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In this article, we establish fixed point results for a pair of multivalued mappings satisfying generalized contraction on a sequence
in dislocated b-quasi metric spaces and Fp; Khan type contraction on a sequence in b-quasi metric spaces. An example and an

application have been discussed. Our results modify and generalize many existing results in literature.

1. Introduction and Preliminaries

A point v is said to be a fixed point of a multivalued/self-
mapping E, if v € Ev/v = Ev. Fixed point theory has a
large number of applications, for example, [1-4]. Czewick [5]
initiated the study of fixed point in b-metric spaces. Many
authors used the concept of b-metric spaces to prove the
existence and the uniqueness of a fixed point for several
contraction mappings [6-9]. Furthermore, dislocated quasi-
metric spaces [10-13] generalized abstract spaces such as
dislocated metric spaces [14] and quasi-metric spaces [15-17].
Recently, Klin-eam and Suanoom [18] introduced the concept
of dislocated b-quasi metric spaces. Fixed point results in
complete dislocated b-quasi metric spaces can be seen in
(19, 20].

Wardowski [21] generalized many fixed point results in
a beautiful way by introducing F—contraction (see also [6,
22-30]). Nadler [31] extended Banach’s contraction mapping
principle to a fundamental fixed point theorem for multi-
valued mappings. Since then, an interesting and rich fixed
point theory for such mappings was developed in many
directions; see [32-36]. The results of single valued mappings
can be generalized by using multivalued mappings. Results
for multivalued mappings have applications in engineering,
Nash equilibria, and game theory [37-40]. Rasham et al.
[41] obtained fixed point results for a pair of multivalued

F—contractive mappings, which are extensions of some mul-
tivalued fixed point results.

This paper introduces new types of F—contractions on a
sequence and generalizes many recent results. An example
has been given to show how our results are valid when the
others fail. An application has been given to obtain a solution
of a system of integral equations.

Definition 1 (see [18]). Let Y be a nonempty set and s > 1
a real number. A mapping dy, : Y xY — [0,00) is
called a dislocated quasi b-metric (or simply d,-metric), if
the following conditions hold for any x, y,z € Y :

(a) Iqub(x, y) =dg(y,x) =0, then x = y;
(b) dqb(x, y) < s[dqb(x, z) + dqb(z, ).

The pair (Y, d,,) is called a dislocated quasi b-metric space (in
short dislocated b-quasi-metric space).

The following remarks can be observed:

(a) If s = 1, then a dislocated b-quasi-metric space
becomes a dislocated quasi-metric space [12];

(b)if s = 1 and x = y implies dy,(x, y) = dg(y,x) = 0,
then (Y, dqb) becomes a quasi-metric space [17];

(c) iqub(x, y) = dqb(y, x) anq x = y implies dqb(x, y) =
0, then (Y, dqb) becomes a b-metric space [9].
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Example 2 (see [20],let Y = R" and p > 1). Define dqb :
Y xY — R'bydy(x,y) = Ix -yl +|x[forx,y € X.
Then (Y,dy) is a dy,-metric space with s = 2P > 1. But it is
not a quasi b-metric space. Also it is not a dislocated b-metric
space. It is obvious that (Y, dg) is neither b-metric space nor
dislocated quasi-metric space.

Definition 3 (see [11]). Let (Y, dqb) be a dislocated b-quasi-
metric space. Let {y,} be a sequence in (Y, d,;), and then

(a) {y,} is called Cauchy if V € > 0, 3 n, € N such that
¥ n>m > n, (respectively V m > n > ny), dgy (V> ¥) < &

(b) {y,} dislocated quasi b-converges (for short
dy, -converges) to y € Y, if lim, ,dy(y,y) =
lim, ,dg(y,y,) = 0 or for any ¢ > 0, there exists
ny € N, such that for all n > ny, dg(y,y,) < € and
dg, (¥, ¥) < €. In this case y is called a d g, -limit of {y,,}.

(o) (Y, dqb) is called complete if every Cauchy sequence in
Y converges to a point y € Y.

Definition 4 (see [12]). Let (Y, dqb) be a dislocated b-quasi
metric space. Let K be a nonempty subset of Y and let x € Y.
An element y, € K is called a best approximation in K if

dqb (x>K) = dqb (x’yO)’

where d, (x, K) = }}Iellgdqb (x,9)

ey
and d, (K, x) = dg, (yp, %),

where dg, (K, x) = ilellf(dqb (y,x).

If each x € Y has at least one best approximation in K, then
K is called a proximinal set.

It is clear that iqub(x,K) =dy(K,x) = 0, then x € K.
Butif x € K, then d ,(x, K) or dqth, x) may not equal zero.
We denote P(Y) by the set of all proximinal subsets of Y.

Definition 5 (see [12]). The function qu :P(Y)x P(Y) —
R,, defined by

H, (A, B) = max{supdq (a,B),supdqb (A,b)]» (2)
e acA beB

is called dislocated quasi Hausdorff b metric on P(Y). Also
(P(Y), qub) is known as dislocated quasi Hausdorff b-metric

space, where P(Y) is the proximinal subset of Y.

Ali et al. [6] extended the family of mapping & defined
by [21] to the family & of all functions F : R, — R such
that

(F1) F is strictly increasing, that is, for all x, y € R, such
that x < y implies F(x) < F(y);

(F2) for each sequence {9,},2, of positive numbers,
lim, .9, =0ifandonlyiflim, , F(9,) = —co;

(F3) there exists k € (0, 1) such that lims_,0+9kF 9) =o0.

(F4) For each sequence {9,} of positive real numbers and
such that 7+F(s9,) < F(9,_,) foreachn € N, and some 1 > 0,
we have 7 + F(s"9,) < F(s"'9,_,), for each n € N.
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Lemma 6. Let (Y,d_, s) be a dislocated b-quasi-metric space.
Let (P(Y),qub) be the dislocated quasi Hausdorff b-metric
space on P(Y). Then, for all A,B € P(Y) and for each a € A,
there exists b, € B, such that Hy, (A,B) 2 dg(a,b,) and
qu(B, A) > dqb(ba,a), where dqb(a, B) = dqb(a, b,) and
dgp (B, a) = d g (b, a).

Lemma 7 (see [6]). Let (Y,d,,s) be a b-metric space and let
{y,} be any sequence in'Y for which there exist T > 0 and F €
F g such that T + F(sd g, (V> V1)) < F(dgp (Y1 ¥)) m € N
Then {y,} is a Cauchy sequence in Y.

Lemma 8. Let (X,dy, s) be a dislocated b-quasi metric space,
and let {x,} be any sequence in X for which there exist T > 0
and F € F g such that

T+F(Smax{dqb (yn’ynJrl)’dqb (yn+1’yn)}) 3)
<F (maX {dqb (yn—hyn) ’dqb (yn’ yn—l)})

for each n € N. Then {y,} is a Cauchy sequence in X.

Proof. Let9, = max{dg, (> Yue1)s dgp (V1> ¥} foreachn €
N. Thus, by (3) and property (F4), we get

T+F(s"9,) <F (s"_ISH_l) , neN. (4)
Following similar arguments as given in [6], we obtain {y, } is
a Cauchy sequence in X. O
2. Main Result

Let (Y, dy,) be a dislocated b-quasi metric space, y, € Y and
S,T:Y — P(Y) be multifunctions on Y. Let y, € Sy, be an
element such that d, (5, S70) = dg,(yo, ¥1)» g (Sye> ) =
dg(y1> yo)- Let y, € Ty be such that dg(y,Ty,) =
dgy (Y15 ¥2)> dap(Ty1s y1) = dgp (35 31)- Let y; € Sy, be such
thatd g, (y,, Sy,) = dg,(y,, y3) and so on. Thus, we construct a
sequence y,, of points in Y such that y,,,, € Sy,, and y,,,, €
Ty2n+1’ with dqb(yZn’ SyZn) = dqb(yZn’ y2n+1)’ dqb(SyZn’ yZn) =
dqb(y2n+l>y2n)> and dqb(y2n+l’Ty2n+l) = dqb(y2n+1’y2n+2)’
Agp(TYsni1> Yane1) = dgp(Vansa> Yaner)> wheren = 0,1,2,---
We denote this iterative sequence by {T'S(y,)}. We say that
{T'S(y,)} is a sequence in Y generated by y,. If T = S, then we
say that {XT(y,)} is a sequence in Y generated by y,,.
Let us introduce the following definition:

Definition 9. Let (Y,d,s) be a dislocated b-quasi-metric
space and S,T : Y — P(Y) be two multivalued mappings.
The pair (S, T') is called a DQF—contraction, if there exists F €
Fgand 1,a > 0 such that for every two consecutive points
x, y belonging to the range of an iterative sequence {TS(y,)}
with max{qub(Sx, Ty), quh (Ty, $x), Dy (x, ¥), Dy, (5 x)} >
0, we have

T + max {F (Squb (Sx, Ty)) ,F (Squb (Ty, Sx))}

< min {F (Dy, (x.)). F (Dg (3.%))}

(5)
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where
Dy, (x, y) = max {dqb (% 7)),

dg, (x,5x) .dy, (»Ty)
a + max {dqb (%) »dgp (y,x)}

, dqb (x,8x),  (6)

dgy (3, Ty)} ,

And we now prove the following main result.

Theorem 10. Let (Y, d,s) be a complete dislocated b-quasi-
metric with s > 1 and (S, T) be a DQF—contraction. Then
{TS(y,)} — u €Y. Also, if (5) holds for each x, y € {u}, then
Sand T have a common fixed point uin'Y and d g (u,u) =0

Proof. Let {T'S( yp)} be the iterative sequence in Y generated
by a point y, € Y. If

max {qub (Syzp’)TyZP’+]) ,qub (T)’zp’+1’ S)’2p’) ’

)
qu (yZp” )’2p'+1) > qu (yZp’Jrl’yZp’)} ¥ 0
for some p' € N U {0}, then
qub (SyZp”TyZP’H) = quh (Ty2p’+1’sy2p’)
= qu (y2p” y2p’+1) (8)

= qu (y2p’+1’ y2p’) =0

Clearly, if D, (y,p5 ¥2pr+1) = 0, then d gy, (y2p5 ¥oprs1) = 0.
Also Dy, (yp1415 Ya2pr) = 0 implies gy (50,15 ¥2p1) = 0. So,
Yap' = Yap'+1 and Yap' € Sy2p’- Now, qub(syZp’)TyZP’Jrl) =0
implies dqb(y2p’+1’Ty2p’+l) = 0and quh(Ty2p’+1’Sy2p’) =0
implies dqb(TyZp’+1’y2p’+1) = 0. So, Yap'+1 € Ty2p’+1 and Yap!
is a common fixed point of S and T'. So the proof is completed
in this case. Now, let

max {qub (Syzp, Ty2p+1) ) qu,, (Ty2p+1’ S)’zp) )

Dy (¥aps Y2p11)> Do (¥2pe1> ¥25)} > 0, Y
for all p € N U {0}. By Lemma 6, we have
o (Yo V) < Hayy (T92p-1595p)
Ay (Yapsr ¥ap) < Hy, (89290 TY2p 1) 1o
and
gy (Vapers Yapra) < Hay (Sy20 Tyapenr) 0

dg, (J’zp+2’ J’zp+1) < Hgy, (Ty2p+1’Sy2p) .

From (11), (F1) and using condition (5), we get

F (qub (y2p+1)y2p+2)) <F (Squ,, (S)/zp:T}’sz))
< max {F (sHy, (Sy2p Tyrpen) )
F<5qub (Ty2p+1’sy2p)>} (12)

< min {F (qu (yZp’yZPH))'F(qu (y2p+1’y2p))}

-T<F (qu (y2p’y2p+l)) -7

From (6), we have

(y2p’y2p+1 = max d y2p> y2p+1

d (y2p’8y2p> d (y2p+1>Ty2p+1)
a + max {dqb (y2p’ y2p+l) ’dqb (y2p+1’ y2p)}

>

dqb (y2p>Sy2p) ’dqb (y2p+1>Ty2p+1)}

(13)
= max <|dqb (}’2P> y2p+1) >

dqb (y2p’y2p+1) 'dqb (y2p+1’y2p+2)
a + max {dqb (y2p’ y2p+1> >dqb (y2p+1’ y2p)}

>

dqb (;Vzp’ J’2p+1) > dqb (J’2p+1’ J’2p+z)}

< max {dqb ()/ZP’ y2p+l) ’dqb (y2p+l’ y2p+2)} .

Iflmax{dqb(yZp’ y2p+1)’ dqb(y2p+1’y2p+2)} = dqh(yzpﬂ’ }’2p+2),
then

F (qub (y2p+1’ y2p+2)) <F (dqb (y2p+1’ y2p+2)) -7 (14)

which is a contradiction due to (F1) and s > 1. Therefore,

(qub (y2p+1’ y2p+2)) <F (dqb (y2p’ y2p+1)) -1 (15)
(qub (y2p+l’y2p+2))
<F (max

{dqb ()/ZP’ y2p+l) >dqb (y2p+l’ y2p)}) (16)

- T.
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From (11), (F1) and using condition (5), we get From (6), we have
F (qub (y2p+2’ y2p+1)> <F (Squb (Ty2p+1’ 5)’2;;)) qu (yZP’ sz—l) = max {dqb (yZP’ yZP—l) >
= max {F (SHd"b (SyZP’ TszH)) ’ dqb (y2p> y2p+1) 'dqb (yZp—D yZp)
F (Squb (Tysz,Syzp))} a + max {dqb (}’2p’ sz—l) >dqb (}’2p—1’ )’2p)}

(22)
< min {F (qu (y2p’y2p+1))’F(qu (3’2p+1’y2p))} )

dqb (y2p’y2p+1) ’dqb (y2p—1’y2p)}
-T<F (qu (y2p) y2p+1)) -7

<maxidg, (Vap Vapo1)> b ( Vap_1> Vap ) >
:F(max{dqb (y2p’y2p+1)’dqh (y2p+1>y2p+2)}) { qb( e 1) ‘lb( ! 21’)

dqb (y2p’ y2p+1)} :

-7

If max{dqb(yZp’ y2p—1)’ dqb()/Zp—l’ yZp)> dqb(y2p’ )’2p+1)}

By using (15) and (F1), we get dap(¥2p> Y2p+1) then we obtain

F (qub (sz’ y2p+1)) <F (dqb (y2p’y2p+1)) -1 (23)

F(sdg (Vape2 Vape1
( ! ( e )) which is a contradiction due to (F1). Therefore,

<F (max {dqb (32> Yap1)» %dqh (y2pr y2p+1)}> F (s (320 y2pn1)
1= F(dy (7290 y2pn1)) - 7 9 < F (max {dy (3210925 ) oy (3o 321 )}) @)
< F (max {dyy (v y2p11) s dgp (V2pr1 320)}) -
- By using (10) and (5), we have
F (sdgy (¥apea y2pr1)) F(sdy (ypers 12p)) < F (sHay, (S92 Tyap 1))
< F(max{dy, (72 Y2pu1 ) dgp (V2pis2p)}) (19 <F(Dy (apy2p)) — 7 )
o < F (max {dqb (J’Zp’yprl) e (J’prl’yZp) >
Combining (16) and (19), we get dgy (Papr y2pi1)}) — 7.
max [ (s (g ) F s G spa))} g ot e )
< F(max {dg, (v2pr y2pir) gy (V2pernp)}) — (20) F(sdy (y2ps> ¥2p))
o < F(max{dy (y2p> 2p-1) dgp (92p-1032)}) - (26)
By using (10) and (5), we have -
Combining (24) and (26), we get
Pty O )) < F (s, (D) s [P (s 3 2)) (o )
< max {F (sHy, (S92 Ty2p1)): < maxliy (o )odos Onya)} -1
F(sHy, (Ty2p1:53,) )| (21) " Combining (20) and (27), we get
< min {F (D, (y2p-15 ¥25)) » F (Dgo (3290 ¥29-1))} 7+ F (smax {dg, (o Y1) » gy e )} o8

-T<F (qu (yzp’yZp—l)) - T <F (max {dqb (yn—l’yn) ’dqb ()’n» yn—l)})
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By Lemma 8, {T'S(y,,)} is a Cauchy sequence in (Y, dqb). Since
(Y,d,,) isa complete dislocated b-quasi-metric space, so there
exists u € Y such that {T'S(y,)} — u; that s,

nli_rpoodqb (yn’ u) = nli_r,noodqb (u’ yn) = 0. (29)

Now, suppose d ,(u, Tu) > 0, and then D (y,,, u) > 0, so

max {Hy , (S5 Tu) Hy, (Tt $75,) Dgy (oo 14)
(30)

Dy (1, y5,)} > 0.

By using Lemma 6 and (5), we have
T+F (sdqb (y2n+1,Tu)) <7

+ max {F (Squh (Sy5,0 Tu)) ,
(31)

F(sHy, (TwSy,,) )} < min {F(Dy (y001))
F (qu (u’ yZn))} <F (qu (y2n’ u)) .
Since F is strictly increasing, we have
qub (y2n+1’ T”) < qu (yZn’ u) . (32)
Taking lim,__, ., on both sides, we get

nhl}noosdqb (y2n+1a Tu) < nli_I}loqub (y2n’ u) (33)

From (6)
qu (yZn’ u) = max {dqb (y2n’ u) >

dqb (yZn’ y2n+1) 'dqh (u’ Tu)
@+ max {dqb (Y2m 1) dg, (u, }’2n)}

(34)

dqb (Vo> Yans1) dqb (u, Tu)} .

Taking limit as n — 00, and by using (29), we get
nli_rpoqub ()’2n> I/I) = dqb (u’ Tu) : (35)
Using inequality (35) in (33), we get
Jim sd gy (9201, Tte) < dgy, (u, Tu). (36)
Now,
dqb (I/l, Tu) < qub (I/l, y2n+l) + qub (y2n+1> Tu) . (37)
Taking limit as n — oo,
dqb (u’ Tu) < Snli_{noodqb (u’ y2n+1)

(38)
+ nli_r)nOOqub (y2n+1’ Tu) .

5

Using inequalities (29) and (36) in (38), we get
dqb (u, Tu) < dqb (u, Tu). (39)
This is a contradiction, so dg,(u,Tu) = 0. Now, sup-

pose dg,(Tu,u) > 0, and then there exists n, € N
such that dg,(Tu,y,,,,) > 0 for all n > mn, By
Lemma 6 d g, (T, ¥,,,1) < qub(Tu, SY2)> 8O

max {Hy, ($y50 Ttt), Hy, (Tt $75,), Dy (20 ),
(40)

Dy, (s yZn)} > 0.
for all n > n,. Following similar arguments as above, we get
im sdyy, (Tu, y,1) < dg, (u, Tu) = 0. (41)
Now,
Ay (T, 1) < sdgy, (T, Yyiy) +5dgy (Voo t) . (42)

Taking limit as # — 00, and using inequalities (29) and (41),
we get

dqb (Tu,u) <0 (43)

which is a contradiction, so d_;,(Tu,u) = 0. Hence u € Tu.
Similarly by using (29), Lemma 6, and the inequality

T +dy, (Sth yypin) < T+F (qub (Su, TJ’2n+1)) (44

we can show that d;,(Su,u) = 0. Similarly, dg, (u, Su) = 0.
Hence, the pair (S, T) has a common fixed point u in (Y, dqb).
Now,

dqb (u,u) < dqb (u, Tu) + dqb (Tu,u) <0. (45)

This implies that d g, (4, u) = 0. Hence the proof is completed.
O

Now, let us introduce the following example.

Example 11. Let Y = {0} U Q" and dg,(x, y) = (x + 29)* if
x # y,anddg(x, y) = 0,if x = y.Then (Y, dy,) is a dislocated
b-quasi-metric space with s = 2. Define the mappings S, T :
Y — P(Y) as follows:

S(»)

1 2 N 77 7
1.5, foral 6{0,7,7,—,—,...},
= [4y5y] @, forally 21218
[y+1y+4]nQ% otherwise.

(46)
T(y)

1 3 N { 77 7 }
—y,=y|NnQ", for all 0,7, = = ..
={ [3y8y] @, forallye 412" 48 ]»

[y+3,y+6]naQt, otherwise.
Casel If T+ max{F(stqb(Sx, Ty)), F(Squb (Tx,Sy))} = 7+

F(Squb (Sx,Ty)) < min{F(qu(x, ), F(qu(y, x))} holds.
Define the function F : R* — R by F(x) = In(x) for all



x € R"and 7 > 0.Asx, y € Y, 7T = In(1.2) and by taking y, =
7, we define the sequence {TS(y,)} = {7,7/4,7/12,7/48,---}
in Y generated by y, = 7. Also, {TS(y,)} — 0. Now, if
x, ¥y € {TS(y,)} U {0}, we have

1 2 1 3
s, (861) =2y, [352]. [59]) -2
-max | {supd <a [1 3 ])
aeSPJ’C qb \ & 3)”8)’ >
1 2 2x
e[ 2] e (22),
:;11% @ 4x Sx max dg, 53 (47)
X301 2x Qf(f%
dq”<4’8y)}_2max{<5 WV
2
.y>},
Also
D,, (x.y) = max {dqb (x.9),

dgp (x, [x/4,2x/51) dgy, (3, [y/3,3y/8])
1 + max {dqb (%, y),dg (1, x)}

o e 22 ) (5 [22)]

dg, (x,x/4) dg, (1> y/3)
1 + max {dqb (%, 9) >dqb (y, x)} ,

(55 (33)] s {27

(5xy)”

4(1+(x+29)°) (%)2(5%)2} e

Case (i). If max{(2x/5 + 2y/3)2,(x/4 + (3/4)y)2} = (x/4 +

(48)

= max {dqb (x,y),

(3/4))/)2, and 7 = In(1.2), then we have
3(x+3y)° <20(x +2y)°
6 /x 3 \? 2
s (Z + ;Ly) < (x+2y) (49)
2
In(1.2) +ln<§ + Zy) <In(x+2y).

This implies that

T+F(sHy, (Sx,Ty) < F (th (x, y)) . (50)
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Case (ii). Similarly, if max{(2x/5 + 2y/3)2, (x/4+ (3/4)y)2} =
(2x/5 + 2y/3)2, and 7 = In(1.2), then we have

48 (3x +5y)” < 1125 (x +2y)°

6 (2x 2y\?
§<—x+?y> S(X+2y)2 (51)

5
2x  2y\? 2
1n(1.2)+1n<?+?> <In(x+2y)".
Hence,

T+F(sHy, (Sx,Ty) < F (qu (x, y)) . (52)

Case 2. If max{r + F(stqb(Sx, Ty)), T+ F(stqb(Tx, Sy)} =
T+ F(Squb (Tx, Sy)) holds.

sHy, (Tx,Sy) = 2 max Hsup dg (b,Sy),

beTx

sup dg, (Tx, a)]»] =2
a€sSy

e s 122)
(53)

1 3 3x
o ([ 2]b )| = 2melee (5):
ZBSI;\)/ w3052 max {dgy ( ~=

where
qu (y’ x) = max {dqb (y’x) >

dy, (x, [x/4,2x/51) .dgy (3. [ y/3.3y/8])
1 + max {dqb (x,y) >dqb (s x)}

tole 22 ])an (o[22

= max {dqb (9,x),

d gy (x,x/4) dyy (3, 7/3) g (x5),
1 + max {dqb (%, y) ’dqb (y,x)} 4

()}
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(5xy)"
4(1 +(y+ 2x)2)

() ()] -oar

2
D,, (y,x) = max {(y +2x)°,

(54)
Case (i). If max{(3x/8+2y/4)%, (x/3+4y/5)*} = (x/3+4y/5)%,
and 7 = In(1.2), then we have

12 (5x + 12y) < 1125 (y + 2x)°

2
§(f+4_}’) < (y+2x)°

5\3 5 (55)
x  4y\? 2
In(1.2) +In (§+?) <Iln(y+2x)",
so
T+F (Squb (Tx,Sy) <F (qu (5, x)) . (56)

Case (ii). Similarly, if max{(3x/8 + 2y/4)2, (x/3 + 4y/5)2} =
(3x/8 + 2y/4)2, and 7 = In(1.2), then we have

12 (3x + 4y)” < 320 (y +2x)°

6 (3x 2y\°
g(—x+—y) S(y+2x)2 (57)

2
1n(1.2)+1n(3§ ; %) <In(y+2x).

Hence,
T+F (Squb (Tx,Sy) <F (th (v, x)) . (58)

Now, if x, y ¢ {T'S(y,)}, then the contraction does not hold.
Hence all the hypotheses of Theorem 10 are satisfied so S and
T have a common fixed point.

If we take S = T in Theorem 10, then we obtain the
following theorem.

Theorem 12. Let (Y,d,,) be a complete dislocated b-quasi-
metric space with s > 1 and S Y — P(Y) bea
multivalued mapping such that for every two consecutive points
x, y belonging to the range of an iterative sequence {S(y,,)} with
qu(x,y) >0,Fe Fg1,0>0

T+F (Squ (Sx, Sy)) <F (qu (x,y)) , (59)
where
dy, (x,5x) .dgy, (1, Sy)
a+dy,(x,y)

>

D,, (x, y) = max {dqb (x,¥)»
(60)

dgp (x,8x),d g, (1, Sy)]» :

Then {S(y,)} — u € Y. Moreover, if (59) also holds for u, then
S has a fixed pointu inY and d g, (u,u) = 0.

Remark 13. By setting the different values of D (x, y)
in (6), we can obtain different results on multivalued
F—contractions as corollaries of Theorem 10.

3. Fp; -Khan Type Contraction in
Quasi b-Metric Spaces

Piri et al. [42] extended the results of Khan [43] and Fisher
[44] by introducing a new general contractive condition with
rational expressions. Recently, Piri et al. [30] improved some
fixed point results of F,.-Khan type self-mapping on complete
metric spaces. In this section, we introduce a new type of
contraction satistfying an inequality of rational expressions
and prove a new fixed point theorem concerning this type
of contraction. Our result is real generalization of Khan fixed
point theorem; we introduced Fp; -Khan type multivalued for
two mappings in b-quasi-metric space. We start this section
with the following definitions.

Definition 14. Let Y be a nonempty set, s > 1, and p,
X x X — [0,400) be a mapping such that p(x,y) >
s and p(y,x) = s implying x = y. Let M < Y
define p;(x, M)=inf{p,(x,a),a € M} and p; (M, y)
inf{p,(b, ¥),b € M}. Let §,T Y — P(Y) be the
multivalued mappings; then the pair (S,T) is said to be

*

p; —Alt multivalued mapping; if x € Y, then

Vo o..

(a) p; (x,8x) >,
qp (x,8x) = g, (x, )

implies p; (Sy,y) > s, )

and g, (Sx, x) = q, (y, x)
(b) pr (Sx,x) >s,

qp (x, Tx) = g, (x, )
and gy, (Tx,x) = q, (y,x) implies p. (y,Sy) > s.

Definition 15 (see [30]). Let (X,d) be a metric space. A
mapping T : X — X is said to be F-Khan type contraction
if there exists T € (0,00) and F € & such that

7+ F(d(Tx,Ty))

(d (x,Tx).d(x,Ty) +d (y,Ty) d (y,Tx) ) (62)
S F b
max {d (x,Ty),d (y, Tx)}

for all x,y € X, and if max{d(x, Ty),d(y,Tx)} # 0, then
Tx # Ty and if max{d(x, Ty),d(y, Tx)} = 0, then Tx = Ty.

Definition 16. Let (Y, qy,s) be a b-quasi-metric space and
(S,T) be a pair of p multivalued mappings. Then (S, T)
is called Fp; Khan type contraction, if there exists F ¢
Fgand 7 > 0 such that for every two consecutive
points x, y belonging to the range of an iterative sequence
{TS(y)} with p (Sy,y) = s, p;(x,Sx) > s and



max{H,, (Sx,Ty), Hy, (Ty, $x), gy (x, ¥), (3, x)} > 0, we
have

T + max {F (SH% (Sx, Ty)) ,F (Sth (Ty,Sx)

(63)
< min {F (Q, (x, y)), F(Q, (y, %))}
where
Q, (x,7)
_ 9 (6804 (6 Ty) +4, (10 Ty) 4 (55x) (64

max {g, (x, Ty), q, (. Sx)}

Theorem 17. Let (Y, g, s) be a complete b-quasi-metric space
withs > 1. Let p, : Y XY — [0,+00) and (S,T) be a
pair of Fp, Khan type contractions and the set G(S) = {x :
ps (x,8x) > s} is closed and contained y,. Then {TS(y,)} —
u €Y. Also, if (63) holds for each x, y € {u}, then S and T have
a common fixed point u in'Y and q,(u,u) = 0.

Proof. As y, is an arbitrary element of G(S), from condition
of the theorem p; (y,Sy,) > s. Let {T'S(y,)} be the iterative
sequence in Y generated by a point y, € Y. Let y,,1, ¥,,/,, be
elements of this sequence. Clearly, if

max {qu (Sy2P"Ty2P'+1) » H, (Ty2p’+1’SYZp’) )

(65)
v (yZp”y2p’+1) > qp (yZp’Jrl’yZp’)} * 0,
for some p' € N U {0}, then
H,, (S)’2p”TJ’2p’+1) = Hy, (Tyzp’ﬂ’SYZp’)
= (y2p”y2p’+1) (66)

=9 (J’2p’+1>)’2p’) =0.

As Qh(yZP”yZP’H) = Qb(yZp’Jrl’yZp’) = 0, s0 Yap' = Yap't1
and Yoy € Sy Now, th(Syzpl,Tyzp,H) = 0 implies
B (Vap+1> Topr1) = 0 and Hy (Ty,,0,1,Sy,,) = 0 implies
B(TYaprs15 Yaprs1) = 0.80, yyprpy € Tyypyy and yyp is a
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common fixed point of S and T. So the proof is done. In order
to find common fixed point of both S and T, when

max {qu (Sy2p>Ty2p+1)’qu (Ty2p+1’sy2p)’ )
7
b (yZp’ y2p+1) > (y2p+1’ y2p)} >0,

for all p € {0} U N. Since p (¥0,Sv0) = S 9(Vo»Syp) =
(o> ¥1) and q,(Syo, ¥9) = qp(y1>¥0)- As (S,T) is p;
multivalued mapping, p; (Sy;, ¥;) > s. Now, p(Sy;, ;) >
S @ Iy) = q(y,y) and q(Tysy) = 4y(y2 1)
implies that p; (y,,Sy,) > s. By induction we deduce that

Ps*()/ZP)S)/zP) > s and p:(Sysz, y2p+1) > s, for all p =
0,1,2,---. Now, by Lemma 6, we have

*

B ()’2p) )’2p+1) <H, (Ty2p—1’ S)’zp) >
(68)

D ()’2p+1>)’2p) <H, (SyZP’TyZP—l)
and

@y (Vape1» Vapsz) < Hyy (20 Tyapen) )
@ (Vapra> Vaper) < Hy, (T2pe1>S2p) -
Ass > 1, then (69) implies
F(say (y2pr Yapea)) < F (sHy, (S92 Ty2pn1))
< max {F (sH,, (Sysp» T¥2ps1)) (70)
F(sHy, (Tyype1-Sy5p))}-
As Yop Yapr1 € ATSL P (12 Sy2p) 2

P (82p+1> Yap+1) = s, then by using the condition (63), we
get

s and

F(SQb (y2p+1’ y2p+2))
< min {F (Qy (2pr 2ps1)) F (Q (72p+1:32p))} - (7D

-T<F (Qb (yZp’ y2p+1)) - T

From (64), we get

_ v (y2p>Sy2p) b ()/ZP’ Ty2p+1) T <y2p+1>Ty2p+l) b (y2p+1> SYZp)

Qb (y2p’ y2p+1) -

v (y2p> y2p+1) b (y2p>Ty2p+1) T (y2p+1’ y2p+2) x0

max {qb (y2p’ Ty2p+1) > qp (Sy2p> y2p+1)}

(72)

max {qb (y2p) Ty2p+1) > O}

Therefore,

F(SQB ()/2P+1:)/2P+2) < F(qb (y2p>y2p+l)) -7 (73)

= (yZp’ y2p+1) .

and this implies

F(qu (J’2p+1>y2p+2)) (74)

<F (max {qb (}’zp’ }’2p+1) Ay (y2p+1’ yZP)}) -
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As s > 1, then (69) implies

F (qu (y2p+2’ y2p+1)) <F (Squ (Ty2p+l’sy2p))
< max {F (Squ (Tysz,Syzp)) , (75)
F(sHy, (Sy2p> T92p11))}

As YVops1> V2p € {TS(yn)}, Ps*(Sysz,,yzpﬂ) > s and

Ps (¥2p>Sy2p) 2 5, then using condition (63), we get

F (sqb (y2p+2’y2p+1))
< min {F (Qy (3 Yape1)) > F (Qo (apens 72p))} o6
-7<F (Qh ()’2p7)’2p+1)) -t

=F (qb (yZp’ y2p+1)) -%

F (qu (y2p+2’ )’2p+1))
(77)

<F (max {qb (yzp’y2p+1) > Qb (J’2p+1’ J’2p)}) -

Combining (74) and (77), we get

max {F (sqy (Yaps1> Vaps2))» F (a8 (yaprzs Y2pnr))} 8)
< F(max{a, (v 2p11) 106 (29110 72p)}) = 7
Ass > 1, then (68) implies
F (s, (72> y2p11)) < (sHy, (T92p-1575))
< max {F (sH,, (Sy2p, T¥2p1)) (79)
F (sHy, (Ty2p-15725) )}

As Yap» Yop-1 € {I'S(y,)} P:()/zp,,Syzp) > s and

PS (SY2p-1> ¥2p-1) = s, then by using condition (63), we get

@ (320 2p) @y (Y2 TV2p1) + @ (¥2p-1> T¥2p-1) G (Y2p-1>S¥2p) ) .

(80)

Therefore,
F (5% (y2p’ )’2p+1)) < min {F (Qh (y2p’y2p—1)) » F (Qb (ylp—l’ }Vzp))} -T<F (Qb ()’2p7)’2p—1)) -7
Fls s <F
(50 O 2290 ( max {qy (¥2p T¥2p1) @0 (¥2p-1072p )}
. ( @ (2p> Y2p01) A6 (Y20 ¥2p) + @ (V2p15 ¥2p) @ (¥2p1>Sp) ) .
- max {0’ v (yZp—l’SyZP)}
<F (% ()’2p—1’)’2p)) - T
Therefore, By Lemma 8,

F (qu (y2p> y2p+1))

(81)
<F (max {% (}’2p71) }’2p) > b ()’2p’ }’2p71)}) - T.
Similarly, by using (63), (64), and (68), we get
F (th (y2p+1’y2p))
(82)
<F (max {% ()’2p—1>)’2p) »qp (J’2p>)’2p—1)}) - T
Combining (81) and (82), we get
T+F (S max {qb <y2p’ y2p+1) ) F (qb (y2p+1’ y2p)) (83)

< F(max{q, (y2p-1> ¥2p) > @ (Y2p> Y2p-1)}) -
Combining (78) and (83), we get
7+ F (smax{qy, (¥ Yne1) G5 (Vne1> Yu)})
<F (max {qb (ynfl’ yn) >y (yn’ ynfl)}) .

{TS(y,)} is a Cauchy sequence in
(Y, qp)-p; (02p,Sy2p) 2 sforall p € N. So {y,,} is a
subsequence of {T'S(y,,)} contained in G(S). As G(S) is closed,
there exists u € G(S) such that { yzp} —> u, that is,

Jim g, (y,,u) = lim g, (u, y,) = 0. (85)
Also
po (u,Su) > s. (86)

Now, we show that u is a fixed point for S. We claim that
qp(Su,u) = q,(u,Su) = 0. On the contrary, we assume that
qp(u, Su) > 0. Now

gy (1, Su) < s (qp (1 20) + G (V2o SW)) . (87)

So, there exists r;, € N such that g, (y,,,, Su) > 0 for alln > n,,.
By Lemma 6, we have 0 < q;,(y,,, Su) < Hy, (Ty,_y, Su) for
alln > ny, so

max {qu (Tyan-1>Su1) »Hg, (St T¥3-1) @ (ths Va1 » (88)
88

DB (J’zn—l’”)} >0,
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for all n > n,. By Lemma 6, and s > 1, we get
7+ F (sqp (720 Su4))
<T (89)
+F (s max {qu (Tys1Su), H,, (Su, TyZH_l)}) .

Now, p(u,Su) > s and p(Sys,_1> Yon_1) = s, and then by
(64), we get

T+ F (sqp (200 S14)) < F(Qp (y2n-1-11)) - (90)
Since F is strictly increasing, we have

$qp (Van> S4) < Qp (Y215 14) - (91)

Taking limit as # — 00, on both sides of inequality (91), we
get

Jim sq, (35 Su) < lim Q, (¥5-1>1) (92)

Since q,,(u, Ty,,_1) < q,(u, y,,), taking limit as n — oo, on
both sides, we get

Jim g, (1, Ty, ) =0 (93)
By (64), we have

Qp (V21> 1)

_ @ s TY2001) By (D1 S18) + @ (,5) @y (1, Ty, ) OF)
max {q, (¥2n-1>St4) > gy (16 Ty 1)}

Taking limit as # — oo and using inequality (93), we have

lim Q, (yyu1p 1) = Jim g, (Y2n-1> Y2n) = 0. (95)

n—~oo

Now, inequality (92) implies
lim sqy, (3, Su) < 0. (96)

Taking limit as # — ©o on both sides of inequality (87) and
using the above inequality, we have

qp (u, Su) < 0. (97)

So our assumption is wrong and gy, (1, Su) = 0. Now assume
that q;,(Su,u) > 0, and then there exists n; € N such that
(St ,,) > 0 for all m > n,. By Lemma 6 q,(Su, ,,) <
H,, (Su, Tyy,_1), s0

max {qu (TY20-1, Su4) »Hy, (St Ty3-1) > o (th Yanr) » (98)
98

b (Y2n-1> ”)} >0,
for all n > n,. Following similar arguments as above, we get
Jim sq, (Su, y,,) < 0. (99)
Now,

o (Su 1) < sq, (St yp) + G, (Yytt) . (100)
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Taking limit as n — 00, on both sides of inequality (100) and
using (85) and (99), we get

qp (Su,u) <0 (101)

which is a contradiction, so g,(Su,u) = 0. Hence u € Su.
As p}(u,Su) > s and g, (u,Su) = q,(Su,u) = q,(0,0), then
Definition 14 implies

pr (Su,u) > s. (102)
Now, we show that u is a fixed point for T. We claim that
qp(u, Tu) = 0. On the contrary, we assume that g, (1, Tu) > 0,
and then there exists n, € N such that g,(y,,,;, Tu) > 0 for
alln > n,. By Lemma 6, 0 < q,(¥y41> T1) < Hy, (Syy, 1),
$O

max {H‘Ib (SyZﬂ’ Tu) > qu (Tu’ SyZn) > Ty ()/Zw u) >

(103)
a (1 y2,)} >0,
for alln > n,. By Lemma 6, and s > 1, we get
T+ F(sqy (Yane1> Tu)) < 7
(104)

+ max {F (Squ (SyzH,Tu)) ,F (Squ (Tu, S)’zn))} :

Now, p; (V20> S¥2,) = s and p; (Su,u) > s, and then by (64),
we get

T+ F (sqy (¥ani1> Tw)) < F(Qy (y2mo4)) - (105)
Since F is strictly increasing, we have
$Gy (Vane1> Tth) < Qp (oo t) - (106)

Taking limit # — 00, on both sides of inequality (106), we
get

lim sqy, (Yane1, Tu) < Jim Q, (V2w tt) -

n—=ao00

(107)

Since g, (1, 8y,,) < qp (U, ¥5,41), taking limit » — co, on
both sides, we get

lim g, (u,Sy,,) =0 (108)
By using (64), we get
Qp (Y2 1)
_ D (yZn’ )’2n+1) I (J’zw T”) +qp (u, Tu) qy (s SyZn). (109)

max {qy, (¥, Ttt) , Gy, (4 Sy2)}

Taking limit as  — ©0 and using inequality (108), we have

lim Q, (y2o %) = 1im Gy (V3 Yans1) = 0. (110)

n—:aoo n—o0

Now, inequality (107) implies

lim sg;, (y341, T1t) < 0 (1)

n—:aoo
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Now

Qp (14, Tu) < sqy, (s Yapir) + G5 (Vaner> T) - (112)

Taking limit as n — oo,

qp (u, Tu) < snlgnooqb (tszn1)

(113)
+ nleOOSQb (Vane1> Tu).
Using inequalities (85) and (111) in (113), we get
qp (U, Tu) < 0. (114)

This is a contradiction, so g, (4, Tu) = 0. Now assume that
qy(Tu,u) > 0, and then there exists n; € N such that
a(Tu, y,5,,1) > 0 for all n > n;. By Lemma 6 q,(Tu, y,,,,,) <
H, (Tu,Sy,,), so

max {qu (SyZn’ T”) > th (Tu’ SyZn) > q (yZn’ u) >

Q@ (s ¥5,) > 0.

(115)

for all n > n;. Following similar arguments as above, we get
qp (Tu,u) < 0. (116)

So q(Tu,u) = 0. Hence u € Tu. As p;(Su,u) > s and
qy(u, Tu) = q,(Tu, u) = q,(0,0), then Definition 14 implies

po (u,Su) > s. (117)

Hence, the pair (S, T) has a common fixed point u in (Y, g;,).
Hence the proof is completed. O

Corollary 18 (see [30]). Let (X, d) be a complete metric space
and T : X — X be an F-Khan contraction. Then, T has a
unique fixed point x* € X and for every x € X the sequence
{T"x} converges to x*.

4. Single Valued Result with Application to
System of Integral Equations

Let ST : Y — Y be two self-mappings and x, € Y. Let
x; = Sxg, x, = Tx;, x3 = Sx, and so on. In this way, we
construct a sequence x,, in X such that

Xop+1 = szp
and x5, = Txpp.15 (118)
(where p=0,1,2,...).

We say that {T'S(x,,)} is a sequence in Y generated by x,,.

The following result is obtained by replacing the multi-
valued mappings with the single valued mappings in Theo-
rem 10. Our result generalizes Theorem 24 in [41]. Also, we
prove uniqueness of common fixed point in our result.

Theorem 19. Let (Y,d, ) be a complete dislocated b-quasi-
metric space with constant s > 1 and S,T Yy —

1

Y be two self-mappings. If there exists F € g and
T,a > 0 such that for every two consecutive points x, y
belonging to the range of an iterative sequence {TS(y,)} with
;lnax{dqb(Sx, Ty),dqb(Ty,Sx), qu(x, y),qu(y, x)} > 0, we
ave

7 + max {F (qub (Sx, Ty)) ,F (qub (Ty, Sx))}

(119)
< min {F (D, (x,)),F (D, (%))},
where
D, (x, y) = max {dqb (x. %),
dy, (x,8x).dy, (3, T
o (080 dy (1 TY) dp (6,89, (120)

a + max {dqb (x,y) »dgp (», x)}

dg (3, Ty)} ;

then {TS(y,) — u € X. Also, if u satisfies (119), then S and T
have a unique common fixed point u in X and d,, (u,u) = 0.

Proof. Now, we have to prove uniqueness only. Let x* be

another common fixed point of S, T'. Suppose d,(Su, Tx") >
0. Then, we have

T+F (sdqb (Su, Tx*)) <F (max {dqb (u,x"),

dgp (1, Su) dy, (x*, Tx")

1 + max {dqb (u, x*), dqb (x*, u)}

dg (x*,Tx*)]»),

which implies that

N dqb (H, Su) 5 (121)

sdgy (u,x") < dg, (u,x") (122)

which is contradiction. Then dqb(Su, Tx") = 0. Also

T+F (sdqb (Sx*,Tu)) <F <max {dqb (x",u),

dgp (x7,8x") dy, (u, Tu)

1 + max {dqh (x*,u), dqh (u,x*)} '

dqb (Lt, T”)” > >

And then, we get dg,(Sx",Tu) = 0. So, x* = u. Now, we
deduce the following main result. O

dg (x7,8x%), (123)

Corollary 20. Let (Y,d,, ) be a complete dislocated b metric
space with constant s > 1 and S,T Y — Y be
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two self-mappings. If there exists F € %g¢ and t,a >
0 such that for every two consecutive points x,y belong-
ing to the range of an iterative sequence {TS(y,)} with
max{dqb(Sx, Ty), qu(x, )} > 0, we have

T+F (sdqb (Sx, Ty)) <F (th (x.5)), (124)

where

D, (1) = max {dy ().

(125)
dgp (x,8x) dy, (3, Ty)

a+dg(x,y)

’dqb (x’sx)’dqb (y’Ty)} >

then {TS(y,) — u € X. Also, if u satisfies (124), then S and T
have a unique common fixed point u in X and d,, (u,u) = 0.

Let & be the set of all functions F : R, — R defined by
[21]. Then, we have the following new result.

Corollary 21. Let (Y,d, ) be a complete dislocated quasi-
metric space and S,T : Y — Y be two self-
mappings. If there exists F € & and 1,a > 0
such that for every two consecutive points x,y belong-
ing to the range of an iterative sequence {IS(y,)} with
hmax{dqb(Sx,Ty),dqb(Ty,Sx),qu(x,y),qu(y,x)} > 0, we
ave

T 4+ max {F (dqh (Sx, Ty)) ,F (dqb (Ty, Sx))}

(126)
< min {F (qu (x, y)) ,F (qu (y,x))} ,
where
D, (x, y) = max {dqb (%),
d ,Sx) .d ,T
o (%, 8x) .dy, (3, Ty) dyp (x,5%), (127)

a + max {dqb (. y),dg (3, x)}
dgy (7, Ty)} ,

then {TS(y,) — u € X. Also, if u satisfies (126), then S and T
have a unique common fixed point u in X and dg, (u,u) = 0.

Now, as an application, we discuss the application of
Theorem 19 to find solution of the system of Volterra type
integral equations. Consider the following integral equations:

u(t) = Jt K, (t,s,u(s))ds, (128)

0

V(o) = JtKZ (t,5,v(s)) ds (129)

0

for all t € [0, 1]. We find the solution of (128) and (129). Let
X = C([0,1],R,) be the set of all continuous functions on
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[0, 1], endowed with the complete dislocated b-quasi-metric.
For u € C([0,1],R,), define supremum norm as [lul|, =
sup,cjo1y{u(t)e ™}, where 7 > 0 is taken arbitrarily. Then
define

2

d, (w,v) = | sup {(u(t)+2v(t)e ™}

t€[0,1] (130)

2
= [lu+2v|;

for all u,v € C([0,1],R,), and with these settings,
(C([0,1],R,), d,) becomes a dislocated b-quasi-metric space.

Now we prove the following theorem to ensure the
existence of solution of integral equations.

Theorem 22. Assume the following conditions are satisfied:
(i) K, K, : [0,1]1x[0,1]xR, — R, and f,g:[0,1] —
R, are continuous.

(ii) Define

Su(t) = jtKl (t,s,u(s))ds,
’ (131)
t

Tv(t) = L K, (t,s,v(s))ds.

Suppose there exist T > 1, such that
max {K, (t,s,u) + 2K, (t,5,v), K, (t,5,v)

+ 2K1 (t,s, u)} (132)

< \/TeZ“’T min {M (u,v), M (v,u)},
forallt,s €[0,1] and u,v € C([0, 1], R), where
M (u,v)

e + 2Sul® v + 2Tv|?

bl
a + max {||u 20, v+ 2u||2}
et + 2Sull?, ||v + 2Tv|]*

o +2v]%, (133)

Then integral equations (128) and (129) have a unique solution.
Proof. By assumption (ii) and (132), we have

max {Su + 2Tv, Tv + 2Su}

t
= max {j (K, (t,s,u) + 2K, (t,s,v)) ds,
0

r (K, (t,s,v) + 2K, (t,s,u)) ds}

0

< r \/‘rez”*T min {M (u,v), M (v,u)}ds (134)

0
(max {Su + 2Tv, Tv + 2Su})* < e " min {M (u,v),
t ) 1
M (v,u)} J e"ds < Ee_r min {M (u,v), M (v, u)}
0

27t
e .
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This implies
(max {Su + 2Tv, Tv + 2Su} e_”)z
) (135)
< Ee% min {M (u,v), M (v,u)}.
That is,
2 |max {Su + 2Tv, Tv + 2Su}||i
(136)
<e "min{M (u,v),M (v,u)},
which further implies
T+ 2In|max {Su + 2Tv, Tv + 28u}||§
< Inmin{M (u,v), M (v,u)},
(137)

T + max {sln [ISze + 2Tv||i ,sin||Tv + ZSu}lli}

< Inmin{M (u,v), M (v,u)}.

So, all the conditions of Theorem 19 are satisfied for (a) = Ina,
d.(u,v) = lu+ Zvlli, s = 2. Hence integral equations given in
(128)and (129) have a common unique solution. ]

Remark 23. By setting different values of M(u, v) in (132), we
can obtain different weak contractive inequalities and results
as corollaries of Theorem 22.

5. Conclusion

In this work, we have discussed the notion of dislocated
b-quasi-metric space and given an application to find the
solutions of the nonlinear integral equations in such spaces.
New results in b-quasi-metric, quasi-metric, quasi dislocated
metric, dislocated metric, and metric can be obtained as
corollaries of our theorems, which are still not present in
the literature. The notions of p;—Alt multivalued mapping
and Fp; Khan type contraction on a sequence have been
introduced. Our observation is that the fixed points of
mappings which are contractive only on a sequence can be
ensured by the fixed point results. Our results extend the
results given in [41, 45].
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