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In this paper, we prove some new dynamic inequalities involving C— monotonic functions on time scales. The main results will be
proved by employing Holder’s inequality, integration by parts, and a chain rule on time scales. As a special case when T = R, our
results contain the continuous inequalities proved by Heinig, Maligranda, Pecari¢, Peri¢, and Persson and when T = N, the results

to the best of the authors’ knowledge are essentially new.

1. Introduction

In 1995 Heinig and Maligranda [1] proved that if —co < a <
b < oo, f,g >0, fis decreasing on (a,b) and g is increasing
on (a, b) with g(a) = 0, then for any y € (0, 1]

b b 1y
[swages([ rwdlgw) . o

Inequality (1) is reversed when 1 < y < co. Also in [1] they
proved that if f is increasing on (a, b) and g is decreasing on
(a,b) with g(b) = 0, then, for any y € (0, 1],

a a

[rwargwi=([ redew) . o

In [1] the authors generalized (1) and proved thatif 0 < p <
q < 00, and u, v are positive functions, then there exists a
constant D > 0 such that the inequality,

[J:O u(x) f1(x) dx] .
(3)

<D [LOO v(x) fF (x) dx]l/p,

holds for all nonnegative decreasing function f if and only if

[Jtu(x) dx]l/q <D “tv(x) dx]up, vt>0. (4

0 0

In [1] it is also proved that inequality (3) holds for all
nonnegative increasing functions f and 0 < p < g < oo if
and only if

[thu(x) dx]l/q <D [J;OO v(x) dx]up, vt>0. (5

In 1997 Pecari¢ et al. [2] generalized (1) and proved that if f is
C—decreasing with C > 1 and g is an increasing function on
[a,b] such that g(a) = 0, and ¢ : [0,00) — R is a concave,
nonnegative, and differentiable function such that ¢(0) = 0,
then

b
o(c] remase)
b ©
<c[ ¢ F g (f@dg ).

The function f is said to be C—decreasing if s < ¢ implies that
f(t) < Cf(s) for C > 1. Pecari¢ et al. [2] also proved that if f
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is C—increasing with C > 1 and g is increasing on [a, b], such
that g(a) = 0, then

1 b
¢<5Lf(x)dg(x))

1 (b

> & [ W0l F@dg .
a

The function f is said to be C—increasing if s < t implies

f(s) < Cf(t). Furthermore they also considered the case

when f is C— increasing with C > 1 and g is decreasing on

[a,b], such that g(b) = 0, and proved that

o(c[ ralow)

(7)

®
b
<c[ ¢ 1F 09I fWdl-g@).

Finally they proved that if f is C—decreasing with C > 1 and
g is decreasing on [a, b], such that g(b) = 0, then

o(3] reatow)

b
> [ VU @awl r0dl-g0al.

a
In the last decades some authors have been interested in
finding some discrete results on /#(N) analogues to L?(R)—
bounds in different fields in analysis and as a result this
subject becomes a topic of ongoing research. One reason
for this upsurge of interest in discrete case is also due to
the fact that discrete operators may even behave differently
from their continuous counterparts. In this paper, we obtain
the discrete inequalities as special cases of the results with a
general domain called the time scale T, which is an arbitrary
nonempty closed subset of the real numbers R. These new
results on the time scale T contain the classical continuous
and discrete inequalities as special cases when T = R and
T = N and can be extended to different inequalities on
different time scales such as T = AN, h > 0, T = ¢" for g > 1.

In recent years the study of dynamic inequalities on time
scales has received a lot of attention and has become a major
field in pure and applied mathematics. For more details about
the dynamic inequalities on time scales, we refer the reader to
the books [3-5] and the papers [6-11].

The natural question now is the following: Is it pos-
sible to prove some new inequalities with C—monotonic
rd—continuous functions defined on a time scale T and as
special cases contain the above results?

Our aim in this paper is to give the answer to this question
and find the relation between the weighted functions which
ensure that the inequality

9)

[JOO w(x) f1(x) Ax] .

a

. (10)
<D Hooh(x)fp (x)Ax] /P’

a
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holds for all nonnegative decreasing function f such that
lim, | f(x)=0,D>0,and0 < p < g < 00. Also, we estab-
lish some new dynamic inequalities involving C—monotonic
functions in the form

b
@ <c j f (%) g" (x) Ax)
’ ()

b
<c| fg ¢ [f g @] b,

where ¢ : [0,00) — R is a concave, nonnegative, and
differentiable function such that ¢(0) = 0, and f is C—
decreasing with C > 1, and g is an increasing function on
[a, b]y, such that g(a) = 0.

The paper is organized as follows. In Section 2, we present
some preliminaries concerning the theory of time scales and
prove the basic lemmas that will be needed in the proofs.
In Section 3, we prove the main results by using Holder’s
inequality, integration by parts, and a chain rule on time
scales. Our results when T = R give inequalities (1), (2), (3),
(6), (7), (8), and (9) proved by Heinig, Maligranda, Pecari¢,
Peri¢, and Persson. When T = N, our results are essentially
new.

2. Preliminaries and Basic Lemmas

In this section, we recall the following concepts related to the
notion of time scales. For more details of time scale analysis
we refer the reader to the two books by Bohner and Peterson
[5,12] which summarize and organize much of the time scale
calculus. A time scale T is an arbitrary nonempty closed
subset of the real numbers R. The forward jump operator and
the backward jump operator are defined by o(t) = inf{s € T :
s>t} and p(t) =sup{s € T: s < t}, wheresup@ =inf T. A
point, t € T, is said to be left-dense if p(t) = t and t > inf T,
is right-dense if o(t) = t, is left-scattered if p(t) < t, and is
right-scattered if o(¢) > t. A function f : T — R is said
to be right-dense continuous (rd-continuous) provided f is
continuous at right dense points and, at left-dense points in
T, left hand limits exist and are finite. The set of all such rd-
continuous functions is denoted by C,;(T) = C,4(T, R). The
product and quotient rules for the derivative of the product
fg and the quotient f/g (where gg° # 0, here g° = g ° o) of
two differentiable functions f and g are given by

(f9)" = fo" + f*4° = fg+ 79",

425

(12)

Let f : R — R be continuously differentiable and suppose
that g : T — R is delta differentiable. Then fog: T — R
is delta differentiable and there exists d in the real interval
[t,0(t)] for t € T, such that

(fog) =1 (9g@)g"®. (13)
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Another shape of the chain rule is the formula

(fo9)"®
. (1)
_ “0 £ (g®+hu® g* (t))dh]» 7).

A special case of (14) is
A 1A Lo -1 A
o) =2 | s a-ma e @dn05)
0

We define the time scale interval [a, b]; by [a, bl = [a,b] N
T. In this paper, we will use Cauchy (delta) integral which
we can define as follows. If G*(t) = g(t), then the Cauchy
(delta) integral of g is defined by E gx)Ax = G(t) - G(a).
It can be shown (see [5]) that if g € C,4(T), then the Cauchy
integral G(t) = '[; g(x)Ax exists, t, € T, and satisfies GA(t) =
g(t), t € T.Incase T = R, we have

o) =p(t)=t,
u(t) =0,
=7 1o

Lb F(0) A = Lb Fodt,

The integration on discrete time scales is defined by
Lb gAL = ¥, (a0 H(t)g(t) and then, in case T = Z, we have

o(t)=t+1,
pt)=t-1,
ut) =1,
(17)
fA=af,

b b-1
j FObt=Y .
a t=a
The integration by parts formula on time scales is given by
b b
J ut (t) v () At = u @) v - J u@®) v @) A (18)
a a
Also, we have, for f € C,;and t € T, that

o(t)
J; f@At=u®) f@). (19)

The Hoélder inequality on time scales is given by

b
J f(t)gt)At

b 1y b 1/v
s(J fV(t)At> (J gv(t)At> ,

where > 1, 1/y + 1/v = 1,and f, g € C,([a,b]y, RY).
Inequality (20) is reversed if 0 <y < L or y < 0.

(20)

Definition 1. A set K ¢ R is convex if, for all x, y € K and
A € [0, 1], we have

Ax+(1-A)yeK. (21)

A function F : K ¢ R — R is concave if K is convex and,
forall x, y € K and A € [0, 1], we have

FAx+(1-A)y)=2AF(x)+(1-M)F(y). (22)
A function F : K ¢ R — R is convex if —F is concave.

Definition 2. Assume that T is a time scale, f : T — R and
C > 1.If s < t implies f(t) < Cf(s), then f is C— decreasing.
If s < t implies f(s) < Cf(t), then f is C—increasing. As a
special case when C = 1 we get the classical definitions.

Now, we prove the basic lemmas that will be used to prove
our main results. Throughout the paper, we assume that the
functions (without mentioning) are rd-continuous nonneg-
ative and A—differentiable functions, locally A—integrable on
[a, 00)y and the integrals considered are assumed to exist and
finite.

Lemma 3. Assume that T is a time scale with a € T and ,
B e C,y([a,00),RY). Ify > 1, then

[ LOO o (x) (Lo(x) B (1) AT)Y Ax]

< LOO B (x) (JOO o (s) As)w Ax.

X

1/y

(23)

Proof. Let F(x) = I: B(r)At. Then, the left hand side of (23)
can be written in the form

LOO « (x) (La(x) B (1) Ar)y Ax

(24)
_ J o (%) [F° (0] F° (%) Ax.
Integrating the right hand side of (24) by parts with
ut (x) = a(x) [F (0]
(25)
7 (x) = F7 (x),
we have that
ro a(x) [F° (x)] F (x) Ax
’ N (26)
—u@FE - [ w6 p
where u(x) = - J’;O a(s)[F°(s)]" "' As. Using the facts that
lim,_, u(x) = 0and F(a) = 0, we see that
ro a(x) [F° ()] F° (x) Ax
’ (27)

- [Te@ ([T e ortas)ax

a X



Substituting (27) into (24), we get that

Joooc (x) (JG(X) B (1) AT)Y Ax = JOO B (x)

a a a

. <r° a(s) [F° ()] As> Ax = ro B(x) (28)

X a

. <J-OO o7 () PV () [F° (s)]y_1 As) Ax.

Applying the Holder inequality with indices y > 1,and y/(y—
1) on the term

J o7 () PV () [F° (s)]y_1 As (29)
we see that

JOO ot (s) Dy (s) [FU (S)]V—l As

<([ a0 As)w ([ et (s)]yAs)(y_lw- |

X X

30)

Substituting (30) into (28), where f3 is a positive function, we
obtain

a a a

([rews)"

. OOoc(s) F? (s)]" As o Ax.
(I, st or s

X

Joo o (x) (J'o(x) B (1) AT)Y Ax < Jooﬁ(x)

Since x > a and «, f3 are positive functions, we see that

Jm a(s) [F7 (s)]" As < ro a (s) [F7 (s)]" As, (32)

X a

and then we have for y > 1 (note that (y — 1)/y > 0) that

(J'00 a (s) [F° (s)]" AS)(V—I)/y

o (y-1D/y
J a(s) [F7 (s)]" As) .

(1

(33)
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From (31) and (33), we have

LOO o (x) (er(x) B (1) A‘r)y Ax

= <JOO a (s) [F° (s)]" AS)(V—l)/y

a

. LOO B(x) (J:O a(s) As)l/y Ax (34)
(e[ o) o]

. JOO B (x) (Joo «(s) As)w Ax,

a X

o) o(x) Y 1/y
“ oc(x)(J ﬁ(r)AT) Ax]

< LOO B (x) (JOO o (s) As)w Ax,

X

and then
(35)

which is the desired inequality (23). The proof is complete.
O

As in the proof of Lemma 3, we can easily prove the
following dual lemma.

Lemma 4. Assume that T is a time scale with a € T and ,
B e C,y([a,00),RY). Ify > 1, then

e[ pos) ]

) o(x) 17y
< J B (x) (J a(s) As) Ax.

a a

(36)

3. Main Results

In this section, we state and prove our main results and for
simplicity, we will assume that w, h are positive rd-continuous
functions on [a,00)y and ¢ : [0,00) — [0, 00) is a concave
and differentiable function such that ¢(0) = 0. We begin with
the time scale version of (3).

Theorem 5. Assume that T is a time scale witha € T, 0 <
p < q < 00. Furthermore assume that f is nonnegative and
decreasing function such that lim,_, _ f(s) = 0 and

JOO h(x) f? (x) Ax < oo. (37)

a

If there exists a constant D > 0 such that

o(x) 1/q o(x) 1/p
(J w(T)AT) SD(J h(T)AT) ,
a a (38)

Vx € [a,00)1,
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then
00 1/q
[J w(x) f1(x) Ax]
’ (39)
0 1/p
<D “ h(x)fp (x)Ax] .
Proof. Integrating the term
JOO w(x) f1(x)Ax, (40)

by parts formula with u(x) = f(x) and V(%) = w(x), we
have that

j W) 1) Ax = f1(0) v ()

. (41)
- j [F1()]* v (x) A,

where v(x) = J:C w(t)At. Using the facts that v(a) = 0 and
lim, |, f(x) = 0, we obtain

JOO w(x) f1(x) Ax = JOO [-f1 (x)]A V7 (x) Ax

a a

- JOO [-F1(x)]" (r(x) w (1) AT) Ax,

a a

(42)

and then

<JOO w(x) f1(x) Ax)P/q

o o(x) rla
J [—fq(x)]A<J w(T)AT)Ax] .

- a

Substituting (38) into (43), we see (note f is decreasing) that

(] werie Ax)p/q

a

00 o(x) alp
gDP“ [—fq(x)]A(J h(T)AT) Ax

a a

(43)

rlq (44)

Applying (23) with y = g/p, a(x) = [—f‘f(x)]A and (1) =
h(t) on the right side of (44), we see that

“:O [ (0] (J:(x) h(z) Ar)q/P Ax]m

(45)
) ) p/
< J h(x)(J [-f9(s)]* As) qAx.
Using the assumption that lim,_,  f(x) = 0, we get
o o(x) alp rlq
“ [ (o) (j b Ar) Ax]
a a (46)

< Jmh(x) fp (x) Ax.

a

Substituting (46) into (44), we have

(wa(x) £ (x) Ax)P/q <DP th(x) P hx (47)

a a

and then
00 1/q
(J w(x) f1(x) Ax)
’ (48)
0o 1/p
SD(J h(x)fp(x)Ax> ,
which is the desired inequality (39). The proof is complete.
O
Remark 6. Suppose that the inequality
00 1/q
[J w(x) f1(x) Ax]
’ (49)
0o 1/p
SD[J h(x)fp(x)Ax] ,

holds for all nonnegative decreasing functions f. Then it
holds when

if x € [a,0 1)y,

L
f(x) = “ (50)

Oa if X ¢ [a)a(t)]T)
for any fixed number t € [a, c0)y and becomes

a(t) 1/q o(t) 1/p
[J w(x)Ax] SD[J h(x)Ax] ()

a a

This proves the necessary condition of Theorem 5.

From Theorem 5 and Remark 6, we have the following
corollary.

Corollary 7. Assume that T is a time scale witha € T, 0 <
p < q < 00.If f is nonnegative and decreasing function such
that lim,__,  f(s) = 0, and

J h(x) f? (x) Ax < oo, (52)
then there exists a constant D > 0 such that the inequality
o) 1/q9
[J w(x) f1(x) Ax]
’ (53)
) 1/p
<D [J h(x) f? (x)Ax] ,
holds if and only if

o(x) 1/q o(x) 1/p
(J w(T)AT) SD(J h(T)AT) ,
a a (54)

Vx € [a,00)r .



Remark 8. As a special case of Corollary 7 when T = R,
we get the integral inequality (3) proved by Heinig and
Maligranda [1].

Remark 9. As a special case of Corollary 7 when T = N and
a = 1, we see that the inequality

1/p

00 1/q 00
Swst| so[Swi] e
n=1 n=1

holds if and only if

" 1/q " 1/p
(Zwk> sD(th> , VneN, (56)
k=1 k=1

and 0 < p < g < oo, for nonnegative and decreasing
sequences f whenlim, ,  f(n) = 0.

Theorem 10. Assume that T isatime scale witha € T,0 < p <
q < co. Furthermore assume that f is a nonnegative bounded
and increasing function such that f(a) = 0 and

ro h(x) [f7 (x)]F Ax < 0. (57)

a

If there exists a constant D > 0 such that

[Jjo w (1) AT]I/q <D [J:x) h(t) AT]UP ,

Vx € [a,00)1,

(58)

then

[LOO w(x) f1(x) Ax] .
(59)

<D Hooh(x) [F° (x)]pr]l/p.

a

Proof. Applying the integration by parts on the term
LOO w(x) f1(x)Ax with u(x) = f(x) and Y (x) = w(x), we
have

j wx) 1) Ax = 160 v

a

- (60)
_ J [£9(x)]* v (x) Ax,
where v(x) = - J;O w(r)At. Using the facts that
lim,_ , v(x) = 0, f is bounded, and f(a) = 0, we
get
JOO w(x) f1(x)Ax = JOO [-f1 (x)]A VW (x) Ax
(61)

- ro (£ ()] <ro w(7) AT) Ax.

a o(x)
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Since f is increasing, we obtain

JOO w(x) f1(x) Ax

< LOO [f1 (x)]A <JOO w (1) AT> Ax.

X

(62)

From (58) and (62), we see (note that f is increasing) that

JOO w(x) f1(x) Ax
” 0 0 q/p (63)
< D J [£7 ()" “x h(r) AT] Ax,
and then
([ werie Ax)p/q
' (64)

<D? (J“’ (£ (x)]* “OO h(7) Ar]q/p Ax)p/q :

X

Applying (36) with y = g/ p, a(x) = [fq(x)]A and (1) = h(r)
on the term

oo[fq(x)]A mh(r)m q/PAx P/q, (65)
[, e[| o]

X

we have

(L"O [F9 ()] U:O h(z) Arr/p Ax)P/q

o) o(x) rla
sj h(x)“ [fq(s)]AAs] Ax.

a a

(66)

Substituting (66) into (64), we see (note that f(a) = 0) that

(JOO w(x) f1(x) Ax)P/q

a

plq

00 a(x)
SDPJ h(x)[L [fq(s)]AAs] Ax (67)

a

_pP JOO h) [ ) Ax,

a

and then

(] weorre Ax)l/q

a

1 (68)
< D(Jmh(x) L (x>]"Ax) ’

a

which is the desired inequality (59). The proof is complete.
O
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Theorem 11. Assume that T is a time scale with , b € T. If f
is C—decreasing on [a,bly for C > 1 and g is increasing on
[a,b]y, such that g(a) = 0, then

b
¢ (c J f(x) g" (x) Ax)
’ (69)
b A !
<c| feg" 09 [f 0 gw) b
Proof. Denote
PO =9(c[ fwa* ax)
X (70)
~C| Fg* ¢ [f 0 g )] b
and
G(t) = cj £ (%) ¢* () Ax. 71)
Therefore, we have from (70) and (71) that
F(t)=¢(G(1))
(72)

¢ J f(x) 3" )¢ [f(x) g(x)]Ax.

Since f is C- decreasing, then we have, for t > x, that f(t) <
Cf (x), and then we obtain (note g is increasing and g(a) = 0)
that

t t
J Cf (x) g" (x) Ax > J £ () g" (x) Ax

- f® j P g
=lg®)-g@]f®
=fMg@®).
Substituting (71) into (73), we have
Gt)=2ft)g). (74)

Applying the chain rule formula (13) on the term ¢(G(t)), we
see that there exists ¢ € [t, o(t)], such that

9" (G1) =9 (GG (®). (75)
From (71), we obtain (note g is increasing) that
G'" ) =Cf(tg" @) =0, (76)

and then G(t) is increasing on [a, b]y and then we have, for
{ > t, that

GO >G@®). (77)

Since ¢ is concave on [0, 00), then ¢" < 0 (¢’ is decreasing
on [0, 00)) and, then, we observe from (77) that

¢ (GQ) <9 (G®). (78)
Substituting (76) and (78) into (75), we get
PG <Cf) g ¢ (G). (79)

From (74), we have that ¢' (G(t)) < ¢'(f(£)g(t)), and then we
get (note f is positive and g is increasing) that

Crg" e (GW)<CfBg M) e (f(H)g®), (80)
and thus we obtain from (79) that
PG <CfOg" M (FHg®). (81)
From (72), we have
FFit)y=9"GW)-Cfg" )¢ [fHg®]. (82)

Substituting (81) into (82), we see that FA(t) < 0, and
therefore F is decreasing on [a, b]y. Since b > a, we see that
F(b) < F(a). Since ¢(0) = 0, we have from (70) that

F(a)=¢(0)=0, (83)
and then F(b) < 0, and then we have from (70), by sitting
t = b, that

b
@ (c J f (%) g" (x) Ax)
’ (84)

b
<c| fg" ¢ [f g @] b,

which is the desired inequality (69). The proof is complete.
O

Remark 12. As a special case of Theorem 11 when T = R, we
get the integral inequality (6) proved by Pecaric et al. [2].

Remark 13. As a special case of Theorem llwhen T =R, C =
1L, ¢(t) = t?,and 0 < p < 1, we obtain the integral inequality
(1) proved by Heinig and Maligranda [1].

Remark 14. As a special case of Theorem 11 when T = N and
a = 1, we see that the discrete inequality

¢ <CkaAgk> <CY (firgy) (¢' [frarl) (85)
k=1 k=1

holds for the C—decreasing sequence f and the increasing
sequence g with g(a) = 0.

Theorem 15. Assume that T is a time scale with, b € T. If f is

C—increasing on [a,b]y, C > 1 and g is increasing on [a, b]y,
such that g(a) = 0, then

b
<p(é j F() 6 ) Ax)

b
- é J f@)g" ¢ [f ) g7 ()] Ax.

(86)



Proof. Denote

P =9(2 j:f(x) " (00x)

L gt (87)
C J f) " @) ¢ [f7(0)g° )] Ax,
and
G(t) = j £(x) " () Ax. (85)
Therefore, we have from (87) and (88) that
Ft)=¢(G®)
(89)

- é J F@ " @9 [f7 () g" ()] Ax

Since f is C— increasing, then we have, for x < o(t), that
f(x) < Cf°(t), and then we get (note g is increasing and
g(a) = 0) that
a(t) al(t)
j £(x) g° (x) Ax < J CF° (1) g* (x) Ax

a(t)

=Cf% (1) j

=Cf' () [g° (1) -
=Cf () g (1),

gA (x) Ax (90)

g(a)]

and thus

1 o(t) A a o
o rwetwars oo o
From (88), inequality (91) becomes

Gt<fftg' @). (92)

Applying the chain rule formula (13) on the term ¢(G(t)), we
see that there exists { € [t, o(t)], such that

" (G(t) = ¢ (GQ)G" (). (93)

From (88), we obtain (note g is increasing) that

G (1) = éf(t) 7 (1) = 0; (94)

then G(¢) is increasing on [a, b]}, and then we have, for { <
o(t), that

G =G (). (95)

Since ¢ is concave on [0, 00), then ¢" < 0 (¢’ is decreasing
on [0, 00)) and then we observe from (95) that

¢ (GQ) 29 (G ). (96)

Journal of Function Spaces

Substituting (94) and (96) into (93), we get
9" (G) = f ® g" ¢ (G ®). (97)

From (92), we have that ¢ (G7(t)) = ¢' (f?(t)g° (), and then
we get (note f is positive and g is increasing) that

é 7 g )¢ (G°)

1 A 1/ o o o9
> cf0g O (704" 1)
thus we obtain from (97) that
PG> =06 OF (T O ). 69
From (89), we have
F 0 =9 G0)- =f 05° 09 [ © g ©]. 100)

Substituting (99) into (100), we see that FA() > 0, and
therefore F is increasing on [a, b]y. Since b > a, we see that
F(b) > F(a). Since ¢(0) = 0, we have from (87) that

F(a) =¢(0)=0; (101)
then F(b) > 0, and then we have, from (87) by sitting t = b,
that
1 (? A
o5 [ regtoax

, (102)
> é j F0 g ()9 [0 g )] Ax,

which is the desired inequality (86). The proof is complete.
O

Remark 16. As a special case of Theorem 15 when T = R and
o(x) = x, we get the integral inequality (7) proved by Pecari¢
etal. [2].

Remark 17. As a special case of Theorem 15 when T = N,
o(n) =n+1,and a = 1, we see that the discrete inequality

( kaAgk>>—Z (fibgi) @' [frsi Gl (103)

holds for the C—increasing sequence f and the increasing
sequence g with g(a) =

Theorem 18. Assume that T is a time scale with a, b € T. If

f is C—increasing on [a,bly , C > 1, and g is decreasing on
[a, b]y, such that g(b) = 0, then

b A
<p<C | rel-gwl Ax)

b
C| F gl [ @ @] bx

(104)
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Proof. Denote

b
F(t) = —¢ (c L Fx)[-g)]" Ax)

(105)
b
-C| 109" e [T 0" ] ax,
and
b A
G (t) = CJ f(x)[-g ()] Ax. (106)
Therefore, we have from (105) and (106) that
F(t)=-¢(G" (1))
(107)

b
e j F) 6 (09 [ () g ()] Ax.

Since f is C- increasing, then we have, for o(t) < x, that
f°(t) < Cf(x), and then we obtain (note g is decreasing and
g(b) = 0) that

b
C J f(x) [~ ()]* Ax
o(t)

b
> j £ [-g0]" Ax
(t)

o (108)
=7 () jb() [~9(x)]" Ax
=f7O[g" ) -g®]=f" () g ®).
Substituting (106) into (108), we observe that
G (ct)=f"@t)g’ (). (109)

By applying the chain rule formula (13) on the term ¢(G* (¢)),
we see that there exists { € [t, 0(t)], such that

¢ (G" 1)) =¢' (G" Q) [G" 1] (110)
From (106), we obtain (note g is decreasing) that
[G"®]*=cf(g" (1) <0; (111)

then G*(t) is decreasing on [a, b]}, and then we have for { <
o(t) that

G (O)2G" (o). (112)

Since ¢ is concave on [0, c0), then ¢" < 0 (¢' is decreasing
on [0, 00)) and then we observe from (112) that

¢ (G () <9 (G (e t)). (113)

Substituting (111) and (113) into (110), we get

" (G (1) 2Cf () g" M (G (o).  (114)

From (109), we have that ¢'(G*(a(t))) < ¢'(f7(t)g°(t)), and
then we get (note f is positive and g is decreasing) that

Cf (t) g" (1) ¢’ (G* (a (1))

>Cf ) g" )¢ (7 () g° (1),

(115)

and thus we obtain from (114) that
9" (G W) =CfWg" ¢ (f7 g ®),  (116)
and then
-8 (G 1) <-Cf 1 g" W' (ffHg”®). W7
From (107), we have
F* (1) = —¢" (G" (1))

+Cf g )9 7 g O)].

(118)

Substituting (117) into (118), we see that FA(t) < 0, and
therefore F is decreasing on [a, b]y. Since b > a, we see that
F(b) < F(a). Since ¢(0) = 0, we have from (105) that

F(b) = -9 (0) = 0; (119)

then F(a) > 0, and then we have, from (105) by sitting t = q,
that

b
oc[ rwigmrax)
’ (120)

b
<[ FOlg@I' e 1 @4 () ax,

which is the desired inequality (104). The proof is complete.
O

Remark 19. As a special case of Theorem 18 when T = R and
o(x) = x, we get the integral inequality (8) proved by Pecari¢
etal. [2].

Remark 20. As a special case of Theorem 18 when T = R,
o(n) = nC =1,¢() =t’,and 0 < p < 1, we obtain the
integral inequality (2) proved by Heinig and Maligranda [1].

Remark 21. As a special case of Theorem 18 when T = N,
o(n) =n+1,and a = 1, we see that the discrete inequality

¢ (CkaA [—9k]>
":1N (121)
< Ckz (fid [_gk])?’l [feniGra]>

holds for the C—increasing sequence f and the decreasing
sequence g with g(b) = 0.
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Theorem 22. Assume that T is a time scale with a, b € T. If
f is C—decreasing on [a,bl; , C > 1, and g is decreasing on
[a, b]y, such that g(b) = 0, then

<p(é Lbf(x> g ()]* Ax)

(122)
> 2 Lbf(x) 91" ¢ [f () g ()] Ax
Proof. Denote
E(t) = (EJ f@[- g(x)]AAx)
(123)
j F) -9 ¢ [ () g ()] Ax
and
G' (1) = j £ [-g®)]* Ax (124)
Therefore, we have from (123) and (124) that
F(t)=-¢(G" (1)
(125)

1 (b
2] FOg@IPe [f g @] A
t
Since f is C—decreasing, then we have, for x > t, that f(x) <

Cf (), and then we obtain (note g is decreasing and g(b) = 0)
that

b b
L F(x)[-g ()] Ax < L Cf (t) [-g (x)]" Ax

b 126
=cf @) | Lo ax=cfwlo-g@)
=Cf()g®),

and then
1 (b A
C J; fx)[-gx)] Ax<f(t)gt). (127)
Substituting (124) into (127), we get
GM<fMgw. (128)

By applying the chain rule formula (13) on the term ¢(G* (¢)),
we see that there exists d € [t, o(t)], such that

" (G* () =¢' (G* @) [G" ®)]". (129)
From (124), we obtain (note g is decreasing) that
(6" O = =F (05" ©) <0 (130)

then G (t) is decreasing on [a, b], and then we have, for d >
t, that

G (d) <G (). (131)
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Since ¢ is concave on [0, 00), then ¢" < 0 (¢’ is decreasing
on [0, 00)) and then, we observe from (131) that

¢ (G"(d) = ¢'(G" (t). (132)
Substituting (130) and (132) into (129), we get
¢ (G 0) < Sf O OFG 0. 1)

From (128), we have that ¢'(G*(t)) > ¢'(f(t)g(t)), and then
we get (note f is positive and g is decreasing) that

Lf 06" 9 (G )

| (134)
<=f0g O (fHg®);
thus we obtain from (133) that
0" (G (1) < éf OO (fFOg®), (135
and then
(G )2 -2 0" O (FOg).  16)
From (125), we have
FA () = —¢" (G (1))
1 (137)
+of® OVAAGY IO
Substituting (136) into (137), we see that FA() > 0, and

therefore F is increasing on [a, b];. Since b > a, we see that
F(b) > F(a). Since ¢(0) = 0, we have from (123) that

F(b)=-¢(0)=0 (138)

then F(a) < 0, and then we have, from (123) by sitting t = q,
that

b
—so(é | r@lg (x)]AAx)

b 139
L Fola e Fogwlar P
<0,
and thus
1 b
o(2] roocrax)
(140)

b
o[ @ g e (@ g e ax

which is the desired inequality (122). The proof is complete.
O
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Remark 23. As a special case of Theorem 22 when T = R, we
get the integral inequality (9) proved by Pecari¢ et al. [2].

Remark 24. As a special case of Theorem 22 when T = N and
a = 1, we see that the discrete inequality

‘P(ékaA [‘9k]> 2 ékaA (9]¢ [frg], (14D)
k=1 k=1

holds for the C—decreasing sequence f and the decreasing
sequence g with g(b) = 0.

Data Availability

The data used to support the findings of this study are
included within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] H.Heinigand L. Maligranda, “Weighted inequalities for mono-
tone and concave functions,” Studia Mathematica, vol. 116, no.
2, pp. 133-165, 1995.

[2] J. Pecari, I. Peri, and L. E. Persson, “Integral inequalities for
monotone functions,” Journal of Mathematical Analysis and
Applications, vol. 215, no. 1, pp. 235-251,1997.

[3] R.P. Agarwal, D. O’'Regan, and S. H. Saker, Dynamic Inequalities
on Time Scales, Springer, 2014.

[4] R.P. Agarwal, D. O’'Regan, and S. H. Saker, Hardy Type Inequal-
ities on Time Scales, Springer, 2016.

[5] M. Bohner and A. Peterson, Dynamic Equations on Time Scales:
An Introduction with Applications, Birkhauser, Boston, Mas-
sachusetts, Mass, USA, 2001.

[6] R. Bibi, M. Bohner, J. Pecaric, and S. Varosanec, “Minkowski
and Beckenbach-Dresher inequalities and functionals on time
scales,” Journal of Mathematical Inequalities, vol. 7, no. 3, pp.
299-312, 2013.

[7] M. Bohner and S. G. Georgiev, “Multiple integration on time
scales,” in Multivariable Dynamic Calculus on Time Scales, pp.
449-515, Springer, Cham, Switzerland, 2016.

[8] J. A. Oguntuase and L.-E. Persson, “Time scales Hardy-type
inequalities via superquadracity;” Annals of Functional Analysis,
vol. 5, no. 2, pp. 61-73, 2014.

[9] P. Rehak, “Hardy inequality on time scales and its application
to half-linear dynamic equations,” Journal of Inequalities and
Applications, vol. 2005, no. 5, pp. 495-507, 2005.

[10] S.H. Saker, R.R. Mahmoud, and A. Peterson, “Weighted Hardy-
type inequalities on time scales with applications,” Mediter-
ranean Journal of Mathematics, vol. 13, no. 2, pp. 585-606, 2016.

[11] S.H. Saker and D. O’Regan, “Hardy and Littlewood inequalities
on time scales,” Bulletin of the Malaysian Mathematical Sciences
Society, vol. 39, no. 2, pp. 527-543, 2016.

[12] M. Bohner and A. Peterson, Advances in Dynamic Equations on
Time Scales, Springer Science and Business Media, 2002.

11



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

