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In this paper, we obtain the weighted endpoint estimates for the commutators of the singular integral operators with the BMO
functions and the associated maximal operators on Orlicz-Morrey Spaces. We also get the similar results for the commutators of
the fractional integral operators with the BMO functions and the associated maximal operators.

1. Introduction and Main Results

The Morrey spaces were introduced by Morrey in [1] to
investigate the local behavior of solutions to second-order
elliptic partial differential equations. Chiarenza and Frasca
[2] showed the boundedness of the Hardy-Littlewood max-
imal operator, singular integral operators, and the fractional
integral operators on the Morrey spaces. Komori and Shirai
[3] introduced the weighted Morrey spaces and proved that,
forl] < p<ocoandw € A, T and [b,T] are bounded on

LP*(w),andif p = 1 and w € A, then for all £ > 0 and any
cube Q,

-0

w({x € Q:Tf )] > t}) < = | flpxy w Q. @

In this paper, we obtain the weighted endpoint estimates
for the commutators of the singular integral operators with
BMO functions and associated maximal operators. We also
obtain the similar results for the commutators of the frac-
tional integral operators with BMO functions and associated
maximal operators.

Let f be a measurable function on R" and 1 < p < oo,
0 <« < 1, for two weights w and u, and the weighted Morrey
space is defined by

L (w,u) = {f € Llocp (w) : “f"LP*"(w,u) < OO} ? )

where

1 1/p
Ilfllm,u)=sgp(WjQ|f<x)|”w<x)dx) E

and the supremum is taken over all cubes Q in R". When w =
u, we write LP*(w, u) as LP*(w).

We say that T is a singular integral operator if there exists
a function K which satisfies the following conditions:

Tf (x) = pv. JW K(x=y) f(y)dy,

C
IK(x)| < —,
| x| (4)
VK (x)| < W,
x # 0.
The BMO(R") space is defined by
8O () = fb € L (1) il
(5)
)
=sup— | |b(x)-b dx<oo]»,
P Ql al

where b = (1/|Ql) JQ b(y)dy.
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For the singular integral operator T and b € BMO, the
commutator [b, T] is defined by

LTI = [ (0 -bONK(-2)fG)dy. ©

In order to state our results, we need to recall some
notations and facts about the Young functions and Orlicz
spaces; for further information, see [4]. A function ®
[0,00) — [0,00) is a Young function if it is convex and
increasing, and if ®(0) = 0 and ®(t) — coast — oo.

Let @ be a Young function, 0 < ¥ < 1 and two weights
w and u, and the weighted Orlicz-Morrey Class L®*(w, u) is
defined as

L(D)K (w> u) = {f "f“L‘Dv"(w,u) < OO} ’ (7)

where

ol
) = SUP——— | O(|f (0)|)w(x)dx. (8
"f”L‘D (wi) pu(Q) o (|f |) (8
When w = u, we write L**(w, u) as LY*(w).
Given a locally integrable function f and a Young
function @, define the mean Luxemburg norm of f on a cube

Qby

Wlag=int >0 5 [ o LM )ax<1f. 0

For «,0 < a < #, and a Young function ®, we define
Orlicz maximal operator

Au@frx)=2§wQPMWHbQ- (10)

If « = 0, we write M, ¢ simply as Mg. If « = 0 and
O(t) = t, M, is the Hardy-Littlewood maximal operator
M. If ®,(t) = tlogle + £)*,e > 0, we write Mg, simply as
ML(logL)s'

If0 < < mand O(t) = t, M, 4 is the fractional maximal
operator of order o and we write it as M. If ®,(t) = tlog(e +
t)°, we write M, ¢, simply as M 1(jog 1):-

Take w € A;, which means Mw(x) < Cw(x) for a.e. x €
R".

Given «,0 < « < n, for an appropriate function f on
R", the fractional integral operator (or the Riesz potential) of
order o is defined by

Lf(x) = j n xf_(—;/'zl_‘xdy. )

For b € BMO(R"), we define the commutators of the
operator I, and b by

(b(x)-b(y)) f ()
|x B y|n—(x

(ANCE dy. ()

The following theorems are our main results.
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Theorem 1. Let w € A, and O(t) = tlog(e + t), then there
exists a positive constant C such that, for any cube Q and any
t>0,

w({x €Q: Mgy f (x) | > t})
[/l

(13)
w(Q".

Lﬂ)x )

<[

Theorem 2. Let T be any singular integral operator, w € A,
D(t) = tlog(e +t), and b € BMO. Then there exists a positive
constant C such that, for any cube Q and any t > 0,

w({xeQ:|[b,T] f(x)|>1})

o] a4

w(Q".

L(DK

Theorem 3. Let 0 < 0« < m,w € A, 1/g =1-a/n 0 <
k < 1/g ®(t) = tlog(e + t), ¥(t) = t"1log(e + t)™", and
o(t) = ¢1/a log(e + t7Y). Then there exists a positive constant C
such that, for any cube Q and any t > 0,

¥ (w ({x €Q: M, riogry f (%) > t}))

H 1/ 1)

w(Q)".

L (w,0(w))

Theorem4. Let0 < x <n,w e A,b e BMO,1/qg=1-«/n,
0 <« < 1/g, ®(t) = tlog(e + 1), ¥(t) = t'/1log(e + t)*, and
o) = Y1 log(e + t7Y). Then there exists a positive constant C
such that, for any cube Q and any t > 0,

¥ (w(fx e Q: b
4

L] f )] > 1)

(16)
w(Q".

L (w,0(w))

2. Proof of Theorems 1 and 2

Lemma 5 (see [5]). Let ®(t) = tlog(e + t), then there exists a
positive constant C such that, for any weight w and all t > 0,

w({x €R™: Myogr f (x) > t})

SCJ n@(M)Mw(x)dx

for every locally integrable function f.

7)

Lemma 6 (see [6]). Let w € A, then there exist a constant
C > 0 andn > 0 such that, for any cube Q and a measurable
subset E C Q,

w(E) |ET\"
<Cl=]). 18
w@Q <IQ|> 9
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Proof of Theorem 1. Fix a cube Q centered at x,,. By Lemma 5,
we have

w({x €Q: Myoepy f (x) > t})

J Xow (x) dx
{x€R™:M g 1) f(x)>1}

sCan)(lthx)')M(XQw)(x)dx (19)

<C (LQ + LW ) ) ( f ix)| ) M (xow) (x) dx

<I+IL

To estimate term I, since w € A, we have

ISCJ @(@)w(x)dx
3Q

(20)
H |/l

w(Q".

Lﬂ)x

For term II, observe that, for x € (3Q)°, x € Rand RNQ #
0. We have

1 1
T 0w dy= o | whiay

(21)

C
Sijw(y)d)’z w(Q).
0

C
T n
| = x|
Therefore we obtain

M (xqw) (x) <C |x - x0|_nw(Q). (22)

Since w € A, using Lemma 6, we get

|f ()] -
I<cC J(3Q)C O] (T lx - x0|

<Cw(Q) Z L}HQ\sz (&;”) |x = xo| " dx

|f (x)]
ror S, o (L)

< Cw (Q)" (23)

S w@ ! J QI)<If(x)l)
j:lw(3j+1Q)l_Kw(3j“Q)K 3/1Q t

- 1

Z 3jnn(1-x)

L% (w) j=1

w(Q)dx

Lox (w)

This ends the proof. O

Lemma 7 (see [7]). Let T be any Calderon-Zygmund singular
integral operator, O(t) = tlog(e +t), € > 0, and b € BMO.
Then there exists a positive constant C such that, for all weights
w,

w({x e R":|[b,T] f (x)| > t})

24
<C| o |f (x)| M e (x) dx. 24
J R t L(log L)

Lemma 8 (see [6]). Let w € A,, then there exist a constant
C > 0 and 0 > 0 such that, for any cube Q,

1 . 1/(1+60) 1
(@Lw(y)lgdy) SC@JQw(y)dy. (25)

Proof of Theorem 2. Fix a cube Q centered at x,. By Lemma 7,
we have

w({x e Q: LTI f(x)]>t})

= J w (x) xq (x) dx
{x€R™:[b,T] f(x)>t}

<C J @ ( s ix)l ) M ogpye (Wxq) (x) dx (26)

=¢ (LQ ' J(3Q)C > ¢ ( . (tX)I ) Mg (1)

c(x)dx <T+1L

To estimate term I, since w € A, it is easy to prove that
ML(logL)m(wXQ)(x) < Cw(x), x € 3Q, and we have

ISCJ @(@)w(x)dx
3Q

(27)
” |/l

w(Q".

L(DK

For term I, observe that, for x € (3Q), x € R, Risa cube,
and RN Q # 0, by Lemma 8, for any d : 0 < § < 6, we have

([ @O o) a)

1 N 1/(1+8)
(g [yr0 @)
_ Q)l/(l‘ﬂs)(L ]+6d )1/(1+6) (28)
<|R| Ql JQ“’(” 4

()" (g fo0r)

. C(@)”‘“‘” w@
BN Ql



Noticing the definition of the maximal function M, we obtain

Mygogy (o) (0) < (M (00 y5) () """

/(1+6)
g C( QI ) w(Q
x— x| Ql

(29)

By Lemma 6, we get

1/(146)
nscj GI,(If(x)l)( Q| )
(6Qr t | = x|
w(Q) |f ()] )
- ——dx<C o ——
QI = ]Z; LJ’HQ\y'Q ( t

1/(146)
QI w(Q)

. ———=dx<C

(|x_x0|n> Ql x < Cw(Q)"

w(Q) 1"‘( Q| )“"“*‘” %0
_1< (3]+1Q)> |3j+1Q| ( )

m LJ_HQCDOthx)')w(x)dx

Mg

0 |Q| n(1-x)—-8/(1+6) |f|
<Cw (Q Z: ( l3]+1Q| > T L% )
< Cw(Q" @ :
LCD,K(w)

in which we take § > 0 small enough such that #(1 — ) —
&/(1 + &) > 0. This ends the proof. O

3. Proof of Theorems 3 and 4

Given an increasing function ¢ : [0,00) —
we define the function h, by

[0, 00), as in [8],

@ (st)
Fo S =500y
If ¢ is submultiplicative, then hq, =~ ¢. Also, for all 5, > 0,
@(st) < hy(s)ep(t).
In this section, we set ®(t) = tlogle + t), it is
submultiplicative, and so hg, = @. Let 0 < « < n, and g be
anumber 1/g = 1 — a/n. Denote

0<s<oo. (31)

0, t=0,
V() = t (32)
, t>0.
) (toc/n)
So
(1) ~t"log(e+1)". (33)

The function ¥ is invertible with

Y (t) =T (t) = [tlog (e + 1)]T = © (£)7. (34)
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Lemma 9 (see [8]
tive sequence {t j},

). If o(t)/t is decreasing, then, for any posi-

(3o o

Lemma10. Let 0 < « < n, 1/q = 1 — a/n. Then there exists a
constant C > 0 such that, for any t > 0, for any weight w, we
have

\P(w({x eR": Moc,LlogL (f) (x) > t}))

gcj n®<M)h\y(Mw(y))dy.

(36)

Proof. By homogeneity, we may assume that t = 1. Define the
set

Q={xeR": M, 001, (f) (x) > 1}. (37)
It is easy to see that () is open and we may assume that it is
not empty. To estimate the size of ), it is enough to estimate
the size of every compact set F contained in Q. We can cover

F by a finite family of cubes {Q it for which

| '“/n “f"L (log L),Q (38)

Using Vitali’s covering lemma, we can extract a subfamily of
disjoint cubes {Q;} such that

F cC U3Qk. (39)
k

For each k, by homogeneity and the properties of the norm
|+ lp,q> We have

< lQ_lkl JQk (£ () |Qd™")dy

a/n
eler)

|Qx

C
YD ij o (f () dy.

| oonay @0
Qk

For each k, we have

¥ (w(Qy))
¥ (|Q])

< Chy (“’|(QQ|) )| oGonay @

¥(w(Q)<C J, @G onay

<c| o (s (Mw(3)dy.
Qk
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It is easy to see that W(t)/t is decreasing; by Lemma 9, we have

\P(w(F))<Z\P w(Qy))
<CZJ O(f(»)hy Mw(y)dy  (42)

<C| O(f () hy (Mw(3)dy.

This ends the proof. O

Proof of Theorem 3. Fixa cube Q centered at x,. By Lemma 10,
we have

v (w ({x € Q: M, rogry f (%) > t}))

=\I’<J w(x)XQ(x)dx)
{x€R": My L10g 1) f(x)>1}

<C J ® ( |f ix)| ) hy (M (wxq)) () dx (43)
R

<C <LQ + LQ)C ) @ ( f Ex)l ) hy (M (wyq))

(x)dx <T+1L

Now we estimate term I. Noticing that, for s > 0, we have

vy o (")

h L )
‘I’(S) sup t1>10p(D( ((Sf)a/n)

0 P (t) <CO(s). (44)

Sincew € A, we get

rcc of LW, (w (x)) dx
| v
3Q

t
<c| ('f( )')@)( () dx (45)
3Q
<C m w(Q)*.
ol Loxw,0)

For term II, observe that, for x € (3Q)%, x € Rand RNQ #
0. As in the proof of Theorem 1, we have

M (yow) (x) < Clx = x| "w (Q). (46)

Sincew € A, ® is submultiplicative, and using Lemma 6, we
get

fx)
HSCLQ) <| . |)h\y(|x x| " w(Q)) dx

S If(x)|> (w(Q)>
chLJ_HQ\y_Q@( e Fg )

j=1

oY w@
|3]+1Q| 3]+1Q)

q, ( |f )] )
3j+1Q t

5

$_w@Q" (
————log

w (3j”Q)>

TTu@
J (lf( )|)®(w(x))dx<Cw(Q)
3]+1Q

Nkl

1 .
: ZW log (e + 3]m7)

L (w,0(w)) j=1

L“’*”(w,GJ(w))
(47)

This ends the proof. O

Lemmall (see [9]). Let0 < x <m, 1/g=1-a/n,w e A,
and b € BMO. Then there exists a constant C > 0 such that,
foranyt > 0,

Y(w({x e R": [b, L] (f) (%) > t}))

SCjnd)(M)@(w(y))dy. )

Lemma12 (see [6]). Let f(x) =0, f € LIOC(IR"), and0 < 6 <
1, then M(f)° € A,.

Proof of Theorem 4. Fix a cube Q centered at x,, for any
we Ajand§ : 0 < § < 0, and by Lemma 12, we have

M(w1+6XQ)1/(1+6) € A,. By Lemma 11, we obtain

Y(w(xeQ:[bL]f ()] >1t))

:‘P<J w (%) Xq (x)dx)
{xeR™[b,1,] f(x)>1}

ccw (j M (wyg) (%) dx)
{xeR™[b,I,]f(x)>t}

1+6
sov([ o ()

e o152
.@((M( 1+8 )( ))1/ 1+5)>dx



<ol L )2 (57)

e ((M ™ (x))l/(l+6)> dx <T+1L

(49)
Now we estimate term I. Noticing that w € A, Lemma 8,

we have (MW’ yo)(x)/"? < CcOMuw(x) <
CO(w(x)). Then

Iscj q><|f( ”)@( (x) dx
3Q

(50)
4

w(Q".

L (w,®(w)

For term 1I, as the proof of Theorem 2, for x € (3Q)",

(M (w1+5XQ) (x))l/(1+6)

: (51)
|Q| 1o w(Q)
<C| —— w@Q
) <Ix‘"o|n) Q|
By Lemma 6, we get
II'< CJ ®<|f(x)|>®<<&>l/(l+6)
< 3Q)F t |x _ x0|n
wQ ol )
Ql )dx - CZ LﬁlQ\yQ ( .
Q| 1-0/(1+6)
®<<l3]+1Q|> w(x)>deCw(Q)K
© (g \!a-dalte)
;Zl <|3j+1Q|>
(52)
1 N '31+1Q' 1-8/(1+9) 1
Jdog| e o
g [@]] (w (3j+1Q))K

. J | (lf(x)i ) ® (w (x)) dx < Cw (Q)"
3/71Q

205

n(1/q—x)-8/q(1+9)
: )

L (w,0(w))

11

.1 3]n(n 8/(1+6)) <Cw
og e+ ") < Co@" |5

>

L (w,0(w))

in which we take § > 0 small enough such that 7(1/q — k) —
6/q(1+38) > 0and - 38/(1+6) > 0. This ends the proof. [
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