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We prove the uniform L' — L"* and Hj, — L' boundedness of oscillatory singular integral operators whose kernels are the
products of an oscillatory factor with bilinear phase and a Calderén-Zygmund kernel K(x, y) satisfying a Holder condition. This

Holder condition appreciably weakens the C' condition imposed in existing literature.

1. Introduction

Letn € N. We shall consider the following oscillatory singular
integral operator:

Tpx: f — pv. J.Rn FIK (x,y) f(y)dy (1)

where B(:,-) is a real-valued bilinear form. In past studies
of this type of operators, K(x, y) is typically assumed to be
a Calderén-Zygmund kernel satisfying a C' condition away
from the diagonal A = {(x, x) : x € R"}, i.e., there exists an
A > 0 such that

(i) forall (x, y) € (R" x R")\ A,

A
K (% )| < — 2)
|x =y
(ii) K(x, y) € C'((R" x R") \ A), and for (x, y) € (R" x
R™\ A

A
[V.K (%, )| + |V,K (%, )| £ — 7 3)

|x -y

(iii)

||T0“L2(R")—>L2(R") <A (4)

where
Ti@=px| KEe)fOd. O

Under conditions (i), (ii), and (iii), Phong and Stein
proved the L? boundedness of Ty for 1 < p < oo ([1]). The
L? result of Phong and Stein was then extended to operators
with polynomial phases by Ricci and Stein ([2]), under the
same conditions (i), (ii), and (iii) on K(x, y), while the
weak (1,1) boundedness of such operators was subsequently
established by Chanillo and Christ in [3] (for all polynomial
phase functions, bilinear or otherwise).

The C' property of K in condition (ii) was instrumental
when van der Corput’s lemma, a standard tool in the
treatment of oscillatory integrals, was used in past studies,
including the seminal papers cited above. There has been
widespread interest in finding out what happens when the
C' kernel K(x, y) is replaced by a “rougher” kernel. Many
interesting results have been obtained for kernels that are
homogeneous and of convolutional type but lack smoothness
(i.e, K(x, ¥) = |x = y|7"Q((x = ¥)/|x = yI)). See, for example,
[4-6].

In this paper we are interested in general kernels K(x, y)
for which condition (ii) is replaced by the following weaker
condition of Holder type:


http://orcid.org/0000-0003-0188-682X
http://orcid.org/0000-0002-2492-1934
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/8561402

(i)' there exists a 8 > 0 such that

Ax—x’a
Y {00 P o Iy
(e =y + %" = 5])
whenever |x — x'| < (1/2)max{|x — ¥, |x’ — y|} and
Aly -y
KoK () s —P L)

- n+6
(e =y + e =)™
whenever |y — y'l < (1/2)max{|x — yl, [x - y'l}.

In a recent paper, we were able to prove the following
uniform L? boundedness of Tz  for 1 < p < co:

Theorem 1 (see [7]). Let A,8 > 0 and Ty be given as in (1).
Suppose that K(x, y) satisfies (i), (i)', and (iii). Then, forl <
P < 00, there exists a positive C , which may depend on p, n, 6,
and A but is independent of the bilinear form B(:,-), such that

"TB,Kf"LP(R") <C, "f“LP(R") (8)
forall f € LP(R™).

In this paper we shall investigate the endpoint case p = 1
and obtain both the weak type (1,1) and Hardy space bounds.
We begin with the weak (1,1) result.

Theorem 2. Let A,§ > 0 and Ty be given as in (1). Suppose
that K(x, y) satisfies (i), (i)', and (iii). Then, Ty i is of weak
type (L1), i.e., there exists a positive C such that

HX S Rn : |TB,Kf (x)| > (X}l < C“_l "f”Ll(R") (9)

forall f € L'(R") and a > 0. Moreover, while the constant
C may depend on n, 8, and A, it is otherwise independent of
B() ) and K() )

In the statement above, we used [S| to denote the Lebesgue
measure of a measurable set S.

In order to describe our result on Hardy spaces, let
Hy(R") be the Hardy space introduced by Phong and Stein in
[1] as a variant of the standard Hardy space H Y(R™) suitable
for the study of oscillatory singular integrals. It was proved
there that under conditions (i), (ii), and (iii) T x is a bounded
operator from H }E(IR") to LY(R"). As an improvement over
their result, we have the following.

Theorem 3. Under conditions (i), (i)', and (iii), Ty is a
bounded operator from H};(IR”) to LY(R™). Moreover, the
bound for the operator norm may depend on n, 8, and A but is
otherwise independent of B(-,-) and K(.,-).

It is already well-known that analogous results do not
hold for H? when p < 1.

The proof of the weak type (1,1) estimate will appear in
Sections 2 and 3. It follows a L' — L? strategy pioneered by
C. Fefferman in [8] (see also [3, 4, 9, 10]). The proof of the
Hardy space estimate will be given in Section 4.

We now close this section by posing the following natural
question which should be of interest to many working in this
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field: are the L? and endpoint results for oscillatory singular
integrals in Theorems 1-3 still true when the bilinear phase
functions are replaced by general polynomials in x, y with
real coefficients?

2. Basic Reductions for the L' — L"* Bounds

We shall begin the proof of Theorem 2 with a few reductions.
Since the one-dimensional case is relatively easier, we shall

focus our attention on n > 2. For x = (xy,...,%,),y =
(¥1>---> ¥,) € R", B(x, y) can be expressed as
n n
B(x,y) = Z ijkxjyk' (10)
j=1k=1

If by = Oforall jk € {1,...,n}, then Tgx = T,. Itis
well-known that, under the conditions (2), (4), and (6)-(7),
T is bounded from from LY(R") to L*®(R") as well as from
L%(IR") to LP(R") for 1 < p < oo. Thus, from this point on,
we may assume that by, # 0 holds for at least one pair (j, k).
Let

b=max{|bjk':1£j,k£n}. 11)
If we let p denote the dilation operator
0—9(=): )
9 9 N
then
peTgx =Togpn2pk ©p- (13)

Since b2 pK satisfies (i), (i)', and (iii) with the same
constants A and & as K, it suffices to establish (9) under the
additional assumption that, for some k, € {1,...,n}, |b1k0| =
b = 1 (after reindexing the variables if necessary). Clearly, we
may also assume that § < 1.

For any cube Q in R", let/(Q) and Xq denote its sidelength
and center, respectively. For any 5 > 0, we let SQ denote the
cube that has the same center as Q and sidelength BI(Q). Also,
let jg = log,(I(Q)).

Let f € LY(R™) and « > 0. Then there is a collection of
dyadic cubes & with disjoint interiors such that the following
are satisfied:

"f“Lw(QC) <« where Q= U Q (14)
QeF
1 o
@JQ|flSCa vVQ e F; (15)
Q;GI QI < Ca™ || fll g s (16)
lig-jgl<C
(17)

whenever Q,Q' € & and dist (Q, Q') <20(Q).
For s € NU {0}, let K (x, y) = K(x, ¥) X[2+,00) (I = ¥I). Let
K(x, y) = K(x, y) = Ky(x, ),
T={QeF:1(Q =2} (18)
and
H=F\G={QeF:1(Q)<1}. 19)
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Then,

5
{x e R" :|Tpp f (x)| > a} € UUJ (20)
s

where

U, = {x cR": 'TB’KO (fXQC)(x)| > %},

(21)
U, = U 4Q,
QeF
U; = {x € < U > ZTBKO (fxq) ()| > }, (22)
QeF Qe®
U,
‘ (23)
=‘lx€(U ) ZTBKU (fXQ)(x) >_}
QeF Qe
and
" «
U5={xeR Tof (0] > Z}‘ (24)

It follows from Theorem 1 and a standard argument that
(8) remains valid when K is replaced by K, or K. Thus, by
(14)-(15),

|U1|<< ) “TBKO(fXQC)

<Ca’' “f||L1(R")’

2
LZRn)—Ca Jclf|

(25)

and

U, = <Z|@><CMWﬂbRw (26)

QeF

The set U; can be treated by a finite overlapping argument.

LetQy = (-1/2,1/2]". Foreach h € Z",leth+ Q, = {h+ y :
y € Qy}and

Fu () =Py, ) £ (). (27)
Clearly,

supp (TB,E (Xh+Q0f)) € h+3Q,. (28)

By (2)and b = 1, for x € h+ 3Q,,
|Ts.z (Xusq, ) () = €™V () (0)]
(] e, )1 0)
Ix yIst |x y|

e, ) £ )|dy>

lx ="

IN

— g —dy
(29)

+ J.
1<|x—y|<2+/n

C( 'Xh+Q f' (%),

3
where g, (x) = |x| " Xi02 v (1x]). Thus,

|Us|

< Z Hx €R": Ty (Xh+Q0f) (X)| > (4- 10")_1 OCH

hez"

< Y (fxeR": [T () )] > (3-10") o]

hez"

+ Hx eR": ‘(go * 'Xh+Q0f ) (x)| > (8C- 10")71 (XH) (30)

SCZ (of1

hez"

(A PR

+a ”gO”Ll(R") Xh+Q0f|L1(Rn))

<Ca’' "f"Ll(R") .

The proof of Theorem 2 has thus been reduced to the
verification of the following:

;| <Ca | fllpgey  for j=34. €i))

3. Estimates for |U,| and |U,,|

For two nonnegative integers s and m, let

L., (xy)= JW B (- K, (- y)dz.  (32)

Fora e R"andr > 0,letT(a,r) = {x € R" : |[x —a| > r}.
Let
n
P(x) = ) by (33)
k=1

Observe that

n

SRR NOED A A

k=1 Kk,

Lemma 4. Lets,m € NU {0} such that s > m. Suppose that K
satisfies (2) and (6)-(7).

(i) For any x, y € R",
Ly (26 y)| <C27" (1 +s-m) (35)

(ii) For any x, y € R",
|Lgw (6, p)| < Clx =y "In(2+27"|x - y|) (36)

(iii) For any x, y € R” satisfying |x — y| > 2°*" and |P(x —
Y| > 4m,

|Lsm(x’y)| SC'P(X—)/)'

Proof. We shall omit the arguments for (i) and (ii) because
they utilize (2) only and therefore can be found in [3] (see
page 152).

Suppose that x, y € R", [x—y| > 2°*' and |P(x— y)| > 4.
Foranyz = (z,2,,...,%2,) = (2;,2), let zt = (z,+0,Z) where
0 = /P(x — y). Thus,

- lx-y™". (37)



S Py) (Ks (z, x) m -K,(z",x) M) dz,
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J e PENK (2,x)K,, (z, y)dz,| dZ
R

dz

< M (%) + My (x, y) + M; (%, y) + My (x, y)

4
Lo o) < |
P
_1 J
2 Rnfl R
where
M, (x3) = | IK (2,3) ~ K (2, )|
I'(x,2°)NI(y,2™)
K (2, y)| dz,
M) =| K (")
(D(x,29)AT(x~,2)NT(1,2™)
K (2, y)| dz,
(39)
My) = [K(ay) =K ()
['(x7,2°)NI(y,2™)
K (2", x)| dz,
MGy =[ R
(F(y:2™)AT(y~,2")NI(x7,2°)
K (", x)| d=.
When z € T(x,2°%), we have
|z - x| >2°>210| = 2|z - z'|. (40)
It follows from (2) and (6) that
d
M, (xy) <clol | —
29002 |z = x|" |z - y|
<C |e|‘5j e -
R (L+ ]z —x])" (1+]z - y|)
<o (| T
lz=ylzlx-1/2 (1 + |z — x[)"™° |z = y| (41)
dz
+ J. n 5 ")
lz=xlzlx-yl/221z-y1 |z = x[" (1 + |2 = x])° (1 + |z - y|)
-n dz -5
<Cl6)°|x - J "  __clp(x-
0 ey [ s =l ) e
-y
When z € T'(x,2°%),
lz-x|<|z-x|+10<2]z-x"|=2|z"-x|. (42)
Thus,
dz
M; (x,y)§C|0|8J s - (43)

R (1+ ]z =) (1 + ]z = x])"

It follows from the the arguments for M, (x, y) that
= -n
M; (x,y) < CIP(x = y)| e = 5[
When z € T(x,2°)Al'(x~,2°%), we have

(§>|z—xlslz+—x| S(%)Iz—ﬂ

and
(3)25 <lz-x,
4
|25 - x| < (é>23.
3
Thus,
|z — x| < (é)zs < (g)|x— |
~\3 ~\3 Y
and
1
=y 2 b=yl -1z =212 (5) b - 51,
Therefore,
M, (xp) <C [ =" " dz
(x,2°)AT(x,2°)
<C27" |x - y| |0 (x,2°) AT (x7,2°)]
<C2|x -y 2" V0|
<C|P(x- y)l_l |x - y|_".
Similarly,

M, (x,y) <C27™ |x - y|_" 2= g
<C|P(x- y)l_l |x - y|_n.

The proof of Lemma 4 is now complete.

(38)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

O

Let d(S;,S,) denote the distance between two sets S; and

S,.ForQ € &, let
¥(Q={Q e%:1(Q)<1(Q}.

Lemma5. IfQ € & and x € Q, then

JQ, ‘LjQ,jQ, (x5 y) f (y)’ dy < Ca.
Q@

(51)

(52)
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Proof. LetQ € & and

2,Q={Q €%:d(Q.Q) <2Q}. (3
For each x € Q, let
Z,(Q,x) = ‘[QI €eG\2,(Q ;}gc‘gf’ |P (x - y)|

(54)
< (8n)l(Q')} ;

Z5(Q,x) = ‘[QI €e@\2,(Q) ;}gc‘gf’ |P (x - y)l
(55)
> (8n)l(Q')} :

It follows from (15), (17), and Lemma 4(i) that the cardinality
of ©,(Q) is bounded by a constant and

2

Qev,

(Q J
<C Y
Qe%,

L iy (6 9) ()| dy (56)

(1+1@-1(@))r [ IrOilay

QI
@) (57)

< Ca.

When Q' € €\ %,(Q),

(ln (2+27 |x - yl))

sup -
yeQ |x—y|
, (58)
In(2+277% |x -
sCinf<n( 2k y”).
T

Also, for any Q e Z,(Q,x)and y € Q,
|P(x-y)| < vlég’ [P (x —v)| +nl (Q') < 9nl (Q'). (59)
Thus, by Lemma 4(ii), (15), and (58),

j : ILJQ,;'Q, (x.y) f (y)| dy

Q€%,(Qx)

< Ca Z j , |x—y|7nln(2+2_j0' |x—y|)dy
Qes,@Qy) 7

SCoch

m=1 J{yeR™:|P(x~y)|<(9n)2"}

Q@+ |x=y)"

‘In(2+2"|x - y|)dy

=Ca§[

m=1 7 {u€R™|P(u)|<9n}

< Ca Z JW_‘ J|v1|s9n (Zj‘f"’ + ] + |v1|)_n

m=1

(2797 4+ ul) " In 2 + |ul) du

[In (2 + [ + |v]) dv,dv

o ,
< Ca Z (1+jg-—m) 27U < Ca,
m=1

(60)
For any Q « Z,(Q, x),

sup |P (x — y)| < inf |P(x — y)| +nl (Q')
e B (61

<2inf |P(x - y)|.
ye

It follows from Lemma 4(iii), (15), (58), and (61) that

Y | [y ) £ )]y

Qe%,;(Qx) *Q

<Ca ) J AP G- ) =" dy
Qe%3(Qx) (62)

< CocJ A+P@D° A+ [u) ™" du
-

< Cocj 1+ ])° 1+ W)™ dv < Ca.
-

Lemma 5 is proved. O

ForQe #,let #(Q) = {Q ¢ 7 : 1(Q") < I(Q)}.
Lemma 6. IfQ € & and x € Q, then

> J Lo (2 y) f (9)] dy < Ca (63)

Qex(Q
Proof. The argument is very similar to the proof of the
previous lemma. We will point out the differences but omit

most of the details.
LetQ € # and x € Q. Let

%, (Q=1{Q e7(:d(Q.,Q) <2},
5 (Q x)

- {Q’ €H\H(Q: inf [P(x—y) < 4ﬂ} S (64)
%3 (Q, x)

- {Q’e%\%l(Q): in£,|P(x—y)| >4n}.
ye



While there is no uniform bound on the cardinality of 7', (Q)
(unlike ¥, (Q)), by using |L,(x, y)| < C, we still have

Y | e soldrsca Y |Q
Qe Q2 Qe#,(Q (65)
< Ca.

By [Loo(x, »)| < Clx = y[ ™" In(2 + [x - yl),

> J Lo (. 9) f ()] dy

Qe ,(Qx)

66
SCOCJ 1+ u) " In 2 + |u|) du (66)
{ueR™:|P(u)|<4m+n}

< Ca.

Finally, #'5(Q, x) can be treated the same as &5(Q, x), which
finishes the proof of Lemma 6. O

We now employ a well-known L* — L' technique
to obtain the desired estimates for |U;| and |U,| (see, for
example, [3, 8-11]). By Lemma 5,

2

Us| < Ca™ Z Ty, (fxo)

Qe%

L2(Uges 4Q)°)

<G} JQ(Qg [ (x,y>f(y)|dy> .

| f (x)|dx
<Ca~ IZ J |f (x)|dx < Ca™ 112 ey -

Qe?

By Lemma 6,

U< Ca® ) j (

Qe

Y Loy (5 9) £ (9)

Qex(Q

)

| f ()] dx (68)
ot 3| 1 ol < ot e

Qe

The proof of Theorem 2 is now complete.

4. H; — L' Boundedness

We shall begin by recalling the definition of the function
space H}E(R”).

Definition 7. A measurable function a(-) on R" is called an

atom if there exists a cube Q such that supp(a) € Q, l|lall,, <
|Q|™! and

J ¢*@Va (y)dy = 0. (69)
Q
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A function f isin H }E(IR") if there exist a sequence {A j} inC
and a sequence of atoms {aj} such that

f=YAm; (70)
J

The H }E norm of f is the infimum of )’ ;14| over all possible
expressions of f described in (70).

In order to prove Theorem 3, it suffices to establish that,
for every atom a(-),

||TB,Ka“L1(R") <C (71)

By using a dilation (as in Section 2) as well as a translation, we
can further reduce the task to the verification of (71) under the
assumption that, for some j, € {1,...,n}and h > 0,

max{'bjk' 1< k< n} = |bj01' =1,

supp (a) < [~h, h] ™"

n 72
lalo < (2h) =
and J a(y)dy=0.
[=h,h]"
Let 1 = max{2nh, h™'}. Then
| Tsxal,: @y ShtL+L+1, (73)
where
I, = J T xa (x)| dx,
|x|<2nh
I, = J J P (K (x, y) - K (x,0))
|x|=2nh | JR"
ca(y) dyl dx, (74)

K (x,0) J BV g

dy| dx,
R

L-|
2nh<|x|<n

I, = j
lx[=n

By Theorem 1,
I, < CH"? Ty gal -
By (7),

K (x,0) J B a (y) dy| dx.

R"

2
@ < Ch"* allp@n <C. (75)

5
d
I < J (J M)d
|x|>2nh \ Jye[-h,h]" |x|™

S
< Ch "allLl(Rn) J

|x|>2nh

(76)
Ix| " °dx < C.

By the vanishing integral property of a(-),

g=j IK (x,0)
2nh<|x|<n

] @ = 1)al) dax
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2nh<|x|<n ye[-h,h

< Cllall ey h (1 - 2nh) < C.

e ()l dy) dx

(77)

Let &, denote the partial Fourier transform in the first
variable. Then,

el ™|
J - Lew el

F1(a (7)) (w)| dudy

du, " 78
=C LeR"’l JﬁeR"’l <JR m>
([ 17

( (n+1al)” n/2 dﬁ)

j J () dy,) Cay

F1(a(-y))

dydx

HMx

X 1/2
(7))l du,)  diidy

<c(yh) " <c.

The proof of Theorem 3 is now complete.
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