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In this work, two Geraghty type contractions are introduced in 𝐺𝑏-metric spaces, and some fixed point theorems about the
contractions are proved. At the end of this article, a theorem about unique solution of an integral function is proved.

1. Introduction

It is well known that fixed point theorem is an important tool
for solving many equations in the study of mathematics, such
as integral equations [1] and differential equations [2]. It can
be applied in several subjects as well, like game theory [3] and
economics [4].

Thenotion of𝐺-metric spaces was introduced byMustafa
and Sims [5] as a generalization of metric spaces. Thereafter,𝐺-metric spaces have been studied and applied to obtain
different kinds of fixed point theorems, see [6–12]. Aghajani
et al. [13] introduced the notion of𝐺𝑏-metric spaces based on𝐺-metric spaces and 𝑏-metric spaces introduced by Bakhtin
in [14]. Also, some further fixed point theorems were studied
after 𝐺𝑝-metric spaces, which related to partial metric spaces
and𝐺-metric spaces, introduced by Zand andNezhad in [15].
Ansari et al. [16] proved some common fixed point results
in complete 𝐺𝑝-metric spaces with a new approach. More
recently, someGeraghty type contraction results were studied
in various metric spaces, see [17–19].

In this work, we introduce two Geraghty type contrac-
tions in 𝐺𝑏-metric spaces and investigate some fixed point
theorems about such contractions. In [13], 𝐺𝑏-metric space
was introduced as follows.

Definition 1 (see [13]). Let𝑋 be a nonempty set and 𝑠 ≥ 1 be
a given real number. Suppose that 𝐺𝑏 : 𝑋 ×𝑋×𝑋 → [0,∞)
is a function satisfying the following properties:

(1) 𝐺𝑏(𝑢, V, 𝑤) = 0 if 𝑢 = V = 𝑤;

(2) 0 < 𝐺𝑏(𝑢, 𝑢, V) for all 𝑢, V ∈ 𝑋 with 𝑢 ̸= V;
(3) 𝐺𝑏(𝑢, 𝑢, V) ≤ 𝐺𝑏(𝑢, V, 𝑤) for all 𝑢, V, 𝑤 ∈ 𝑋with V ̸= 𝑤;
(4) 𝐺𝑏(𝑢, V, 𝑤) = 𝐺𝑏(𝑝{𝑢, V, 𝑤}), where𝑝 is a permutation

of 𝑢, V, 𝑤;
(5) 𝐺𝑏(𝑢, V, 𝑤) ≤ 𝑠(𝐺𝑏(𝑢, 𝑐, 𝑐) + 𝐺𝑏(𝑐, V, 𝑤)) for all𝑢, V, 𝑤, 𝑐 ∈ 𝑋.

Then the function is called a generalized 𝑏-metric or a𝐺𝑏-
metric on 𝑋. The pair (𝑋,𝐺𝑏) is called a 𝐺𝑏-metric space.

It is obvious that 𝐺𝑏-metric space is effectively larger than
that of 𝐺-metric space. Actually, each 𝐺-metric space is a 𝐺𝑏-
metric space with 𝑠 = 1.
Definition 2 (see [13]). A 𝐺𝑏-metric space is said to be
symmetric if 𝐺𝑏(𝑢, V, V) = 𝐺𝑏(V, 𝑢, 𝑢) for all 𝑢, V ∈ 𝑋.

Proposition 3 (see [13]). Let𝑋 be a𝐺𝑏-metric space.�en for
each 𝑢, V, 𝑤, 𝑐 ∈ 𝑋, it satisfies the following properties:

(1) If 𝐺𝑏(𝑢, V, 𝑤) = 0, then 𝑢 = V = 𝑤;
(2) 𝐺𝑏(𝑢, V, 𝑤) ≤ 𝑠(𝐺𝑏(𝑢, 𝑢, V) + 𝐺𝑏(𝑢, 𝑢, 𝑤));
(3) 𝐺𝑏(𝑢, V, V) ≤ 2𝑠𝐺𝑏(V, 𝑢, 𝑢);
(4) 𝐺𝑏(𝑢, V, 𝑤) ≤ 𝑠(𝐺𝑏(𝑢, 𝑐, 𝑤) + 𝐺𝑏(𝑐, V, 𝑤)).
In this paper, we denoteN as the set of all positive integers

and R as the set of all real numbers.

Definition 4 (see [13]). Let (𝑋,𝐺𝑏) be a 𝐺𝑏-metric space and{𝑥𝑛} be a sequence in 𝑋 such that lim𝑛,𝑚→∞𝐺𝑏(𝑥, 𝑥𝑛, 𝑥𝑚) =

Hindawi
Journal of Function Spaces
Volume 2019, Article ID 7916486, 9 pages
https://doi.org/10.1155/2019/7916486

http://orcid.org/0000-0003-2609-8790
http://orcid.org/0000-0002-1328-6277
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/7916486


2 Journal of Function Spaces

0, 𝑥 ∈ 𝑋, then {𝑥𝑛} is 𝐺𝑏-convergent; that is, for any 𝜀 > 0,
there exists 𝑁 ∈ N such that 𝐺𝑏(𝑥, 𝑥𝑛, 𝑥𝑚) < 𝜀, for all 𝑛,𝑚 ≥𝑁.

Proposition 5 (see [13]). Let 𝑋 be a 𝐺𝑏-metric space. �e
following statements are equivalent:

(1) {𝑥𝑛} is 𝐺𝑏-convergent to 𝑥;
(2) 𝐺𝑏(𝑥𝑛, 𝑥𝑛, 𝑥) → 0 as 𝑛 → +∞;
(3) 𝐺𝑏(𝑥𝑛, 𝑥, 𝑥) → 0 as 𝑛 → +∞;
(4) 𝐺𝑏(𝑥𝑛, 𝑥𝑚, 𝑥) → 0 as 𝑛,𝑚 → +∞.

Definition 6 (see [13]). Let 𝑋 be a 𝐺𝑏-metric space. A
sequence {𝑥𝑛} is called a𝐺𝑏-Cauchy sequence if for any 𝜀 > 0,
there is𝑁 ∈ N such that 𝐺𝑏(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) < 𝜀 for all 𝑛,𝑚, 𝑙 ≥ 𝑁;
that is, 𝐺𝑏(𝑥𝑛, 𝑥𝑚, 𝑥𝑙) → 0 as 𝑛,𝑚, 𝑙 → ∞.

Definition 7 (see [13]). A 𝐺𝑏-metric space 𝑋 is called 𝐺𝑏-
complete if every 𝐺𝑏-Cauchy sequence is 𝐺𝑏-convergent in𝑋.

LetA be the family of all functions 𝛼 : [0,∞) → [0, 1)
which satisfies the condition lim𝑛→∞𝛼(𝑝𝑛) = 1 implying
lim𝑛→∞𝑝𝑛 = 0.
Example 8. Let

𝛼1 (𝑝) = {{{{{
11 + 𝑝 , 𝑝 > 012 , 𝑝 = 0,

𝛼2 (𝑝) = {{{{{{{
𝑝2 + 13𝑝2 + 1 , 𝑝 > 013 , 𝑝 = 0.

(1)

Then 𝛼1, 𝛼2 ∈ A.

LetB be the family of all functions 𝛽 : [0,∞) → [0, 1/𝑠)
which satisfies the condition lim𝑛→∞𝛽(𝑞𝑛) = 1/𝑠 implying
lim𝑛→∞𝑞𝑛 = 0.
Example 9. Let

𝛽 (𝑞) = {{{{{
1𝑠 𝑒−𝑞, 𝑞 > 01𝑠 + 1 , 𝑞 = 0. (2)

Then, 𝛽(𝑞) ∈ B.

In [20], Karapınar et al. proved the following result.

Theorem 10. Let (𝑋, 𝜎) be a complete metric-like space and𝑇 : 𝑋 → 𝑋 be a mapping. Suppose that there exists 𝛼 ∈ A

such that

𝜎 (𝑇𝑥, 𝑇𝑦) ≤ 𝛼 (𝜎 (𝑥, 𝑦)) 𝜎 (𝑥, 𝑦) , (3)

for all 𝑥, 𝑦 ∈ 𝑋, then 𝑇 has a unique fixed point 𝑢 ∈ 𝑋 with𝜎(𝑢, 𝑢) = 0.

Recently, Aydi et al. [21] introduced a type of Geraghty
contraction in metric-like spaces and proved a fixed point
theorem about such contraction as follows:

Theorem 11. Let (𝑋, 𝜎) be a complete metric-like space and𝑇 :𝑋 → 𝑋 be a mapping. Suppose that there exists 𝛼 ∈ A such
that

𝜎 (𝑇𝑥, 𝑇𝑦) ≤ 𝛼 (𝐹 (𝑥, 𝑦)) 𝐹 (𝑥, 𝑦) (4)

for all 𝑥, 𝑦 ∈ 𝑋, where

𝐹 (𝑥, 𝑦) = 𝜎 (𝑥, 𝑦) + 𝜎 (𝑥, 𝑇𝑥) − 𝜎 (𝑦, 𝑇𝑦) . (5)

�en 𝑇 has a unique fixed point 𝑢 ∈ 𝑋 with 𝜎(𝑢, 𝑢) = 0.
In our work, enlightened by the preceding works, we

introduce the Geraghty contraction to the 𝐺𝑏-metric space
and prove fixed point theorems for Geraghty type contrac-
tions. At the end, we give an application about a unique
solution of an integral function.

2. Main Results

Theorem 12. Let (𝑋,𝐺𝑏) be a complete 𝐺𝑏-metric space and𝑇 : 𝑋 → 𝑋 be a given mapping. Suppose there exists 𝛽 ∈ B

such that

𝐺𝑏 (𝑇𝑥, 𝑇𝑦, 𝑇𝑦) ≤ 𝛽 (𝐹 (𝑥, 𝑦)) 𝐹 (𝑥, 𝑦) , (6)

for all 𝑥, 𝑦 ∈ 𝑋 where

𝐹 (𝑥, 𝑦) = 𝐺𝑏 (𝑥, 𝑦, 𝑦)
+ 𝐺𝑏 (𝑥, 𝑇𝑥, 𝑇𝑥) − 𝐺𝑏 (𝑦, 𝑇𝑦, 𝑇𝑦) . (7)

�en 𝑇 has a unique fixed point 𝑢 ∈ 𝑋.

Proof. Let 𝑥0 ∈ 𝑋. Define a sequence {𝑥𝑛} in 𝑋 by 𝑥𝑛+1 =𝑇𝑥𝑛 = 𝑇𝑛+1𝑥0 for all 𝑛 ∈ N. Assume that 𝐺𝑏(𝑥𝑛0 ,𝑥𝑛0+1, 𝑥𝑛0+1) = 0 for some 𝑛0, then 𝑥0 is the fixed point of 𝑇;
the proof is completed. Thus, we assume 𝐺𝑏(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) ̸=0 for all 𝑛 ∈ N. From (6), we have

0 < 𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) = 𝐺𝑏 (𝑇𝑥𝑛−1, 𝑇𝑥𝑛, 𝑇𝑥𝑛)
≤ 𝛽 (𝐹 (𝑥𝑛−1, 𝑥𝑛)) 𝐹 (𝑥𝑛−1, 𝑥𝑛) , 𝑛 ≥ 1, (8)

where

𝐹 (𝑥𝑛−1, 𝑥𝑛)
= 𝐺𝑏 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛)

+ 𝐺𝑏 (𝑥𝑛−1, 𝑇𝑥𝑛−1, 𝑇𝑥𝑛−1) − 𝐺𝑏 (𝑥𝑛, 𝑇𝑥𝑛, 𝑇𝑥𝑛)
= 𝐺𝑏 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛)

+ 𝐺𝑏 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) − 𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) .
(9)

Take

𝐺𝑏(𝑛) = 𝐺𝑏 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) . (10)
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Then, (8) becomes

0 < 𝐺𝑏(𝑛+1) ≤ 𝛽 (𝐺𝑏(𝑛) + 𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1))
⋅ (𝐺𝑏(𝑛) + 𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) . (11)

Suppose that there exists 𝑛0 > 0 such that 𝐺𝑏(𝑛0) ≤ 𝐺𝑏(𝑛0+1),
then from (11), we have

𝐺𝑏(𝑛0+1) ≤ 𝛽 (𝐺𝑏(𝑛0+1)) 𝐺𝑏(𝑛0+1) < 1𝑠 𝐺𝑏(𝑛0+1), 𝑠 ≥ 1, (12)

which is a contradiction.
Thus, for all 𝑛 > 0, 𝐺𝑏(𝑛) > 𝐺𝑏(𝑛+1). From (11), we have

0 < 𝐺𝑏(𝑛+1) ≤ 𝛽 (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) . (13)

The real sequence {𝐺𝑏(𝑛)} is decreasing; suppose there exists𝛾 ≥ 0 such that lim𝑛→∞𝐺𝑏(𝑛) = 𝛾. Assume that 𝛾 > 0. Taking𝑛 → ∞ in (13), we get

𝛾 = lim
𝑛→∞

𝐺𝑏(𝑛+1)
≤ lim
𝑛→∞

[𝛽 (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1))] . (14)

There are two situations that need to be discussed.
(A)When 𝑠 = 1, then (14) becomes

𝛾 = lim
𝑛→∞

𝐺𝑏(𝑛+1)
≤ lim
𝑛→∞

[𝛽 (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1))]
≤ 1𝑠 lim
𝑛→∞

(2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) = 1𝑠 𝛾 = 𝛾.
(15)

We can obtain

lim
𝑛→∞

𝛽 (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) = 1. (16)

Since 𝛽 ∈ B, we get

𝛾 = lim
𝑛→∞

(2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) = 0, (17)

which is a contradiction.
(B)When 𝑠 > 1, according to (14) we have
𝛾 = lim
𝑛→∞

𝐺𝑏(n+1)
≤ lim
𝑛→∞

[𝛽 (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) (2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1))]
≤ 1𝑠 lim
𝑛→∞

(2𝐺𝑏(𝑛) − 𝐺𝑏(𝑛+1)) = 1𝑠 𝛾, 𝑠 > 1,
(18)

which is a contradiction.
In conclusion of the above two conditions, we have 𝛾 = 0,

that is

lim
𝑛→∞

𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) = 0. (19)

Note that

𝐺𝑏 (𝑥𝑛+1, 𝑥𝑛, 𝑥𝑛) ≤ 2𝑠𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) , (20)

thus, we get

lim
𝑛→∞

𝐺𝑏 (𝑥𝑛+1, 𝑥𝑛, 𝑥𝑛) = 0. (21)

We shall prove that {𝑥𝑛} is a Cauchy sequence in (𝑋,𝐺𝑏).
Equation

lim
𝑛,𝑚→∞

𝐺𝑏 (𝑥𝑛, 𝑥𝑚, 𝑥𝑚) = 0, 𝑚 > 𝑛, (22)

will be proved.
Suppose (22) does not hold. Then there exists 𝜀 > 0 for

which we can find subsequences {𝑥𝑚𝑖} and {𝑥𝑛𝑖} of {𝑥𝑛} with𝑚𝑖 > 𝑛𝑖 > 𝑖 such that for every 𝑖
𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖) ≥ 𝜀. (23)

Corresponding to 𝑛𝑖, we can find 𝑚𝑖 with the smallest index
and 𝑚𝑖 > 𝑛𝑖 and satisfying (23), then

𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) < 𝜀. (24)

By (23) and (24), we have

𝜀 ≤ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖)
≤ 𝑠 [𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑛𝑖+1, 𝑥𝑛𝑖+1) + 𝐺𝑏 (𝑥𝑛𝑖+1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖)] . (25)

Taking 𝑖 → ∞ in (25) and using (19), we obtain

𝜀 ≤ lim inf
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖)
≤ 𝑠 lim inf
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖+1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖) . (26)

Back to (6), there is

𝐺𝑏 (𝑥𝑛𝑖+1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖) = 𝐺𝑏 (𝑇𝑥𝑛𝑖 , 𝑇𝑥𝑚𝑖−1, 𝑇𝑥𝑚𝑖−1)
≤ 𝛽 (𝐹 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1)) 𝐹 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1)
= 𝛽 (𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
+ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑛𝑖+1, 𝑥𝑛𝑖+1) − 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖))
⋅ (𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
+ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑛𝑖+1, 𝑥𝑛𝑖+1) − 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖)) .

(27)

Let

M = 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
+ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑛𝑖+1, 𝑥𝑛𝑖+1) − 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖) . (28)

Taking 𝑖 → ∞ in the above inequations and by (19), (24), we
have

lim inf
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖+1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖) ≤ 𝜀 lim inf
𝑖→∞

𝛽 (M) . (29)

Then we obtain1𝜀 lim inf
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖+1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖) ≤ lim inf
𝑖→∞

𝛽 (M) . (30)
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From (26) and (30), we get

1𝑠 = 1𝜀 ⋅ 𝜀𝑠 ≤ 1𝜀 lim inf
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖+1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖)
≤ lim inf
𝑖→∞

𝛽 (M) ≤ lim sup
𝑖→∞

𝛽 (M) ≤ 1𝑠 .
(31)

We deduce that

lim
𝑖→∞

𝛽 (M) = 1𝑠 . (32)

Since 𝛽 ∈ B and by (19), then

lim
𝑖→∞

M = lim
𝑖→∞

(𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
+ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑛𝑖+1, 𝑥𝑛𝑖+1) − 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖))
= lim
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) = 0.
(33)

From (19) and (33), we have

𝜀 ≤ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖) ≤ 𝑠 [𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) + 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖)] → 0 as 𝑖 → ∞, (34)

which is a contradiction. Thus

lim
𝑛,𝑚→∞

𝐺𝑏 (𝑥𝑛, 𝑥𝑚, 𝑥𝑚) = 0, (35)

and {𝑥𝑛} is a Cauchy sequence in complete 𝐺𝑏-metric space.
So there exists 𝑢 ∈ 𝑋, such that

lim
𝑛→∞

𝐺𝑏 (𝑥𝑛, 𝑢, 𝑢) = 0. (36)

By Proposition 3, we have 𝐺𝑏(𝑢, 𝑥𝑛, 𝑥𝑛) ≤ 2𝑠𝐺𝑏(𝑥𝑛, 𝑢, 𝑢);
therefore by (36) we get

lim
𝑛→∞

𝐺𝑏 (𝑢, 𝑥𝑛, 𝑥𝑛) = 0. (37)

We shall prove that 𝑢 is a fixed point of 𝑇. Assume that 𝑢 ̸=𝑇𝑢, then 𝐺𝑏(𝑢, 𝑇𝑢, 𝑇𝑢) > 0. From (6) and (7), we have

𝐺𝑏 (𝑥𝑛+1, 𝑇𝑢, 𝑇𝑢) = 𝐺𝑏 (𝑇𝑥𝑛, 𝑇𝑢, 𝑇𝑢)
≤ 𝛽 (𝐹 (𝑥𝑛, 𝑢)) 𝐹 (𝑥𝑛, 𝑢)
< 1𝑠 𝐹 (𝑥𝑛, 𝑢) ,

(38)

where

𝐹 (𝑥𝑛, 𝑢) = 𝐺𝑏 (𝑥𝑛, 𝑢, 𝑢)
+ 𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) − 𝐺𝑏 (𝑢, 𝑇𝑢, 𝑇𝑢) . (39)

We also have

𝐺𝑏 (𝑢, 𝑇𝑢, 𝑇𝑢)
≤ 𝑠 (𝐺𝑏 (𝑢, 𝑇𝑥𝑛, 𝑇𝑥𝑛) + 𝐺𝑏 (𝑇𝑥𝑛, 𝑇𝑢, 𝑇𝑢))
= 𝑠𝐺𝑏 (𝑢, 𝑥𝑛+1, 𝑥𝑛+1) + 𝑠𝐺𝑏 (𝑥𝑛+1, 𝑇𝑢, 𝑇𝑢)
≤ 𝑠𝐺𝑏 (𝑢, 𝑥𝑛+1, 𝑥𝑛+1) + 𝑠𝛽 (𝐹 (𝑥𝑛, 𝑢)) 𝐹 (𝑥𝑛, 𝑢)
< 𝑠𝐺𝑏 (𝑢, 𝑥𝑛+1, 𝑥𝑛+1) + 𝐹 (𝑥𝑛, 𝑢) .

(40)

Taking 𝑛 → ∞ in the above inequation and using (36), (37),
and (38) obtains

𝐺𝑏 (𝑢, 𝑇𝑢, 𝑇𝑢)
≤ 𝑠 lim
𝑛→∞

𝐺𝑏 (𝑢, 𝑥𝑛+1, 𝑥𝑛+1)
+ 𝑠 lim
𝑛→∞

[𝛽 (𝐹 (𝑥𝑛, 𝑢)) 𝐹 (𝑥𝑛, 𝑢)]
≤ 𝑠 lim
𝑛→∞

𝐺𝑏 (𝑢, 𝑥𝑛+1, 𝑥𝑛+1) + lim
𝑛→∞

𝐹 (𝑥𝑛, 𝑢)
≤ 0 + lim

𝑛→∞
𝐺𝑏 (𝑥𝑛, 𝑢, 𝑢)

+  lim𝑛→∞𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) − lim
𝑛→∞

𝐺𝑏 (𝑢, 𝑇𝑢, 𝑇𝑢)
≤ 𝐺𝑏 (𝑢, 𝑇𝑢, 𝑇𝑢) ,

(41)

which implies

lim
𝑛→∞

𝑠𝛽 (𝐹 (𝑥𝑛, 𝑢)) = 1. (42)

Since 𝛽 ∈ B, then

lim
𝑛→∞

𝐹 (𝑥𝑛, 𝑢) = 0, (43)

which is a contradiction. Thus 𝐺𝑏(𝑢, 𝑇𝑢, 𝑇𝑢) = 0 and so 𝑢 =𝑇𝑢. Consequently, 𝑢 is a fixed point of 𝑇.
We shall prove that such 𝑢 is the unique fixed point of 𝑇.

We argue by contradiction. Assume there exists V, V ̸= 𝑢 such
that V = 𝑇V. We have𝐹 (𝑢, V) = 𝐺𝑏 (𝑢, V, V) + 𝐺𝑏 (𝑢, 𝑢, 𝑢) − 𝐺𝑏 (V, V, V)= 𝐺𝑏 (𝑢, V, V) . (44)

From (6), we have

0 < 𝐺𝑏 (𝑢, V, V) = 𝐺𝑏 (𝑇𝑢, 𝑇V, 𝑇V)
≤ 𝛽 (𝐹 (𝑢, V)) 𝐹 (𝑢, V) = 𝛽 (𝐺𝑏 (𝑢, V, V)) 𝐺𝑏 (𝑢, V, V)
< 1𝑠 𝐺𝑏 (𝑢, V, V) ,

(45)

which is a contradiction. Thus, 𝑇 has a unique fixed point.
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We now present the following result.

Theorem 13. Let (𝑋,𝐺𝑏) be a complete 𝐺𝑏-metric space and𝑇 : 𝑋 → 𝑋 be a given mapping. Suppose there exists 𝛼 ∈ A

such that

𝐺𝑏 (𝑇𝑥, 𝑇𝑦, 𝑇𝑦) ≤ 𝛼 (𝐹 (𝑥, 𝑦)) 𝐹 (𝑥, 𝑦) (46)

for all 𝑥, 𝑦 ∈ 𝑋 where

𝐹 (𝑥, 𝑦) = 1𝑠2 (𝐺𝑏 (𝑥, 𝑦, 𝑦)
+ 𝐺𝑏 (𝑥, 𝑇𝑥, 𝑇𝑥) − 𝐺𝑏 (𝑦, 𝑇𝑦, 𝑇𝑦)) .

(47)

�en 𝑇 has a unique fixed point 𝑢∗ ∈ 𝑋.

Proof. Let 𝑥0 ∈ 𝑋. Define a sequence {𝑥𝑛} in 𝑋 by 𝑥𝑛+1 =𝑇𝑥𝑛 = 𝑇𝑛+1𝑥0. Assume that 𝐺𝑏(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) = 0 for 𝑛 = 𝑛0,
that is, 𝐺𝑏(𝑥𝑛0 , 𝑥𝑛0+1, 𝑥𝑛0+1) = 0, then 𝑥𝑛0 = 𝑥𝑛0+1, i.e., 𝑇𝑥𝑛0 =𝑥𝑛0 . Therefore 𝑥𝑛0 is a fixed point of 𝑇.

Suppose 𝐺𝑏(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) ̸= 0 for all 𝑛 ∈ N. From (46)
we have

0 < 𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) = 𝐺𝑏 (𝑇𝑥𝑛−1, 𝑇𝑥𝑛, 𝑇𝑥𝑛)
≤ 𝛼 (𝐹 (𝑥𝑛−1, 𝑥𝑛)) 𝐹 (𝑥𝑛−1, 𝑥𝑛) , (48)

where

𝐹 (𝑥𝑛−1, 𝑥𝑛) = 1𝑠2 (𝐺𝑏 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛)
+ 𝐺𝑏 (𝑥𝑛−1, 𝑇𝑥𝑛−1, 𝑇𝑥𝑛−1) − 𝐺𝑏 (𝑥𝑛, 𝑇𝑥𝑛, 𝑇𝑥𝑛))
= 1𝑠2 (𝐺𝑏 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛)
+ 𝐺𝑏 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) − 𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1)) .

(49)

Take

𝐺∗𝑏(𝑛) = 𝐺𝑏 (𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) . (50)

Then (48) becomes

𝐺∗𝑏(𝑛+1) ≤ 𝛼 [ 1𝑠2 (𝐺∗𝑏(𝑛) + 𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1))]
⋅ 1𝑠2 (𝐺∗𝑏(𝑛) + 𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1)) .

(51)

Suppose there exists 𝑛0 > 0 such that 𝐺∗𝑏(𝑛0) ≤ 𝐺∗𝑏(𝑛0+1). From
(51), we have

𝐺∗𝑏(𝑛0+1) ≤ 𝛼( 1𝑠2𝐺∗𝑏(𝑛0+1)) ⋅ ( 1𝑠2𝐺∗𝑏(𝑛0+1))
< 1𝑠2𝐺∗𝑏(𝑛0+1),

(52)

which is a contradiction. Thus 𝐺∗𝑏(𝑛) > 𝐺∗𝑏(𝑛+1) for all 𝑛 > 0,
and the real sequence {𝐺∗𝑏(𝑛)} is decreasing.

Suppose there exists 𝛿 ∈ R such that lim𝑛→∞𝐺∗𝑏(𝑛) = 𝛿.
Now we shall prove that

𝛿 = 0. (53)

Applying (51), we get

𝐺∗𝑏(𝑛+1) ≤ 𝛼 [ 1𝑠2 (2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1))]
⋅ 1𝑠2 (2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1))

< 𝛼 [ 1𝑠2 (2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1))]
⋅ (2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1)) ≤ 2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1).

(54)

Take 𝑛 → ∞ in (54) to write

𝛿 = lim
𝑛→∞

𝐺∗𝑏(𝑛+1)
≤ lim
𝑛→∞

𝛼 [ 1𝑠2 (2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1))]
⋅ lim
𝑛→∞

(2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1))
≤ lim
𝑛→∞

(2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1)) = 𝛿.
(55)

We obtain

lim
𝑛→∞

𝛼 [ 1𝑠2 (2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1))] = 1. (56)

Since 𝛼 ∈ A, then

lim
𝑛→∞

1𝑠2 (2𝐺∗𝑏(𝑛) − 𝐺∗𝑏(𝑛+1)) = 1𝑠2 ⋅ 𝛿 = 0. (57)

Thus

𝛿 = 0. (58)

That is

lim
𝑛→∞

𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) = 0. (59)

Note that

𝐺𝑏 (𝑥𝑛+1, 𝑥𝑛, 𝑥𝑛) ≤ 2𝑠𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) , (60)

then we can get

lim
𝑛→∞

𝐺𝑏 (𝑥𝑛+1, 𝑥𝑛, 𝑥𝑛) = 0. (61)

Now we shall prove that {𝑥𝑛} is a Cauchy sequence in 𝐺𝑏-
metric spaces. We will prove that

lim
𝑛,𝑚→∞

𝐺𝑏 (𝑥𝑛, 𝑥𝑚, 𝑥𝑚) = 0, 𝑚 > 𝑛. (62)

Suppose (62) does not hold, then there exists 𝜀 > 0 for which
we can find subsequences {𝑥𝑚𝑖} and {𝑥𝑛𝑖} of {𝑥𝑛} with 𝑚𝑖 >𝑛𝑖 > 𝑖 such that

𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖) ≥ 𝜀. (63)
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Corresponding to 𝑛𝑖, we can find 𝑚𝑖 with the smallest index
satisfying (63) and 𝑚𝑖 > 𝑛𝑖. That is

𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) < 𝜀. (64)

From (46) and (63), we have

𝜀 ≤ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖) = 𝐺𝑏 (𝑇𝑥𝑛𝑖−1, 𝑇𝑥𝑚𝑖−1, 𝑇𝑥𝑚𝑖−1)
≤ 𝛼 (𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1)) ⋅ 𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1)
< 𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1) ,

(65)

where

𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1) = 1𝑠2 (𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
+ 𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑛𝑖 , 𝑥𝑛𝑖) − 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖)) .

(66)

From (65), (66), and applying (59), we have

𝜀 ≤ lim inf
𝑖→∞

𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1)
= 1𝑠2 lim inf

𝑖→∞
𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) . (67)

On the other hand, applying (64) we have

𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
≤ 𝑠𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑛𝑖 , 𝑥𝑛𝑖) + 𝑠𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
< 𝑠𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑛𝑖 , 𝑥𝑛𝑖) + 𝑠𝜀.

(68)

Taking 𝑛 → ∞ in the above inequations, we have

lim sup
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) ≤ 𝑠𝜀. (69)

From (67) and (69) we obtain

𝜀 ≤ 1𝑠2 lim inf
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
≤ 1𝑠2 lim sup

𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) ≤ 1𝑠2 ⋅ 𝑠𝜀 = 𝜀𝑠 ,
(70)

which is a contradiction with 𝑠 > 1.
We shall consider the situation which with 𝑠 = 1. From

(63) and (64) we have

𝜀 ≤ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖)
≤ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) + 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖)
< 𝜀 + 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖) .

(71)

Taking 𝑛 → ∞ in (71) and by (59) we have

lim
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖) = 𝜀. (72)

In the meantime,𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) − 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖)
≤ 𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑛𝑖 , 𝑥𝑛𝑖) + 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)
− (𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) − 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖))
= 𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑛𝑖 , 𝑥𝑛𝑖) + 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖) .

(73)

By taking 𝑛 → ∞ and using (59) in the above inequation,
we can deduce that

lim
𝑖→∞

𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1) = 𝜀. (74)

By (46), we have

𝜀 ≤ 𝐺𝑏 (𝑥𝑛𝑖 , 𝑥𝑚𝑖 , 𝑥𝑚𝑖) = 𝐺𝑏 (𝑇𝑥𝑛𝑖−1, 𝑇𝑥𝑚𝑖−1, 𝑇𝑥𝑚𝑖−1)
≤ 𝛼 (𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1)) 𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1)
< 𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1) ,

(75)

where

𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1)
= 𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1, 𝑥𝑚𝑖−1)

+ 𝐺𝑏 (𝑥𝑛𝑖−1, 𝑥𝑛𝑖 , 𝑥𝑛𝑖) − 𝐺𝑏 (𝑥𝑚𝑖−1, 𝑥𝑚𝑖 , 𝑥𝑚𝑖) .
(76)

By using (59), we obtain

lim
𝑖→∞

𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1) = 𝜀. (77)

Taking 𝑖 → ∞ in (75), we can deduce that

lim
𝑖→∞

𝛼 (𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1)) = 1. (78)

Since 𝛼 ∈ A, we have

lim
𝑖→∞

𝐹 (𝑥𝑛𝑖−1, 𝑥𝑚𝑖−1) = 0, (79)

which is a contradiction. In conclusion of two situations, {𝑥𝑛}
is a Cauchy sequence in complete 𝐺𝑏-metric spaces. So there
exists 𝑢∗ ∈ 𝑋 such that

lim
𝑛→∞

𝐺𝑏 (𝑥𝑛, 𝑢∗, 𝑢∗) = 0. (80)

We can confirm that 𝐺𝑏(𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗) = 0. In fact, if𝐺𝑏(𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗) ̸= 0, from (46) and (47) we have

𝐺𝑏 (𝑥𝑛+1, 𝑇𝑢∗, 𝑇𝑢∗) = 𝐺𝑏 (𝑇𝑥𝑛, 𝑇𝑢∗, 𝑇𝑢∗)
≤ 𝛼 (𝐹 (𝑥𝑛, 𝑢∗)) ⋅ 𝐹 (𝑥𝑛, 𝑢∗)
< 𝐹 (𝑥𝑛, 𝑢∗) ,

(81)
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where

𝐹 (𝑥𝑛, 𝑢∗) = 1𝑠2 (𝐺𝑏 (𝑥𝑛, 𝑢∗, 𝑢∗)
+ 𝐺𝑏 (𝑥𝑛, 𝑇𝑥𝑛, 𝑇𝑥𝑛) − 𝐺𝑏 (𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗))
= 1𝑠2 (𝐺𝑏 (𝑥𝑛, 𝑢∗, 𝑢∗)
+ 𝐺𝑏 (𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+1) − 𝐺𝑏 (𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗))

→ 1𝑠2𝐺𝑏 (𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗)
as 𝑛 → ∞.

(82)

We also have𝐺𝑏 (𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗) ≤ 𝑠𝐺𝑏 (𝑢∗, 𝑇𝑥𝑛, 𝑇𝑥𝑛)
+ 𝑠𝐺𝑏 (𝑇𝑥𝑛, 𝑇𝑢∗, 𝑇𝑢∗)

≤ 𝑠𝐺𝑏 (𝑢∗, 𝑥𝑛+1, 𝑥𝑛+1)
+ 𝑠𝛼 (𝐹 (𝑥𝑛, 𝑢∗)) 𝐹 (𝑥𝑛, 𝑢∗)

< 𝑠𝐺𝑏 (𝑢∗, 𝑥𝑛+1, 𝑥𝑛+1)
+ 𝑠𝐹 (𝑥𝑛, 𝑢∗) .

(83)

Taking 𝑛 → ∞ in the above inequation and using (80), we
obtain𝐺𝑏 (𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗)

≤ lim
𝑛→∞

𝐺𝑏 (𝑢∗, 𝑥𝑛+1, x𝑛+1)
+ 𝑠 lim
𝑛→∞

𝛼 (𝐹 (𝑥𝑛, 𝑢∗)) 𝐹 (𝑥𝑛, 𝑢∗)
≤ 𝑠 lim
𝑛→∞

𝐹 (𝑥𝑛, 𝑢∗) = 1𝑠 𝐺𝑏 (𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗) .
(84)

When 𝑠 = 1, we have
lim
𝑛→∞

𝛼 (𝐹 (𝑥𝑛, 𝑢∗)) = 1. (85)

Since 𝛼 ∈ A, then

lim
𝑛→∞

𝐹 (𝑥𝑛, 𝑢∗) = 𝐺𝑏 (𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗) = 0, (86)

which is a contradiction.
When 𝑠 > 1, we get a contradiction from (84).
Thus, in conclusion of two situations, 𝐺𝑏(𝑢∗, 𝑇𝑢∗, 𝑇𝑢∗) =0 and so 𝑇𝑢∗ = 𝑢∗. 𝑢∗ is a fixed point of 𝑇. We shall prove

that such 𝑢∗ is the unique fixed point of 𝑇. We argue by
contradiction. Assume there exists V∗, V∗ ̸= 𝑢∗ such that

V∗ = 𝑇V∗. (87)

We have𝐹 (𝑢∗, V∗) = 𝐺𝑏 (𝑢∗, V∗, V∗)
+ 𝐺𝑏 (𝑢∗, 𝑢∗, 𝑢∗) − 𝐺𝑏 (V∗, V∗, V∗)

= 𝐺𝑏 (𝑢∗, V∗, V∗) .
(88)

From (46), we have

0 < 𝐺𝑏 (𝑢∗, V∗, V∗) = 𝐺𝑏 (𝑇𝑢∗, 𝑇V∗, 𝑇V∗)
≤ 𝛼 (𝐹 (𝑢∗, V∗)) 𝐹 (𝑢∗, V∗)
= 𝛼 ( 1𝑠2𝐺𝑏 (𝑢∗, V∗, V∗)) 1𝑠2𝐺𝑏 (𝑢∗, V∗, V∗)
< 1𝑠2𝐺𝑏 (𝑢∗, V∗, V∗) ,

(89)

which is a contradiction. Thus, there exists a unique fixed
point 𝑢∗ ∈ 𝑋 such that 𝑢∗ = 𝑇𝑢∗.
3. Application

Let 𝑋 = 𝐶([0, 1],R) be the set of real continuous functions
defined on [0, 1]. Take the 𝐺𝑏-metric 𝐺𝑏 : 𝑋 × 𝑋 × 𝑋 →[0,∞) given by

𝐺𝑏 (𝑥, 𝑦, 𝑧) = ( sup
𝑡∈[0,1]

𝑥 (𝑡) − 𝑦 (𝑡)
+ sup
𝑡∈[0,1]

|𝑥 (𝑡) − 𝑧 (𝑡)| + sup
𝑡∈[0,1]

𝑦 (𝑡) − 𝑧 (𝑡))2 ,
(90)

for all 𝑥, 𝑦 ∈ 𝑋. Then (𝑋,𝐺𝑏) is 𝐺𝑏-metric spaces with 𝑠 ≥ 1.
Consider the following integral equation

𝑥 (𝑡) = 𝑃 (𝑡) + ∫1
0
𝑆 (𝑡, 𝑢) 𝑓 (𝑢, 𝑥 (𝑢)) 𝑑𝑢, 𝑡 ∈ [0, 1] , (91)

where 𝑓 : [0, 1] × R → R and 𝑃 : [0, 1] → R are two
continuous functions and 𝑆 : [0, 1] × [0, 1] → [0,∞) is
a function such that 𝑆(𝑡, .) ∈ 𝐿1([0, 1]) for all 𝑡 ∈ [0, 1].
Consider the operator 𝑇 : 𝑋 → 𝑋 defined by

𝑇 (𝑥 (𝑡)) = 𝑃 (𝑡) + ∫1
0
𝑆 (𝑡, 𝑢) 𝑓 (𝑢, 𝑥 (𝑢)) 𝑑𝑢,

𝑡 ∈ [0, 1] . (92)

Theorem 14. Suppose that the following conditions are satis-
fied:

(1) there exists 𝜂 : 𝑋 × 𝑋 → [0,∞) for all 𝑢 ∈ [0, 1]
0 ≤ 𝑓 (𝑥, 𝑥 (𝑢)) − 𝑓 (𝑢, 𝑦 (𝑢))
≤ 𝜂 (𝑥, 𝑦) 𝑥 (𝑢) − 𝑦 (𝑢) ∀𝑥, 𝑦 ∈ 𝑋, (93)

(2) there exists 𝛽 : [0,∞) → [0, 1/𝑠) such that
sup
𝑡∈[0,1]

∫1
0
𝑆 (𝑡, 𝑢) 𝜂 (𝑥, 𝑦) 𝑑𝑢

≤ √𝛽((2 sup
𝑡∈[0,1]

|𝐽|)2 + (2 sup
𝑡∈[0,1]

|𝐾|)2 − (2 sup
𝑡∈[0,1]

|𝐿|)2)
(94)
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where

𝐽 = 𝑥 − 𝑦,
𝐾 = 𝑥 − 𝑇𝑥,
𝐿 = 𝑦 − 𝑇𝑦.

(95)

�en the integral equation (91) has a unique solution in 𝑋.

Proof. It is clear that any fixed point of (92) is a solution of
(91). By conditions (1) and (2), we get

𝐺𝑏 (𝑇 (𝑥 (𝑡)) , 𝑇 (𝑦 (𝑡)) , 𝑇 (𝑦 (𝑡)))
= (2 sup
𝑡∈[0,1]

𝑇 (𝑥 (𝑡)) − 𝑇 (𝑦 (𝑡)))2

= (2 sup
𝑡∈[0,1]

∫
1

0
𝑆 (𝑡, 𝑢) 𝑓 (𝑢, 𝑥 (𝑢)) 𝑑𝑢 − ∫1

0
𝑆 (𝑡, 𝑢)

⋅ 𝑓 (𝑢, 𝑦 (𝑢)) 𝑑𝑢)
2 = (2 sup

𝑡∈[0,1]

∫
1

0
𝑆 (𝑡, 𝑢)

⋅ [𝑓 (𝑢, 𝑥 (𝑢)) − 𝑓 (𝑢, 𝑦 (𝑢))] 𝑑𝑢))
2

≤ (2 sup
𝑡∈[0,1]

∫1
0
𝑆 (𝑡, 𝑢) 𝜂 (𝑥, 𝑦) 𝑥 (𝑢) − 𝑦 (𝑢) 𝑑𝑢)2

= (2 sup
𝑡∈[0,1]

∫1
0
𝑆 (𝑡, 𝑢) 𝜂 (𝑥, 𝑦)

⋅ 12 ((2 𝑥 (𝑢) − 𝑦 (𝑢))2)1/2 𝑑𝑢)2 ≤ 𝐹 (𝑥, 𝑦)
⋅ ( sup
𝑡∈[0,1]

∫1
0
𝑆 (𝑡, 𝑢) 𝜂 (𝑥, 𝑦) 𝑑𝑢)2 ≤ 𝐹 (𝑥, 𝑦)

⋅ 𝛽 (𝐹 (𝑥, 𝑦))

(96)

where

𝐹 (𝑥, 𝑦) = (2 sup
𝑡∈[0,1]

|𝐽|)2

+ (2 sup
𝑡∈[0,1]

|𝐾|)2 − (2 sup
𝑡∈[0,1]

|𝐿|)2 ,
(97)

with

𝐽 = 𝑥 − 𝑦,
𝐾 = 𝑥 − 𝑇𝑥,
𝐿 = 𝑦 − 𝑇𝑦.

(98)

Then for all 𝑥, 𝑦 ∈ 𝑋 we obtain

𝐺𝑏 (𝑇 (𝑥) , 𝑇 (𝑦) , 𝑇 (𝑦)) ≤ 𝛽 (𝐹 (𝑥, 𝑦)) 𝐹 (𝑥, 𝑦) . (99)

This implies thatTheorem 12 holds.Thus the operator 𝑇 has a
unique fixed point; that is, the integral function has a unique
solution in 𝑋.

4. Conclusion

In this paper, we present somefixed point theorems about two
new Geraghty type contractions in the setting of 𝐺𝑏-metric
spaces.

In the third section, we study an application about the
unique solution of a class of integral functions to illustrate
our fixed point theorems.
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