function.

(2) 𝛿(𝛼)
B
(𝜖) is a nondecreasing function.

(3) 𝛿(𝛼)
B
(𝜖)/𝜖 is a nondecreasing function.

Proof. (1) Let
𝜖2 = 2(𝜖2 − 𝜖12 − 𝜖1 ) + 𝜖1 (1 −

𝜖2 − 𝜖12 − 𝜖1 ) . (17)

Then

𝛿(𝛼)B (𝜖2) = 𝛿(𝛼)B [2(𝜖2 − 𝜖12 − 𝜖1 ) + 𝜖1 (1 −
𝜖2 − 𝜖12 − 𝜖1 )]

≤ 𝛿(𝛼)B (2) (𝜖2 − 𝜖12 − 𝜖1 )
+ 𝛿(𝛼)B (𝜖1) (1 − 𝜖2 − 𝜖12 − 𝜖1 )

≤ 𝛿(𝛼)B (2) (𝜖2 − 𝜖12 − 𝜖1 ) + 𝛿
(𝛼)
B (𝜖1)

− 𝛿(𝛼)B (𝜖1) (𝜖2 − 𝜖12 − 𝜖1 )
= (𝜖2 − 𝜖12 − 𝜖1 ) [𝛿

(𝛼)
B (2) − 𝛿(𝛼)B (𝜖1)]

+ 𝛿(𝛼)B (𝜖1) .

(18)

Now

𝛿(𝛼)B (𝜖2) − 𝛿(𝛼)B (𝜖1) ≤ (𝜖2 − 𝜖12 − 𝜖1 ) [1 − 𝛿
(𝛼)
B (𝜖1)]

≤ (𝜖2 − 𝜖12 − 𝜖1 ) [2 (1 − 𝛼)] ,
(19)

by using Proposition 9. Hence we get

𝛿(𝛼)B (𝜖2) − 𝛿(𝛼)B (𝜖1) ≤ [2 (1 − 𝛼)] (𝜖2 − 𝜖12 − 𝜖1 ) . (20)

Since 𝛿(𝛼)
B
(𝜖) is convex, so it is continuous by Lemma 6.(2) Let 0 < 𝜖1 ≤ 𝜖2 < 0 and 𝑥, 𝑦 ∈ 𝑆B with ‖𝑥 − 𝑦‖ ≥ 𝜖2.

Let us consider

𝑧 = (𝛼𝑥 + (1 − 𝛼) 𝑦)𝐶 ,
𝑡 ≤ 𝜖1𝜖2 ,
𝑢 = 𝑡𝑥 + (1 + 𝑡) 𝑧,
V = 𝑡𝑦 + (1 − 𝑡) 𝑧.

(21)
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Then 𝑢, V ∈ 𝑆B with ‖𝑢 − V‖ ≥ 𝜖1; we have
1 − ‖𝛼𝑢 + (1 − 𝛼) V‖𝐶 ≤ 𝑡 [1 − 𝛼𝑥 + (1 − 𝛼) 𝑦𝐶 ]

= 𝜖1𝜖2 [1 −
𝛼𝑥 + (1 − 𝛼) 𝑦𝐶 ] ;

(22)

thus

sup {1 − ‖𝛼𝑢 + (1 − 𝛼) V‖𝐶 }
≤ 𝜖1𝜖2 [sup{1 −

𝛼𝑥 + (1 − 𝛼) 𝑦𝐶 }] ,
(23)

which implies that

𝛿(𝛼)B (𝜖1) ≤ 𝜖1𝜖2 [𝛿
(𝛼)
B (𝜖2)] (𝛿(𝛼)B (𝜖1)𝜖1 ≤ 𝛿(𝛼)B (𝜖2)𝜖2 ) . (24)

(3) Let 0 ≤ 𝑡1 ≤ 𝑡2 ≤ 2; we have
𝑡1𝛿(𝛼)B (𝑡2) ≤ 𝑡2𝛿(𝛼)B (𝑡1) ≤ 𝑡1𝛿(𝛼)B (𝑡1) . (25)

Since 𝛿(𝛼)
B
(𝑡1) > 0, so we have

𝛿(𝛼)B (𝑡2) < 𝛿(𝛼)B (𝑡1) . (26)

This completes the proof.

Theorem 13. Let B be a uniformly convex space and 𝛼 ∈(0, 1). Then for every 𝑑 > 0, 𝜀 > 0 and for arbitrary vectors,𝑥1, 𝑥2 ∈ B with ‖𝑥1‖ ≤ 𝑑, ‖𝑥2‖ ≤ 𝑑, and ‖𝑥1 − 𝑥2‖/𝐶 ≥ 𝜀,
there exists 𝛿 = (𝜀/𝑑) > 0 such that
(𝛼) 𝑥1 + (1 − 𝛼) 𝑥2𝐶
≤ [1 − 2 (1 − 𝐶 + 𝐶𝛿( 𝜖𝑑) ⋅min {𝛼, 1 − 𝛼})] 𝑑𝐶.

(27)

Proof. Without loss of generality, assume that 𝛼 ∈ (0, 1/2] so
(𝛼) 𝑥1 + (1 − 𝛼) 𝑥2𝐶 = 𝛼 (𝑥1 + 𝑥2) + (1 − 2𝛼) 𝑥2𝐶

= 2𝛼𝑥1 + 𝑥22𝐶
+ (1 − 2𝛼) 𝑥2𝐶 .

(28)

Nowby Proposition 7, there exist 𝛿 > 0 such that, for ‖𝑦‖ ≤ 𝑑,
𝑥1 + 𝑥22𝐶 ≤ [1 − 𝛿 ( 𝜖𝑑)] 𝑑. (29)

Therefore, we get

(𝛼) 𝑥1 + (1 − 𝛼) 𝑥2𝐶
≤ 2𝛼 (1 − 𝛿 ( 𝜖𝑑)) 𝑑 + (1 − 2𝛼) 𝑑𝐶
= [2𝛼 (1 − 𝛿 ( 𝜖𝑑)) + (1 − 2𝛼)𝐶 ] 𝑑
= [2𝛼 − 2𝛼𝛿 ( 𝜖𝑑) + (1 − 2𝛼)𝐶 ] 𝑑
= [(1 − 2𝛼 + 2𝛼𝐶)𝐶 − 2𝛼𝛿 ( 𝜖𝑑)] 𝑑
= 1𝐶 − [2𝛼𝐶 + 2𝛼𝐶C − 2𝛼𝛿 ( 𝜖𝑑)] 𝑑
= 1𝐶 − 2𝐶 [1 − 𝐶 + 𝐶𝛿( 𝜖𝑑) ⋅ 𝛼] 𝑑
= [1 − 2 (1 − 𝐶 + 𝐶𝛿( 𝜖𝑑) ⋅min {𝛼, 1 − 𝛼})] 𝑑𝐶.

(30)

This completes the proof.

4. Relations Concerning Generalized
Modulus of Smoothness

Theorem 14. Let B be a quasi-Banach space. Then for every𝑥 ∈B, ‖𝑥‖ = 1, and 𝑥∗ ∈ 𝑋∗, ‖𝑥∗‖ = 1
𝜌(𝛼)B (𝑡) = sup {𝑡𝜖2 − 𝛿(𝛼)B∗ (𝜖) : 𝑡 > 0, 𝜖 ∈ (0, 2]} ,
𝜌(𝛼)
B∗ (𝑡) = sup {𝑡𝜖2 − 𝛿(𝛼)B (𝜖) : 𝑡 > 0, 𝜖 ∈ (0, 2]} .

(31)

Proof. Throughout the proof of the first part, we take

𝑥, 𝑦 ∈ 𝑆B,
‖𝑥‖ ≤ 1,
𝑦 ≤ 1,
𝛼 ∈ (0, 1) ,
𝑡 ≥ 0,
𝐶 ≥ 1,

𝑓∗ ≤ 1,𝑔∗ ≤ 1,
𝑓, 𝑔 ∈ 𝑆B∗ ,𝑥∗ ≤ 1,𝑦∗ ≤ 1,
𝑥∗, 𝑦∗ ∈ 𝑆B∗ .

(32)
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Take

𝜌(𝛼)B (𝑡) = sup {( 𝛼𝐶)𝑥 + ( 𝑡2𝐶)𝑦


+ (1 − 𝛼𝐶 )𝑥 − ( 𝑡2𝐶)𝑦
 − 1} = sup {𝑓 [( 𝛼𝐶)𝑥

+ ( 𝑡2𝐶)𝑦] + 𝑔 [(1 − 𝛼𝐶 )𝑥 − ( 𝑡2𝐶)𝑦] − 1}
= 1𝐶 sup {𝑓 [(𝛼𝑥) + ( 𝑡2) 𝑦]
+ 𝑔 [(1 − 𝛼) 𝑥 − ( 𝑡2) 𝑦] − 𝐶} = 1𝐶
⋅ sup {[(𝛼𝑓) + ( 𝑡2) 𝑔] 𝑥 + [ 𝑡2 (𝑓 − 𝑔)] 𝑦 − 𝐶}
= 1𝐶 sup {(𝛼) 𝑓 + (1 − 𝛼) 𝑔 + 𝑡2 𝑓 − 𝑔 − 𝐶}
= sup{(𝛼) 𝑓 + (1 − 𝛼) 𝑔𝐶 + 𝑡2𝐶 𝑓 − 𝑔 − 1}
= sup{ 𝑡2𝐶 𝑓 − 𝑔 − [1 −

(𝛼) 𝑓 + (1 − 𝛼) 𝑔𝐶 ]}
= sup {𝑡𝜖𝐶2𝐶 − [𝛿(𝛼)B∗ (𝜖)]} = sup {𝑡𝜖2 − [𝛿(𝛼)B∗ (𝜖)]} .

(33)

Hence, we get

𝜌(𝛼)B (𝑡) = sup {𝑡𝜖2 − 𝛿(𝛼)B∗ (𝜖) : 𝑡 > 0, 𝜖 ∈ (0, 2]} . (34)

This completes the first part of the proof.
To prove the second part, let us start as

𝜌(𝛼)
B∗ (𝑡) = sup {( 𝛼𝐶)𝑓 + ( 𝑡2𝐶)𝑔


+ (1 − 𝛼𝐶 )𝑔 − ( 𝑡2𝐶)𝑔

 − 1}
= sup{[(𝛼𝑓𝐶 ) + ( 𝑡𝑔2𝐶)] 𝑥
+ [((1 − 𝛼) 𝑓𝐶 ) − ( 𝑡𝑔2𝐶)]𝑦 − 1} = 1𝐶
⋅ sup {𝑓 [(𝛼𝑥) + (1 − 𝛼) 𝑦] + 𝑔 [ 𝑡2 (𝑥 − 𝑦)] − 𝐶}
= 1𝐶 sup {[(𝛼𝑓) + ( 𝑡2) 𝑔] 𝑥 + 𝑡2 [𝑔 (𝑥 − 𝑦)] − 𝐶}
= 1𝐶 sup {(𝛼) 𝑥 + (1 − 𝛼) 𝑦 + 𝑡2 𝑥 − 𝑦 − 𝐶}
= sup{(𝛼) 𝑥 + (1 − 𝛼) 𝑦𝐶 + 𝑡2𝐶 𝑥 − 𝑦 − 1}

= sup{ 𝑡2𝐶 𝑥 − 𝑦 − [1 −
(𝛼) 𝑥 + (1 − 𝛼) 𝑦𝐶 ]}

= sup {𝑡𝜖𝐶2𝐶 − [𝛿(𝛼)B (𝜖)]} = sup {𝑡𝜖2 − [𝛿(𝛼)B (𝜖)]} .
(35)

Lemma 15. Let B be a quasi-Banach space and 𝜏 ∈ (0, 2].
Then the following statements hold:

(1) 𝜌(𝛼)
B
(𝜏) is convex and continuous function.

(2) 𝜌(𝛼)
B
(𝜏) is a nondecreasing function.

(3) 𝜌(𝛼)
B
(𝜏)/𝜏 is a nondecreasing function.

Proof. (1) Since 𝜌(𝛼)
B
(𝜏) is convex, so it is continuous by

Lemma 6.(2) Let 𝑥1, 𝑥2 ∈ 𝑆B, 0 < 𝜏1 < 𝜏2, and 𝛼 ∈ (0, 1).
Now let

𝑥1 = 𝛼 (𝜏2 − 𝜏1)𝜏2 + 𝛼 (𝜏1 − 𝜏2) [(1 − 𝛼) 𝑥 + (
𝜏12𝐶)𝑦] ,

𝑥2 = (1 − 𝛼) 𝑥 + ( 𝜏12𝐶)𝑦,
𝑥3 = [𝛼 (1 − 𝛼) (𝜏2 − 𝜏1)𝜏2 + 𝛼 (𝜏1 − 𝜏2) ] 𝑥

+ [𝜏2 (𝜏2 − 𝜏1) (1 − 𝛼)2 [𝜏2 + 𝛼 (𝜏1 − 𝜏2)]] 𝑦,
𝑥4 = (1 − 𝛼) 𝑥 + ( 𝜏22𝐶)𝑦,
𝑥5 = 𝛼𝑥 + ( 𝜏12𝐶)𝑦,
𝑥6 = [ 𝛼𝜏1𝜏2 + 𝛼 (𝜏1 − 𝜏2)] 𝑥

+ [ 𝜏1𝜏22 [𝜏2 + 𝛼 (𝜏1 − 𝜏2)]] 𝑦,
𝑥7 = 𝛼𝑥 + ( 𝜏22𝐶)𝑦.

(36)

Now

𝑥3 + 𝑥4 = 𝑥1 + 𝑥2, (37)
𝑥3 + 𝑥4 ≥ 𝑥1 + 𝑥2 , (38)

𝑥5 − 𝑥1 = 𝑥6, (39)
𝑥5 − 𝑥1 ≥ 𝑥6 . (40)

From (38) and (40), we get

𝑥3 + 𝑥4 + 𝑥6 ≤ 𝑥5 + 𝑥2 . (41)
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Similarly,

𝑥3 − 𝑥6 = 𝑥7,𝑥3 − 𝑥6 ≥ 𝑥7 . (42)

Therefore, we have𝑥5 + 𝑥2 ≤ 𝑥4 − 𝑥7 ,
𝛼𝑥 + ( 𝜏12𝐶)𝑦 + (1 − 𝛼) 𝑥 + ( 𝜏12𝐶)𝑦
≤ (1 − 𝛼) 𝑥 + ( 𝜏22𝐶)𝑦 + 𝛼𝑥 + ( 𝜏22𝐶)𝑦,

(43)

which implies that𝛼𝑥 + ( 𝜏12𝐶)𝑦
 +
(1 − 𝛼) 𝑥 − ( 𝜏12𝐶)𝑦


≤ 𝛼𝑥 + ( 𝜏22𝐶)𝑦

 +
(1 − 𝛼) 𝑥 − ( 𝜏22𝐶)𝑦

 ;
(44)

thus we have

𝜌(𝛼)B (𝜏1) ≤ 𝜌(𝛼)B (𝜏2) . (45)

This shows that 𝜌(𝛼)
B
(𝜏) is a nondecreasing function.(3)This part is an immediate consequence ofTheorem 14.

Theorem 16. For a nontrivial quasi-Banach spaceB with 𝑡 ∈[0,∞) and 𝛼 ∈ (0, 1), one has
max {0, 𝑡 + |2𝛼 − 1| − 1} ≤ 𝜌(𝛼)B < 𝑡. (46)

Proof. Let 𝑥, 𝑦 ∈ 𝑆B and 𝛼 ∈ (0, 1).Then, we have

𝜌(𝛼)B (𝑡) = sup {(𝛼) 𝑥 + ( 𝑡2𝐶)𝑦


+ (1 − 𝛼) 𝑥 − ( 𝑡2𝐶)𝑦
 − 1𝐶} ≤ (𝛼) ‖𝑥‖ + ( 𝑡2𝐶)

⋅ 𝑦 + (1 − 𝛼) ‖𝑥‖ − ( 𝑡2𝐶) 𝑦 − 1𝐶 ≤ ‖𝑥‖ + 𝑡
≤ 𝑡.

(47)

This proves the first inequality; now to prove the second
inequality, we proceed as

(𝛼) 𝑥 + ( 𝑡2𝐶)𝑦 − (1 − 𝛼) 𝑥 + ( 𝑡2𝐶)𝑦
 − 1𝐶

= (2𝛼 − 1) + 𝑡 − 1𝐶.
(48)

Also(𝛼) 𝑥 + ( 𝑡2𝐶)𝑦 − (1 − 𝛼) 𝑥 + ( 𝑡2𝐶)𝑦
 − 1𝐶

≤ (𝛼) 𝑥 + ( 𝑡2𝐶)𝑦
 +
(1 − 𝛼) 𝑥 − ( 𝑡2𝐶)𝑦


− 1𝐶.

(49)

Therefore,

(2𝛼 − 1) + 𝑡 − 1𝐶 ≤
(𝛼) 𝑥 + ( 𝑡2𝐶)𝑦


+ (1 − 𝛼) 𝑥 − ( 𝑡2𝐶)𝑦

 − 1𝐶
≤ 𝜌(𝛼)B (𝑡) .

(50)

This completes the second inequality. Now, combining both
of the above inequalities and taking the max of the latter, we
get

max {0, 𝑡 + |2𝛼 − 1| − 1} ≤ 𝜌(𝛼)B < 𝑡. (51)

This completes the proof.

Theorem 17. A quasi-Banach spaceB is uniformly smooth if
and only if

𝜌𝜃 (B) = lim
𝑡→0+

(𝜌(𝛼)B (𝑡)
𝑡 ) = 0. (52)

Proof. One has

𝛼𝑥 + 2 (1 − 𝛼) 𝑡2𝑦 = [12𝑥 + 𝑡2𝑦] + 𝛼𝑥 + 2 (1 − 𝛼) 𝑡2𝑦
− [12𝑥 + 𝑡2𝑦]

𝛼𝑥 + 2 (1 − 𝛼) 𝑡2𝑦
 +
(1 − 𝛼) 𝑥

+ 2 (1 − 𝛼) 𝑡2𝑦
 ≤
12𝑥 + 𝑡2𝑦

 +
𝛼𝑥

+ 2 (1 − 𝛼) 𝑡2𝑦
 −
12𝑥 + 𝑡2𝑦

 +
(1 − 𝛼) 𝑥

+ 2 (1 − 𝛼) 𝑡2𝑦
 ≤
12𝑥 + 𝑡2𝑦

 +
(𝛼 − 12) 𝑥

+ (1 − 2𝛼) 𝑡2𝑦
 +
(1 − 𝛼) 𝑥 + 2 (1 − 𝛼) 𝑡2𝑦


≤ 12𝑥 + 𝑡2𝑦

 +
(𝛼 − 12) 𝑥

+ (1 − 2𝛼) 𝑡2𝑦 (1 − 𝛼) 𝑥 + 2 (1 − 𝛼) 𝑡2𝑦
 ≤
12𝑥

+ 𝑡2𝑦
 +
12𝑥 − 𝑡2𝑦

 .

(53)

Hence we get

𝛼𝑥 + 2 (1 − 𝛼) 𝑡2𝑦
 +
(1 − 𝛼) 𝑥 + 2 (1 − 𝛼) 𝑡2𝑦


≤ 12𝑥 + 𝑡2𝑦

 +
12𝑥 − 𝑡2𝑦

 .
(54)

Dividing by “𝐶” and taking supremum on both sides, we get
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sup{𝛼𝑥 + 2 (1 − 𝛼) (𝑡/2) 𝑦 + (1 − 𝛼) 𝑥 + 2 (1 − 𝛼) (𝑡/2) 𝑦 − 1𝐶 }
≤ sup{(1/2) 𝑥 + (𝑡/2) 𝑦 + (1/2) 𝑥 − (𝑡/2) 𝑦 − 1𝐶 } ;

(55)

thus

sup{𝛼𝑥 + 2 (1 − 𝛼) (𝑡/2) 𝑦 + (1 − 𝛼) 𝑥 + 2 (1 − 𝛼) (𝑡/2) 𝑦𝐶
− 1𝐶} ≤ sup{𝑥 + 𝑡𝑦 + 𝑥 − 𝑡𝑦2𝐶 − 1𝐶} ,

(56)

which implies that

𝜌(𝛼)B [2 (1 − 𝛼) 𝑡] ≤ 𝜌B (𝑡) . (57)

Now 12𝑥 − [ 12𝛼] 𝑡2𝑦
= [ 𝑡2𝑦 − (1 − 𝛼𝑥)]
+ [(1 − 𝛼𝑥) − 𝑡2𝑦]

12𝑥 + [ 12𝛼] 𝑡2𝑦


+ 12𝑥 − [ 12𝛼] 𝑡2𝑦


= 12𝑥 + [ 12𝛼] 𝑡2𝑦
 +
[ 𝑡2𝑦 − (1 − 𝛼𝑥)]


+ [(1 − 𝛼𝑥) − 𝑡2𝑦]

 .

(58)

This can be expressed as𝑥 + [1/2𝛼] 𝑡𝑦 + 𝑥 − [1/2𝛼] 𝑡𝑦2
= 12𝑥 + [ 12𝛼] 𝑡2𝑦

 +
[ 𝑡2𝑦 − (1 − 𝛼𝑥)]


+ [(1 − 𝛼𝑥) − 𝑡2𝑦]


≤ 12𝑥 + [ 12𝛼] 𝑡2𝑦


+ [ 𝑡2𝑦 − (1 − 𝛼𝑥)] + [(1 − 𝛼𝑥) − 𝑡2𝑦]


= 𝛼𝑥 + [ 𝑡2] 𝑦

 +
(1 − 𝛼) 𝑥 + [ 𝑡2] 𝑦

 .

(59)

Dividing by “𝐶” and taking supremum on both sides

sup{𝑥 + [1/2𝛼] 𝑡𝑦 + 𝑥 − [1/2𝛼] 𝑡𝑦 − 12𝐶 }
= 𝛼𝑥 + [𝑡/2] 𝑦 + (1 − 𝛼) 𝑥 + [𝑡/2] 𝑦 − 1𝐶 ,

(60)

thus

𝜌B ( 12𝛼𝑡) ≤ 𝜌(𝛼)B (𝑡) . (61)

Therefore, from (57) and (61) we get

lim
𝑡→0+

(𝜌B (𝑡)𝑡 ) = 0 = lim
𝑡→0+

(𝜌(𝛼)B (𝑡)
𝑡 ) . (62)

This completes the proof.

4.1. Relations Concerning Modulus of Zuo-Cui

Theorem 18. Let B be a nontrivial quasi-Banach space and𝑝 ∈ [1,∞). Then

𝜉(𝑝)
B (𝑡) ≥ 𝜌B (𝑡) + 1𝐶 . (63)

Proof. By using convexity of the function 𝑓(𝑢) = 𝑢𝑝 on(0,∞), one can easily obtain

(𝑥1 + 𝑡𝑥2 + 𝑥1 − 𝑡𝑥22 )𝑝

≤ 𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝2 ,
(64)

so,

(𝑥1 + 𝑡𝑥2 + 𝑥1 − 𝑡𝑥22𝐶 )𝑝

≤ 𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝2𝐶𝑝 ,
(65)

which implies that

1𝐶 + 𝜌B (𝑡) ≤ 𝜉(𝑝)B (𝑡) . (66)

For 𝑝 = 1, we have 𝜉B1(𝑡) = 1/𝐶 + 𝜌B(𝑡).
For 𝑝 = 2, we have 2[𝐶𝜉(2)

B
(𝑡)]2 = 𝐸(𝑡,B), where

𝐸 (𝑡,B)
= sup {(𝑥1 + 𝑡𝑥22 + 𝑥1 − 𝑡𝑥22) : 𝑥1, 𝑥2 ∈ 𝑆B} . (67)
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Proposition 19. For a Banach spaceB,

𝜉B (𝑡)
= sup

{{{
[𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝2𝐶 ]1/𝑝 : 𝑥1, 𝑥2

∈ 𝑆B, 𝑡 ∈ [0, 1] , 𝐶 ≥ 1}}}
.

(68)

Proof. Consider a convex function defined by

𝑓 (𝑡) = 𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝2𝐶 . (69)

Let 0 < 𝑡1 ≤ 𝑡2 < 1 and 𝑥1, 𝑥2 ∈ 𝑆B. Then

𝜉B (𝑡1) = 𝑥1 + 𝑡1𝑥2𝑝 + 𝑥1 − 𝑡1𝑥2𝑝 = 2𝐶𝑓 (𝑡1)
= 2𝐶𝑓(𝑡2 + 𝑡12𝑡2 (𝑡2) + 𝑡2 − 𝑡12𝑡2 (−𝑡2))
≤ 𝑥1 + 𝑡2𝑥2𝑝 + 𝑥1 − 𝑡2𝑥2𝑝 = 2𝐶𝑓 (𝑡2)
= 𝜉B (𝑡2) .

(70)

This shows that 𝜉B(𝑡1) ≤ 𝜉B(𝑡2). Therefore, we have

1𝑝 sup
𝑥
1
∈𝑆B

sup
𝑥
2
∈𝐵B

{𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝2𝐶 }
≤ 𝜉B (𝑡 𝑥2) ≤ 𝜉B (𝑡) .

(71)

Since the opposite inequality holds obviously, to get the first
inequality let

𝑔 (𝜆) = 𝜆𝑥1 + 𝑡𝑥2𝑝 + 𝜆𝑥1 − 𝑡𝑥2𝑝2𝐶 . (72)

Since 𝑔(𝜆) is a convex and an even function, therefore 𝑔(𝜆) ≥𝑔(1). Now for 𝑥1, 𝑥2 ∈ 𝐵B we have

𝑥1𝑥1 + 𝑡𝑥2


𝑝 + 

𝑥1𝑥1 − 𝑡𝑥2

𝑝

≥ 𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝
≥ sup
𝑥
1
∈𝑆B

sup
𝑥
2
∈𝐵B

{𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝}
≥ sup
𝑥
1
,𝑥
2
∈𝐵B

{𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝}

≥ sup
𝑥
1
,𝑥
2
∈𝐵B

{𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝2𝐶 } ,

(73)

which obtains the second inequality. This completes the
proof.

Lemma 20. For any quasi-Banach spaceB and any 1 ≤ 𝑝 <∞, then the following statements hold:

(1) 𝜉(𝑝)
B
(𝑡) is a nondecreasing function.

(2) 𝜉(𝑝)
B
(𝑡) is convex and continuous function.

(3) (𝜉(𝑝)
B
(𝑡) − 1)/𝑡 is a nondecreasing function.

Proof. (1) Let 𝑔(𝑡) = ‖𝑥1 + 𝑡𝑥2‖𝑝 + ‖𝑥1 − 𝑡𝑥2‖𝑝 be a convex
and even function. Let 0 < 𝑡1 ≤ 𝑡2 and 𝑥1, 𝑥2 ∈ 𝑆B. Then we
have𝑥1 + 𝑡1𝑥2𝑝 + 𝑥1 − 𝑡1𝑥2𝑝 = 𝑔 (𝑡1)

= 𝑔(𝑡2 + 𝑡12𝑡2 𝑡2 +
𝑡2 − 𝑡12𝑡2 (−𝑡2))

≤ 𝑡2 + 𝑡12𝑡2 𝑔 (𝑡2) +
𝑡2 − 𝑡12𝑡2 𝑔 (𝑡2) = 𝑔 (𝑡2)

= 𝑥1 + 𝑡2𝑥2𝑝 + 𝑥1 − 𝑡2𝑥2𝑝 ≤ 2𝐶𝑝𝜉(𝑝)B (𝑡2) ,

(74)

which implies that
𝑥1 + 𝑡1𝑥2𝑝 + 𝑥1 − 𝑡1𝑥2𝑝2𝐶𝑝 ≤ 𝜉(𝑝)

B
(𝑡2) . (75)

Hence 𝜉(𝑝)
B
(𝑡1) ≤ 𝜉(𝑝)

B
(𝑡2). Since 𝜉(𝑝)B (𝑡) is convex, so it is

continuous by Lemma 6.(2) Let 𝑥1, 𝑥2 ∈ 𝑆B, 𝑡1, 𝑡2 > 0, and 𝜆 ∈ (0, 1) and 𝑟(𝑠) =
sgn[sin(2𝜋𝑠)]. Then we have

𝜉(𝑝)
B
[𝜆𝑡1 + (1 − 𝜆) 𝑡2] = 12𝐶𝑝 [∫

1

0

𝑥
+ 𝑟 (𝑠) [𝜆𝑡1 + (1 − 𝜆) 𝑡2] 𝑦𝑝 𝑑𝑡]

1/𝑝

≤ 12𝐶𝑝 [∫
1

0
[𝜆 𝑥 + 𝑟 (𝑠) 𝑡1𝑦

+ (1 − 𝜆) 𝑥 + 𝑟 (𝑠) 𝑡2𝑦]𝑝 𝑑𝑡]
1/𝑝

≤ 𝜆2𝐶𝑝 [∫
1

0
[𝑥 + 𝑟 (𝑠) 𝑡1𝑦]𝑝 𝑑𝑡1]

1/𝑝

+ (1 − 𝜆)2𝐶𝑝 [∫1
0

𝑥 + 𝑟 (𝑠) 𝑡2𝑦𝑝 𝑑𝑡2]
1/𝑝 ≤ 𝜆𝜉(𝑝)

B
(𝑡1)

+ (1 − 𝜆) 𝜉(𝑝)B (𝑡2) .

(76)

This shows that 𝜉(𝑝)
B
(𝑡) is convex.(3) Let 0 < 𝑡1 ≤ 𝑡2 < 0 and 𝜆 ∈ (0, 1) with 𝑡1 = 𝜆𝑡2. Then

𝜉(𝑝)
B
(𝑡1) − 1𝑡1 ≤ 𝜉(𝑝)B (𝜆𝑡2) − 1𝜆𝑡2 ≤ 𝜉(𝑝)B (𝑡2) − 1𝑡2 . (77)

This shows that (𝜉(𝑝)
B
(𝑡) − 1)/𝑡 is nondecreasing. This com-

pletes the proof.

Proposition 21. LetB be a quasi-Banach space, 𝑝 ∈ [1,∞),
and 𝑡 > 0. Then the following conditions are equivalent:
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(1) 𝜉(𝑝)
B
(𝑡) < 1 + 𝑡.

(2) 𝜉(𝑡, 𝑥1) < 1 + 𝑡.
Proof. (1) ⇒ (2) Suppose on the contrary that 𝜉(𝑡, 𝑥1) ≥ 1+𝑡;
it is enough to take (𝑡, 𝑥1) = 1 + 𝑡. Since

𝐽 (B) = sup { 1𝐶
⋅min (𝑥1 + 𝑥2 , 𝑥1 − 𝑥2) : 𝑥1, 𝑥2 ∈ 𝑆B} ,

(78)

by using the definition of sup, for any 𝜖 > 0, there exist𝑥1, 𝑥2 ∈ 𝑆B such that𝑥1 + 𝑡𝑥2 + 𝑥1 − 𝑡𝑥22
≥ min {𝑥1 + 𝑡𝑥2 , 𝑥1 − 𝑡𝑥2} ≥ 𝑐 (1 + 𝑡 − 𝜖) .

(79)

Applying convexity of the function 𝑓(𝑢) = 𝑢𝑝, we get
[(𝑥1 + 𝑡𝑥2 + 𝑥1 − 𝑡𝑥22 )𝑝]1/𝑝

≤ (𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥22
𝑝)
1/𝑝

;
(80)

therefore from (79)

(𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥22
𝑝)
1/𝑝

≥ min {𝑥1 + 𝑡𝑥2 , 𝑥1 − 𝑡𝑥2} ≥ 𝑐 (1 + 𝑡 − 𝜖) .
(81)

Since 𝜖 is any arbitrary so
𝜉(𝑝)
B (𝑡) ≥ 1 + 𝑡, (82)

which leads a contradiction.(2) ⇒ (1) Suppose on the contrary that 𝜉(𝑝)
B
(𝑡) ≥ 1 + 𝑡; it

is enough to take 𝜉(𝑝)
B
(𝑡) = 1 + 𝑡. Again using the definition of

sup, for all 𝜖 > 0, there exist 𝑥1, 𝑥2 ∈ 𝑆B such that𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝 ≥ 2𝐶𝑝 (1 + 𝑡 − 𝜖)𝑝 , (83)

also using
𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝 ≤ 2𝐶𝑝 (1 + 𝑡)𝑝 , (84)

thus

2𝐶𝑝 (1 + 𝑡)𝑝 ≥ 𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝
≥ 2𝐶𝑝 (1 + 𝑡 − 𝜖)𝑝 ; (85)

since 𝜖 is arbitrary, so
𝑥1 + 𝑡𝑥2𝑝 + 𝑥1 − 𝑡𝑥2𝑝 = 2𝐶𝑝 (1 + 𝑡)𝑝 , (86)

which implies that𝑥1 + 𝑡𝑥2 = 𝑥1 − 𝑡𝑥2 = 𝐶 (1 + 𝑡) . (87)

So using the definition of 𝜉(𝑡, 𝑥1)we get 𝜉(𝑡, 𝑥1) ≥ 1+𝑡, which
leads to a contradiction.

Corollary 22. Let B be a quasi-Banach space, 𝑝 ∈ [1,∞),
and 𝑡 > 0. Then the following conditions are equivalent:

(1) B is uniformly nonsquare.

(2) 𝜉(𝑝)
B
(𝑡) < 1 + 𝑡.

(3) 𝜉(𝑡, 𝑥1) < 1 + 𝑡.
Theorem 23. A quasi-Banach apaceB is uniformly smooth if

lim
𝑡→0
(𝜉(𝑝)B (𝑡) − 1/𝐶

𝑡 ) = 0. (88)

Proof. Suppose that

lim
𝑡→0
(𝜉(𝑝)B (𝑡) − 1/𝐶

𝑡 ) = 0. (89)

FromTheorem 18, we know that

𝜉(𝑝)
B (𝑡) ≥ 𝜌B (𝑡) + 1𝐶 , (90)

which implies that

𝜉(𝑝)
B (𝑡) − 1𝐶 ≥ 𝜌B (𝑡) ; (91)

dividing both sides by 𝑡 and applying the lim𝑡→0

lim
𝑡→0

𝜌B (𝑡)𝑡 ≤ lim
𝑡→0
(𝜉(𝑝)B (𝑡) − 1/𝐶

𝑡 ) = 0. (92)

So by definitionB is uniformly smooth.

Theorem 24. Let B be a quasi-Banach space. Then for 𝜏 ∈(0, 1)
𝜉(𝑝)
B (2) < [12𝜉(𝑝)B (1) + 2]1/2 . (93)

Proof. If 𝑎, 𝑏 ∈ [0, 2], then ((𝑎 + 𝑏)/2)2 ≥ 𝑎2 + 𝑏2 − 4 holds
true.

Let 𝑥, 𝑦 ∈ 𝑆B and 𝜏 ∈ [0, 1]. Then we have
𝑥 + 𝜏𝑦𝐶 ≤ 2,
𝑥 − 𝜏𝑦𝐶 ≤ 2

(94)

and we have

[𝑥 + 𝜏𝑦 + 𝑥 − 𝜏𝑦2𝐶 ]2 ≥ 𝑥 + 𝜏𝑦2 + 𝑥 − 𝜏𝑦2 − 4
𝑥 + 𝜏𝑦2 + 𝑥 − 𝜏𝑦22𝐶
≤ 12 (

𝑥 + 𝜏𝑦 + 𝑥 − 𝜏𝑦2𝐶 )2 + 2.

(95)
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Therefore, we have

𝜉(𝑝)
B (2) < [12𝜉(𝑝)B (1) + 2]1/2 . (96)

Theorem 25. LetB be a quasi-Banach space. Then

𝜉(𝑝)
B (1) < [𝜉𝑝 + 2𝑝2𝐶 ]1/𝑝 . (97)

Proof. Since

[𝑥 + 𝑦𝑝 + 𝑥 − 𝑦𝑝2𝐶 ]1/𝑝

≤ [min {𝑥 + 𝑦𝑝 , 𝑥 − 𝑦𝑝} + 2𝑡2𝐶 ]
1/𝑝

,
(98)

therefore, we have

𝜉(𝑝)
B (1) < [𝜉𝑝 + 2𝑝2𝐶 ]1/𝑝 . (99)
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