Hindawi

Journal of Function Spaces

Volume 2019, Article ID 1526920, 14 pages
https://doi.org/10.1155/2019/1526920

Research Article

Hindawi

A study over the Formulation of the Parameters 5 or Less
Independent Variables of Multiple Linear Regression

Mehmet Korkmaz

Department of Mathematics, Ordu University, Ordu 52200, Turkey

Correspondence should be addressed to Mehmet Korkmaz; mkorkmaz52@yahoo.com

Received 11 January 2019; Accepted 15 February 2019; Published 5 March 2019

Academic Editor: Maria Alessandra Ragusa

Copyright © 2019 Mehmet Korkmaz. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

As is known, finding the parameters of multiple linear regression is an important case. Of course, these parameters can be easily
found with the help of the computer. In this study, in addition to the formula of the parameters of linear regression, the general
formulas of the parameters of 5 and less independent variables of multiple linear regression are given with a certain order. The
derivations of the formulas presented are given step by step. In addition to classical matrix form, these new formulas for estimation
of the parameters of multiple linear regression could be proposed especially to the researchers not using computer program for
calculating the complex operations. By using these formulas, the researcher can estimate easily the parameters of multiple linear
regression without using a computer and so the researcher can compose easily the table of variance analysis to interpret the
regression made. Since for 6 and more independent variables, the tables of the parameters of multiple linear regression are too
long and they take up too much space, the general formulas of the parameters of 6 and more independent variables of multiple

linear regression could not be given in this study.

1. Introduction

The process of determining the relationship between one
dependent variable and one or more independent variable(s)
is called regression. In mathematics, statistics, and many
sciences, regression is one of the important topics. Regression
is a means of predicting a dependent variable based on one or
more independent variables. This is done by fitting a line or
surface to the data points that minimizes the total error. The
line or surface is called the regression model or equation. In
this study firstly we will work with simple linear regression.
After that we will work with multiple linear regression.

Regression analysis is an important statistical tool for
analyzing the relationships between dependent and inde-
pendent variables. The main goal of regression analysis is
to determine and estimate parameters of a function that
describe the best fit for a given data sets. There are many
linear types of regression analysis models such as simple and
multiple regression models. Regression analysis is the widely
used statistical tool for understanding relationships among
variables. It is used when there is a continuous dependent
variable which could predict by independent variables [1].

Seber defined linear regression analysis, LRA, as a com-
mon technique of estimating the relationship between any
two random variables, the explanatory variable X, and the
dependent variable Y such as height and weight, income and
intelligence quotient, and ages of husband and wife [2]. Bates
and Watts mentioned LRA as a powerful methodology for
analyzing data and used it for describing the relation between
the predictor variables [3]. Chatterjee and Hadi defined
regression analysis, RA, as a conceptually simple method
for investigating functional relationship among variables [4].
The simple relationship among dependent and explanatory
variables can be defined as follows:

Y=f(X,X,....Xy) € (1)

where a random error representing the discrepancy in the
approximation is assumed to be . It accounts for the failure of
the model to fit the data exactly. The function f (X, X, ... Xy)
describes the relationship between the dependent variable Y
and the explanatory variables X,, X, ... Xy.

Hutcheson and Moutinho defined simple linear regres-
sion, SLR model, as a relationship between a continuous
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TasLE 1: 3, for 2 independent variables.
B, for 2 independent variables
Denominator of 3, Numerator of f3,
11 Sxaxz Y1 Sxoxa
1.2 Sxixs Y2 Sxixs
Denominator of By == (Sxax2)Sx1x1+(-Sx1x2)Sx1x2 and Numerator of B; := (Sxax2)Syx1 +(-Sx1x2)Syxz-
TABLE 2: BZ for 2 independent variables.
B, for 2 independent variables
Denominator of 3, Numerator of f,
21 Syoxt Y1 Soxs
2.2 Sxixi Y2 Sxixi

Denominator of B, = (- Sxax1)Sxax1 +( Sxix1)Sxaxzand Numerator of B, = (- Sxox1)Syx1+( Sxixi)Syxa-

TaBLE 3: 3, for 3 independent variables.

B, for 3 independent variables

Denominator of 3,

Numerator of j3,

L1 SX2X2 SX3X3'(SX2X3)2 Y1 SX2X2 SX3X3'(SX2X3)2
1.2 SXIXS SX2X3_SX1X2 SX3X3 Y2 SXIXS SX2X3 _SX1X2 SX3X3
L3 SXIXZ SX3X2 'SX1X3 SXZXZ Y3 SXIXZ SX3X2 'SX1X3 SXZXZ

) 7 2
Denominator of By = (szxzsxzxz'(sxzxza) Jsxix1+(Sx1x3 Sxaxa-Sxix2 Sxaxa)Sxixz +(Sx1x2Sxax2-Sx1x3Sx2x2)Sx1x3
Numerator of By = (SxaxaSxaxa~(Sxax3))syx1 +(SxixaSxaxs-Sxix2 Sxax3)Syxa +(Sxixa Sxaxa-Sxixs Sxaxa)Syxs-

TABLE 4: ﬁz for 3 independent variables.

ﬁz for 3 independent variables

Denominator of 3,

Numerator of 3,

21 SX2X3 SXIXS - SX2Xl SX3X3 Y1 SX2X3 SXIXS - SX2Xl SX3X3
22 SXle SX3X3 '(SX1X3)2 Y2 SXle SX3X3 '(SX1X3)2
23 SX2Xl SX3X1 _SX2X3 SXle Y3 SX2Xl SX3X1 _SX2X3 SXle

Denominator of 3, = (Sxx3Sx1x3- Sxax1Sx3x3)Sxax1 +(Sx1x1Sx3%3 - (Sx1%3 )2 )Sxax2+(Sxax1 Sx3x1 ~Sxax3 Sx1x1)Sx2x3-

Numerator of B, := (Sxax3Sx1x3~ Sx2x1Sx3x3)Svx1 +(Sx1x1 Sx3x3-(Sx1x3 )? )Syxa+(Sxax1 Sx3x1 ~Sxax3 Sxix1)Syxs-

TaBLE 5: 3, for 3 independent variables.

B, for 3 independent variables

Denominator of 3, Numerator of /3,
31 SxaxaSxixa - SxaxiSxaxa Y1 SxaxaSxixa - Sxaxi Sxaxe
3.2 SxaxiSxax1 ~SxaxaSxixi Y2 SxaxiSxaxi ~SxaxaSxixi
3.3 Sxixi S -(Si)” Y3 Sxixi Sxoxo (S’

) = 2
Denominator of Bs = (Sxxa2Sxix2 - Sxax1 Sxax2)Sxax1 +(Sxax1Sxax1 'SX3X2SX1X1)SX3X2+(SX1X1SX2X2'(SX%X2) )Sx3x3-
Numerator of B3 = (SxsxaSx1x2 - Sxax1Sxax2)Syx1+(Sx3x1 Sxax1 -SxaxaSxix1)Syxa+(Sxix1 Sxaxz-(Sxix2))Syxs-

response variable Y and a continuous explanatory variable
X may be represented by using a line of best fit where Y is
predicted at least to some extent by X. When the relationship
is linear, it may be represented mathematically using a
straight line equation. The regression coeflicient describes the
changein Y that is associated with a unit change in X. Thisline
is frequently computed using the least square procedure [5].

Linear regression is one of the fundamental techniques

in the statistical analysis of data. We assume a straight-line
model for a response variable Y as a function of one or more

predictor (or explanatory) variables X [6]. In this study, firstly,
we look at exactly one predictor variable and then we will look
at two or more predictor variables.

Multiple linear regression is as follows when the error is
omitted:

Y= B+ BiXy + BrXo + B3 Xs+ o+ P Xy @)
where Y is the equation of the regression, f; (i = 0,1,2,....,N)

are unknown parameters of the regression, and X; (i =
1,2, ..., N) are the independent variables of the regression.
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TABLE 6: Bl for 4 independent variables.

B, for 4 independent variables

Denominator of 3,

Numerator of 3,

22 SX3X3 SX4X4_(SX3X4)2 22 SX3X3 SX4X4_(SX3X4)2
L1 23 S)(2X4 SX3X4_SX2X3 SX4X4 Yl 23 S)(2X4 SX3X4 _SX2X3 SX4X4
2.4 SX2X3 SX4X3 _SX2X4 SX3X3 24 SX2X3 SX4X3 _SX2X4 SX3X3
1.2 SX3X4 SX3X4 - SX3X3 SX4X4 1.2 SX3X4 SX3X4 - SX3X3 SX4X4
1.2 L3 SX2X3 SX4X4 - SX2X4 SX3X4 Y2 L3 SX2X3 SX4X4 - SX2X4 SX3X4
1.4 SX2X4 SX3X3 - SX2X3 SX4X3 1.4 SX2X4 SX3X3 - SX2X3 SX4X3
1.2 SX3X2 SX4X4 - SX3X4 SX2X4 1.2 SX3X2 SX4X4 - SX3X4 SX2X4
1.3 L3 SX2X4 SX2X4 'SXZXZ SX4X4 Y3 L3 SX2X4 SX2X4 'SXZXZ SX4X4
L4 SX3X4 SXZXZ 'SX3X2 SX4X2 1.4 SX3X4 SXZXZ 'SX3X2 SX4X2
1.2 SX4X2 SX3X3 'SX4X3 SX2X3 1.2 SX4X2 SX3X3 'SX4X3 SX2X3
L4 L3 SX4X3 SXZXZ 'SX4X2 SX3X2 Y4 L3 SX4X3 SXZXZ 'SX4X2 SX3X2

L4 SX2X3 SX2X3 -SXZXZ SX3X3

1.4 SX2X3 SX2X3 -SXZXZ SX3X3

Denominator of By = [(Sx3x3Sxaxa-(Sx3xa )2 )sxax2 H(SxaxaSx3xa-Sxax3 Sxaxa) Sxaxs +(Sxax3 Sxax3-Sxaxas Sxax3)Sxaxa | Sxix1 +(SxaxaSxaxa-Sx3x3 Sxaxa) Sxixa +
(Sx2x3 Sxaxa-SxaxaSxaxa)Sx1x3 +(Sxaxa Sxaxs-Sxax3a Sxaxs ) Sxixal Sxixa + [ (Sxaxa Sxaxa-Sx3xa Sxaxa) Sxixa +(Sxaxa Sxaxa -Sxax2 Sxaxa)Sx1x3 +(Sx3x4Sxax2 -
Sxax2Sxax2)Sx1xalSxixs +[(SxaxaSxaxs -Sxaxs Sxaxs)Sxixa +(SxaxsSxaxa-SxaxaSxsx2)Sxixs +(SxaxaSxaxs -SxaxaSxsxs)Sxix4lSxix4-

Numerator of By = [(SxsxsSxaxa-(Sxaxa)”)sxaxa +(SxaxaSxaxa-Sxaxs Sxaxa)Sxaxs +(Sxaxs Sxaxs -Sxaxas Sxaxs)SxaxalSyxa +[(SxaxaSxaxa-Sxaxs Sxaxa)Sxixa+
(Sx2x3 Sxaxa-SxaxaSxaxa)Sx1x3 +(Sxaxa Sxax3-Sxaxs Sxaxs ) Sx1xaSyxa +[(Sxaxa Sxaxa -Sx3xaSxaxa) Sxixa +(SxaxaSxaxa -Sxax2 Sxaxa)Sx1x3 +(Sx3xaSxax2 -
Sxax2Sxax2)Sx1x41Syx3+{[(Sxaxa Sx3xs -Sxaxs Sxax3)Sxix2 +(Sxaxs Sxax2 ~SxaxaSxaxa2)Sx1xs +(Sxax3 Sxax3 -Sxax2Sx3x3 ) Sx1x4)Syxa-

TABLE 7: Ez for 4 independent variables.

B, for 4 independent variables

Denominator of 3,

Numerator of f3,

21 SX3X4 SX3X4 - SX3X3 SX4X4 21 SX3X4 SX3X4 - SX3X3 SX4X4
21 2.3 SX1X3 SX4X4_SX1X4SX3X4 Yl 23 SX1X3 SX4X4_SX1X4SX3X4
24 SX1X4SX3X3_SX1X3 SX4X3 24 SX1X4 SX3X3_SX1X3 SX4X3
3.1 SX3X4 SX1X4 'SX3X1 SX4X4 3.1 SX3X4 SX1X4 'SX3X1 SX4X4
2.2 3.3 SXle SX4X4_(SX1X4)2 Y2 3.3 SXle SX4X4_(SX1X4)2
3.4 SX3X1 SX4X1 _SX3X4SX1X1 3.4 SX3X1 S)(4X1 _SX3X4SX1X1
21 SX3X1 SX4X4 - SX3X4 SX1X4 21 SX3X1 SX4X4 - SX3X4 SX1X4
2.3 23 SX1X4 SX1X4'SX1X1 SX4X4 Y3 23 SX1X4 SX1X4'SX1X1 SX4X4
24 SX3X4 SXle 'SX3X1 SX4X1 24 SX3X4 SXle 'SX3X1 SX4X1
21 SX4X1 SX3X3 - SX4X3 SX1X3 21 SX4X1 SX3X3 - SX4X3 SX1X3
2.4 23 SX4X3 SXle 'SX4X1 SX3X1 Y4 23 SX4X3 SXle 'SX4X1 SX3X1
24 SX1X3 SX1X3'SX1X1 SX3X3 24 SX1X3 SXIXS'SXIXI SX3X3

Denominator of B, = [(Sx3xa Sxaxa-Sx3x3Sxaxa)Sx2x1+H(Sx1x3Sxaxa-Sx1x4Sx3x4) Sx2x3+(Sx1x4 Sx3%3 -Sx1x3 Sx4%3)Sx2%4 I Sx021 H[(Sx3%4 Sx1%4-Sx03x%1 Sx4%4 ) Sx3x1
+(Sx1x15x4ax4" (SX1X4)2 )Sx3x3+(Sxax1 Sxax1 ~Sx3xaSxix1)Sx3xal Sxaxa + [(Sxax1 Sxaxa-SxaxaSxixa)Sxax1 +(Sx1xaSx1xa-Sx1x1 Sxaxa)Sx2x3+(SxaxaSxix1 -

Sxax1 Sxax1)SxaxalSxaxs +[(Sxax1 Sxaxs -Sxaxs Sx1x3)Sxax1 +(SxaxaSxix1 -Sxax1 Sxsx1)Sxaxs +(Sx1xaSx1xs -Sx1x1Sx3x3)Sxax41Sx2x4-

Numerator of B; = [(Sx3xaSxaxa~ Sx3x3Sxaxa)sxax1 +(Sx1xa Sxaxa-Sx1xaSx3x4)Sxax3+(Sx1xaSx3x3 -Sx1x3Sx4%3)Sx2%4 1S¥x1 +[(Sx3%4 Sx1%4 -Sx3%1 Sx4%4)Sx03%1
+(Sxrx1 Sxaxa-(Sxixa)”) Sxcaxa +(Sxax Sxaxt ~SxaxaSxaxt )Sxaxal Syxa+[(Sxaxt Sxaxa-SxaxaSxixa) Sxaxi +(Sxixa-Sxixa Sxaxa)Sxaxcs +(SxcaxaSxix -

Sxax1 Sxax1)SxaxalSyx3+{(Sxax1 Sx3xs -Sxax3 Sx1x3)Sx2x1 +(Sxaxs Sx1x1 ~Sxax1Sxax1)Sx2x3 +(Sx1x3-Sx1x15x3%3)Sx2%4 I Syxa -

The unknown parameters, 3, are estimated by using the
method of least squares in multiple linear regression. The
estimates of the 3 coefficients are the values that minimize the
sum of squared errors for the sample. The obtained formula
for this is given in this study on matrix notation.

Equations like this can easily be handled by any computer
program that does ordinary multiple regression. But in this
study for getting the parameters of multiple linear regression
without using a computer program, the general formula of
the parameters will be given.

Multiple regression analysis is one of the most widely
used statistical procedures. Its popularity is fostered by its
applicability to varied types of data and problems, ease of
interpretation, robustness to violations of the underlying
assumptions, and widespread availability [7].

Hosmer and Lemeshow mentioned that, in any regression
problem, the key quantity is the mean value of the outcome
variable given by the value of the independent variables. This
quantity is called the conditional mean. It is also known as
conditional expected value, or conditional expectation. It is
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TaBLE 8: B, for 4 independent variables. TaBLE 9: B, for 4 independent variables.
E3 for 4 independent variables E3 for 4 independent variables
Denominator of 33 Numerator of E3 Denominator of B3 Numerator of [%
3.1 SyoxaSxaxa SxaxaSxaxa 3.1 SyoxaSxaxa SxaxsSxaxa 41 Sxox3Sxaxs~ Sxax2Sxaxs 4.1 Sxox3Sxaxa~ Sxaxa Sxaxs
3132 SyixoSxaxa-SxixaSxaxa Y1 3.2 SxixoSxaxa~SxixaSxaxa 41 42 SyioSoxs-SxixsSxaxs Y1 42 SyixaSxaxs-SxixsSxaxs
3.4 SxixaSxaxa~SxixaSxaxa 3.4 SxixaSxaxa-SxixaSxaxz 43 Sxix3Sxaxa-SxixaSxsxa 4.3 SxixsSxaxa-SxixaSxsxz
3.1 Sxox1Sxaxa~SxaxaSxixa 3.1 Sxox1Sxaxa-SxaxaSxixa 41 Sxox1 Sxaxs-SxaxsSxixs 4.1 Sxox1Sxaxa-SxaxsSxixs
32 32 SyixaSxixam SxixiSxaxa Y2 3.2 SxixaSxixa~ Sxixi Sxaxa 42 42 Sxix3Sxis- SxaSxaxs Y2 42 SyixsSxaxs~ Sxaxa Sxax
3.4 SoxaSxaxa-SxaxiSxaxa 3.4 SyoxaSxaxa-SxaxaSxaxt 4.3 SxoxsSxaxa-SxaxaSxaxa 4.3 SxoxsSxixi-SxaxiSxaxa
41 SyuxaSxix2SxaxiSxaxz 41 SyuxaSxix2~SxaxiSxaxz 4.1 Sxaxi Sxaxa-SxsxaSxixz 41 SxaxiSxaxz-SxaxaSxixe
3342 Sy Sxaxi-SxaaSxixi Y3 42 Sxaxi Sxaxi ~SxaxaSxixi 4342 SyioSxxa-SwxiSxaxi 3 42 SxaxoSxixi-Sxaxi Sxaxi
44 Sy Sxox-(Sxixs)’ 44 Sy Sxoxe-(Sxix)’ 43 SxixoSxixe SxixiSxexe 4.3 SxixoSxixe~ SxixiSxaxe
3.1 SyaxiSxaxa-SxaxaSxixe 3.1 SxaxiSxaxe-SxaxeSxixe 3.1 SyaxaSxixe-SxaxiSxaxe 3.1 SxaxaSxixe-SxaxiSxaxe
3432 SypoSxixi-SxaxiSxaxi ¥4 3.2 SxaxaSxixi~Sxaxi Sxaxi 4432 Sy Soxi-SweSxxi ¥4 32 Sxaxi Sxaxi-SxaxeSxixi
3.4 SxixSxixa~SxixiSxaxa 3.4 SxixSxixa-SxixiSxaxz 3.3 SxixiSxaxa-SxixaSxixa 3.3 Sxixi Sxaxe-SxixaSxixe

Denominator of f3 = [(SxaxaSxaxa-Sxax3Sxaxa)sxsxi + (Sxixa2Sxaxa

Sx1xaSxaxa)Sxaxa +(Sx1xaSxax2 ~Sx1x2 Sxaxa)SxaxaSxax1 +[(Sxax1 Sxaxa-
Sxaxa Sx1xa) Sxax1 +(Sx1xaSx1xa-Sx1x1 Sxaxa)Sxaxa +(Sxaxa Sxix1 -

Sxax1 Sxax1)SxsxalSxaxa +[(Sxaxa Sx1x2-Sxax1 Sxax2)Sxax1 +(Sxax1 Sxax1-
Sxax2Sx1x1)Sxaxa +(Sxix1Sx2x2-(Sx1%2)")Sxaxa ISx3x3+ [ (Sxax1 Sxaxa-
Sxax2Sx1x2)Sx3x1+(Sxax2 Sx1x1 -Sxax1 Sxax1)Sxax2 +(Sx1x2 Sx1x2-

Sx1x1 Sxax2)SxaxaSxaxa-

Numerator of B = [(SxaxaSxaxa-SxaxsSxaxa)sxaxi + (SxixaSxaxa-
Sx1x4Sx2x4)Sx3x2+(Sx1%4 Sx2%2 ~Sx1X2 Sx4%2)Sx3%8 | Sy 501 + [ (Sx2x1 Sxaxa -
Sx2xaSx1x4)Sx3x1 +(Sx1x4-Sx1x1 Sxtax4)Sx3%2 + (Sx2x4 Sx1x1 -
Sxax1Sxax1)Sx3xalSyxa+[(SxaxaSxixz - XaX1 Sxax2)Sxax1+(Sxax1 Sxax1 -
Sxax2Sx1x1)Sxaxa2 +(Sxi1x1 Sxax2 - (Sx1x2) ) Sxaxa ISyx3 +[(Sxax1 Sxaxa -
Sxax2 Sx1x2)Sxax1 +(Sxaxa Sxix1 -Sxax1 Sxax1)Sxsx2 +(Sxixz-

Sx1x1 Sx2x2)Sx3x41Syxa-

the expected value of a real random variable with respect to a
conditional probability distribution [8].

If a simple linear regression model with one predictor
variable, X, is started, then add a second predictor variable,
X,, and error sum of squares (SSE) will decrease (or stay the
same) while total sum of squares (SST) remains constant,
and so R-squared (R?) will increase (or stay the same). In
other words, R? always increases (or stays the same) as more
predictors are added to a multiple linear regression model,
even if the predictors added are unrelated to the response
variable. Thus, by itself, R* cannot be used to help us identify
which predictors should be included or excluded in a model.
But an alternative measure, adjusted R?, does not necessarily
increase as more predictors are added and can be used to help
us identify which predictors should be included or excluded
in a model. Due to the malfunctioning of R?, the researchers
preferred to use adjusted R? [9].

In fact, the adjusted R statistic does not change by adding

variables to the model. In addition, R will often decrease
by adding excessive parameters. This is the best way to add
unnecessary variables in the model without changing the R”
significantly [10].

The regression sum of squares always increases, and the
error sum of squares decreases due to adding more variables
to the regression model. Adding an external variable to the
model continues until one decides that the result will feature
good accuracy. Actually, the effectiveness of the model will

Denominator of B4 = [(Sxax3Sxax3-Sxax2Sxsxa)sxaxi + (Sxix2Sxsxs-

Sx1x3Sxax3)Sxaxa +(Sx1x3 Sxax2 ~Sx1x2 Sxax2)Sxaxs | Sxax1 +[(Sxax1 Sxaxs -
Sxax3 Sx1x3) Sxax1 +(Sx1x3Sx1x3 -Sx1x1 Sx3x3) Sxaxa + (Sxax3 Sxaxi -

Sxax1 Sxax1)Sxax3 1Sxaxa +[(Sxax1 Sxaxa-Sxaxa Sxix2)Sxax1 +(SxaxaSxix1-
Sxax1Sxax1)Sxaxa H(SxixaSxixz~  Sxixi Sxax2)Sxaxs1Sxaxs +[(Sxsxa Sxixa-
Sxax1 Sxax2)Sxax1 +(Sxax1 Sxax1 ~Sxaxa Sx1x1)Sxax2 +(Sx1x1 Sxax2-
(Sx1x2)*)Sx3x3 ISxaxa-

Numerator of B, = [(Sxax3Sx2x3-Sxax2Sxsx3)Sxax1 + (SxixaSxaxs-
Sx1x3Sx2x3)Sxax2 +(Sx1x3 Sx2x2 ~Sx1%2 Sx3%2)Sx43 I Sys01 + [ (Sx2x1 Sxaxa -
Sxax3Sx1x3)Sxax1 +(Sx1x3 Sxixs ~Sxix1 Sxax3)Sxaxa +(Sxaxs Sxix1 -
Sxax1Sx3x1)Sxax3 | Syxa +[(Sxax1 Sxaxz ~Sx3ax2 Sxix2)Sxax1 +(Sxsx2 Sxix1 -
Sxax1 Sxax1)Sxaxa +(Sxix2 Sxixz ~Sxix1 Sxax2)Sxax3 [Syxa+[(Sxsx2 Sxixz-
Sxax1 Sxax2) Sxax1 +(Sxax1 Sxax1 -Sx3x2 Sxix1)Sxaxa +(Sxix1 Sxax2 -
(Sx1x2)7)Sx3x3Syxa-

decrease with adding further insignificant variables because
this increases the mean square error [11, 12].

2. Material and Methods

An important objective of regression analysis is to estimate
the unknown parameters in the regression model. This
process is also called fitting the model to the data. There
are several parameter estimation techniques. One of these
techniques is the method of least squares [13].

The most common method to estimate the regression
parameters is the minimization of SSE. Multiple linear regres-
sion is one of the most used methods for many research
fields such as forecasting, biology, medicine, psychology,
economics, and environment [14].

In this study, for linear and multiple linear regression, the
method of least squares is used.

3. Results

3.1. One Independent Variable and One Dependent Variable.
If we use one independent variable and one dependent
variable, then we use the following as linear regression:

Y =B+ B X ©)

To minimize SSE, we use the method of least squares by
means of the derivatives of the parameters.
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TasLE 10: 3, for 5 independent variables.

B, for 5 independent variables

Denominator of Bl Numerator of El

5.3 SxsxaSxaxa SxsxaSxaxa 5.3 SxsxaSxaxa SxsxaSxaxa
22 5.4 SxsxaSxaxs - SxsxaSxaxs 22 5.4 SxsxaSxaxs - SxsxaSxaxs

5.5 Sxx3 Sxaxa-(Sxaxa)’ 5.5 Sxsx3 Sxaxa~(Sxaxa)”
5.2 Sxsx3Sxaxa SxsxaSxsxa 5.2 SxsxaSxaxa SxsxaSxaxa
23 5.4 Sxax3Sxaxs - SxaxaSxaxs 23 5.4 SxaxaSxaxs ™ SxaxaSxaxs
11 5.5 SxaxaSx3xa SxaxsSxaxa Y1 5.5 SxaxaSxaxa~ SxaxsSxaxa
5.2 SxsxaSx3x3~ SxsxsSxaxs 5.2 Sxsx4Sx3x3" Sxsx3Sxax3
24 5.3 SxaxaSxaxs - SxaxaSxaxs 24 5.3 SxaxaSxaxs - Sxaxs Sxaxs
5.5 SxaxaSxaxs - SxaxaSxaxs 5.5 SxaxaSxaxs - SxaxaSxaxs
5.2 SxaxaSxaxa SxaxaSxaxd 5.2 SxaxaSxaxa SxaxaSxaxa
25 5.3 SxaxaSxaxa SxaxaSxaxa 25 5.3 SxaxaSxaxa~ SxaxaSxaxa
5.4 SxaxaSx3x3~ SxaxaSxaxs 5.4 SxaxaSx3xs~ SxaxsSxaxs
5.3 Sxsx3Sxaxa™ SxsxaSxsxa 5.3 Sxsx3Sxaxa SxsxaSxsxa
12 5.4 SxsxaSxaxs - SxsxaSxaxs 12 5.4 SxsxaSxaxs - Sxsx3Sxaxs
5.5 SxaxaSxaxa SxaxaSxaxa 5.5 SxaxaSxaxa~ SxaxaSxaxa
5.2 SxaxaSxsxa SxaxsSxaxd 5.2 SxaxaSxsxa Sxaxs Sxaxa
13 5.4 SxaxaSxaxs - SxaxaSxaxs 13 5.4 SxaxaSxaxs - Sxaxs Sxaxs
12 5.5 SxaxsSxaxa SxaxaSxsxa Y2 5.5 SxaxaSxaxa SxaxaSxaxa
5.2 SxaxaSx3xs - SxaxaSxaxs 5.2 SxaxaSxaxs ™ SxaxsSxaxs
14 5.3 Sxax3Sxaxs - SxaxaSxaxs 14 5.3 SxaxaSxaxs ™ SxaxaSxaxs
5.5 SxaxaSx3xs~ SxaxaSxaxs 5.5 SxaxaSxaxs = SxaxsSxaxs
5.2 SxaxsSxaxa™ SxaxaSxsxa 5.2 Sxax3Sxaxa SxsxaSxsxa
L5 5.3 SxaxaSxaxa SxaxaSxaxd L5 5.3 SxaxaSxaxa~ Sxaxa Sxaxa
5.4 SxaxaSxaxs - SxaxaSxaxs 5.4 SxaxaSxaxs - SxaxaSxaxs
5.3 SxaxaSxsxa Sxaxs Sxaxa 5.3 SxaxaSxsxa SxaxsSxaxa
12 5.4 SxaxaSxaxs - SxaxaSxaxs 12 5.4 SxaxaSxaxs~ Sxaxz Sxaxs
5.5 SxaxaSxaxa SxaxaSxaxa 5.5 SxaxaSxaxa SxaxaSxaxa
5.2 SxsxaSxaxa SxsxaSxaxa 5.2 SxsxaSxaxa SxsxaSxaxa
13 5.4 SxsxaSxaxa~ SxsxaSxaxz 13 5.4 SxsxaSxaxa~ Sxsxz Sxax
13 5.5 SxaxaSxaxa Sxaxa Sxaxa Y3 5.5 SxaxaSxaxa Sxaxa Sxaxa
5.2 SxaxaSxaxs - SxaxaSxaxs 5.2 SxaxzSxaxs - SxaxaSxaxs
14 5.3 SxaxaSxaxs - Sxaxa Sxaxs 14 5.3 SxaxaSxaxs - Sxaxa Sxaxs
5.5 SxaxaSxaxa SxaxaSxaxz 5.5 SxaxaSxax2 SxaxaSxaxz
5.2 SxaxaSxaxa SxaxaSxaxa 5.2 SxaxaSxaxa SxaxaSxaxa
L5 5.3 SxaxaSxaxa SxaxaSxaxa L5 5.3 SxaxaSxaxa SxaxaSxaxa
5.4 SxaxaSxaxa~ SxaxaSxaxz 5.4 SxaxaSxaxa~ SxaxaSxaxa
5.3 SxaxaSxaxs - Sxaxa Sxaxs 5.3 SxaxaSxaxs - Sxaxz Sxaxs
12 5.4 SxaxaSxsxa - SxaxsSxaxs 12 5.4 SxaxaSxsxs - Sxaxs Sxaxs
5.5 Sxax2Sx3x3~ SxaxaSxaxs 5.5 Sxax2Sxaxs = Sxaxs Sxaxs
5.2 Sxax2Sx3xs - SxaxaSxaxs 5.2 Sxax2Sxaxs ™ Sxaxs Sxaxs
13 5.4 SxaxaSxsx2~ SxaxsSxaxz 13 5.4 SxaxaSxsx2~ SxaxsSxaxz
1.4 5.5 SxaxsSxaxa~ SxaxaSxaxz Y4 5.5 SxaxaSxax2~ SxaxzSxaxz
5.2 SxsxaSxaxa - SxsxaSxaxs 5.2 Sxsx2Sxaxs - SxsxsSxaxs
14 5.3 SxsxaSxaxa~ SxsxeSxaxz 14 5.3 SxsxaSxaxa~ Sxsx2Sxax
5.5 SxaxaSxaxs - SxaxaSxaxs 5.5 SxaxaSxaxs - Sxaxz Sxaxs
5.2 SxaxaSxaxs - SxaxaSxaxs 5.2 SxaxaSxaxs - SxaxaSxaxs
L5 5.3 SxaxaSxaxa~ SxaxaSxaxz L5 5.3 SxaxzSxaxa - SxaxaSxaxz
5.4 Sxax2Sx3x3~ SxaxaSxaxs 5.4 Sxax2Sxaxs ™ SxaxsSxaxs
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TaBLE 10: Continued.
ﬁl for 5 independent variables
Denominator of ,gl Numerator of ,gl
5.2 SX3X3 SX4X4 - SX3X4 SX3X4 5.2 SX3X3 SX4X4 - SX3X4 SX3X4
12 5.3 SX2X4 SX3X4 - SX2X3 SX4X4 12 5.3 SX2X4 SX3X4 - SX2X3 SX4X4
5.4 SX2X3 SX4X3 - SX2X4 SX3X3 5.4 SX2X3 SX4X3 - SX2X4 SX3X3
5.2 SX2X4 SX3X4 - SX2X3 SX4X4 5.2 SX2X4 SX3X4 - SX2X3 SX4X4
13 5.3 SXZXZ SX4X4 - SX2X4 SX2X4 13 5.3 SXZXZ SX4X4 - SX2X4 SX2X4
15 5.4 SX3X2 SX4X2 - SX3X4 SX2X2 Y5 5.4 SX3X2 SX4X2 - SX3X4 S)(2X2
5.2 SX4X3 SX2X3 - SX4X2 SX3X3 5.2 SX4X3 SX2X3 - SX4X2 SX3X3
1.4 5.3 S)(4X2 SX3X2 - SX4X3 SX2X2 14 5.3 SX4X2 SX3X2 - SX4X3 S)(2X2
5.4 S)(2X2 SX3X3 - SX2X3 SX2X3 5.4 SX2X2 SX3X3 - SX2X3 SX2X3
22 SX3X4 SX3X4 - SX3X3 SX4X4 22 SX3X4 SX3X4 - SX3X3 SX4X4
L5 23 SX2X3 SX4X4 - SX2X4 SX3X4 L5 23 SX2X3 SX4X4 - SX2X4 SX3X4
2.4 SX2X4 SX3X3 - SX2X3 SX4X3 2.4 SX2X4 SX3X3 - SX2X3 SX4X3
N N
and then we can get
SSE=) (Y =¥) =} (Yi- By - BiX)
i=1 i=1 S
2 XY
3SSE N B = Sex (10)
-5 Z (Yz - /30 /31 ) = (4)

% =1 N N N

5 N W}I:rere ‘ZSXY =N2i:12X Yy = (232 X)Xz Y))/N and Syy =
SSE ~ . A 3 .
=2 (Y, - B - BiX,) i Xi — (T X)°/IN

N
ZYi = BN + lglin (5)
i=1

i=1

1Y X; (6)

HMZ
h)
M=z

N -~
QXY = i,
i=1

i 1

Equations (5) and (6) are called normal equations. Matrix
display of this system with two parameters can be written as
follows:

If the both sides of (5) are divided by N, we get
Eo =Y - E]XI 8)

where X = Y~ X;/NandY = Y, V;/N
If this 30 value in (8) is substituted in the equation (6), we
can get

N N N
DX = (V= BiX) Y X+ B )X
i1 i=1 i=1

)

N N _ /N N
ZXiYi - YZXi = :31 <ZX;2 - XZXi>
i=1 i=1 i=1 i=1

3.2. Two Independent Variables and One Dependent Variable.
If we use two independent variables and one dependent
variable, then we use the following as multiple regression:

Y =By + B X, + B, X, (1

To minimize SSE, we use the method of least squares by
means of the derivatives of the parameters.

sE=Y (-7 =3 (v fu- Aix)

E)SSE ~ -
ZZ (Y ﬁo BiXyi - /32X2i) =
8[30 i=1
35S N R (12)
AE = 22 (Y :80 ﬁlei - ﬁzXzi) X;=0
8[31 i=1
aSS o _ _
AE 22 (Y ﬁo BiXyi - /32X2i) X5 =0
aﬁz i=1
N ~ N N
ZYi = BN + ﬁllei + ﬁzzxzi (13)
i=1 i=1 i=1
N N N N
ZXliYi = OZXU + 1ZXfi * ZZXIIXZI (14)

N N
ZXZi i~ 3 Z 2 T ﬁlZXIIXZI + ﬁZZXZI (15)
i=1 i=1
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TasLE 11: 3, for 5 independent variables.

Denominator of 3,

B, for 5 independent variables

Numerator of 3,

5.3 SX5X3 SX4X4 - SX5X4 SX3X4 5.3 SX5X3 SX4X4 - SX5X4 SX3X4

21 5.4 SX5X4 SX3X3 - SX5X3 SX4X3 21 5.4 SX5X4 SX3X3 - SX5X3 SX4X3

5.5 SX3X4 SX3X4_SX3X3 SX4X4 5.5 SX3X4 SX3X4_SX3X3 SX4X4

5.1 SX3X4 SXSX4 - SX3XS SX4X4 5.1 SX3X4 SXSX4 - SXSXS SX4X4

23 5.4 SX1X4SX3X5_SX1X3 SX4XS 2.3 5.4 SX1X4SX3XS_SX1X3SX4XS

21 5.5 SXlX?a SX4X4_SX1X4 SX3X4 Y1 5.5 SX1X3 SX4X4_SX1X4SX3X4
5.1 SX4X3 SX5X3 _SX4X5 SX3X3 5.1 SX4X3 SX5X3 _SX4X5 SX3X3

24 5.3 SX1X3 SX4X5 'SX1X4 SX3X5 2.4 5.3 SX1X3 SX4X5 'SX1X4 SX3X5

5.5 SX1X4 SX3X3 'SX1X3 SX4X3 5.5 SX1X4 SX3X3 'SX1X3 SX4X3

5.1 SX3X3 SX4X4 - SX3X4 SX3X4 5.1 SX3X3 SX4X4 - SX3X4 SX3X4

2.5 5.3 SX1X4 SX3X4 'SX1X3 SX4X4 2.5 5.3 SX1X4 SX3X4'SX1X3 SX4X4

5.4 SXlX?a SX4X3_SX1X4 SX3X3 5.4 SX1X3 SX4X3_SX1X4SX3X3

5.3 SXSX] SX4X4 - SXSX4 SX1X4 43 SXSXI S)(4)(4 - SX5X4 SX1X4

31 5.4 SX5X4 SX1X3 'SXSXI SX4X3 31 4.4 SX5X4 SX1X3 'SXSXI SX4X3

5.5 SX4X3 SX4X1 - SX4X4 SX3X1 4.5 SX4X3 SX4X1 - SX4X4 SX3X1

5.1 SX5X4 SX4X1 'SXSXI SX4X4 4.1 SX5X4 SX4X1 'SXSXI SX4X4

33 5.4 SXSXl SX4X1 'SX5X4 SXle 33 4.4 SXSXI SX4X1 'SX5X4 SXle

22 5.5 S)(4X48X1X1 _SX4X1 S)(4X1 Y2 45 SX4X4SX1X1 _SX4X1 SX4Xl
. 5.1 SXSXl SX4X3_SX5X4 SXlX?a 41 SXSXI SX4X3_SXSX4SX1X3
3.4 5.3 S)(SXAlSXl)(l _SXSXl S)(4X1 3.4 43 SX5X4SX1X1_SXSX1 SX4Xl

5.5 SXf’:Xl SX4Xl _SX3X4SX1X1 45 SXSXI S)(4X1 _SX3X4SX1X1

5.1 SX3X1 SX4X4 - SX3X4 SX1X4 41 SX3X1 S)(4)(4 - SX3X4 SX1X4

35 5.3 SX4X1 SX4X1 'SX4X4 SXle 3.5 43 SX4X1 SX4X1 'SX4X4 SXle

5.4 SX4X3 SXle 'SX4X1 SX3X1 4.4 SX4X3 SXle 'SX4X1 SX3X1

5.3 SX1X4 SXSX4_SX1XS SX4X4 5.3 SX1X4 SXSX4_SX1XS SX4X4

21 5.4 SX3X4 SXlXS_SX3X1 SX4XS 21 5.4 SX3X4 SXIXS_SXSXI SX4X5

5.5 SXf’:Xl SX4X4_SX3X1 SX1X4 5.5 SXSXI SX4X4_SX3X1 SX1X4

5.1 SXSXl SX4X4 - SX5X4 SX1X4 5.1 SXSXI SX4X4 - SX5X4 SX1X4

23 5.4 SX5X4 SXle 'SXSXI SX4X1 2.3 5.4 SX5X4 SXle 'SXSXI SX4X1

23 5.5 SX1X4 SX1X4'SX1X1 SX4X4 Y3 5.5 SX1X4 SX1X4'SX1X1 SX4X4
. 5.1 SX3X1 SX4X5 'SX3X4 SXIXS 5.1 SX3X1 SX4X5 'SX3X4 SXIXS
24 5.3 SX4X1 SXSXI 'SX4X5 SXle 2.4 5.3 SX4X1 SXSXl 'SX4X5 SXle

5.5 S)(f':XAlSXl)(l _SX3X1 S)(4X1 5.5 SX3X4SX1X1 _SXSXI SX4Xl

5.1 SX4X3 SX4Xl _SX4X4 SXf’:Xl 5.1 SX4X3 S)(4X1 _SX4X4 SXSXI

2.5 5.3 S)(4X48X1X1 _SX4X1 S)(4X1 2.5 5.3 SX4X4SX1X1_SX4X1 SX4Xl

5.4 SXf’:Xl SX4Xl _SX3X4SX1X1 5.4 SXSXI S)(4X1 _SX3X4SX1X1

5.3 SX4X3 SXIXS 'SX4X1 SX3X5 5.3 SX4X3 SXIXS 'SX4X1 SX3X5

21 5.4 SX5X3 SX1X3 'SXSXI SX3X3 21 5.4 SX5X3 SX1X3 'SXSXI SX3X3

5.5 S)(4X1 SX3X3 _SX4X3 SXlX?a 5.5 SX4Xl SX3X3 _SX4X3 SX1X3

5.1 S)(4X1 SXSXS _SX4X3 SXIXS 5.1 SX4X1 SX3XS _SX4X3 SXlXS

23 5.4 SXf’:Xl SXSXI _SX3X5 SXle 2.3 5.4 SXSXI SXSXl_SXSXSSXl)(l

2.4 5.5 SX4X3 SXle _SX4X1 SXf’:Xl Y.4 5.5 SX4X3 SXle _SX4X1 SXSXI
. 5.1 SXSXl SX3X3 'SX5X3 SX1X3 5.1 SXSXI SX3X3 'SX5X3 SX1X3
24 5.3 SX5X3 SXle 'SXSXI SX3X1 2.4 5.3 SX5X3 SXle 'SXSXI SX3X1

5.5 SX1X3 SX1X3 'SXIXl SX3X3 5.5 SX1X3 SX1X3 'SXIXI SX3X3

5.1 SX4X3 SX1X3 'SX4X1 SX3X3 5.1 SX4X3 SX1X3 'SX4X1 SX3X3

2.5 5.3 SX4X1 SX3X1 'SX4X3 SXle 2.5 5.3 SX4X1 SX3X1 'SX4X3 SXle

5.4 SXle SX3X3_SX1X3 SXlX?a 5.4 SXle SX3X3_SX1X3SX1X3
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TaBLE 11: Continued.

ﬁz for 5 independent variables

Denominator of ﬁz Numerator of ﬁz

5.1 Sxax3Sxaxa-SxaxaSxaxa 5.1 Sxax3Sxaxa-SxaxaSxaxa

21 5.3 SxixaSxaxa-Sx1xaSxaxa 21 5.3 SxixaSxaxa-SxixaSxaxa
5.4 SxixaSxaxs -SxixaSxaxs 5.4 SxixaSxaxs -SxixaSxaxs

5.1 SxaxaSxixa-Sxax1 Sxaxa 5.1 SxaxaSxixa-Sxax1 Sxaxa

23 5.3 Sxix1 Sxaxa -Sx1xaSxixa 23 5.3 Sxix1 Sxaxa -Sx1xaSxixa
25 5.4 Sxax1Sxax1 -SxaxaSxixi Y5 5.4 Sxax1Sxax1 -SxaxaSxixi
5.1 SxaxaSx3x1-SxaxsSxaxi 5.1 SxaxaSx3x1-SxaxsSxaxi

24 5.3 SxixaSx1x3 -Sxix1Sxaxs 24 5.3 SxixaSx1x3 -Sxix1Sxaxs
5.4 Sxix1Sx3x3-Sxix3x1x3 5.4 Sxix1Sx3x3-Sxix3Sx1x3

4.1 Sxax1Sx3x3 -SxaxsSxixs 4.1 Sxax1Sx3x3 -SxaxaSxixs

25 43 SxaxaSxaxt -Sxax1 Sxaxa 25 43 SxaxaSxixt -Sxax1 Sxaxa
44 SxixaSxixs -SxaxiSxaxs 44 SxixaSxixs -SxaxiSxaxs

Equations (13), (14), and (15) are called normal equations. can be obtained. And then
Matrix display of this system with 3 parameters can be written

as follows: Sx,y = EISXle + Ezsxlx2 (19)
e
ZYi is obtained. And similarly if this f3, value is substituted in (15),
i=1
N N N N
ZXliYi ZXZiYi = YZXZi - ﬁlxlzxzi
1;\]1 i=1 i=1 i=1
ZXZ,-Y,- N N
Li=1 . - ﬁZXZZXZi + By ZXIiXZi
r . (16) i=1 i=1
Yx, )
N Xy Xai _ N
i=1 i=1 ﬁO + ﬁzZXZiz (20)
i=1

N N N R
= ZXIi ZX%i ZXIiXZi B
i=1 i=1

i=1 ~

N N N N
N N N XY - Yy Xy = B | Y XX - X, Y Xy,
ZXZi ZXliXZi in ﬁZ ; 2iti ; 2i ﬁl <,Zl: 1i4*2i 1; 21)
L i=1 i=1 i=1 ]

N N
If both sides of the (13) are divided by N, + B, <Z X,2-X, Z Xzi)
Bo=Y = BiX) - B X, 17) = =

is found. If this [§0 value is substituted in (14),

N N N
ZXIiYi = YZXIi - ﬁlxllei
i=1 i=1 i=1

can be obtained. And then

Sx,y = EISXlXZ + Ezsxzx2 (21)

is obtained. These equations (19) and (21) can be solved by
using adding or substituting method. The matrix form of

N N
- EZYZZ X, + EIZ X1'2 these equations (19) and (21) is the following:
i=1 i=1 .
N |:SX1Y:| _ [lexl SX1X2:| [:31] (22)
+ s ZX 1i%2i (18) Sx,y Sx.x, Sx,x, 1 LBs
i=1
N N N N Since A = X and X is square matrix, 8 can be also solved by
ZXuYi - ?ZX“ = B, <ZX112 - Xllez) using the following:
i=1 i=1 i=1 i=1 .
N N B=X"A (23)
+ Ez (ZXIiXZi - XzZXu) S Sx.x: S = B
where A = [ Janax = [ s b B= (R ]
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TaBLE 12: 3, for 5 independent variables.

Denominator of

B, for 5 independent variables

Numerator of f3,

5.2 SXSXZ SX4X4 - SX5X4 SX2X4 5.2 SXSXZ SX4X4 - SX5X4 SX2X4

31 5.4 SX5X4 SXZXZ 'SXSXZ SX4X2 31 5.4 SX5X4 SXZXZ 'SXSXZ SX4X2
5.5 S)(4X2 S)(4X2 - SX4X4 SXZXZ 5.5 SX4X2 S)(4X2 - SX4X4 SX2X2

5.1 SXSX4 S)(2X4 - SXSXZ SX4X4 5.1 SXSX4 SX2X4 - SXSXZ SX4X4

3.2 5.4 SXSXZ S)(4X1 _SXSX4 SXZXl 3.2 5.4 SXSXZ S)(4X1 _SXSX4SX2X1
3.1 5.5 SXZXl S)(4X4_SX2X4 SXIX4 Y1 5.5 SXZXI SX4X4_SX2X4SX1X4
5.1 SXSXZ SX4X2 _SX5X4 SXZXZ 5.1 SXSXZ SX4X2 _SX5X4 SXZXZ

3.4 5.2 SX5X4 SXZX] 'SXSXZ SX4X1 3.4 5.2 SX5X4 SXZX] 'SXSXZ SX4X1
5.5 SX4X1 SXZXZ 'SX4X2 SXIXZ 5.5 SX4X1 SXZXZ 'SX4X2 SXIXZ

5.1 SX4X4 SXZXZ - SX4X2 SX4X2 5.1 SX4X4 SXZXZ - SX4X2 SX4X2

35 5.2 SX4X2 SX4X1 'SX4X4 SXZX] 35 5.2 SX4X2 SX4X1 'SX4X4 SXZXI
5.4 S)(4X2 SXIXZ_SX4X1 SXZXZ 5.4 SX4X2 SXIXZ_SX4X1 SX2X2

5.2 SX5X4 SX1X4 _SXSXI S)(4X4 5.2 SX5X4 SX1X4 _SXSXI SX4X4

31 5.4 SXSX] SX4X2 'SX5X4 SXIXZ 31 5.4 SXSXI SX4X2 'SX5X4 SXIXZ
5.5 SXZX] SX4X4 'SX2X4 SX1X4 5.5 SXZXI SX4X4 'SX2X4 SX1X4

5.1 SXSX] SX4X4 - SX5X4 SX1X4 5.1 SXSXI SX4X4 - SX5X4 SX1X4

3.2 5.4 SX5X4 SXIX] 'SXSXI SX4X1 3.2 5.4 SX5X4 SXIX] 'SXSXI SX4X1
3.2 5.5 S)(4X1 S)(4X1 _SX4X4SX1X1 Y2 5.5 SX4X1 S)(4X1_SX4X48X1X1
5.1 SXSX4 SXIXZ_SXSXl S)(4X2 5.1 SXSX4 SXIXZ_SXSXI SX4X2

34 5.2 SXSXl S)(4X1 _SX5X4SX1X1 3.4 5.2 SXSXI S)(4X1_SX5X48X1X1
5.5 S)(ALXZSXIXl _SX4X1 SXZXl 5.5 SX4X2 SXle _SX4X1 SXZXI

5.1 SX2X4 SX1X4 _SXZXI S)(4X4 5.1 SX2X4 SX1X4 _SXZXI SX4X4

35 5.2 SXIX] SX4X4'SX1X4 SX1X4 35 5.2 SXle SX4X4'SX1X4 SX1X4
5.4 SX4X1 SXZX] 'SX4X2 SXIX] 5.4 SX4X1 SXZX] 'SX4X2 SXle

5.2 SXSXZ SXIX4_SXSX1 S)(2X4 5.2 SXSXZ SX1X4_SX5X1 SX2X4

4.1 5.4 SXSXl SXZXZ_SXSXZ SXIXZ 4.1 5.4 SXSXI SXZXZ_SXSXZ SXlXZ
5.5 S)(4X2 SXIXZ_SX4X1 SXZXZ 5.5 SX4X2 SXIXZ_SX4X1 SX2X2

5.1 SXSX] SX2X4 'SXSXZ SX1X4 5.1 SXSXI SX2X4 'SXSXZ SX1X4

4.2 5.4 SXSXZ SXIX] 'SXSXI SXZX] 4.2 5.4 SXSXZ SXIX] 'SXSXI SXZXI
33 5.5 SX4X1 SXZX] 'SX4X2 SXIX] Y3 5.5 SX4X1 SXZX] 'SX4X2 SXle
5.1 SXSXZ SXIXZ 'SXSXI SXZXZ 5.1 SXSXZ SXIXZ 'SXSXI SXZXZ

4.4 5.2 SXSX] SXZX] 'SXSXZ SXIX] 4.4 5.2 SXSXI SXZX] 'SXSXZ SXle
5.5 SXle SXZXZ_SXIXZSXIXZ 5.5 SXle SXZXZ_SXD(ZSXD(Z

5.1 S)(4X1 SX2X2_SX4X2 SXIXZ 5.1 SX4X1 S)(2X2_8X4)(2 SXlXZ

4.5 5.2 S)(ALXZSXIXl _SX4X1 SXZXl 4.5 5.2 SX4X2 SXle_SXAlXI SXZXI
5.4 SXZXl SXZXl _SXZXZSXle 5.4 SXZXI SXZXl _SXZXZSXD(I

5.2 SXSX] SX2X4 'SXSXZ SX1X4 5.2 SXSXI SX2X4 'SXSXZ SX1X4

31 5.4 SXSXZ SXIXZ 'SXSXI SXZXZ 31 5.4 SXSXZ SXIXZ 'SXSXI SXZXZ
5.5 S)(4X1 SX2X2_SX4X2 SXIXZ 5.5 SX4X1 S)(2X2_8X4)(2 SXlXZ

5.1 SXSXZ SXIX4_SXSX1 S)(2X4 5.1 SXSXZ SX1X4_SX5X1 SX2X4

3.2 5.4 SXSXl SXZXl _SXSXZSXle 3.2 5.4 SXSXI SXZXl_SXSXZSXl)(l
3.4 5.5 S)(ALXZSXIXl _SX4X1 SXZXl Y4 5.5 SX4X2 SXle_SXAlXI SXZXI
5.1 SXSX] SXZXZ 'SXSXZ SXIXZ 5.1 SXSXI SXZXZ 'SXSXZ SXIXZ

3.4 5.2 SXSXZ SXIX] 'SXSXI SXZX] 3.4 5.2 SXSXZ SXIX] 'SXSXI SXZXI
5.5 SXZX] SXZX] 'SXZXZ SXIX] 5.5 SXZXI SXZX] 'SXZXZ SXle

5.1 SX4X2 SXIXZ 'SX4X1 SXZXZ 5.1 SX4X2 SXIXZ 'SX4X1 SXZXZ

35 5.2 SX4X1 SXZX] 'SX4X2 SXIX] 35 5.2 SX4X1 SXZX] 'SX4X2 SXle
5.4 SXZXZSXIXl _SX2X1 SXZXl 5.4 SX2X2 SXle _SXZXI SXZXI
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33 for 5 independent variables
Denominator of 3 Numerator of f3,

51 Sxax2Sxaxa~SxaxaSxaxa 51 Sxaxa2Sxaxa~SxaxaSxaxa

31 52 SxaxaSxixa-Sxax1 Sxaxa 3.1 52 SxaxaSxixa~Sxax1 Sxaxa

54 SxaxaSxixz-Sxaxi Sxax2 54 SxaxaSxixa -Sxax1 Sxaxa

51 SxaxaSxax1 ~SxaxaSxaxi 51 SxaxaSxaxi ~SxaxaSxaxi

32 52 SxaxaSxix1 -Sxax1 Sxaxi 32 52 SxaxaSxixi ~Sxax1 Sxaxi

35 54 Sxax1 Sxax1 ~Sxax2Sxixt Y5 54 Sxax1Sxaxi “Sxax2Sxixi
51 SxaxaSxixz-Sxaxi Sxaxz 51 SxaxaSxixz Sxax1 Sxaxe

3.4 52 Sxax1Sxax1 ~Sxax2Sxixt 3.4 52 Sxax1 Sxaxi “Sxax2Sxixi

54 Sxax2Sxaxi ~Sxax1 Sxaxt 54 Sxax2Sxixi “Sxax1Sxaxi

41 Sxax1Sxaxz-SxaxaSxixe 41 Sxax1Sxaxz -Sxax2Sxixe

3.5 4.2 SxaxaSxax1 -Sxax1 Sxaxt 3.5 4.2 SxaxaSxixi ~Sxax1 Sxaxi

4.4 SXZXI SXZXl 'SXZXZ SXle

4.4 SXZXl SXZXl -SXZXZ SXle

By solving this system of the two equations with two
unknown parameters, then we will get the parameters of
multiple linear regression with two independent variables as
follows:

5 Sx,vSx,x, ~ Sx,v5x,x,

Now we summarize the formula for the parameters of 2
independent variables in Tables 1 and 2. The denominator and
numerator of the parameters for 2 independent variables are
given under each table.

1 5 (24)  3.3.Three Independent Variables and One Dependent Variable.
Sxx,5%,x, — (Sx,x,) For 3 independent variables, after similar operations like
the operations of 2 independent variables are done, we
and have
= SxrSxx, ~SxvSx x, >
2 = S s (S )2 (25) Sx,¥ Sx,x, Sxx, Sx.x, B
X1 X, VX, X, X1 X, SXZY = SXZXI SXZXZ SX2X3 Bz (27)
in addition to the constant parameter (17) Sx,y Sx,%, Sx:X, Sx3X; [3‘3
Bo=Y = BiXy = X, 26)  we get the parameters as follows:
2
s (SX2X25X3X3 ~ (Sxaxs) )SYXI + (Sx1x3Sx2x3 — Sx1x28x3x3) Syxa + (Sx1x2Sxax2 — Sx1x3Sx2x2) Syxs (28)
1= 2
(szxzsx3x3 = (Sxax3) )5x1x1 + (Sx1x38x2x3 — Sxix2Sx3x3) Sxaxa + (Sx1x2Sx3x2 — Sxax3Sxax2) Sxixs
2
s (Sxax3Sx1x3 ~ Sxax1Sxaxs) Syx1 + (SXIXISX3X3 ~ (Sx1x3) )SYXZ + (Sxax1Sxax1 — SxaxsSxix1) Syxs (29)
2 = 2
(SxaxaSxixs — SxaxiSxaxa) Sxax1 + (Sx1x1sx3x3 = (Sx1x3) )szxz + (Sxax1Sx3x1 — SxaxsSxix1) Sxaxs
and
2
s (SxaxaSxix2 = SxaxiSxaxa) Svx1 + (SxaxiSxax1 = Sxax2Sxixt) Syxa + (Sx1x1sx2x2 = (Sx1x2) )SYX3 (30)
L =

in addition to the constant parameter
Bo =Y = B X, = B X, — B3 X (D

Now we summarize the formula for the parameters of 3
independent variables in Tables 3, 4, and 5. The denominator

2
(SX3XZSX1X2 - SX3XISX2X2) Sxax1 t (SX3XISX2X1 - SX3XZSX1X1) SX3X2 + (SXIXISXZXZ - (SXIXZ) )SX3X3

and numerator of the parameters for 3 independent variables
are given under each table.

3.4. Four Independent Variables and One Dependent Variable.
For 4 independent variables, after similar operations like the
operations before are done, we have
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Denominator of 3,

Numerator of f3,

5.2 SXSXZ SX3X3 - SX5X3 SX2X3 5.2 SXSXZ SX3X3 - SX5X3 SX2X3

4.1 5.3 SX5X3 SXZXZ - SXSXZ SX3X2 4.1 5.3 SX5X3 SXZXZ - SXSXZ SX3X2

5.5 SX?aXZ SX?aXZ 'SX3X3 SXZXZ 5.5 SX?aXZ SX3X2'SX3X3 SXZXZ

5.1 SXSXS SX2X3 - SXSXZ SX3X3 5.1 SX5X3 SX2X3 - SXSXZ SX3X3

4.2 5.3 SXSXZ SXSXI _SXSX.3 SXZXI 4.2 5.3 SXSXZ SXf’:Xl _SXSX.3 SXZXI

41 5.5 SX2X1 SX3X3 - SX2X3 SX1X3 Y1 5.5 SXZXI SX3X3 - SX2X3 SXIXS
5.1 SXSXZ SX?aXZ _SXSX.3 SX2X2 5.1 SXSXZ SX3X2_SXSX3 SX2X2

4.3 5.2 SX5X3 SXZXI 'SXSXZ SX3X1 4.3 5.2 SX5X3 SXZXl 'SXSXZ SX3X1

5.5 SX3X1 SXZXZ - SX3X2 SXIXZ 5.5 SX3X1 SXZXZ - SX3X2 SXIXZ

5.1 SXZXZ SX3X3 - SX2X3 SX2X3 5.1 SXZXZ SX3X3 - SX2X3 SX2X3

4.5 5.2 SX2X3 SX1X3 - SXZXI SX3X3 4.5 5.2 SX2X3 SX1X3 - SXZXI SX3X3

5.3 SX?aXZ SXlXZ'SXSXl SXZXZ 5.3 SX?aXZ SXIXZ'SXSXI SXZXZ

5.2 SXSX3 SX1X3_SXSX1 SX3X3 5.2 SXSX3 SXIXS_SXSXI SX3X3

4.1 5.3 SXSXl SX3X2 - SX5X3 SXIXZ 4.1 5.3 SXSXI SX3X2 - SX5X3 SXIXZ

5.5 SXZXI SX3X3 'SX2X3 SX1X3 5.5 SXZXI SX3X3 'SX2X3 SX1X3

5.1 SXSXl SX3X3 - SX5X3 SX1X3 5.1 SXSXI SX3X3 - SX5X3 SX1X3

4.2 5.3 SX5X3 SXle 'SXSXI SX3X1 4.2 5.3 SX5X3 SXle 'SXSXI SX3X1

4.2 5.5 SXSXI SXSXI 'SX3X3 SXle Y2 5.5 SXSXI SX3X1 'SX3X3 SXle
' 5.1 SXSXS SXlX2 - SXSXI SX?aXZ 5.1 SXSX3 SXlX2 - SXSXI SX3X2
4.3 5.2 SXSXI SXSXI _SX5X3SX1X1 4.3 5.2 SXSXI SX3X1_SXSX3SX1X1

5.5 SX3X2 SXle - SXSXI SXZXI 5.5 SX?aXZ SXle - SXSXI SX2X1

5.1 SX2X3 SX1X3_SX2X1 SX3X3 5.1 SX2X3 SXIXS_SXZXI SX3X3

4.5 5.2 SXle SX3X3'SX1X3SX1X3 4.5 5.2 SXle SX3X3'SX1X3SX1X3

5.3 SX3X1 SXZXI - SX3X2 SXle 5.3 SX3X1 SXZXI - SX3X2 SXle

5.2 SXSXI SX2X3_SXSX2 SX1X3 5.2 SXSXI SXZXS_SXSXZ SX1X3

4.1 5.3 SXSXZ SXlX2 - SXSXI SX2X2 4.1 5.3 SXSXZ SXlX2 - SXSXI SX2X2

5.5 SXSXI SXZXZ_SX?:XZ SXlX2 5.5 SXSXI SXZXZ_SX?:XZ SXlX2

5.1 SXSXZ SX1X3_SXSX1 SX2X3 5.1 SXSXZ SXIXS_SXSXI SX2X3

4.2 5.3 SXSXl SXZXI - SXSXZ SXle 4.2 5.3 SXSXI SXZXI - SXSXZ SXle

43 5.5 SX3X2 SXle 'SX3X1 SXZXI Y3 5.5 SX3X2 SXle 'SX3X1 SXZXI
. 5.1 SXSXl SXZXZ - SXSXZ SXIXZ 5.1 SXSXI SXZXZ - SXSXZ SXIXZ
4.3 5.2 SXSXZSXIXI 'SXSXI SXZXI 4.3 5.2 SXSXZ SXle 'SXSXI SXZXI

5.5 SXZXI SXZXI _SXZXZSXD(I 5.5 SXZXI SX2X1 _SXZXZSXD(I

5.1 SX3X2 SXlX2 - SXSXI SX2X2 5.1 SX?aXZ SXlX2 - SXSXI SX2X2

4.5 5.2 SXSXI SXZXI _SXSXZSXD(I 4.5 5.2 SXSXI SXZXl_SXSXZSXl)(l

5.3 SXle SXZXZ_ SXlXZSXl)(Z 5.3 SXle SXZXZ_ SXlX2 SXIXZ

5.1 SX3X2 SX3X2 - SX3X3 SXZXZ 5.1 SX3X2 SX3X2 - SX3X3 SXZXZ

51 5.2 SXZXI SX3X3'SX2X3 SX1X3 51 5.2 SXZXI SX3X3'SX2X3 SX1X3

5.3 SXf’:Xl SX2X2 - SX?aXZ SXlX2 5.3 SXSXI SX2X2 - SX?aXZ SXIXZ

5.1 SXZXI SX3X3_SX2X3 SX1X3 5.1 SXZXI SX3X3_SX2X3 SX1X3

5.2 5.2 SXf’:Xl SXSXI - SX3X3 SXle 5.2 5.2 SXSXI SXSXI - SX3X3 SXle

4.4 5.3 SX3X28X1X1 _SXSXI SXZXI Y.4 5.3 SX?aXZ SXIXl_SXSXI SXZXI
5.1 SXSXI SXZXZ_SX?:XZ SXlX2 5.1 SXSXI SXZXZ_SX?:XZ SXlX2

53 5.2 SX3X2 SXle - SX3X1 SXZXI 53 5.2 SX3X2 SXle - SX3X1 SXZXl

5.3 SXZXI SXZXI 'SXZXZ SXle 5.3 SXZXI SXZXl 'SXZXZ SXle

3.1 SX3X2 SXIXZ - SX3X1 SXZXZ 3.1 SX3X2 SXIXZ - SX3X1 SXZXZ

55 3.2 SX3X1 SXZXI 'SX3X2 SXle 55 3.2 SX3X1 SXZXl 'SX3X2 SXle

3.3 SXle SXZXZ_SXl)(ZSXlXZ 3.3 SXle SXZXZ_SXD(ZSXD(Z
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Denominator of ,[?4 Numerator of 34
5.1 SX2X2 SX3X3 - SXZXS SX2X3 5.1 SX2X2 SX3X3 - SX2X3 SXZXS
4.1 5.2 SXZXS SX1X3_SX2X1 SX3X3 4.1 5.2 SX2X3 SXIXS_SX2X1 SX3X3
5.3 SX3X2 SX1X2_8X3X1 SX2X2 5.3 SX3X2 SX1X2_SX3X1 SX2X2
5.1 SXZXS SX1X3 _SXZXI SX3X3 5.1 SX2X3 SXIXS _SX2X1 SX3X3
4.2 5.2 SXle SX3X3-SX1X3 SX1X3 4.2 5.2 SXle SX3X3-SX1X3 SX1X3
4.5 5.3 SX3X1 SXZXI -SX3X2 SXle Y5 5.3 SX3X1 SXZX] -SX3X2 SXIXI
5.1 SX3X2 SXIXZ -SX3X1 SXZXZ 51 SX3X2 SXIXZ -SX3X1 SXZXZ
4.3 5.2 SX3X1 SXZXI -SX3X2 SXle 4.3 5.2 SX3X1 SXZX] -SX3X2 SXIXI
5.3 SXIXl SX2X2-SX1X2SX1X1 5.3 SXle SX2X2'SX1XZSX1X1
3.1 SX3X1 SX2X2 - SX3X2 SXlXZ 3.1 SXSXI SX2X2 - SX3X2 SX1X2
4.5 3.2 SX3X2SX1X1 -SX3X1 SXZXl 4.5 3.2 SX3X2 SXIXI_SXSXI SX2X1
3.3 SXZXl SX2X1 _SX2X2SX1X1 3.3 SX2X1 SXZXl _SX2XZSX1X1
Sx,v Sx,x, Sx.x, Sx.x, Sx.x, B indfep epdent Vari'abl.es are too long ar?d by using tables their
S S S S S ~ derivations are similar to the derivations of the parameters
XV | TRX TXX TXX TXNX B, (32)  for 4 or less independent variables, they are not given under
Sx,y Sx,x, Sx.x, Sxix, Sx,x, /§3 each table. These are left for the researchers.
Sx,y Sx,.x Sx,x, Sx,x, Sx,x, /§ .

In addition to the constant parameter
Bo = Y- /371?1 - ﬁ2X2 - /33X3 - ﬁ4X4 (33)

we summarize the formula for the parameters of 4 indepen-
dent variables in Tables 6, 7, 8, and 9. The denominator and
numerator of the parameters for 4 independent variables are
given under each table.

3.5. Five Independent Variables and One Dependent Variable.
For 5 independent variables, after similar operations like the
operations before are done, we have

_ SXIY -
SXZY
Sx,y
Sx,v
[ Sx.v |
~ . (34)
—lexl lex2 lex3 lex4 lexs- By
Sx,x, Sx,%, Sxox, Sx,x, Sx,x, B
= SX3X1 SX3X2 SX3X3 SX3X4 SX3X5 ﬁ3
Sx,x, Sx.x, Sxux, Sx,x, Sx,x, 34
[Sx.x, Sx.x, Sx.x, Sx.x, Sx.x, | | 35 |

In addition to the constant parameter
Bo = Y- /3)1?1 - /32?2 - /3)3?3 - /34X4 - ﬁsys (35)
we summarize the formula for the parameters of 5 inde-

pendent variables in Tables 10, 11, 12, 13, and 14. Since
the denominator and numerator of the parameters for 5

4. Discussion

Actually, in [14], Pires et al. gave the criteria to select statisti-
cally valid regression parameters using multiple linear regres-
sion models. Because of this reference, the researcher should
carefully select statistically valid regression parameters of
multiple linear regression. So the number of parameters
of multiple linear regression will not be as many as the
researchers want.

5. Conclusion

The aim of this work was to get the general formula of
the parameters of multiple linear regression without using
a computer program. By using this formula, the parameters
of multiple linear regression can be found easily. So the
researchers can estimate the equation of regression. Since
for 6 and more independent variables, the tables of the
parameters of multiple linear regression without using a
computer program are too long and they take up too much
space, in this study, for only 5 and less independent variables
the tables for the parameters of multiple linear regression
without using a computer program were given.

In this study, the general formulas of the parameters of 5
and less independent variables of multiple linear regression
are given with a certain order. Because it is intended to be
shown, although the general formulas of the parameters of 5
and less independent variables of multiple linear regression
take up much space, they are given in this study.

As is known, the term number of denominator or
numerator of independent variables is the factorial number of
independent variables. Since the denominator and numerator
of the parameters for 6 and more independent variables
are too long, we could not summarize the formula for the
parameters in TABLES. But it should be known that they can
be found by using similar derivations as in the creation of
the Tables of 5 or less independent variables. These are left
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Denominator of 3

B; for 5 independent variables

Numerator of f3;

4.2 SX4X2 SX3X3 'SX4X3 SX2X3 4.2 SX4X2 SX3X3 'SX4X3 SX2X3

51 43 SX4X3 SXZXZ 'SX4X2 SX3X2 51 43 SX4X3 SXZXZ 'SX4X2 SX3X2

4.4 SX3X2 SX3X2 _SX3X3 S)(2X2 4.4 SX3X2 SX3X2 _SX3X3 S)(2X2

41 SX4X3 SXZX?a _SX4X2 SX3X3 41 SX4X3 SXZX?a _SX4X2 SX3X3

5.2 43 S)(4X2 SXC’:Xl _SX4X3 SXZXl 5.2 43 S)(4X2 SXC’:Xl _SX4X3 SXZXl

51 4.4 SXZXl SX3X3 _SX2X3 SXIXS Y1 4.4 SXZXl SX3X3 _SX2X3 SXIXS
4.1 SX4X2 SX3X2 _SX4X3 SXZXZ 41 SX4X2 SX3X2 _SX4X3 SXZXZ

53 4.2 SX4X3 SXZX] 'SX4X2 SX3X1 53 4.2 SX4X3 SXZX] 'SX4X2 SX3X1

4.4 SX3X1 SXZXZ 'SX3X2 SXIXZ 4.4 SX3X1 SXZXZ 'SX3X2 SXIXZ

4.1 SXZXZ SX3X3 'SX2X3 SX2X3 4.1 SXZXZ SX3X3 'SX2X3 SX2X3

5.4 4.2 SX2X3 SX1X3 'SXZXI SX3X3 5.4 4.2 SX2X3 SX1X3 'SXZXI SX3X3

43 SX3X2 SXIXZ_SX?:Xl S)(2X2 43 SX3X2 SXIXZ_SX?:Xl S)(2X2

42 SX4X3 SX1X3 _SX4X1 SX3X3 42 SX4X3 SX1X3 _SX4X1 SX3X3

51 43 SX4X1 SX3X2 'SX4X3 SXIXZ 51 43 SX4X1 SX3X2 'SX4X3 SXIXZ

4.4 SXZX] SX3X3 'SX2X3 SX1X3 4.4 SXZX] SX3X3 'SX2X3 SX1X3

4.1 SX4X1 SX3X3 'SX4X3 SX1X3 4.1 SX4X1 SX3X3 'SX4X3 SX1X3

5.2 43 SX4X3 SXIX] 'SX4X1 SX3X1 5.2 43 SX4X3 SXIX] 'SX4X1 SX3X1

52 4.4 SXC’:Xl SXC’:Xl _SX3X3 SXle Y2 4.4 SXC’:Xl SXC’:Xl _SX3X3 SXle
. 41 SX4X3 SXIXZ _SX4X1 SX3X2 41 SX4X3 SXIXZ _SX4X1 SX3X2
53 4.2 S)(4X1 SXC’:Xl _SX4X3 SXle 53 4.2 S)(4X1 SXC’:Xl _SX4X3 SXle

4.4 SXC’:XZSXIXl _SX3X1 SXZXl 4.4 SXC’:XZSXIXl _SX3X1 SXZXl

4.1 SX2X3 SX1X3 _SXZXI SX3X3 41 SX2X3 SX1X3 _SXZXI SX3X3

5.4 4.2 SXIX] SX3X3 'SX1X3 SX1X3 5.4 4.2 SXIX] SX3X3 'SX1X3 SX1X3

43 SX3X1 SXZX] 'SX3X2 SXIX] 43 SX3X1 SXZX] 'SX3X2 SXIX]

4.2 S)(4X1 SXZX?a _SX4X2 SXIXS 4.2 S)(4X1 SXZX?a _SX4X2 SXIXS

51 43 S)(4X2 SXIXZ_SX4X1 S)(2X2 51 43 S)(4X2 SXIXZ_SX4X1 S)(2X2

4.4 SXC’:Xl SX2X2_SX3X2 SXIXZ 4.4 SXC’:Xl SX2X2_SX3X2 SXIXZ

4.1 SX4X2 SX1X3 'SX4X1 SX2X3 4.1 SX4X2 SX1X3 'SX4X1 SX2X3

5.2 43 SX4X1 SXZX] 'SX4X2 SXIX] 5.2 43 SX4X1 SXZX] 'SX4X2 SXIX]

53 4.4 SX3X2 SXIX] 'SX3X1 SXZX] Y3 4.4 SX3X2 SXIX] 'SX3X1 SXZX]
. 4.1 SX4X1 SXZXZ 'SX4X2 SXIXZ 4.1 SX4X1 SXZXZ 'SX4X2 SXIXZ
53 4.2 SX4X2 SXIX] 'SX4X1 SXZX] 53 4.2 SX4X2 SXIX] 'SX4X1 SXZX]

4.4 SXZXl SXZXl _SXZXZSXle 4.4 SXZXl SXZXl _SXZXZSXle

4.1 SX3X2 SXIXZ_SX?:Xl S)(2X2 41 SX3X2 SXIXZ_SX?:Xl S)(2X2

5.4 4.2 SXC’:Xl SXZXl _SX3XZSX1X1 5.4 4.2 SXC’:Xl SXZXl _SX3XZSX1X1

43 SXle SXZXZ_SXIXZSXIXZ 43 SXle SXZXZ_SXIXZSXIXZ

4.1 SXZXZ SX3X3 'SX2X3 SX2X3 4.1 SXZXZ SX3X3 'SX2X3 SX2X3

51 4.2 SX2X3 SX1X3 'SXZXI SX3X3 51 4.2 SX2X3 SX1X3 'SXZXI SX3X3

43 SX3X2 SXIXZ_SX?:Xl S)(2X2 43 SX3X2 SXIXZ_SX?:Xl S)(2X2

41 SXZX?a SXIXS _SX2X1 SX3X3 41 SXZX?a SXIXS _SX2X1 SX3X3

5.2 4.2 SXle SX3X3_SX1XSSX1X3 5.2 4.2 SXle SX3X3_SX1XSSX1X3

5.4 43 SXC’:Xl SXZXl _SX3XZSX1X1 Y.4 43 SXC’:Xl SXZXl _SX3XZSX1X1
. 4.1 SX3X2 SXIXZ 'SX3X1 SXZXZ 4.1 SX3X2 SXIXZ 'SX3X1 SXZXZ
53 4.2 SX3X1 SXZX] 'SX3X2 SXIX] 53 4.2 SX3X1 SXZX] 'SX3X2 SXIX]

43 SXIX] SXZXZ 'SXIXZ SXIXZ 43 SXIX] SXZXZ 'SXIXZ SXIXZ

3.1 SX3X1 SXZXZ 'SX3X2 SXIXZ 3.1 SX3X1 SXZXZ 'SX3X2 SXIXZ

5.4 3.2 SX3X2 SXIX] 'SX3X1 SXZX] 5.4 3.2 SX3X2 SXIX] 'SX3X1 SXZX]

3.3 SXZXl SXZXl _SXZXZSXle 3.3 SXZXl SXZXl _SXZXZSXle
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ﬁs for 5 independent variables
Denominator of 3 Numerator of f35
41 Sxax2Sxaxz~Sxaxs Sxaxe 41 SxaxaSxsxz~Sxaxs Sxaxe
41 4.2 Sxax1 Sxaxs ~Sxaxs Sxixs 41 4.2 Sxax1 Sxaxs ~Sxaxs Sxixs
4.3 Sxax1Sxaxz-SxaxaSxixe 4.3 Sxax1 Sxaxa -Sxaxa Sxixe
4.1 Sxax1 Sxaxs ~Sxaxs Sxixs 4.1 Sxax1 Sxaxs ~Sxaxs Sxixs
42 4.2 Sxaxa Sxax1 -Sxaxs Sxaxt 4.2 4.2 Sxax1 Sxaxi ~Sxaxs Sxixi
55 4.3 Sxax2Sxaxi ~Sxax1Sxaxt Y5 4.3 SxaxaSxixi “Sxax1Sxaxi
41 Sxax1 Sxaxz -SxaxaSxixe 41 Sxax1Sxaxz -Sxax2Sxixe
4.3 4.2 SxaxaSxaxi ~Sxax1 Sxaxt 4.3 4.2 Sxax2Sxixi “Sxax1Sxaxi
4.3 Sxax1 Sxax1 ~Sxax2 Sxixa 4.3 Sxax1Sxax1 “Sxax2Sxixi
31 SxaxaSxixz-Sxaxi Sxaxe 31 SxaxaSxixz -Sxax1 Sxaxe
44 32 Sxax1 Sxax1 -Sxaxa Sxaxt 44 32 Sxax1 Sxaxi “SxaxaSxixi

3.3 SXle SXZXZ'SXIXZ SXIXZ

3.3 SXIX] SXZXZ -SXIXZ SXIXZ

for the researchers who deal with 6 or more independent
variables.
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