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In this paper, we discuss binomial operators structure properties, such as moments representation, derivatives representation, and
binary representation and introduce some applications in preservation.

1. Introduction

As an extension to the well-known Bernstein operators,
binomial operators are defined as follows (see [1], [2], or [3]):

(𝐿𝑄𝑛𝑓) (𝑥) = 1𝑏𝑛 (1)
𝑛∑
𝑘=0

(𝑛𝑘) 𝑏𝑘 (𝑥) 𝑏𝑛−𝑘 (1 − 𝑥) 𝑓(
𝑘𝑛) ,

𝑓 ∈ 𝐶 [0, 1] ;
(1)

if 𝑏𝑛(1) = 0, then those operators are substituted by

(𝐿𝑄𝑛𝑓) (𝑥)
= 1𝑏𝑛 (𝑛)

𝑛∑
𝑘=0

(𝑛𝑘) 𝑏𝑘 (𝑛𝑥) 𝑏𝑛−𝑘 (𝑛 − 𝑛𝑥) 𝑓(
𝑘𝑛) ,

𝑓 ∈ 𝐶 [0, 1] ,
(2)

where (𝑏𝑛)𝑛≥0 is a sequence of binomial polynomials; i.e.,𝑏𝑛(𝑥) is a polynomial of 𝑛 degree satisfying
𝑏𝑛 (𝑥 + 𝑦) = 𝑛∑

𝑘=0

(𝑛𝑘) 𝑏𝑘 (𝑥) 𝑏𝑛−𝑘 (𝑦) , 𝑛 = 0, 1, 2, ⋅ ⋅ ⋅ . (3)

𝑄 is a delta operator (see Definition 2 below), which is
determined by the sequence of binomial polynomials (𝑏𝑛)𝑛≥0
uniquely.

In order to explore the binomial operators approximation
and preservation, in present paper we are to investigate

some structural properties, since behaviors of an operator are
strongly dependent on its structure. In view of the Bernstein
operators

(𝐵𝑛𝑓) (𝑥) = 𝑛∑
𝑘=0

(𝑛𝑘)𝑥𝑘 (1 − 𝑥)𝑛−𝑘 𝑓(
𝑘𝑛) ,
𝑓 ∈ 𝐶 [0, 1] ,

(4)

with the following structural properties: endpoints interpo-
lation, moments representation, derivatives representation,
difference representation, and binary representation (see [4–
10]), so our attention to the binomial operators will also focus
on these aspects. On the study of Bernstein type operators,
here we also want to refer to literatures [11–16].

In the next section, we introduce some primary concepts
and results involved in this paper, which can be found in [1,
2, 17].

2. Notations and Preliminaries

Let Π𝑛 be the linear space of polynomials of degree at most𝑛 and Π the space of all polynomials; i.e., Π = ⋃𝑛≥0Π𝑛. We
denote by 𝐼 the identity operator and 𝐷 the derivative. For
real number 𝑎, the shift operator 𝐸𝑎 : Π → Π is defined by𝐸𝑎𝑝(𝑥) = 𝑝(𝑥 + 𝑎), 𝑥 ∈ (−∞,+∞).
Definition 1. If a linear operator 𝑇 : Π → Π commutes with
all shift operators, then it is called a shift-invariant operator;
i.e., 𝑇𝐸𝑎 = 𝐸𝑎𝑇 for any a real number 𝑎.
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From [17], we can find that if 𝑇1 and 𝑇2 are shift-invariant
operators, then 𝑇1𝑇2 = 𝑇2𝑇1.
Definition 2. A shift-invariant operator Q is called a delta
operator iff 𝑄𝑒1 = 𝑐𝑜𝑛𝑠𝑡 ̸= 0, where 𝑒𝑖 = 𝑒𝑖(𝑡) = 𝑡𝑖, 𝑖 =0, 1, ⋅ ⋅ ⋅ .

For delta operators, we have the following assertion.

Theorem 3. The following statements are equivalent:
(i) 𝑄 is a delta operator.
(ii) There exists a reversible shift-invariant operator 𝑃 such

that 𝑄 = 𝐷𝑃.
(iii) There exists a power series 𝜙(𝑡) = Σ∞𝑘=0𝑐𝑘(𝑡𝑘/𝑘!) with𝑐0 = 0, 𝑐1 ̸= 0 such that 𝑄 = 𝜙(𝐷).
Every shift-invariant operator can always be represented

by any one delta operator that is so-called “First Expansion
Theorem” as below.

Theorem 4. Let 𝑇 be a shift-invariant operator, and let𝑄 be a
delta operator with basic polynomials 𝑏𝑛(𝑥); then

𝑇 = ∞∑
𝑘=0

𝑎𝑘𝑘!𝑄𝑘 (5)

with 𝑎𝑘 = [𝑇𝑏𝑘(𝑥)]𝑥=0.
Definition 5. Let 𝐾 : Π → Π be defined as (𝐾ℎ)(𝑡) = 𝑡ℎ(𝑡).
For an operator 𝑇 : Π → Π, its Pincherle derivative 𝑇 is
defined by 𝑇 = 𝑇𝐾 − 𝐾𝑇.

From [17], it is known that if 𝑇 is a shift-invariant
operator, then also is 𝑇.
Definition 6. Let Q be a delta operator. A polynomial
sequence (𝑏𝑛)𝑛≥0 is called the sequence of basic polynomials
associated with Q iff

𝑏0 (𝑥) = 1,
𝑏𝑛 (0) = 0,
𝑄𝑏𝑛 (𝑥) = 𝑛𝑏𝑛−1 (𝑥) ,

𝑛 ≥ 1.
(6)

It has been proved that every delta operator has a unique
sequence of basic polynomials (see [17], Proposition 3]).
Moreover, if (𝑏𝑛)𝑛≥0 is the basic sequence of a delta operator𝑄, then (𝑏𝑛)𝑛≥0 is a sequence of binomial polynomials, and the
converse is also right.

In this paper, we also need the following assertions. If 𝑄
is a delta operator, then𝑄−1 exists and the binomial operator𝐿𝑄𝑛 has the following representation.
Theorem 7. The operator 𝐿𝑄𝑛 can be represented in the form

(𝐿𝑄𝑛𝑓) (𝑥) =
𝑛∑
𝑘=0

𝑘!𝑛𝑘 (
𝑛
𝑘)[0,

1𝑛 , ⋅ ⋅ ⋅ 𝑘𝑛 ; 𝑓] 𝑑𝑘,𝑛 (𝑥) , (7)

where

𝑑𝑘,𝑛 (𝑥) = 1𝑏𝑛 (1) (Θ
𝑘𝐸1−𝑥𝑏𝑛−𝑘) (𝑥) , Θ = 𝐾𝑄−1 (8)

and [0, 1/𝑛, ⋅ ⋅ ⋅ 𝑘/𝑛; 𝑓] is divided difference of the function 𝑓.
Using this theorem, we can get the moments of 𝐿𝑄𝑛 immediately

(𝐿𝑄𝑛𝑒𝑟) (𝑥)
= 1𝑏𝑛 (1)

𝑟∑
𝑘=0

𝑘!𝑛𝑘 [0, 1𝑛 ⋅ ⋅ ⋅ 𝑘𝑛 ; 𝑒𝑟] (Θ𝑘𝐸1−𝑥𝑏𝑛−𝑘) (𝑥) ,
𝑟 = 0.1.2 ⋅ ⋅ ⋅ .

(9)

In particular, when 𝑟 = 0, 1, 2, we have
(𝐿𝑄𝑛𝑒0) (𝑥) = 1,
(𝐿𝑄𝑛𝑒1) (𝑥) = 𝑥,
(𝐿𝑄𝑛𝑒2) (𝑥)
= 𝑥2 + (1 − 𝑛 − 1𝑛

(𝑄−2𝑏𝑛−2) (1)𝑏𝑛 (1) ) 𝑥 (1 − 𝑥) .
(10)

According to these moments and Korovkin theo-
rem, it is easy to see that if 𝐿𝑄𝑛 is positive and ((𝑛−1)/𝑛)((𝑄−2𝑏𝑛−2)(1)/𝑏𝑛(1)) → 1, then 𝐿𝑄𝑛 uniformly
converges to the continuous function 𝑓.

For convenience, we denote all the positive operators 𝐿𝑄𝑛
by B. Let F be the set of all formal power series 𝜙(𝑡) =∑∞𝑘=1 𝑑𝑘(𝑡𝑘/𝑘!) with 𝑑1 > 0, 𝑑𝑘 ≥ 0; then the positivity of 𝐿𝑄𝑛
can be characterized as follows.

Theorem 8. Let 𝐿𝑄𝑛 be defined as before, and 𝑄 = 𝜙(𝐷); then𝐿𝑄𝑛 ∈B iff

𝜙−1 (𝑡) fl ∞∑
𝑘=0

𝑐𝑘 𝑡𝑘𝑘! ∈ F. (11)

Therefore, if 𝐿𝑄𝑛 ∈ B, then 𝑏𝑛(𝑥) has nonnegative coefficients,
where (𝑏𝑛)𝑛≥0 is the sequence of basic polynomials associated
with 𝑄.

When 𝑄 = 𝐷, which is the simplest delta operator
with the basic polynomials 𝑏𝑛(𝑥) = 𝑥𝑛, 𝑛 = 0, 1, ⋅ ⋅ ⋅ , its
corresponding binomial operator 𝐿𝑄𝑛 is Bernstein operator𝐵𝑛; when𝑄 = 𝐼−𝐸−1, which is also a delta operator and called
backward difference operator with the basic polynomials𝑏𝑛(𝑥) = 𝑥(𝑥+1) ⋅ ⋅ ⋅ (𝑥+𝑛−1), 𝑛 = 0, 1, ⋅ ⋅ ⋅ , its corresponding
binomial operator is so-called Stancu operator (see [1] or [2]).

3. Some Structure Properties of the
Operator 𝐿𝑄𝑛

Similar to Bernstein operators, the binomial operators 𝐿𝑄𝑛 , on
which some researches can be found in [18–24], also have the
property of endpoint interpolation; i.e., (𝐿𝑄𝑛𝑓)(0) = 𝑓(0) and(𝐿𝑄𝑛𝑓)(1) = 𝑓(1).
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Applying [𝑥0, 𝑥1, . . . , 𝑥𝑘; 𝑓] = △𝑘ℎ/𝑘!ℎ𝑘 to Theorem 7, we
have the difference representation of 𝐿𝑄𝑛 as follows:
(𝐿𝑄𝑛𝑓) (𝑥)
= 1𝑏𝑛 (1)

𝑛∑
𝑘=0

(𝑛𝑘)△𝑘1/𝑛𝑓 (0) (Θ𝑘𝐸1−𝑥𝑏𝑛−𝑘) (𝑥) .
(12)

As is known to all, the derivative of Bernstein operators
can be expressed by difference operators (see [4]):

𝐵(𝑟)𝑛 (𝑓, 𝑥)
= 𝑛 (𝑛 − 1) ⋅ ⋅ ⋅ (𝑛 − 𝑟 + 1) 𝑛−𝑟∑

𝑘=0

△𝑟1/𝑛𝑓(𝑘𝑛) 𝑏(𝑛−𝑟)𝑘 (𝑥) ,
(13)

but the derivatives of 𝐿𝑄𝑛 can not be expressed in this form;
actually when 𝑟 = 1, 2 they have the following representation.
Proposition 9. Let 𝑄 be a delta operator and (𝑏𝑛)𝑛≥0 be the
sequence of basic polynomial associated with 𝑄; then

𝐷(𝐿𝑄𝑛𝑓) (𝑥) = 1𝑏𝑛 (1)
𝑛−1∑
𝑘=0

(𝑛𝑘) 𝑏𝑛−𝑘 (0)

⋅ 𝑘∑
𝑙=0

(𝑘𝑙) 𝑏𝑙 (𝑥) 𝑏𝑘−𝑙 (1 − 𝑥) ⋅ [𝑓(
𝑛 − 𝑘 + 𝑙𝑛 )

− 𝑓( 𝑙𝑛)] ;
𝐷2 (𝐿𝑄𝑛𝑓) (𝑥) = 1𝑏𝑛 (1)

𝑛−1∑
𝑘=1

(𝑛𝑘) 𝑏𝑛−𝑘 (0)
𝑘−1∑
𝑙=0

(𝑘𝑙) 𝑏𝑘−𝑙 (0)

⋅ 𝑙∑
𝑗=0

(𝑙𝑗) 𝑏𝑗 (𝑥) 𝑏𝑙−𝑗 (1 − 𝑥) ⋅ [𝑓(
𝑛 − 𝑙 + 𝑗𝑛 )

− 𝑓(𝑘 − 𝑙 + 𝑗𝑛 ) − 𝑓(𝑛 − 𝑘 + 𝑗𝑛 ) + 𝑓( 𝑗𝑛)] .

(14)

Proof. ByTheorem 4, we have

𝐷 = ∞∑
𝑙=0

𝑏𝑙 (0)𝑙! 𝑄𝑙; (15)

it follows that

𝑏𝑘 (𝑥) = 𝐷𝑏𝑘 (𝑥) =
𝑘∑
𝑙=0

(𝑘𝑙) 𝑏𝑙 (0) 𝑏𝑘−𝑙 (𝑥) , (16)

so that

𝑛∑
𝑘=0

(𝑛𝑘) 𝑏𝑘 (𝑥) 𝑏𝑛−𝑘 (1 − 𝑥) 𝑓(
𝑘𝑛) =

𝑛∑
𝑘=1

(𝑛𝑘)
𝑘∑
𝑙=0

(𝑘𝑙)

⋅ 𝑏𝑙 (0) 𝑏𝑘−𝑙 (𝑥) 𝑏𝑛−𝑘 (1 − 𝑥) 𝑓(𝑘𝑛) =
𝑛∑
𝑘=1

𝑏𝑘 (0)

⋅ 𝑛∑
𝑙=𝑘

(𝑛𝑙)(
𝑙
𝑘) 𝑏𝑙−𝑘 (𝑥) 𝑏𝑛−𝑙 (1 − 𝑥) 𝑓 (

𝑙𝑛) =
𝑛∑
𝑘=1

(𝑛𝑘)

⋅ 𝑏𝑘 (0)
𝑛−𝑘∑
𝑙=0

(𝑛 − 𝑘𝑙 ) 𝑏𝑙 (𝑥) 𝑏𝑛−𝑘−𝑙 (1 − 𝑥) 𝑓(
𝑘 + 𝑙𝑛 ) .

(17)

In the same way, we have

𝑛∑
𝑘=0

(𝑛𝑘) 𝑏𝑘 (𝑥) 𝑏𝑛−𝑘 (1 − 𝑥) 𝑓(
𝑘𝑛) =

𝑛∑
𝑘=1

(𝑛𝑘) 𝑏𝑘 (0)

⋅ 𝑛−𝑘∑
𝑙=0

(𝑛 − 𝑘𝑙 ) 𝑏𝑙 (𝑥) 𝑏𝑛−𝑘−𝑙 (1 − 𝑥) 𝑓(
𝑙𝑛) .

(18)

Therefore, we get

𝐷(𝐿𝑄𝑛𝑓) (𝑥) = 1𝑏𝑛 (1)
𝑛∑
𝑘=1

(𝑛𝑘) 𝑏𝑘 (𝑥) 𝑏𝑛−𝑘 (1 − 𝑥)

− 1𝑏𝑛 (1)
𝑛∑
𝑘=1

(𝑛𝑘) 𝑏𝑘 (𝑥) 𝑏𝑛−𝑘 (1 − 𝑥) =
1𝑏𝑛 (1)

⋅ 𝑛∑
𝑘=1

(𝑛𝑘) 𝑏𝑘 (0)
𝑛−𝑘∑
𝑙=0

(𝑛 − 𝑘𝑙 ) 𝑏𝑙 (𝑥) 𝑏𝑛−𝑘−𝑙 (1 − 𝑥)

⋅ [𝑓(𝑘 + 𝑙𝑛 ) − 𝑓( 𝑙𝑛)] = 1𝑏𝑛 (1)
𝑛−1∑
𝑘=0

(𝑛𝑘) 𝑏𝑛−𝑘 (0)

⋅ 𝑘∑
𝑙=0

(𝑘𝑙) 𝑏𝑙 (𝑥) 𝑏𝑘−𝑙 (1 − 𝑥)
⋅ [𝑓(𝑛 − 𝑘 + 𝑙𝑛 ) − 𝑓( 𝑙𝑛)] .

(19)

An argument similar to the above one, it is no difficult
to obtain the expression for the second derivative of the
operators𝐷2(𝐿𝑄𝑛𝑓)(𝑥). The proof is completed.

This proposition supplies us a new proof for the next
results known (see [1]).

Theorem 10. Let 𝐿𝑄𝑛 ∈B.
(i) If 𝑓 is increasing (decreasing) on [0, 1], then it also is𝐿𝑄𝑛𝑓.
(ii) If 𝑓 is convex (concave) on [0, 1], then it also is 𝐿𝑄𝑛𝑓.

Proof. (i) It is trivial.
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(ii)Without loss of generality, wemay assume𝑓 is convex.
Recall that if𝑓 is convex on [0, 1], then for any 𝑥1, 𝑥2, 𝑥3, 𝑥4 ∈[0, 1] and 𝑥1 < 𝑥2, 𝑥3 < 𝑥4 the following holds:

𝑓 (𝑥1) − 𝑓 (𝑥2)𝑥1 − 𝑥2 ≤ 𝑓 (𝑥3) − 𝑓 (𝑥4)𝑥3 − 𝑥4 . (20)

Obviously,

𝑗𝑛 < 𝑘 − 𝑙 + 𝑗𝑛 ,
𝑛 − 𝑘 + 𝑗𝑛 < 𝑛 − 𝑙 + 𝑗𝑛 ,

𝑗 < 𝑘 < 𝑙 < 𝑛,
(21)

and it follows that

𝑓 ((𝑛 − 𝑘 + 𝑗) /𝑛) − 𝑓 (𝑗/𝑛)
1 − 𝑘/𝑛

≤ 𝑓 ((𝑛 − 𝑙 + 𝑗) /𝑛) − 𝑓 ((𝑘 − 𝑙 + 𝑗) /𝑛)1 − 𝑘/𝑛 ,
(22)

so that

𝑓(𝑛 − 𝑙 + 𝑗𝑛 ) − 𝑓(𝑘 − 𝑙 + 𝑗𝑛 ) − 𝑓(𝑛 − 𝑘 + 𝑗𝑛 )
+ 𝑓( 𝑗𝑛) = (1 − 𝑘𝑛)
⋅ [𝑓 ((𝑛 − 𝑙 + 𝑗) /𝑛) − 𝑓 ((𝑘 − 𝑙 + 𝑗) /𝑛)1 − 𝑘/𝑛
− 𝑓 ((𝑛 − 𝑘 + 𝑗) /𝑛) − 𝑓 (𝑗/𝑛)1 − 𝑘/𝑛 ] ≥ 0.

(23)

According to Theorem 8, it follows that (𝑏𝑛)𝑛≥0 has
nonnegative coefficients, which mean 𝑏𝑖(𝑥) ≥ 0 for any 𝑥 ∈[0, 1] and 𝑏𝑖 (0) ≥ 0, 𝑖 = 0, 1, ⋅ ⋅ ⋅ . These lead to 𝐷2(𝐿𝑄𝑛𝑓) ≥ 0,
which complete the proof.

The binomial operators have binary representation simi-
lar to Bernstein operators as follows.

Proposition 11. If 𝐿𝑄𝑛 is defined as before, then
(𝐿𝑄𝑛𝑓) (𝑥) = 1𝑏𝑛 (1)

𝑛∑
𝑘=0

(𝑛𝑘)
𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦)𝑓 (𝑘𝑛) ;

(𝐿𝑄𝑛𝑓) (𝑦) = 1𝑏𝑛 (1)
𝑛∑
𝑘=0

(𝑛𝑘)
𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦)𝑓 (𝑘 + 𝑙𝑛 ) ,
(24)

where𝐵𝑛𝑘𝑙 = (𝑛!/𝑘!𝑙!(𝑛−𝑘−𝑙)!)𝑏𝑘(𝑥)𝑏𝑙(𝑦−𝑥)𝑏𝑛−𝑘−𝑙(1−𝑦), 𝑥 <𝑦.

Proof. By definition of sequence of binomial polynomials, we
have

𝑏𝑛−𝑘 (1 − 𝑥) = 𝑛−𝑘∑
𝑙=0

(𝑛 − 𝑘𝑙 ) 𝑏l (𝑦 − 𝑥) 𝑏𝑛−𝑘−𝑙 (1 − 𝑦) ,

𝑏𝑘 (𝑥) = 𝑘∑
𝑙=0

(𝑘𝑙) 𝑏𝑙 (𝑦 − 𝑥) 𝑏𝑘−𝑙 (𝑥) ,
(25)

and thus

(𝐿𝑄𝑛𝑓) (𝑥) = 1𝑏𝑛 (1)
𝑛∑
𝑘=0

(𝑛𝑘) 𝑏𝑘 (𝑥) 𝑏𝑛−𝑘 (1 − 𝑥) 𝑓 (
𝑘𝑛)

= 1𝑏𝑛 (1)
𝑛∑
𝑘=0

𝑛−𝑘∑
𝑙=0

𝑛!𝑘!𝑙! (𝑛 − 𝑘 − 𝑙)! 𝑏𝑘 (𝑥) 𝑏𝑙 (𝑦 − 𝑥)

⋅ 𝑏𝑛−𝑘−𝑙 (1 − 𝑦) 𝑓(𝑘𝑛) = 1𝑏𝑛 (1)
𝑛∑
𝑘=0

𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦)
⋅ 𝑓(𝑘𝑛) ,

(26)

and

(𝐿𝑄𝑛𝑓) (𝑦) = 1𝑏𝑛 (1)
𝑛∑
𝑘=0

(𝑛𝑘) 𝑏𝑘 (𝑦) 𝑏𝑛−𝑘 (1 − 𝑦) 𝑓(
𝑘𝑛)

= 1𝑏𝑛 (1)
𝑛∑
𝑘=0

𝑘∑
𝑙=0

𝑛!𝑘!𝑙! (𝑛 − 𝑘 − l)! 𝑏𝑙 (𝑦 − 𝑥) 𝑏𝑘−𝑙 (𝑥)
⋅ 𝑏𝑛−𝑘 (1 − 𝑦) 𝑓(𝑘𝑛) = 1𝑏𝑛 (1)
⋅ 𝑛∑
𝑘=0

𝑛−𝑘∑
𝑙=0

𝑛!𝑘!𝑙! (𝑛 − 𝑘 − 𝑙)!𝑏𝑘 (𝑥) 𝑏𝑙 (𝑦 − 𝑥)
⋅ 𝑏𝑛−𝑘−𝑙 (1 − 𝑦) 𝑓(𝑘 + 𝑙𝑛 ) = 1𝑏𝑛 (1)
⋅ 𝑛∑
𝑘=0

𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦) 𝑓(𝑘 + 𝑙𝑛 ) ,

(27)

where

𝐵𝑛𝑘𝑙 = 𝑛!𝑘!𝑙! (𝑛 − 𝑘 − 𝑙)!𝑏𝑘 (𝑥) 𝑏𝑙 (𝑦 − 𝑥) 𝑏𝑛−𝑘−𝑙 (1 − 𝑦) . (28)

This completes the proof.

Using this proposition, we not only can prove Theorem
2.2(i) but also show the following result, which can be found
in [3].

Theorem 12. If 𝐿Q𝑛 ∈ B and 𝑓 ∈ 𝐿𝑖𝑝𝑀𝛼(0 < 𝛼 ≤ 1), then𝐿𝑄𝑛𝑓 ∈ 𝐿𝑖𝑝𝑀𝛼, where
𝐿𝑖𝑝𝑀𝛼 = {𝑓 ∈ 𝐶 [0, 1] : ∀𝑥, 𝑦 ∈ [0, 1] , ∃𝑀
> 0, 𝑠.𝑡. 𝑓 (𝑦) − 𝑓 (𝑥) ≤ 𝑀(𝑦 − 𝑥)𝛼} .

(29)
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Proof. First, we need the following two identities:

1𝑏𝑛 (1)
𝑛∑
𝑘=0

(𝑛𝑘)
𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦) = 1,
1𝑏𝑛 (1)
𝑛∑
𝑘=0

(𝑛𝑘)
𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦) 𝑙𝑛 = 𝑦 − 𝑥.
(30)

The first one can be derived easily by the definition of the
sequence of binomial polynomials; the rest only need to prove
the second one. In fact, by the definition of 𝐵𝑛𝑘𝑙(𝑥, 𝑦) and
exchange the order of sum, we have

1𝑏𝑛 (1)
𝑛∑
𝑘=0

(𝑛𝑘)
𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦) 𝑙𝑛 = 1𝑏𝑛 (1)
⋅ 𝑛∑
𝑙=0

(𝑛𝑙) 𝑏𝑙 (𝑦 − 𝑥)
𝑙𝑛

⋅ 𝑛−𝑙∑
𝑘=0

(𝑛 − 𝑙𝑘 ) 𝑏𝑘 (𝑥) 𝑏𝑛−𝑙−𝑘 (1 − 𝑦) =
1𝑏𝑛 (1)

⋅ 𝑛∑
𝑙=0

(𝑛𝑙) 𝑏𝑙 (𝑦 − 𝑥) 𝑏𝑛−𝑙 (𝑥 + 1 − 𝑦)
𝑙𝑛 = 𝑦 − 𝑥.

(31)

Now, we turn to the proof of this theorem. Since, for any𝑥 < 𝑦 and 0 < 𝛼 ≤ 1, there is
𝑓 (𝑦) − 𝑓 (𝑥) ≤ 𝑀(𝑦 − 𝑥)𝛼 , (32)

by the identities above and 𝐿𝑄𝑛 ∈B; we obtain
(𝐿𝑄𝑛𝑓) (𝑦) − (𝐿𝑄𝑛𝑓) (𝑥)
≤ 1𝑏𝑛 (1)

𝑛∑
𝑘=0

𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦) 𝑓 (
𝑘 + 𝑙𝑛 ) − 𝑓(𝑘𝑛)


≤ 𝑀 1𝑏𝑛 (1)

𝑛∑
𝑘=0

𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦) ( 𝑙𝑛)
𝛼

≤ 𝑀[ 1𝑏𝑛 (1)
𝑛∑
𝑘=0

𝑛−𝑘∑
𝑙=0

𝐵𝑛𝑘𝑙 (𝑥, 𝑦) 𝑙𝑛]
𝛼

= 𝑀(𝑦 − 𝑥)𝛼 ,

(33)

which means that 𝐿𝑄𝑛𝑓 ∈ 𝐿𝑖𝑝𝑀𝛼. The proof of the theorem is
now complete.

In this paper, we discuss structure properties of the
binomial operators, present the moments representation, the
derivatives representation, and the binary representation of
these operators, and introduce some applications in preser-
vation. Here authors also wish to express their gratitude
to the reviewers for the careful review and suggestions for
improvement of this manuscript.
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