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We study the existence of positive solutions for the system of nonlinear semipositone boundary value problems with Riemann-
Liouville fractional derivatives 𝐷𝛼0+𝐷𝛼0+𝑢 = 𝑓1(𝑡, 𝑢, 𝑢, V, V), 0 < 𝑡 < 1, 𝐷𝛼0+𝐷𝛼0+V = 𝑓2(𝑡, 𝑢, 𝑢, V, V), 0 < 𝑡 < 1, 𝑢(0) = 𝑢(0) =𝑢(1) = 𝐷𝛼0+𝑢(0) = 𝐷𝛼+10+ 𝑢(0) = 𝐷𝛼+10+ 𝑢(1) = 0, and V(0) = V(0) = V(1) = 𝐷𝛼0+V(0) = 𝐷𝛼+10+ V(0) = 𝐷𝛼+10+ V(1) = 0, where 𝛼 ∈ (2, 3] is
a real number and 𝐷𝛼0+ is the standard Riemann-Liouville fractional derivative of order 𝛼. Under some appropriate conditions for
semipositone nonlinearities, we use the fixed point index to establish two existence theorems. Moreover, nonnegative concave and
convex functions are used to depict the coupling behavior of our nonlinearities.

1. Introduction

In this paper, we investigate the existence of positive solutions
for the system of nonlinear semipositone boundary value
problems with Riemann-Liouville fractional derivatives

𝐷𝛼0+𝐷𝛼0+𝑢 = 𝑓1 (𝑡, 𝑢, 𝑢, V, V) , 0 < 𝑡 < 1,
𝐷𝛼0+𝐷𝛼0+V = 𝑓2 (𝑡, 𝑢, 𝑢, V, V) , 0 < 𝑡 < 1,

𝑢 (0) = 𝑢 (0) = 𝑢 (1) = 𝐷𝛼0+𝑢 (0) = 𝐷𝛼+10+ 𝑢 (0)
= 𝐷𝛼+10+ 𝑢 (1) = 0,

V (0) = V (0) = V (1) = 𝐷𝛼0+V (0) = 𝐷𝛼+10+ V (0)
= 𝐷𝛼+10+ V (1) = 0,

(1)

where 𝛼 ∈ (2, 3] is a real number and 𝐷𝛼0+ is the standard
Riemann-Liouville fractional derivative of order 𝛼. The non-
linear terms 𝑓𝑖 ∈ 𝐶([0, 1] × R4+,R) (R+ = [0, +∞), R =(−∞, +∞)) are bounded below; that is, 𝑓𝑖 (𝑖 = 1, 2) satisfy
the following.

(H1) there exists a real number 𝑀 ≥ 0, such that𝑓𝑖(𝑡, 𝑥1, 𝑥2, 𝑥3, 𝑥4) + 𝑀 ≥ 0, ∀𝑡 ∈ [0, 1], 𝑥𝑗 ∈ R+, 𝑖 =1, 2, 𝑗 = 1, 2, 3, 4.
Existence and multiplicity of solutions for fractional

differential equations are widely studied in the literature; see
[1–14] and the references therein. For example, in [1], the
authors used the Guo-Krasnosel’skii fixed point theorem to
investigate the existence of positive solutions for the singular
fractional differential system

−𝐷𝛼0+𝑢 (𝑡) = 𝜆𝑓1 (𝑡, 𝑢, V) , 𝑡 ∈ (0, 1) ,
−𝐷𝛼0+V (𝑡) = 𝜆𝑓2 (𝑡, 𝑢, V) , 𝑡 ∈ (0, 1) ,

𝑢 (0) = 𝑢 (0) = 0,
V (0) = V (0) = 0,
𝑢 (1) = 𝑎V (𝜉) ,
V (1) = 𝑏𝑢 (𝜂) ,

(2)
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where 𝑓𝑖 (𝑖 = 1, 2) satisfy
𝑓𝑖 (𝑡, 𝑢, V)𝑢 + V

= 0, or∞,
as 𝑢 + V → +∞, uniformly for 𝑡 ∈ [0, 1] or a subinterval.

(3)

Condition (3) is used to study various types of fractional
systems (see [1–12] and the references therein).

In this paper we use the fixed point index to study the
existence of positive solutions for the system of nonlinear
semipositone fractional boundary value problem (1). Under
some appropriate conditions for 𝑓𝑖 (𝑖 = 1, 2), we use the
fixed point index to obtain our results.Moreover, nonnegative
concave and convex functions are used to depict the coupling
behavior of our nonlinearities (see [13–15]), which depend on
the unknown functions 𝑢, V and their derivatives 𝑢, V.
2. Preliminary

Definition 1 (see [16, 17]). The Riemann-Liouville fractional
derivative of order 𝛼 > 0 of a continuous function 𝑓 :(0, +∞) → R is given by

𝐷𝛼0+𝑓 (𝑡) = 1Γ (𝑛 − 𝛼) ( 𝑑𝑑𝑡)
𝑛 ∫𝑡
0
(𝑡 − 𝑠)𝑛−𝛼−1 𝑓 (𝑠) 𝑑𝑠, (4)

where 𝑛 = [𝛼] + 1 with [𝛼] denoting the integer part of
a number 𝛼, provided that the right hand side is pointwise
defined on (0, +∞).

We first study the Green functions of problem (1). Let

𝐺1 (𝑡, 𝑠) fl 1Γ (𝛼)
⋅ {{{
𝑡𝛼−1 (1 − 𝑠)𝛼−2 − (𝑡 − 𝑠)𝛼−1 , 0 ≤ 𝑠 ≤ 𝑡 ≤ 1,
𝑡𝛼−1 (1 − 𝑠)𝛼−2 , 0 ≤ 𝑡 ≤ 𝑠 ≤ 1.

(5)

Then we have

𝐺2 (𝑡, 𝑠) fl 𝜕𝜕𝑡𝐺1 (𝑡, 𝑠) = 𝛼 − 1Γ (𝛼)
⋅ {{{
𝑡𝛼−2 (1 − 𝑠)𝛼−2 − (𝑡 − 𝑠)𝛼−2 , 0 ≤ 𝑠 ≤ 𝑡 ≤ 1,
𝑡𝛼−2 (1 − 𝑠)𝛼−2 , 0 ≤ 𝑡 ≤ 𝑠 ≤ 1.

(6)

Lemma 2. Let 𝑓𝑖 (𝑖 = 1, 2) be as in (1). Then (1) is equivalent
to

𝐷𝛼0+𝑥 = −𝑓1 (𝑡, ∫1
0
𝐺1 (𝑡, 𝑠) 𝑥 (𝑠) 𝑑𝑠, ∫1

0
𝐺2 (𝑡, 𝑠) 𝑥 (𝑠) 𝑑𝑠,

∫1
0
𝐺1 (𝑡, 𝑠) 𝑦 (𝑠) 𝑑𝑠, ∫1

0
𝐺2 (𝑡, 𝑠) 𝑦 (𝑠) 𝑑𝑠) ,

𝐷𝛼0+𝑦 = −𝑓2 (𝑡, ∫1
0
𝐺1 (𝑡, 𝑠) 𝑥 (𝑠) 𝑑𝑠, ∫1

0
𝐺2 (𝑡, 𝑠) 𝑥 (𝑠) 𝑑𝑠,

∫1
0
𝐺1 (𝑡, 𝑠) 𝑦 (𝑠) 𝑑𝑠, ∫1

0
𝐺2 (𝑡, 𝑠) 𝑦 (𝑠) 𝑑𝑠) ,

𝑥 (0) = 𝑥 (0) = 𝑥 (1) = 0,
𝑦 (0) = 𝑦 (0) = 𝑦 (1) = 0, (7)

which takes the form

𝑥 (𝑡) = ∫1
0
𝐺1 (𝑡, 𝑠) 𝑓1 (𝑠, ∫1

0
𝐺1 (𝑠, 𝜏) 𝑥 (𝜏) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) 𝑥 (𝜏) 𝑑𝜏, ∫1

0
𝐺1 (𝑠, 𝜏) 𝑦 (𝜏) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) 𝑦 (𝜏) 𝑑𝜏) 𝑑𝑠,

𝑦 (𝑡) = ∫1
0
𝐺1 (𝑡, 𝑠) 𝑓2 (𝑠, ∫1

0
𝐺1 (𝑠, 𝜏) 𝑥 (𝜏) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) 𝑥 (𝜏) 𝑑𝜏, ∫1

0
𝐺1 (𝑠, 𝜏) 𝑦 (𝜏) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) 𝑦 (𝜏) 𝑑𝜏) 𝑑𝑠.

(8)

Let 𝐷𝛼0+𝑢 = −𝑥,𝐷𝛼0+V = −𝑦. Then an argument similar to that
in [18, Lemma 2.7] and [19, Lemma 3] establishes the result (we
omit the standard details).

Lemma 3 ([19, Lemma 4]). The functions𝐺𝑖(𝑡, 𝑠) ∈ 𝐶([0, 1]×[0, 1],R+) (𝑖 = 1, 2). Moreover, the following inequalities are
satisfied:

𝑡𝛼−1𝑠 (1 − 𝑠)𝛼−2 ≤ Γ (𝛼) 𝐺1 (𝑡, 𝑠) ≤ 𝑠 (1 − 𝑠)𝛼−2
∀𝑡, 𝑠 ∈ [0, 1] , (9)

(𝛼 − 1) (𝛼 − 2) 𝑡𝛼−2 (1 − 𝑡) 𝑠 (1 − 𝑠)𝛼−2 ≤ Γ (𝛼)𝐺2 (𝑡, 𝑠)
≤ (𝛼 − 1) 𝑡𝛼−3𝑠 (1 − 𝑠)𝛼−2 ∀𝑡, 𝑠 ∈ [0, 1] . (10)

Lemma 4 ([19, Lemma 5]). Let 𝜑(𝑡) = 𝑡(1 − 𝑡)𝛼−2 for all 𝑡 ∈[0, 1]. Let

𝑘1 fl 𝛼Γ (𝛼 − 1)Γ (2𝛼) ≤ 𝑘2 fl 1𝛼 (𝛼 − 1) Γ (𝛼) ,
𝑘3 fl (𝛼 − 1) (𝛼 − 2) Γ (𝛼)Γ (2𝛼) ≤ 𝑘4 fl Γ (𝛼 − 1)Γ (2𝛼 − 2) .

(11)

Then

𝑘2𝑖−1𝜑 (𝑠) ≤ ∫1
0
𝐺𝑖 (𝑡, 𝑠) 𝜑 (𝑡) 𝑑𝑡 ≤ 𝑘2𝑖𝜑 (𝑠) ,

𝑖 = 1, 2, ∀𝑠 ∈ [0, 1] .
(12)
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Lemma 5. (i) If (𝑥∗(𝑡), 𝑦∗(𝑡)) is a positive solution of (7), then(𝑥∗(𝑡)+𝑤(𝑡), 𝑦∗(𝑡)+𝑤(𝑡)) is a positive solution of the following
differential equation:

𝐷𝛼0+𝑥 = −𝐹1 (𝑡, ∫1
0
𝐺1 (𝑡, 𝑠) (𝑥 (𝑠) − 𝑤 (𝑠)) 𝑑𝑠,

∫1
0
𝐺2 (𝑡, 𝑠) (𝑥 (𝑠) − 𝑤 (𝑠)) 𝑑𝑠,

∫1
0
𝐺1 (𝑡, 𝑠) (𝑦 (𝑠) − 𝑤 (𝑠)) 𝑑𝑠,

∫1
0
𝐺2 (𝑡, 𝑠) (𝑦 (𝑠) − 𝑤 (𝑠)) 𝑑𝑠) ,

𝐷𝛼0+𝑦 = −𝐹2 (𝑡, ∫1
0
𝐺1 (𝑡, 𝑠) (𝑥 (𝑠) − 𝑤 (𝑠)) 𝑑𝑠,

∫1
0
𝐺2 (𝑡, 𝑠) (𝑥 (𝑠) − 𝑤 (𝑠)) 𝑑𝑠,

∫1
0
𝐺1 (𝑡, 𝑠) (𝑦 (𝑠) − 𝑤 (𝑠)) 𝑑𝑠,

∫1
0
𝐺2 (𝑡, 𝑠) (𝑦 (𝑠) − 𝑤 (𝑠)) 𝑑𝑠) ,

𝑥 (0) = 𝑥 (0) = 𝑥 (1) = 0,
𝑦 (0) = 𝑦 (0) = 𝑦 (1) = 0,

(13)

where

𝐹𝑖 (𝑡, 𝑥1, 𝑥2, 𝑥3, 𝑥4)
fl
{{{
𝑓𝑖 (𝑡, 𝑥1, 𝑥2, 𝑥3, 𝑥4) , 𝑡 ∈ [0, 1] , 𝑥1, 𝑥2, 𝑥3, 𝑥4 ≥ 0,
𝑓𝑖 (𝑡, 0, 0, 0, 0) , 𝑡 ∈ [0, 1] , 𝑥1, 𝑥2, 𝑥3, 𝑥4 < 0,

(14)

and𝑓𝑖(𝑡, 𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝑓𝑖(𝑡, 𝑥1, 𝑥2, 𝑥3, 𝑥4)+𝑀, 𝑓𝑖 : [0, 1]×
R4+ → R+ are continuous, and

𝑤 (𝑡) fl𝑀∫1
0
𝐺1 (𝑡, 𝑠) 𝑑𝑠 = 𝑀Γ (𝛼) ( 𝑡𝛼−1𝛼 − 1 − 𝑡

𝛼

𝛼 )
∀𝑡 ∈ [0, 1] .

(15)

(ii) If (𝑥(𝑡), 𝑦(𝑡)) is a solution of (13) and 𝑥(𝑡) ≥ 𝑤(𝑡),𝑦(𝑡) ≥ 𝑤(𝑡), 𝑡 ∈ [0, 1], then (𝑥∗(𝑡), 𝑦∗(𝑡)) = (𝑥(𝑡) −𝑤(𝑡), 𝑦(𝑡) − 𝑤(𝑡)) is a positive solution of (7).

Proof. If (𝑥∗(𝑡), 𝑦∗(𝑡)) is a positive solution of (7) then (note
𝑤(𝑡) = 𝑀∫1

0
𝐺1(𝑡, 𝑠) 𝑑𝑠) we obtain 𝑥∗(0) + 𝑤(0) = 𝑥∗(0) +𝑤(0) = 𝑥∗(1) + 𝑤(1) = 0 and

𝐷𝛼0+ (𝑥∗ (𝑡) + 𝑤 (𝑡)) + 𝐹1 (𝑡, ∫1
0
𝐺1 (𝑡, 𝑠) 𝑥∗ (𝑠) 𝑑𝑠,

∫1
0
𝐺2 (𝑡, 𝑠) 𝑥∗ (𝑠) 𝑑𝑠, ∫1

0
𝐺1 (𝑡, 𝑠) 𝑦∗ (𝑠) 𝑑𝑠,

∫1
0
𝐺2 (𝑡, 𝑠) 𝑦∗ (𝑠) 𝑑𝑠) = 𝐷𝛼0+𝑥∗ (𝑡) + 𝐷𝛼0+𝑤 (𝑡)

+ 𝑓1 (𝑡, ∫1
0
𝐺1 (𝑡, 𝑠) 𝑥∗ (𝑠) 𝑑𝑠, ∫1

0
𝐺2 (𝑡, 𝑠) 𝑥∗ (𝑠) 𝑑𝑠,

∫1
0
𝐺1 (𝑡, 𝑠) 𝑦∗ (𝑠) 𝑑𝑠, ∫1

0
𝐺2 (𝑡, 𝑠) × 𝑦∗ (𝑠) 𝑑𝑠) +𝑀

= 𝐷𝛼0+𝑤 (𝑡) + 𝑀 = 𝐷𝛼0+𝑀∫1
0
𝐺1 (𝑡, 𝑠) 𝑑𝑠 +𝑀

= −𝑀 +𝑀 = 0.
(16)

Similarly, we have

𝐷𝛼0+ (𝑦∗ (𝑡) + 𝑤 (𝑡)) + 𝐹2 (𝑡, ∫1
0
𝐺1 (𝑡, 𝑠) 𝑥∗ (𝑠) 𝑑𝑠,

∫1
0
𝐺2 (𝑡, 𝑠) 𝑥∗ (𝑠) 𝑑𝑠, ∫1

0
𝐺1 (𝑡, 𝑠) 𝑦∗ (𝑠) 𝑑𝑠,

∫1
0
𝐺2 (𝑡, 𝑠) 𝑦∗ (𝑠) 𝑑𝑠) = −𝑀 +𝑀 = 0;

(17)

that is, (𝑥∗(𝑡) + 𝑤(𝑡), 𝑦∗(𝑡) + 𝑤(𝑡)) satisfies (13). Therefore,
(i) holds. Similarly, it is easy to prove (ii). This completes the
proof.

From Lemma 5, to obtain a positive solution of (7), we
only need to find solutions 𝑥(𝑡), 𝑦(𝑡) of (13) satisfying (𝑡) ≥𝑤(𝑡), 𝑦(𝑡) ≥ 𝑤(𝑡), 𝑡 ∈ [0, 1]. If 𝑥(𝑡), 𝑦(𝑡) are solutions of (13),
then 𝑥(𝑡), 𝑦(𝑡)satisfy

𝑥 (𝑡) = ∫1
0
𝐺1 (𝑡, 𝑠) 𝐹1 (𝑠,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠,

𝑦 (𝑡) = ∫1
0
𝐺1 (𝑡, 𝑠) 𝐹2 (𝑠,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,
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∫1
0
𝐺1 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠.

(18)

Let 𝐸 fl 𝐶[0, 1], ‖𝑥‖ fl max𝑡∈[0,1]|𝑥(𝑡)|, 𝑃 fl {𝑥 ∈ 𝐸 :𝑥(𝑡) ≥ 0, 𝑡 ∈ [0, 1]}. Then (𝐸, ‖ ⋅ ‖) is a real Banach space,
and 𝑃 is a cone on 𝐸. We denote 𝐵𝜌 fl {𝑥 ∈ 𝐸 : ‖𝑥‖ < 𝜌} for𝜌 > 0. Now, note that 𝑢, V solve (1) if and only if 𝑥 fl −𝐷𝛼0+𝑢,𝑦 fl −𝐷𝛼0+V are fixed points of operator

𝐴 𝑖 (𝑥, 𝑦) (𝑡) fl ∫1
0
𝐺1 (𝑡, 𝑠) 𝐹𝑖 (𝑠,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) × (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠,

𝐴 (𝑥, 𝑦) (𝑡) = (𝐴1, 𝐴2) (𝑥, 𝑦) (𝑡) for 𝑥, 𝑦 ∈ 𝐸.

(19)

Therefore, if (𝑥, 𝑦) is a positive fixed for 𝐴 with 𝑥(𝑡) ≥ 𝑤(𝑡),𝑦(𝑡) ≥ 𝑤(𝑡) for 𝑡 ∈ [0, 1], then (𝑥∗, 𝑦∗) = (𝑥 − 𝑤, 𝑦 − 𝑤)
is a positive solution for (1). Moreover, from the continuity
of 𝐺𝑖 and 𝐹𝑖 (𝑖 = 1, 2), we know that 𝐴 𝑖 : 𝑃 × 𝑃 → 𝑃, 𝐴 :𝑃 × 𝑃 → 𝑃 × 𝑃 are continuous and completely continuous
operators.

Lemma 6. Let 𝑃0 fl {𝑥 ∈ 𝑃 : 𝑥(𝑡) ≥ 𝑡𝛼−1‖𝑥‖, 𝑡 ∈ [0, 1]}.Then𝑃0 is a cone in 𝐸 and 𝐴(𝑃 × 𝑃) ⊂ 𝑃20 .
Proof. From (9) for 𝑡 ∈ [0, 1] we have

𝐴1 (𝑥, 𝑦) (𝑡) = ∫1
0
𝐺1 (𝑡, 𝑠) 𝐹1 (s,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) × (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 ≤ 1Γ (𝛼)

⋅ ∫1
0
𝑠 (1 − 𝑠)𝛼−2 𝐹1 (𝑠,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) × (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠.

(20)

Also from (9) and the above inequality, for every (𝑥, 𝑦) ∈ 𝑃×𝑃, we obtain

𝐴1 (𝑥, 𝑦) (𝑡) = ∫1
0
𝐺1 (𝑡, 𝑠) 𝐹1 (𝑠,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) × (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 ≥ 𝑡𝛼−1Γ (𝛼)

⋅ ∫1
0
𝑠 (1 − 𝑠)𝛼−2 𝐹1 (𝑠,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) × (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠

≥ 𝑡𝛼−1 𝐴1 (𝑥, 𝑦)

(21)

for all 𝑡 ∈ [0, 1]. Similarly, 𝐴2(𝑥, 𝑦)(𝑡) ≥ 𝑡𝛼−1‖𝐴2(𝑥, 𝑦)‖.
Therefore 𝐴(𝑃 × 𝑃) ⊂ 𝑃20 .This completes the proof.

To obtain a positive solution of (1), we seek a positive fixed
point (𝑥∗, 𝑦∗) of 𝐴 with 𝑥∗ ≥ 𝑤, 𝑦∗ ≥ 𝑤 (note mean that
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𝑥∗(𝑡) = 𝐴1(𝑥∗, 𝑦∗)(𝑡), 𝑦∗(𝑡) = 𝐴2(𝑥∗, 𝑦∗)(𝑡) for 𝑡 ∈ [0, 1]).
From Lemma 6, we have 𝑥∗, 𝑦∗ ∈ 𝑃0. For 𝑥∗ ∈ 𝑃0 we have

𝑥∗ (𝑡) − 𝑤 (𝑡) = 𝑥∗ (𝑡) − 𝑀∫1
0
𝐺1 (𝑡, 𝑠) 𝑑𝑠

= 𝑥∗ (𝑡) − 𝑀Γ (𝛼) ( 𝑡𝛼−1𝛼 − 1 − 𝑡
𝛼

𝛼 )
= 𝑥∗ (𝑡) − 𝑀𝑡𝛼−1Γ (𝛼) ( 1𝛼 − 1 − 𝑡𝛼)
≥ 𝑥∗ (𝑡) − 𝑥∗ (𝑡)‖𝑥∗‖ 𝑀(𝛼 − 1) Γ (𝛼) .

(22)

As a result, 𝑥∗(𝑡) ≥ 𝑤(𝑡) for 𝑡 ∈ [0, 1] if ‖𝑥∗‖ ≥ 𝑀/(𝛼 −1)Γ(𝛼) fl 𝑘5. Similarly, if ‖𝑦∗‖ ≥ 𝑘5, we have 𝑦∗(𝑡) ≥ 𝑤(𝑡), for𝑡 ∈ [0, 1].
Lemma 7 (see [20]). Let Ω ⊂ 𝐸 be a bounded open set and𝐴 : Ω∩𝑃 → 𝑃 a continuous or completely continuous operator.
If there exists 𝑢0 ∈ 𝑃 \ {0} such that 𝑢 −𝐴𝑢 ̸= 𝜇𝑢0 for all 𝜇 ≥ 0
and 𝑢 ∈ 𝜕Ω ∩ 𝑃, then 𝑖(𝐴,Ω ∩ 𝑃, 𝑃) = 0, where 𝑖 denotes the
fixed point index on 𝑃.
Lemma 8 (see [20]). Let Ω ⊂ 𝐸 be a bounded open set with0 ∈ Ω. Suppose 𝐴 : Ω ∩ 𝑃 → 𝑃 is a continuous or completely
continuous operator. If 𝑢 ̸= 𝜇𝐴𝑢 for all 𝑢 ∈ 𝜕Ω ∩ 𝑃 and 0 ≤𝜇 ≤ 1, then 𝑖(𝐴,Ω ∩ 𝑃, 𝑃) = 1.
3. Main Results

Let 𝐾 fl 𝛼/Γ(𝛼) ≥ max𝑡,𝑠∈[0,1](𝐺1(𝑡, 𝑠) + 𝐺2(𝑡, 𝑠)), In the
sequel, we use 𝑐1, 𝑐2, . . . and 𝑑1, 𝑑2, . . . to stand for different
positive constants. Now, we list our assumptions on 𝐹𝑖 (𝑖 =1, 2).

(H2)There exist ℎ, 𝑔 ∈ 𝐶(R+,R+) such that

(i) ℎ is concave and strictly increasing on R+ (and
lim𝑥→+∞ℎ(𝑥) = +∞);

(ii) there exist 𝑐1 > 0, 𝑑1 > 1/𝑘21(𝑘1 + 𝑘3)2, for all(𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ∈ [0, 1] ×R4+ such that

𝐹1 (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ≥ 𝑑1ℎ (𝑦1 + 𝑦2) − 𝑐1,
𝐹2 (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ≥ 𝑔 (𝑥1 + 𝑥2) − 𝑐1; (23)

(iii) ℎ(𝐾2𝑔(𝑥)) ≥ 𝐾2𝑥 − 𝑐1 for 𝑥 ∈ R+.
(H3) For all (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ∈ [0, 1] × [0, 𝑘5]4, there is a

constant𝑀1 ∈ (0, 𝑘5𝑘−12 ) such that

𝐹𝑖 (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ≤ 𝑀1, 𝑖 = 1, 2. (24)

(H4)There exist 𝛽, 𝛾 ∈ 𝐶(R+,R+) such that

(i) 𝛽 is convex and strictly increasing on R+ (and
lim𝑥→+∞𝛽(𝑥) = +∞);

(ii) for all (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ∈ [0, 1] ×R4+,

𝐹1 (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ≤ 𝛽 (𝑦1 + 𝑦2) ,
𝐹2 (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ≤ 𝛾 (𝑥1 + 𝑥2) ; (25)

(iii) there exist 𝑑2 > 0 such that 𝛽(𝐾2𝛾(𝑥)) ≤ 𝐾2𝑥 + 𝑑2,
for 𝑥 ∈ R+.

(H5)There exist 𝑄 : [0, 1] → R, 𝜃 ∈ (0, 1], 𝑡0 ∈ [𝜃, 1], for
all (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) ∈ [𝜃, 1] × [0, 𝑘5]4, such that

𝑓𝑖 (𝑡, 𝑥1, 𝑥2, 𝑦1, 𝑦2) + 𝑀 ≥ 𝑄 (𝑡) , 𝑖 = 1, 2, (26)

where

∫1
𝜃
𝐺1 (𝑡0, 𝑠) 𝑄 (𝑠) 𝑑𝑠 > 𝑀(𝛼 − 1) Γ (𝛼) . (27)

Theorem9. Suppose that (H1)–(H3) hold.Then (1) has at least
one positive solution.

Proof. We first prove that there exists 𝑅 > 𝑘5 such that

(𝑥, 𝑦) ̸= 𝐴 (𝑥, 𝑦) + 𝜆 (𝜙, 𝜙) ,
∀ (𝑥, 𝑦) ∈ 𝜕𝐵𝑅 ∩ (𝑃 × 𝑃) , 𝜆 ≥ 0, (28)

where 𝜙 ∈ 𝑃0 is a given function. Suppose there exist (𝑥, 𝑦) ∈𝜕𝐵𝑅 ∩ (𝑃 × 𝑃), 𝜆 ≥ 0 with (𝑥, 𝑦) = 𝐴(𝑥, 𝑦) + 𝜆(𝜙, 𝜙), then𝑥(𝑡) ≥ 𝐴1(𝑥, 𝑦)(𝑡), 𝑦(𝑡) ≥ 𝐴2(𝑥, 𝑦)(𝑡) for 𝑡 ∈ [0, 1]. From (i),
(ii) of (H2) we have

𝑥 (𝑡) ≥ ∫1
0
𝐺1 (𝑡, 𝑠) 𝐹1 (𝑠, ∫1

0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 ≥ ∫1

0
𝐺1 (𝑡, 𝑠)

⋅ [𝑑1ℎ(∫1
0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)] [𝑦 (𝜏) − 𝑤 (𝜏)] 𝑑𝜏)

− 𝑐1] 𝑑𝑠 ≥ 𝑑1 ∫1
0
𝐺1 (𝑡, 𝑠)

⋅ ℎ (∫1
0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) 𝑦 (𝜏) 𝑑𝜏) 𝑑𝑠
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− 𝑑1 ∫1
0
𝐺1 (𝑡, 𝑠)

⋅ ℎ (∫1
0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) 𝑤 (𝜏) 𝑑𝜏) 𝑑𝑠

− 𝑐1 ∫1
0
𝐺1 (𝑡, 𝑠) 𝑑𝑠 ≥ 𝑑1 ∫1

0
𝐺1 (𝑡, 𝑠)

⋅ ℎ (∫1
0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)] 𝑦 (𝜏) 𝑑𝜏) 𝑑𝑠 − 𝑐2

= 𝑑1 ∫1
0
𝐺1 (𝑡, 𝑠)

⋅ ℎ (∫1
0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 𝐾𝑦 (𝜏) 𝑑𝜏) 𝑑𝑠 − 𝑐2
≥ 𝑑1 ∫1

0
𝐺1 (𝑡, 𝑠)

⋅ ∫1
0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 ℎ (𝐾𝑦 (𝜏)) 𝑑𝜏 𝑑𝑠 − 𝑐2.
(29)

From (ii) of (H2) we have

𝐾𝑦 (𝑡) ≥ 𝐾∫1
0
𝐺1 (𝑡, 𝑠) 𝐹2 (𝑠, ∫1

0
𝐺1 (𝑠, 𝜏)

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺2 (𝑠, 𝜏)

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺1 (𝑠, 𝜏)

× (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺2 (𝑠, 𝜏)

⋅ (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 ≥ 𝐾∫1
0
𝐺1 (𝑡, 𝑠)

⋅ 𝑔 (∫1
0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)]

⋅ [𝑥 (𝜏) − 𝑤 (𝜏)] 𝑑𝜏) 𝑑𝑠 − 𝐾𝑐1 ∫1
0
𝐺1 (𝑡,

𝑠) 𝑑𝑠 = 𝐾∫1
0
𝐺1 (𝑡, 𝑠)

⋅ 𝑔 (∫1
0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)]

⋅ [𝑥 (𝜏) − 𝑤 (𝜏)] 𝑑𝜏) 𝑑𝑠 − 𝑐3.
(30)

From (30) and (i) of (H2) we obtain

ℎ (𝐾𝑦 (𝑡) + 𝑐3) ≥ ℎ (𝐾∫1
0
𝐺1 (𝑡, 𝑠)

⋅ 𝑔 (∫1
0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)] [𝑥 (𝜏) − 𝑤 (𝜏)] 𝑑𝜏) 𝑑𝑠) .

(31)

This together with (iii) of (H2) yields

ℎ (𝐾𝑦 (𝑡)) ≥ ℎ (𝐾𝑦 (𝑡) + 𝑐3) − ℎ (𝑐3) ≥ ℎ(𝐾∫1
0
𝐺1 (𝑡, 𝑠) 𝑔 (∫1

0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)] [𝑥 (𝜏) − 𝑤 (𝜏)] 𝑑𝜏) 𝑑𝑠) − ℎ (𝑐3)

≥ ∫1
0
ℎ(𝐺1 (𝑡, 𝑠)𝐾 𝐾2𝑔(∫1

0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)] [𝑥 (𝜏) − 𝑤 (𝜏)] 𝑑𝜏))𝑑𝑠 − ℎ (𝑐3)

≥ ∫1
0

𝐺1 (𝑡, 𝑠)𝐾 ℎ(𝐾2𝑔(∫1
0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)] [𝑥 (𝜏) − 𝑤 (𝜏)] 𝑑𝜏))𝑑𝑠 − ℎ (𝑐3)

≥ ∫1
0
𝐾𝐺1 (𝑡, 𝑠) ∫1

0
[𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)] [𝑥 (𝜏) − 𝑤 (𝜏)] 𝑑𝜏 𝑑𝑠 − 𝑐4.

(32)

Then (32) is substituted into (29) and we obtain

𝑥 (𝑡) ≥ 𝑑1 ∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 [∫1
0
𝐾𝐺1 (𝜏, 𝑟) ∫1

0
(𝐺1 (𝑟, 𝑙) + 𝐺2 (𝑟, 𝑙)) × (𝑥 (𝑙) − 𝑤 (𝑙)) 𝑑𝑙 𝑑𝑟 − 𝑐4] 𝑑𝜏 𝑑𝑠

− 𝑐2 ≥ 𝑑1 ∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) ∫1

0
𝐺1 (𝜏, 𝑟) ∫1

0
(𝐺1 (𝑟, 𝑙) + 𝐺2 (𝑟, 𝑙)) × (𝑥 (𝑙) − 𝑤 (𝑙)) 𝑑𝑙 𝑑𝑟 𝑑𝜏 𝑑𝑠 − 𝑐5

≥ 𝑑1 ∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) ∫1

0
𝐺1 (𝜏, 𝑟) ∫1

0
(𝐺1 (𝑟, 𝑙) + 𝐺2 (𝑟, 𝑙)) × 𝑥 (𝑙) 𝑑𝑙 𝑑𝑟 𝑑𝜏 𝑑𝑠 − 𝑐6.

(33)



Journal of Function Spaces 7

Multiplying by 𝜑(𝑡) for (33) and integrating over [0, 1], we
have

∫1
0
𝜑 (𝑡) 𝑥 (𝑡) 𝑑𝑡 ≥ 𝑑1𝑘21 (𝑘1 + 𝑘3)2 ∫1

0
𝜑 (𝑡) 𝑥 (𝑡) 𝑑𝑡

− 𝑐6𝑘2Γ (𝛼) ,
(34)

using the fact that

𝑘1𝜑 (𝑠) ≤ ∫1
0
𝐺1 (𝑡, 𝑠) 𝜑 (𝑡) 𝑑𝑡 ≤ 𝑘2𝜑 (𝑠) ,

(𝑘1 + 𝑘3) 𝜑 (𝑠) ≤ ∫1
0
(𝐺1 (𝑡, 𝑠) + 𝐺2 (𝑡, 𝑠)) 𝜑 (𝑡) 𝑑𝑡

≤ (𝑘2 + 𝑘4) 𝜑 (𝑠) ,
(35)

which can be derived from (12) in Lemma 4. From (34) we
obtain

∫1
0
𝜑 (𝑡) 𝑥 (𝑡) 𝑑𝑡 ≤ 𝑐6𝑘2Γ (𝛼)𝑑1𝑘21 (𝑘1 + 𝑘3)2 − 1 . (36)

Note that 𝑥 ∈ 𝑃0 (note that 𝑥 = 𝐴1(𝑥, 𝑦) + 𝜆𝜙 and 𝐴1(𝑥, 𝑦) ∈𝑃0 from Lemma 6 and 𝜙 ∈ 𝑃0) and we have

∫1
0
𝜑 (𝑡) 𝑡𝛼−1 ‖𝑥‖ 𝑑𝑡 ≤ ∫1

0
𝜑 (𝑡) 𝑥 (𝑡) 𝑑𝑡

≤ 𝑐6𝑘2Γ (𝛼)𝑑1𝑘21 (𝑘1 + 𝑘3)2 − 1 ,

‖𝑥‖ ≤ 𝑐6𝑘2𝑑1𝑘31 (𝑘1 + 𝑘3)2 − 𝑘1 .
(37)

From (29) we have

𝑑1 ∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 ℎ (𝐾𝑦 (𝜏)) 𝑑𝜏 𝑑𝑠
≤ 𝑥 (𝑡) + 𝑐2 ≤ ‖𝑥 (𝑡)‖ + 𝑐2
≤ 𝑐6𝑘2𝑑1𝑘31 (𝑘1 + 𝑘3)2 − 𝑘1 + 𝑐2.

(38)

Multiplying by 𝜑(𝑡) and integrating over [0, 1] we obtain
∫1
0
(𝑥 (𝑡) + 𝑐2) 𝜑 (𝑡) 𝑑𝑡

≥ ∫1
0
𝜑 (𝑡) 𝑑1 ∫1

0
𝐺1 (𝑡, 𝑠) ∫ 𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 ℎ (𝐾𝑦 (𝜏)) 𝑑𝜏 𝑑𝑠 𝑑𝑡

≥ 𝑑1 ∫1
0
𝑘1𝜑 (𝑠) ∫1

0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 ℎ (𝐾𝑦 (𝜏)) 𝑑𝑠 𝑑𝑡
≥ 𝑑1𝑘1 (𝑘1 + 𝑘3)𝐾 ∫1

0
𝜑 (𝑡) ℎ (𝐾𝑦 (𝑡)) 𝑑𝑡.

(39)

Consequently, we have

∫1
0
𝜑 (𝑡) ℎ (𝐾𝑦 (𝑡)) 𝑑𝑡 ≤ 𝐾𝑑1𝑘1 (𝑘1 + 𝑘3)
⋅ ∫1
0
( 𝑐6𝑘2𝑑1𝑘31 (𝑘1 + 𝑘3)2 − 𝑘1 + 𝑐2)𝜑 (𝑡) 𝑑𝑡

= 𝐾Γ (𝛼) 𝑘2𝑑1𝑘1 (𝑘1 + 𝑘3) (
𝑐6𝑘2𝑑1𝑘31 (𝑘1 + 𝑘3)2 − 𝑘1 + 𝑐2)

fl 𝑁1.

(40)

Note thatwemay assume𝑦(𝑡) ̸≡ 0 for 𝑡 ∈ [0, 1].Then ‖𝑦‖ > 0
and ℎ(𝐾‖𝑦‖) > 0. For 𝑦 ∈ 𝑃0, we have
𝑘1Γ (𝛼)𝐾 𝑦 ≤ ∫1

0
𝐾𝜑 (𝑡) 𝑦 (𝑡) 𝑑𝑡

= 𝐾 𝑦ℎ (𝐾 𝑦) ∫
1

0
𝜑 (𝑡) 𝐾𝑦 (𝑡)𝐾 𝑦 ℎ (𝐾

𝑦) 𝑑𝑡
≤ 𝐾 𝑦ℎ (𝐾 𝑦) ∫

1

0
𝜑 (𝑡) ℎ (𝐾𝑦 (𝑡)) 𝑑𝑡 ≤ 𝐾 𝑦ℎ (𝐾 𝑦)𝑁1.

(41)

Hence, ℎ(𝐾‖𝑦‖) ≤ 𝑁1/𝑘1Γ(𝛼). Note lim𝑧→+∞ℎ(𝑧) = +∞, and
thus there exists 𝑁2 ≥ 0 such that ‖𝐾𝑦‖ ≤ 𝑁2. Therefore if(𝑥, 𝑦) ∈ 𝜕𝐵𝑅 ∩ (𝑃 × 𝑃), 𝜆 ≥ 0 with (𝑥, 𝑦) = 𝐴(𝑥, 𝑦) + 𝜆(𝜙, 𝜙)
then ‖𝑥‖ ≤ 𝑐6𝑘2/(𝑑1𝑘31(𝑘1 + 𝑘3)2 − 𝑘1) and ‖𝑦‖ ≤ 𝑁2/𝐾. Thus
if we take 𝑅 > max{𝑘5, 𝑐6𝑘2/(𝑑1𝑘31(𝑘1 +𝑘3)2 −𝑘1),𝑁2/𝐾} then
(28) is true. Lemma 7 implies

𝑖 (𝐴, 𝐵𝑅 ∩ (𝑃 × 𝑃) , 𝑃 × 𝑃) = 0. (42)

Let 𝑥, 𝑦 ∈ 𝜕𝐵𝑘
5

∩ 𝑃. From (H3) we have

𝐴1 (𝑥, 𝑦) (𝑡) = ∫1
0
𝐺1 (𝑡, 𝑠) 𝐹1 (𝑠,

∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) × (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 ≤ ∫1

0
𝐺1 (𝑡,

𝑠)𝑀1𝑑𝑠 ≤ ∫1
0

𝑠 (1 − 𝑠)𝛼−2Γ (𝛼) 𝑀1𝑑𝑠 < 𝑀(𝛼 − 1) Γ (𝛼)
= 𝑘5 = ‖𝑥‖ ,

(43)

so ‖𝐴1(𝑥, 𝑦)‖ < ‖𝑥‖. Similarly ‖𝐴2(𝑥, 𝑦)‖ < ‖𝑦‖. Hence‖𝐴(𝑥, 𝑦)‖ < ‖(𝑥, 𝑦)‖ for 𝑥, 𝑦 ∈ 𝜕𝐵𝑘
5

∩ 𝑃.Thus
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(𝑥, 𝑦) ̸= 𝜆𝐴 (𝑥, 𝑦) ,
∀ (𝑥, 𝑦) ∈ 𝜕𝐵𝑘

5

∩ (𝑃 × 𝑃) , 𝜆 ∈ [0, 1] . (44)

It follows from Lemma 8 that

𝑖 (𝐴, 𝐵𝑘
5

∩ (𝑃 × 𝑃) , 𝑃 × 𝑃) = 1. (45)

From (42) and (45) we have

𝑖 (𝐴, (𝐵𝑅 \ 𝐵𝑘
5

) ∩ (𝑃 × 𝑃) , (𝑃 × 𝑃)) = 0 − 1 = −1. (46)

Therefore the operator 𝐴 has at least one fixed point in (𝐵𝑅 \𝐵𝑘
5

) ∩ (𝑃 × 𝑃) and so (1) has at least a positive solution. This
completes the proof.

Theorem 10. Suppose that (H1), (H4), and (H5) hold.Then (1)
has at least one positive solution.

Proof. We first show that there exists 𝑅 > 𝑘5 such that

(𝑥, 𝑦) ̸= 𝜆𝐴 (𝑥, 𝑦) ,
∀ (𝑥, 𝑦) ∈ 𝜕𝐵𝑅 ∩ (𝑃 × 𝑃) , 𝜆 ∈ [0, 1] . (47)

Suppose there exist (𝑥, 𝑦) ∈ 𝜕𝐵𝑅 ∩ (𝑃 × 𝑃), 𝜆 ∈ [0, 1] with(𝑥, 𝑦) = 𝜆𝐴(𝑥, 𝑦), then 𝑥(𝑡) ≤ 𝐴1(𝑥, 𝑦)(𝑡), 𝑦(𝑡) ≤ 𝐴2(𝑥, 𝑦)(𝑡)
for 𝑡 ∈ [0, 1]. From (i), (ii) of (H4), we have

𝑥 (𝑡) ≤ ∫1
0
𝐺1 (𝑡, 𝑠) 𝐹1 (𝑠, ∫1

0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺1 (𝑠, 𝜏) × (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 ≤ ∫1

0
𝐺1 (𝑡, 𝑠)

⋅ 𝛽 (∫1
0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠

= ∫1
0
𝐺1 (𝑡, 𝑠)

⋅ 𝛽 (∫1
0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 𝐾 (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠
≤ ∫1
0
𝐺1 (𝑡, 𝑠)

⋅ ∫1
0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 𝛽 (𝐾𝑦 (𝜏)) 𝑑𝜏 𝑑𝑠.
(48)

From (ii) of (H4), we get

𝐾𝑦 (𝑡) ≤ 𝐾∫1
0
𝐺1 (𝑡, 𝑠) 𝐹2 (𝑠, ∫1

0
𝐺1 (𝑠, 𝜏)

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺2 (𝑠, 𝜏)

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺1 (𝑠, 𝜏)

× (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺2 (𝑠, 𝜏)

⋅ (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 ≤ 𝐾∫1
0
𝐺1 (𝑡, 𝑠)

⋅ 𝛾 (∫1
0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏))

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠.

(49)

From (49) and (i), (iii) of (H4) we have

𝛽 (𝐾𝑦 (𝑡)) ≤ 𝛽(𝐾∫1
0
𝐺1 (𝑡, 𝑠) 𝛾 (∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠)

≤ ∫1
0
𝛽(𝐺1 (𝑡, 𝑠)𝐾 𝐾2𝛾(∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏))𝑑𝑠

≤ ∫1
0

𝐺1 (𝑡, 𝑠)𝐾 𝛽(𝐾2𝛾(∫1
0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏))𝑑𝑠

≤ 𝐾∫1
0
𝐺1 (𝑡, 𝑠) (∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏 + 𝑑2)𝑑𝑠

≤ 𝐾∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏 𝑑𝑠 + 𝑑3.

(50)
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Then substitute (50) into (48) and we obtain

𝑥 (𝑡) ≤ ∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 𝛽 (𝐾𝑦 (𝜏)) 𝑑𝜏 𝑑𝑠
≤ ∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0

𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)𝐾 (𝐾∫1
0
𝐺1 (𝜏, 𝑟) ∫1

0
(𝐺1 (𝑟, 𝑙) + 𝐺2 (𝑟, 𝑙)) × (𝑥 (𝑙) − 𝑤 (𝑙)) 𝑑𝑙 𝑑𝑟 + 𝑑3)𝑑𝜏 𝑑𝑠

≤ ∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) ∫1

0
𝐺1 (𝜏, 𝑟) ∫1

0
(𝐺1 (𝑟, 𝑙) + 𝐺2 (𝑟, 𝑙)) × (𝑥 (𝑙) − 𝑤 (𝑙)) 𝑑𝑙 𝑑𝑟 𝑑𝜏 𝑑𝑠 + 𝑑4.

(51)

Multiplying by 𝜑(𝑡) for (51) and integrating over [0, 1], from
(35), we obtain

∫1
0
𝜑 (𝑡) 𝑥 (𝑡) 𝑑𝑡 ≤ 𝑘22 (𝑘2 + 𝑘4)2 ∫1

0
𝜑 (𝑡) 𝑥 (𝑡) 𝑑𝑡

+ Γ (𝛼) 𝑘2𝑑4.
(52)

Consequently, we have

∫1
0
𝜑 (𝑡) 𝑥 (𝑡) 𝑑𝑡 ≤ Γ (𝛼) 𝑘2𝑑41 − 𝑘22 (𝑘2 + 𝑘4)2 . (53)

Note that 𝑥 ∈ 𝑃0 (note 𝑥 = 𝜆𝐴1(𝑥, 𝑦) and 𝐴1(𝑥, 𝑦) ∈ 𝑃0) and
we have

∫1
0
𝜑 (𝑡) 𝑡𝛼−1 ‖𝑥 (𝑡)‖ 𝑑𝑡 ≤ ∫1

0
𝜑 (𝑡) 𝑥 (𝑡) 𝑑𝑡

≤ Γ (𝛼) 𝑘2𝑑41 − 𝑘22 (𝑘2 + 𝑘4)2 ,

‖𝑥‖ ≤ 𝑘2𝑑4𝑘1 − 𝑘1𝑘22 (𝑘2 + 𝑘4)2 .
(54)

From (50) and Lemma 3 we have

𝛽 (𝐾𝑦 (𝑡)) ≤ 𝐾∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏))

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏 𝑑𝑠 + 𝑑3 ≤ 𝐾 ‖𝑥‖
⋅ ∫1
0
𝐺1 (𝑡, 𝑠) ∫1

0
(𝐺1 (𝑠, 𝜏) + 𝐺2 (𝑠, 𝜏)) 𝑑𝜏 𝑑𝑠 + 𝑑3

≤ 𝐾 ‖𝑥‖∫1
0
𝑠 (1 − 𝑠)𝛼−2 ∫1

0

1Γ (𝛼) (𝜏 (1 − 𝜏)𝛼−2
+ (𝛼 − 1) 𝑠𝛼−3𝜏 (1 − 𝜏)𝛼−2) 𝑑𝜏 𝑑𝑠 + 𝑑3
≤ 𝐾 ‖𝑥‖
𝛼2 (𝛼 − 1)2 Γ (𝛼)2

+ √𝜋23−2𝛼Γ (𝛼 − 1)𝐾 ‖𝑥‖
(𝛼 − 1) Γ (𝛼 − 1/2) 𝛼2Γ (𝛼)2 + 𝑑3,

(55)

so 𝛽(𝐾𝑦(𝑡)) is bounded. Note lim𝑧→+∞𝛽(𝑧) = +∞, and thus
there exists𝑁3 ≥ 0 such that ‖𝐾𝑦‖ ≤ 𝑁3.Therefore if (𝑥, 𝑦) ∈

𝜕𝐵𝑅 ∩ (𝑃 × 𝑃), 𝜆 ∈ [0, 1] with (𝑥, 𝑦) = 𝜆𝐴(𝑥, 𝑦) then ‖𝑥‖ ≤𝑘2𝑑4/(𝑘1 − 𝑘1𝑘22(𝑘2 + 𝑘4)2) and ‖𝑦‖ ≤ 𝑁3/𝐾. Thus if we take𝑅 > max{𝑘5, 𝑘2𝑑4/(𝑘1 − 𝑘1𝑘22(𝑘2 + 𝑘4)2),𝑁3/𝐾} then (47) is
true. Lemma 8 implies

𝑖 (𝐴, 𝐵𝑅 ∩ (𝑃 × 𝑃) , 𝑃 × 𝑃) = 1. (56)

Let 𝐵𝑘
5

fl {𝑥 ∈ 𝑃 : ‖𝑥‖ < 𝑘5} and consider 𝑥 ∈ 𝜕𝐵𝑘
5

∩ 𝑃. It
follows from (H5) that

𝐴1 (𝑥, 𝑦) (𝑡0) = ∫1
0
𝐺1 (𝑡0, 𝑠) 𝐹1 (𝑠, ∫1

0
𝐺1 (𝑠, 𝜏)

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺2 (𝑠, 𝜏)

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺1 (𝑠, 𝜏)

⋅ (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺2 (𝑠, 𝜏)

⋅ (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 ≥ ∫1
𝜃
𝐺1 (𝑡0, 𝑠)

⋅ 𝐹1 (𝑠, ∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1

0
𝐺2 (𝑠, 𝜏)

⋅ (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺1 (𝑠, 𝜏)

⋅ (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏, ∫1
0
𝐺2 (𝑠, 𝜏)

⋅ (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) 𝑑𝑠 = ∫1
𝜃
𝐺1 (𝑡0, 𝑠)

⋅ [𝑓1 (𝑠, ∫1
0
𝐺1 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑥 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,
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∫1
0
𝐺1 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏,

∫1
0
𝐺2 (𝑠, 𝜏) (𝑦 (𝜏) − 𝑤 (𝜏)) 𝑑𝜏) +𝑀]𝑑𝑠

≥ ∫1
𝜃
𝐺1 (𝑡0, 𝑠) 𝑄 (𝑠) 𝑑𝑠 > 𝑀(𝛼 − 1) Γ (𝛼) ,

(57)

and, hence, ‖𝐴1(𝑥, 𝑦)‖ ≥ 𝐴1(𝑥, 𝑦)(𝑡0) > ‖𝑥‖. Similarly‖𝐴2(𝑥, 𝑦)‖ ≥ 𝐴2(𝑥, 𝑦)(𝑡0) > ‖𝑦‖ for 𝑦 ∈ 𝜕𝐵𝑘
5

∩ 𝑃. Therefore‖𝐴(𝑥, 𝑦)‖ > ‖(𝑥, 𝑦)‖ for all 𝑥, 𝑦 ∈ 𝜕𝐵𝑘
5

∩ (𝑃 × 𝑃).Thus

(𝑥, 𝑦) ̸= 𝐴 (𝑥, 𝑦) + 𝜆 (𝜙, 𝜙) ,
∀ (𝑥, 𝑦) ∈ 𝜕𝐵𝑘

5

∩ (𝑃 × 𝑃) , 𝜙 ∈ 𝑃, 𝜆 ∈ [0, 1] . (58)

It follows from Lemma 7 that

𝑖 (𝐴, 𝐵𝑘
5

∩ (𝑃 × 𝑃) , 𝑃 × 𝑃) = 0. (59)

From (56) and (59), we have

𝑖 (𝐴, (𝐵𝑅 \ 𝐵𝑘
5

) ∩ (𝑃 × 𝑃) , (𝑃 × 𝑃)) = 1 − 0 = 1. (60)

Therefore the operator 𝐴 has at least one fixed point on(𝐵𝑅 \𝐵𝑘
5

)∩(𝑃×𝑃) and so (1) has at least one positive solution,
which completes the proof.
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