
Research Article
On the Boundary Value Condition of an Isotropic
Parabolic Equation

Qitong Ou and Huashui Zhan

School of Applied Mathematics, Xiamen University of Technology, Xiamen 361024, China

Correspondence should be addressed to Qitong Ou; ouqitong@xmut.edu.cn

Received 12 June 2020; Revised 19 September 2020; Accepted 4 October 2020; Published 27 November 2020

Academic Editor: Wilfredo Urbina

Copyright © 2020 Qitong Ou and Huashui Zhan. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work
is properly cited.

The well-posedness problem of anisotropic parabolic equation with variable exponents is studied in this paper. The weak solutions
and the strong solutions are introduced, respectively. By a generalized Gronwall inequality, the stability of strong solutions to this
equation is established, and the uniqueness of weak solutions is proved. Compared with the related works, a new boundary value
condition,

QN
i=1aiðx, tÞ = 0, ðx, tÞ ∈ ∂Ω × ½0, T�, is introduced the first time and has been proved that it can take place of the Dirichlet

boundary value condition in some way.

1. Introduction

In this paper, we mainly pay attention on the stability of solu-
tions to the following anisotropic parabolic equation with
variable exponents:

ut = 〠
N

i=1

∂
∂xi

ai x, tð Þ uxi
�� ��pi x,tð Þ−2uxi� �

+ 〠
N

i=1

∂bi u, x, tð Þ
∂xi

,  x, tð Þ ∈QT ,
ð1Þ

with the initial value

u x, 0ð Þ = u0 xð Þ, x ∈Ω ð2Þ

and the boundary value condition

u x, tð Þ = 0,  x, tð Þ ∈ ∂Ω × 0, Tð Þ: ð3Þ

Here, aiðx, tÞ ≥ 0, piðx, tÞ > 1, aiðx, tÞ ∈ Cð �QTÞ, piðx, tÞ ∈
Cð �QTÞ, and Ω ⊂ℝN is a bounded domain with the smooth
boundary ∂Ω, QT =Ω × ð0, TÞ.

When piðx, tÞ = p is a constant, i = 1, 2,⋯,N , equation
(1) arises in the mathematical modelling of various physical

processes such as flows of incompressible turbulent fluids,
gases in pipes, and processes of filtration in glaciology. The
equation in this case has been studied widely [1–5]. When
piðx, tÞ = pðx, tÞ is a measurable function, i = 1, 2,⋯,N ,
equation (1) is similar with the equation with the type

ut = div a x, tð Þ ∇uj jp x,tð Þ∇u
� �

+ f x, t, u,∇uð Þ, ð4Þ

which arises in the phenomena of electrorheological fluids [6,
7]. The existence of solutions of the initial-boundary value
problem to this equation can be found in [8–11]. Also, one
can refer to [12–18] for some other related works.

If aiðx, tÞ = aiðxÞ and satisfies

ai xð Þjx∈Ω > 0, ai xð Þjx∈∂Ω = 0, i = 1, 2,⋯,N , ð5Þ

the well-posedness problem of the following equations

ut = 〠
N

i=1

∂
∂xi

ai xð Þ uxi
�� ��pi xð Þ−2uxi� �

+ f x, t, u,∇uð Þ ð6Þ

has been studied by the second author in recent years [19–
21]. Instead of boundary value condition (3), only a partial
boundary value condition
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u x, tð Þ = 0,  x, tð Þ ∈〠
p

× 0, Tð Þ ð7Þ

is imposed, where ∑p ∈ ∂Ω is a relatively open subset which
has different expression according to different kinds of
f ðx, t, u,∇uÞ and sometimes is just an empty set [19–21].

Compared with [19, 20] and [21], since the diffusion
coefficient aiðx, tÞ and the variable exponent piðx, tÞ both
depend on the time variable t, equation (1) has a wider appli-
cations than equation (6), and in mathematical theory, there
are some essential difficulties to be overcome. More than that,
instead of (5), we only assume that

ai x, tð Þ > 0,  x, tð Þ ∈Ω × 0, T½ �, i = 1, 2,⋯,N , ð8Þ

YN
i=1

ai x, tð Þ = 0,  x, tð Þ ∈ ∂Ω × 0, T½ � ð9Þ

and do not require that

ai x, tð Þ = 0,  x, tð Þ ∈ ∂Ω × 0, T½ �, i = 1, 2,⋯,N , ð10Þ

which is similar as (5) in [19–21].
To see the essential difference between (9) and (10), let us

give a special case of equation when N = 2, Ω ⊂ℝ2, ∂Ω = �Γ1
∪ �Γ2, and Γ1 and Γ2 are relatively open subset of ∂Ω, Γ1 ∩
Γ2 =∅. Consider the equation

ut =
∂
∂x1

a1 xð Þ ux1
�� ��p1 xð Þ−2uxi

� �

+
∂
∂x2

a2 xð Þ ux1
�� ��p2 xð Þ−2uxi

� �
,  x, tð Þ ∈QT ,

ð11Þ

where

a1 xð Þ = 0, x ∈ Γ1, a1 xð Þ > 0, x ∈ Γ2, ð12Þ

a2 xð Þ > 0, x ∈ Γ2, a2 xð Þ = 0, x ∈ Γ2, ð13Þ
then (9) is true, i.e.,

Y2
i=1

ai xð Þ = 0,  x, tð Þ ∈ ∂Ω × 0, T½ �: ð14Þ

More precisely, for example,

Ω = x = x1, x2ð Þ: 1 < x21 + x22 < 4
� �

,

a1 xð Þ = x21 + x22 − 1,

a2 xð Þ = 4 − x21 + x22
� �

:

ð15Þ

However, in (12) and (13),

a1 xð Þ + a2 xð Þ > 0, x ∈ ∂Ω: ð16Þ

This fact makes us feel that only under the boundary
value condition (3), the uniqueness (or the stability) of weak

solutions to equation (11) can be true. The following works
seem to supply more evidences. One is [22] in which the
equation

vt = div ∇vmj jp x,tð Þ−2∇vm + b x, tð Þ∇vm
� �

+ vq x,tð Þ,  x, tð Þ ∈QT

ð17Þ

is studied. The others are the equations arising from the dou-
ble phase obstacle problems

vt = div a xð Þ ∇vj jp−2∇v + b xð Þ ∇vj jq−2∇v� �
+ f x, t, v,∇vð Þ,  x, tð Þ ∈QT ,

ð18Þ

where aðxÞ + bðxÞ > 0, which have gained a wide attention in
recent years, one can refer to [23, 24] and the references
therein. In these papers, the boundary value condition (3) is
imposed without exception.

The main dedication of this paper is that the stability of
weak solutions to equation (11)(in general, (1)) can be estab-
lished independent of boundary value condition (3). Such a
conclusion totally overthrows our imagination. In theory,
condition (9) can take place of boundary value condition
(3) is found the first time. In applications, condition (9)
reflects a synthesized effect of an anisotropic diffusion
process.

This paper is arranged as follows. In Section 1, we have
given a simple introduction. In Section 2, we will introduce
the definitions of weak solution and strong weak solution,
respectively, quote some basic lemmas, and give the main
results. In Section 3, we will study the stability of weak solu-
tions to equation (1) with the new boundary value condition
(9). In Section 4, we will study the uniqueness of weak solu-
tion to equation (1) independent of the boundary value con-
dition (7). In Section 5, we will give the outline of the proof
on the existence of strong solutions.

2. Definitions and Main Results

We denote

p+i = max
x,tð Þ∈ �QT

pi x, tð Þ, p+it =max
x∈ �Ω

pi x, tð Þ, i = 1, 2,⋯,N ,

p−i = min
x,tð Þ∈ �QT

pi x, tð Þ, p−it =min
x∈ �Ω

pi x, tð Þ, i = 1, 2,⋯,N ,

p− =min p−1 , p
−
2 ,⋯,p−N−1, p

−
Nf g, p− > 1,

p+ = max p+1 , p
+
2 ,⋯,p+N−1, p

+
Nf g:

ð19Þ

First of all, let us introduce the definition of solutions.
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Definition 1.A function uðx, tÞ is said to be a weak solution of
equation (1), if

u ∈ L∞ QTð Þ, ut ∈ Lp+′ 0, T ;W−1,p+′ Ωð Þ
� �

ai x, tð Þ
� uxi
�� ��pi x,tð Þ ∈ L1 QTð Þ, i = 1, 2,⋯,N ,

ð20Þ

and for any function φ ∈ C1
0ðQTÞ,

∬
QT
utφdxdt + 〠

N

i=1
∬

QT

h
ai x, tð Þ uxi

�� ��pi x,tð Þ−2uxi · φxi

+ bi u, x, tð Þ · φxi

i
dxdt = 0:

ð21Þ

This definition of weak solution is similar as that defined
in [20], where aiðx, tÞ = aiðxÞ, piðx, tÞ = pi is a constant. Also,
we can prove the existence of weak solutions similar as that
defined in [20], so we do not repeat the details in this paper.
As an improvement from the existing result in [20], we intro-
duce the following definition.

Definition 2. A function uðx, tÞ is said to be a strong solution
of equation (1) with the initial value (2), if

u ∈ L∞ QTð Þ, ut ∈ L2 QTð Þ, ai x, tð Þ uxi
�� ��pi x,tð Þ ∈ L1 QTð Þ, i = 1, 2,⋯,N ,

ð22Þ

and for any function φ ∈ C1
0ðQTÞ, u satisfies (21) and the ini-

tial value is satisfied in the sense

lim
t→0

ð
Ω

u x, tð Þ − u0 xð Þð Þϕ xð Þdx = 0, ϕ xð Þ ∈ C∞
0 Ωð Þ: ð23Þ

The proof of the existence of strong solution will be given
at Section 5 of this paper. Since aiðx, tÞ is positive when x ∈Ω,
(22) means that ut and ∇u exist almost everywhere in QT .
This is the reason that we call uðx, tÞ as a strong solution of
equation (1). Moreover, from Definition 2, for all φðx, tÞ ∈
Lp+ð0, T ;W1,p+

0 ðΩÞÞ, we still have the integral equality (21),
which implies that

utk kLp+ ′ 0,T ;W−1,p+ ′ Ωð Þð Þ ≤ c: ð24Þ

Thus, if uðx, tÞ is a strong solution of equation (1), then it
is a weak solution.

Secondly, in order to make the paper sufficiently self-
contained and present our discussions in a straightforward
manner, let us briefly recall some preliminary results on
properties of variable exponent Lebesgue spaces LpðxÞðΩÞ
and variable exponent Sobolev spaces W1,pðxÞðΩÞ [24–26].

Set

C+
�Ω
� �

= h ∈ C �Ω
� �

: min
x∈ �Ω

h xð Þ > 1
	 


: ð25Þ

For any h ∈ C+ð�ΩÞ, we define

h+ = sup
x∈Ω

h xð Þ,

h− = inf
x∈Ω

h xð Þ:
ð26Þ

For any p ∈ C+ð�ΩÞ, let LpðxÞðΩÞ consist of all measurable
real-valued functions uðxÞ satisfyingð

Ω

u xð Þj jp xð Þdx <∞, ð27Þ

endowed with the Luxemburg norm

uk kLp xð Þ Ωð Þ = inf λ > 0 :

ð
Ω

u xð Þ
λ

����
����
p xð Þ

dx ≤ 1
( )

: ð28Þ

Define

W1,p xð Þ Ωð Þ = u ∈ Lp xð Þ Ωð Þ: ∇uj j ∈ Lp xð Þ Ωð Þ
n o

, ð29Þ

endowed with the norm

uk kW1,p xð Þ Ωð Þ = uk kLp xð Þ Ωð Þ + ∇uk kLp xð Þ Ωð Þ: ð30Þ

Let W1,pðxÞ
0 ðΩÞ be the closure space of C∞

0 ðΩÞ in
W1,pðxÞðΩÞ.

From [25–27], we have

Lemma 3. The following three statements are true.

(i) The space ðLpðxÞðΩÞ, k·kLpðxÞðΩÞÞ, ðW1,pðxÞðΩÞ,∥ ·
∥W1,pðxÞðΩÞÞ, and W1,pðxÞ

0 ðΩÞ are reflexive Banach
spaces

(ii) (pðxÞ-Hölder’s inequality), let q1ðxÞ and q2ðxÞ be real
functions satisfying 1/q1ðxÞ + 1/q2ðxÞ = 1 with q1ðxÞ
> 1. Then, the conjugate space of Lq1ðxÞðΩÞ is Lq2ðxÞ
ðΩÞ. For any u ∈ Lq1ðxÞðΩÞ and v ∈ Lq2ðxÞðΩÞ, we
have

ð
Ω

uvdx
����

���� ≤ 2 uk kLq1 xð Þ Ωð Þ vk kLq2 xð Þ Ωð Þ ð31Þ

(iii) There are the following properties:

(1) if kukLpðxÞðΩÞ = 1, then
Ð
Ω
kukpðxÞdx = 1

(2) if kukLpðxÞðΩÞ > 1, then kukp−
LpðxÞðΩÞ ≤

Ð
Ω
jujpðxÞdx ≤

kukp+
LpðxÞðΩÞ

(3) if kukLpðxÞðΩÞ < 1, then kukp+
LpðxÞðΩÞ ≤

Ð
Ω
jujpðxÞdx ≤

kukp−
LpðxÞðΩÞ
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Basing on Lemma 3, by generalizing the Gronwall
inequality, we will prove the following stability theorems, in
which the initial values satisfy

u0 ∈ L
∞ Ωð Þ, u0xi

�� �� ∈ Lpi Ωð Þ, i = 1, 2,⋯,N ,

v0 ∈ L
∞ Ωð Þ, v0xi

�� �� ∈ Lpi Ωð Þ, i = 1, 2,⋯,N:
ð32Þ

Theorem 4. Let uðx, tÞ and vðx, tÞ be two strong solutions of
(1) with the initial values u0ðxÞ and v0ðxÞ, respectively; p− >
1 and aiðx, tÞ ∈ Cð �QTÞ satisfy (8) and (9) and

ð
Ω

ai x, tð Þ−1/ pi x,tð Þ−1ð Þdx ≤ c Tð Þ, i = 1, 2,⋯,N , ð33Þ

biðs, x, tÞ satisfies

bi u, x, tð Þ − bi v, x, tð Þj j ≤ cai x, tð Þ1/pi x,tð Þ u − vj j, i = 1, 2,⋯,N:

ð34Þ

If for η small enough,

1
η

ð
Ω\Ωηt

ai x, tð Þ
YN
j=1

aj xð Þ
 !

xi

������
������
pi x,tð Þ

dx

0
B@

1
CA

1/p+it

≤ c Tð Þ, i = 1, 2,⋯,N ,

ð35Þ

then

ð
Ω

u x, tð Þ − v x, tð Þj jdx ≤
ð
Ω

u0 xð Þ − v0 xð Þj jdx, t ∈ 0, T½ Þ,

ð36Þ

where for any t ∈ ½0, TÞ, Ωηt = fx ∈Ω : ðQN
j=1ajðx, tÞÞ > ηg.

In this paper, the constant cðTÞ represents that c depends
on T . If we only want to prove the uniqueness of weak solu-
tions, condition (34) is not necessary; we have the following
result.

Theorem 5. Let p− > 1, aiðx, tÞ ∈ C1ð �QTÞ satisfy (8) and (9)
and ð∂aiðx, tÞÞ/∂t ≤ 0, biðs, x, tÞ be a Lipschitz function on ℝ
× �Ω × ½0, T�. If uðx, tÞ and vðx, tÞ are two strong solutions of
equation (1) with the initial values u0ðxÞ and v0ðxÞ, respec-
tively, then for any Ω1 ⊂ ⊂Ω,

ð
Ω1

u x, tð Þ − v x, tð Þj j2dx ≤ c Ω1ð Þ
ð
Ω

u0 xð Þ − v0 xð Þj j2dx, ð37Þ

which implies that the uniqueness of weak solution is true.
One can see that both Theorem 4 and Theorem 5 imply the

uniqueness of solution is true. However, in Theorem 5, the
convection function bið·, x, tÞ is independent of the diffusion
coefficient aiðx, tÞ, so as a uniqueness theorem, it is a better
than Theorem 4.

3. The Stability of Strong Solutions
Independent of the Boundary
Value Condition

For small η > 0, let

hη sð Þ = 2
η

1 −
∣s ∣
η

� �
+
,

Sη sð Þ =
ðs
0
hη τð Þdτ:

ð38Þ

Obviously, hηðsÞ ∈ CðℝÞ, and

Sη sð Þ�� �� ≤ 1 ; lim
η→0

Sη sð Þ = sgn s, lim
η→0

sSη′ sð Þ = 0: ð39Þ

In addition, if we denote HηðsÞ =
Ð s
0SηðτÞdτ, then

lim
η→0

Hη sð Þ = sj j, s ∈ −∞, +∞ð Þ: ð40Þ

At first, we give a generalization of the Gronwall
inequality.

Lemma 6. If aðx, tÞjuðx, tÞjpðx,tÞ, aðx, tÞjvðx, tÞjpðx,tÞ ∈ L1ðQTÞ
and

ð
Ω

a x, sð Þ u x, sð Þ − v x, sð Þj jp x,sð Þdx

≤
ð
Ω

a x, τð Þ u x, τð Þ − v x, τð Þj jp x,τð Þdx

+ c
ðs
τ

ð
Ω

a x, tð Þ u − vj jp x,tð Þdxdt
� �l

,

ð41Þ

where 0 < l ≤ 1, then,

ð
Ω

a x, tð Þ u x, sð Þ − v x, sð Þj jp x,tð Þdx

≤ c
ð
Ω

a x, τð Þ u x, τð Þ − v x, τð Þj jp x,tð Þdx:
ð42Þ

Proof. Define that κðtÞ = Ð
Ω
aðx, tÞjuðx, tÞ − vðx, tÞjpðx,tÞdx.

Without loss of the generality, we may assume that there
exists τ ∈ ½0, TÞ, κðτÞ > 0. Then, for any s > τ,

Ð s
τ
kðtÞdt > 0.

Denoting

τ0 = max t ∈ τ, s½ �, κ tð Þ > 0f g,ðτ0
τ

k tð Þdt = c1,
ð43Þ

then, τ < τ0 ≤ s, and

ðs
τ

k tð Þdt ≥
ðτ0
τ

k tð Þdt = c1: ð44Þ
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Since aðx, tÞjuðx, tÞjpðx,tÞ, aðx, tÞjvðx, tÞjpðx,tÞ ∈ L1ðQTÞ,
there exists a constant C > 0 such that

c
Ð s
τ
k tð Þdt� �lÐ s

τ
k tð Þdt ≤

c
Ð s
τ
k tð Þdt� �l
c1

≤ C = C c, c1, Tð Þ: ð45Þ

Combing (41) with (45), we obtain

κ sð Þ − κ τð Þ ≤ C + cð Þ
ðs
τ

k tð Þdt: ð46Þ

Using the Gronwall inequality, we have

ð
Ω

a x, sð Þ u x, sð Þ − v x, sð Þj jp x,sð Þdx

≤ c
ð
Ω

a x, τð Þ u x, τð Þ − v x, τð Þj jp x,τð Þdx:
ð47Þ

If uðx, tÞ, vðx, tÞ ∈ L∞ðQTÞ, this lemma has been proved
in [19] recently.

Secondly, we give the proof of Theorem 4.

Proof of Theorem 4. Let uðx, tÞ and vðx, tÞ be two strong solu-
tions of equation (1) with the initial values u0ðxÞ and v0ðxÞ,
respectively.

For any t ∈ ½0, T�, setΩηt = fx ∈Ω :
QN

i=1aiðx, tÞ > ηg, and

ϕηt xð Þ =
1, if x ∈Ωηt ,

1
η

YN
i=1

ai x, tð Þ, if x ∈Ω \Ωηt:

8>><
>>: ð48Þ

By a process of limit, we can choose χ½τ,s�ϕηtðxÞSηðu − vÞ as
the test function. Here, χ½τ,s� is the characteristic function of
½τ, s� ⊂ ð0, TÞ. Then,
ðs
τ

ð
Ω

ϕηtSη u − vð Þ ∂ u − vð Þ
∂t

dxdt + 〠
N

i=1

ðs
τ

ð
Ω

ai x, tð Þ

� uxi
�� ��pi x,tð Þ−2uxi − vxi

�� ��pi x,tð Þ−2∇v� �
uxi − vxi
� �

hη

� u − vð Þϕηt xð Þdxdt + 〠
N

i=1

ðs
τ

ð
Ω

ai x, tð Þ
�
uxi
�� ��pi x,tð Þ−2uxi

− vxi
�� ��pi x,tð Þ−2vxi� u − vð ÞSη u − vð Þ ∂ϕηt∂xi

dxdt

+ 〠
N

i=1

ðs
τ

ð
Ω

bi u, x, tð Þ − bi v, x, tð Þ½ � ∂ϕηt∂xi
Sη u − vð Þdxdt

+ 〠
N

i=1

ðs
τ

ð
Ω

bi u, x, tð Þ − bi v, x, tð Þ½ �

� u − vð Þxiϕηthη u − vð Þdxdt = 0:

ð49Þ

In the first place, using the dominated convergence theo-
rem, we have

lim
η→0

ðs
τ

ð
Ω

ϕηt xð ÞSη u − vð Þ ∂ u − vð Þ
∂t

dxdt

=
ðs
τ

ð
Ω

sgn u − vð Þ ∂ u − vð Þ
∂t

dxdt

= lim
η→0

ðs
τ

ð
Ω

∂Hη u − vð Þ
∂t

dxdt

= lim
η→0

ð
Ω

Hη u − vð Þ x, sð Þ −Hη u − vð Þ x, τð Þ �
dx

=
ð
Ω

u − vj j x, sð Þdx −
ð
Ω

u − vj j x, τð Þdx,

ð50Þ

and for any 1 ≤ i ≤N,

ð
Ω

ai x, tð Þ uxi
�� ��pi x,tð Þ−2uxi − vxi

�� ��pi x,tð Þ−2vxi� �
� uxi − vxi
� �

hη u − vð Þϕηt xð Þdx ≥ 0:
ð51Þ

In the second place, we notice ∂ϕηt/∂xi = ð1/ηÞ
ðQN

j=1ajðx, tÞÞxi when x ∈Ω \Ωηt ; in the other places, it is

identical to zero. Since we assume that

YN
j=1

aj x, tð Þ = 0,  x, tð Þ ∈ ∂Ω × 0, T½ �, ð52Þ

by Lemma 3, we have

ð
Ω

ai x, tð Þ uxi
�� ��pi x,tð Þ−2uxi − vxi

�� ��pi x,tð Þ−2vxi� � ∂ϕηt
∂xi

Sη u − vð Þdx
����

����
=
ð
Ω\Ωηt

ai x, tð Þ uxi
�� ��pi x,tð Þ−2uxi − vxi

�� ��pi x,tð Þ−2vxi� � ∂ϕηt
∂xi

Sη u − vð Þdx
�����

�����
≤
1
η

ð
Ω\Ωηt

ai x, tð Þ uxi
�� ��pi x,tð Þ−1 + vxi

�� ��pi x,tð Þ−1� � YN
j=1

aj x, tð Þ
 !

xi

Sη u − vð Þ��dx

≤ c
1
η

ð
Ω\Ωηt

ai x, tð Þ uxi
�� ��pi x,tð Þ + vxi

�� ��pi x,tð Þ� �
dx

 !1/p′it+

·
ð
Ω\Ωηt

ai x, tð Þ
YN
j=1

aj x, tð Þ
 !

xi

������
������
pi x,tð Þ

dx

0
B@

1
CA

1/p+it

≤ c
ð
Ω\Ωηt

ai x, tð Þ uxi
�� ��pi x,tð Þdx

 ! pi−1ð Þ/pi
+
ð
Ω\Ωηt

ai xð Þ vxi
�� ��pi x,tð Þdx

 !1/p′it+
2
4

3
5

·
1
η

ð
Ω\Ωηt

ai x, tð Þ
YN
j=1

aj x, tð Þ
 !

xi

������
������
pit

dx

0
@

1
A

1/p+it
2
64

3
75

≤ c
ð
Ω\Ωηt

ai x, tð Þ uxi
�� ��pi x,tð Þdx

 !1/p′it+

+
ð
Ω\Ωηt

ai x, tð Þ vxi
�� ��pit dx

 !1/p′it+
2
4

3
5,
ð53Þ

where p+it =maxx∈�Ωpðx, tÞ and pi′ðx, tÞ = pðx, tÞ/ðpðx, tÞ − 1Þ.
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(53) implies

lim
η→0

ðs
τ

ð
Ω

ai x, tð Þ
�
uxi
�� ��pi x,tð Þ−2uxi − vxi

�� ��pi x,tð Þ−2vxi� ∂ϕηt∂xi
Sη u − vð Þdxdt

����
����

≤ clim
η→0

ðs
τ

ð
Ω\Ωηt

ai x, tð Þ uxi
�� ��pi x,tð Þdx

 !1/p′it+
2
4

+
ð
Ω\Ωηt

ai x, tð Þ vxi
�� ��pi x,tð Þdx

 !1/p′it+
3
5dt = 0:

ð54Þ

In the third place, since aiðx, tÞ satisfies condition (34),
we can deduce that

lim
η→0

〠
N

i=1

ðs
τ

ð
Ω

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þxiϕηhη u − vð Þdxdt = 0:

ð55Þ

In details,

ð
Ω

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þxihη u − vð Þdx
����

����
=
ð

Ω:∣u−v∣<ηf g
bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þxihη u − vð Þdx

�����
�����

≤
ð

Ω:∣u−v∣<ηf g
ai x, tð Þ1/pi x,tð Þ u − vð Þxi
��� ���ai x, tð Þ−1/pi x,tð Þ

� u − vð Þhη u − vð Þ�� ��dx:
ð56Þ

If the set fΩ : ju − vj = 0g has a positive measure, by
condition (34), we have

lim
η→0

ð
Ω:∣u−v∣<ηf g

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þxihη u − vð Þdx
�����

�����
≤ c

ð
Ω:∣u−v∣=0f g

ai x, tð Þ1/pi x,tð Þ uxi − vxi
�� ��� �pi x,tð Þ

dx

 !1/p+it

�
ð
Ω

ai x, tð Þ−1/ pi x,tð Þ−1ð Þdx
� �1/p′1it

= 0,

ð57Þ

where p′1it = p′+it or p′
−
it according to

Ð
Ω
aiðx, tÞ−1/ðpiðx,tÞ−1Þdx

≤ 1 or
Ð
Ω
aiðx, tÞ−1/ðpiðx,tÞ−1Þdx > 1 from Lemma 3.

If the set fΩ : ju − vj = 0g only has zero measure, since

aiðx, tÞ−1/ðpiðx,tÞ−1Þ ∈ L1ðΩÞ,

lim
η→0

ð
Ω:∣u−v∣<ηf g

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þxihη u − vð Þdx
�����

�����
≤ c

ð
Ω

a1/pii uxi − vxi
�� ��� �pi

dx
� �1/pi

�
ð

Ω:∣u−v∣=0f g
ai x, tð Þ−1/ pi−1ð Þdx

 ! pi−1ð Þ/pi

≤ c
ð
Ω

ai xð Þ uxi
�� ��pi + vxi

�� ��pi� �
dx

� �1/pi

�
ð

Ω:∣u−v∣=0f g
ai x, tð Þ−1/ pi−1ð Þdx

 ! pi−1ð Þ/pi
= 0:

ð58Þ

Finally, by condition (34), we have

lim
η→0

ð
Ω

bi u, x, tð Þ − bi v, x, tð Þ½ � ∂ϕηt∂xi
Sη u − vð Þdx

����
����

= lim
η→0

ð
Ω\Ωηt

bi u, x, tð Þ − bi v, x, tð Þ½ � ∂ϕηt∂xi
Sη u − vð Þdx

�����
�����

≤ lim
η→0

1
η

ð
Ω\Ωηt

a1/pi x,tð Þi

YN
j=1

aj x, tð Þ
 !

xi

������
������ Sη u − vð Þ u − vð Þ�� ��dx

≤ lim
η→0

1
η

ð
Ω\Ωηt

ai x, tð Þ
YN
j=1

aj x, tð Þ
 !

xi

������
������
pi x,tð Þ

dx

0
B@

1
CA

1/p+it

�
ð
Ω\Ωηt

Sη u − vð Þ u − vð Þ�� ��pi x,tð Þ/ pi x,tð Þ−1ð Þdx

 !1/p′it+

≤ clim
η→0

ð
Ω\Ωηt

Sη u − vð Þ u − vð Þ�� ��pi x,tð Þ/ pi x,tð Þ−1ð Þdx

 !1/p′it+

≤ c
ð
Ω

u − vj jdx
� �1/p′it+

,

ð59Þ

since uðx, tÞ, vðx, tÞ ∈ L∞ðQTÞ.
Now, let η→ 0 in (42). We easily obtain that

ð
Ω

u x, sð Þ − v x, sð Þj jdx ≤
ð
Ω

u x, τð Þ − v x, τð Þj jdx

+ c
ðt
0

ð
Ω

u − vj jdxdt
� �l

:

ð60Þ

where l < 1.
Using Lemma 6, we have

ð
Ω

u x, sð Þ − v x, sð Þj jdx ≤ c
ð
Ω

u x, τð Þ − v x, τð Þj jdx: ð61Þ
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Then by the arbitrary of τ,

ð
Ω

u x, sð Þ − v x, sð Þj jdx ≤ c
ð
Ω

u0 xð Þ − v0 xð Þj jdx: ð62Þ

4. The Uniqueness of Weak Solution

Lemma 7. Let ut ∈ Lp′ð0, T ;W−1,p′ðΩÞÞ. For any continuous
function hðsÞ, HðsÞ = Ð s0hðσÞdσ, a:e:t1, t2 ∈ ð0, TÞ, it holdsðt2

t1

ð
Ω

h uð Þutdxdt =
ð
Ω

H uð Þ x, t2ð Þ −H uð Þ x, t1ð Þð Þdx: ð63Þ

This lemma can be generalized from of Lemma 2.2 in [28]
simply; we do not give the details here.

Theorem 8. Let p− > 1, aiðx, tÞ ∈ C1ð �QTÞ satisfy (8)(9) and
ð∂aiðx, tÞÞ/∂t ≤ 0, biðs, x, tÞ be a Lipschitz function on ℝ × �Ω
× ½0, T�. If uðx, tÞ and vðx, tÞ are two weak solutions of equa-
tion (1) with the initial values u0ðxÞ and v0ðxÞ, respectively,
then, there exists a positive constant βj ≥ 2 such that

ð
Ω

YN
j=1

a
β j

j x, tð Þ
 !

u x, tð Þ − v x, tð Þj j2dx

≤ c
ð
Ω

YN
j=1

a
β j

j x, 0ð Þ
 !

u0 xð Þ − v0 xð Þj j2dx:
ð64Þ

Proof. Let uðx, tÞ and vðx, tÞ be two weak solutions of equa-
tion (1) with the initial values u0ðxÞ and v0ðxÞ, respectively.
By a process of limitation, we may choose φ = χ½τ,s�

QN
j=1a

β j

j

ðu − vÞ as a test function. Denoting that Qτs =Ω × ½τ, s�,
then,

∬
Qτs

u − vð Þ
YN
j=1

a
β j

j
∂ u − vð Þ

∂t
dxdt

= −〠
N

i=1
∬

Qτs
ai xð Þ uxi

�� ��pi−2uxi − vxi
�� ��pi−2vxi� �

� u − vð Þ
YN
j=1

a
β j

j

" #
xi

dxdt − 〠
N

i=1
∬

Qτs

� bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þ
YN
j=1

a
β j

j

" #
xi

dxdt:

ð65Þ

At first, we have

∬
Qτs

ai x, tð Þ uxi
�� ��pi x,tð Þ−2uxi − vxi

�� ��pi x,tð Þ−2vxi� �

� u − vð Þxi
YN
j=1

a
β j

j dxdt ≥ 0,
ð66Þ

∬
Qτs

u − vð Þai x, tð Þ uxi
�� ��pi x,tð Þ−2uxi − vxi

�� ��pi x,tð Þ−2vxi� � YN
j=1

a
β j

j

 !
xi

dxdt

������
������

≤∬
Qτs

u − vj jai x, tð Þ uxi
�� ��pi x,tð Þ−1 + vxi

�� ��pi x,tð Þ−1� � YN
j=1

a
β j

j

 !
xi

������
������dxdt

≤ c
ðs
τ

ð
Ω

ai x, tð Þ uxi
�� ��pi x,tð Þ + vxi

�� ��pi x,tð Þ� �
dxdt

� �1/p′1i

�
ðs
τ

ð
Ω

ai x, tð Þ
YN
j=1

a
β j

j

 !
xi

������
������
pi x,tð Þ

u − vj jpi x,tð Þdxdt

0
B@

1
CA

1/p1i

≤ c
ðs
τ

ð
Ω

ai xð Þ uxi
�� ��pi + vxi

�� ��pi� �
dxdt

� � pi−1ð Þ/pi

·
ðs
τ

ð
Ω

ai xð Þ
YN
j=1

a
β j−1
j ajxi

��� ���
!pi

u − vj jpidxdt
 !1/pi

≤ c
ðs
τ

ð
Ω

ai xð Þ
YN
j=1

a
β j−1
j ajxi

��� ���pi u − vj jpidxdt
 !1/pi

:

ð67Þ
Here, we have used the fact that jaxi j ≤ c and p1i = p+i or

p−i according to

ðs
τ

ð
Ω

ai x, tð Þ
YN
j=1

a
β j

j

 !
xi

������
������
pi x,tð Þ

u − vj jpi x,tð Þdxdt ≤ 1, ð68Þ

or

ðs
τ

ð
Ω

ai x, tð Þ
YN
j=1

a
β j

j

 !
xi

������
������
pi x,tð Þ

u − vj jpi x,tð Þdxdt > 1: ð69Þ

p′1i has a similar meaning. Now, if we denote that Q1
= fðx, tÞ ∈QT : 1 < pðx, tÞ < 2g and Q2 = fðx, tÞ ∈QT : pðx,
tÞ ≥ 2g, by that βi ≥ 2, we have

∬
Qτs

T
Q2
ai x, tð Þ

YN
j=1

a
β j−1
j ajxi

��� ���pi x,tð Þ u − vj jpi x,tð Þdxdt
 !1/p1i

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u − vj j2dxdt
 !1/p1i

:

ð70Þ

and by the Hölder inequality,

∬
Qτs

T
Q1
ai x, tð Þ

YN
j=1

a
β j−1
j ajxi

��� ���pi x,tð Þ u − vj jpi x,tð Þdxdt
 !1/p1i

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u − vj j2dxdt
 !1/k

:

ð71Þ

where k < 1.
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Combing (67)-(71), we obtain

∬
Qτs

u − vð Þai x, tð Þ uxi
�� ��pi x,tð Þ−2uxi − vxi

�� ��pi x,tð Þ−2vxi� � YN
j=1

a
β j

j

 !
xi

dxdt

������
������

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u − vj j2dxdt
 !l

,

ð72Þ

where l < 1.
Secondly,

∬
Qτs

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þ
YN
j=1

a
β j

j

" #
xi

dxdt

=∬
Qτs

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þ
YN
j=1

a
β j

j

 !
xi

dxdt

+∬
Qs

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þxi
YN
j=1

a
β j

j dxdt:

ð73Þ

For the first term on the right hand side of (73), by that
βj ≥ 2, ∣ajxi ∣ ≤c, using the Hölder inequality, we have

∬
Qτs

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þ
YN
j=1

a
β j

j

 !
xi

dxdt

=
ðs
τ

ð
Ω

bi u, x, tð Þ − bi v, x, tð Þ½ �

� u − vð Þ〠
N

k=1
βka

βk−1
k akxi

YN
j=1,j≠k

a
β j

j

 !
dxdt

≤ c
ðs
τ

ð
Ω

u − vj j〠
N

k=1
βka

βk−1
k akxi

YN
j=1,j≠k

a
β j

j

 !
dxdt

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u − vj j2dxdt
 !1/2

:

ð74Þ

For the second term on the right hand side of (73), since
βi ≥ 2, denoting pi′ðx, tÞ = piðx, tÞ/ðpiðx, tÞ − 1Þ as usual, we
have

βi −
1

pi x, tð Þ
� �

pi′ x, tð Þ ≥ βi: ð75Þ

By this inequality, we deduce

∬
Qτs

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þxi
YN
j=1

a
β j

j dxdt

�����
�����

≤ c
ðs
τ

ð
Ω

a βi−1/pi x,tð Þð Þpi′ x,tð Þ
i

YN
j=1,j≠i

a
β j

j bi u, x, tð Þ − bi v, x, tð Þj j
 !pi′ x,tð Þ

dxdt

0
@

1
A

1/p1i′

�
ðs
τ

ð
Ω

ai x, tð Þ uxi
�� ��pi x,tð Þ + vxi

�� ��pi x,tð Þ� �
dxdt

� �1/p1i

≤ c
ðs
τ

ð
Ω

a βi−1/pi x,tð Þð Þpi′ x,tð Þ
i

YN
j=1,j≠i

a
β j

j bi u, x, tð Þ − bi v, x, tð Þj j
 !pi′ x,tð Þ

dxdt

0
@

1
A

1/p1i′

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u − vj jpi′ x,tð Þdxdt
 !1/p1i′

:

ð76Þ

Defining Q1,Q2 as above, if piðx, tÞ ≥ 2, then 1 < pi′ðx, tÞ
≤ 2. By the Hölder inequality,

∬
Qτs

T
Q2

YN
j=1

a
β j

j u − vj jpi′ x,tð Þdxdt
 !1/p1i′

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u − vj j2dxdt
 !1/k

,

ð77Þ

where k < 1.
If 1 < piðx, tÞ < 2, then pi′ðx, tÞ > 2,

∬
Qτs

T
Q1

ð
Ω

YN
j=1

a
β j

j u − vj jpi′ x,tð Þdxdt
 !1/p1i′

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u − vj j2dxdt
 !1/p1i′

:

ð78Þ

From (76)-(78), we obtain

∬
Qτs

bi u, x, tð Þ − bi v, x, tð Þ½ � u − vð Þxi
YN
j=1

a
β j

j dxdt

�����
�����

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u − vj j2dxdt
 !l

,

ð79Þ

where l < 1.
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Once more, by Lemma 7, we have

∬
Qτs

u − vð Þ
YN
j=1

a
β j

j
∂ u − vð Þ

∂t
dxdt

=∬
Qτs

u − vð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiYN
j=1

a
β j

j

vuut ∂
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQN

j=1a
β j

j

q
u − vð Þ

� �
∂t

dxdt

−∬
Qτs

u − vð Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiYN
j=1

a
β j

j

vuut ∂
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQN

j=1a
β j

j

q
∂t

dxdt

=
ð
Ω

YN
j=1

a
β j

j u x, sð Þ − v x, sð Þ½ �2dx

−
ð
Ω

YN
j=1

a
β j

j u x, τð Þ − v x, τð Þ½ �2dx

−∬
Qτs

u − vð Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiYN
j=1

a
β j

j

vuut ∂
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQN

j=1a
β j

j

q
∂t

dxdt:

ð80Þ

According to (65), (66), (72), (74), (79), and (80), since
ð∂aiðx, tÞÞ/∂t ≤ 0 and βj ≥ 2, we have

ð
Ω

YN
j=1

a
β j

j u x, sð Þ − v x, sð Þ½ �2dx −
ð
Ω

YN
j=1

a
β j

j u x, τð Þ − v x, τð Þ½ �2dx

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u x, tð Þ − v x, tð Þj j2dxdt
 !l

+∬
Qτs

u − vð Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiYN
j=1

a
β j

j

vuut ∂
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQN

j=1a
β j

j

q
∂t

dxdt

≤ c
ðs
τ

ð
Ω

YN
j=1

a
β j

j u x, tð Þ − v x, tð Þj j2dxdt
 !l

,

ð81Þ

where l < 1. By (81), using the generalized Gronwall inequal-
ity, we deduce

ð
Ω

YN
j=1

aj x, sð Þβ j u x, sð Þ − v x, sð Þj j2dx

≤
ð
Ω

YN
j=1

aj x, τð Þβ j u x, τð Þ − v x, τð Þj j2dx:
ð82Þ

Thus, by the arbitrary of τ, we have

ð
Ω

YN
j=1

aj x, sð Þβ j u x, sð Þ − v x, sð Þj j2dx

≤
ð
Ω

YN
j=1

aj x, 0ð Þβ j u0 xð Þ − v0 xð Þj j2dx:
ð83Þ

By (83), we have the conclusion. The proof is complete.

By this theorem, Theorem 5 is true clearly.

5. The Strong Solutions Dependent on the
Initial Value

For the completeness of the paper, we will give a basic theo-
rem about the existence of strong solutions.

Theorem 9. If p− > 2, aiðx, tÞ ∈ Cð�ΩÞ satisfies (8) and (9), bi
ðs, x, tÞ is a C1 function on ℝ × �Ω × ½0, T�,

u0 ∈ L
∞ Ωð Þ, u0xi

�� �� ∈ Lpi Ωð Þ, i = 1, 2,⋯,N , ð84Þ

ð
Ω

ai x, tð Þ−1/ pi x,tð Þ−1ð Þdx <∞, i = 1, 2,⋯,N , ð85Þ

bi s, x, tð Þj j ≤ cai x, tð Þ1/pi x,tð Þ, bis s, x, tð Þj j
≤ cai x, tð Þ1/pi x,tð Þ, i = 1, 2,⋯,N ,

ð86Þ

then equation (1) with initial value (2) has a weak solution.
Here, bisðs, x, tÞ = ð∂biðs, x, tÞÞ/∂s. Before we give the proof

of Theorem 9, we would like to point out that condition (86) is
just a sufficient condition; we also can use other conditions to
replace them. For example, when aiðx, tÞ ≡ aðxÞ, piðx, tÞ = pi,
by the conditions

ð
Ω

ai xð Þ−2/ pi−2ð Þdx < c,

bis s, x, tð Þj j ≤ ca xð Þ1/pi :
ð87Þ

Theorem 9 had been obtained in [19].

Proof of Theorem 9. Consider the following regularized prob-
lem

uεt − 〠
N

i=1

∂
∂xi

ai x, tð Þ + εð Þ uεxi
�� ��pi x,tð Þ−2uεxi� �

− 〠
N

i=1

∂bi uε, x, tð Þ
∂xi

= 0,  x, tð Þ ∈QT ,
ð88Þ

uε x, tð Þ = 0,  x, tð Þ ∈ ∂Ω × 0, Tð Þ, ð89Þ

uε x, 0ð Þ = uε0 xð Þ, x ∈Ω: ð90Þ

Here, uε0 ∈ C∞
0 ðΩÞ, juε0jL∞ðΩÞ ≤ ju0jL∞ðΩÞ, and j∇uε0j

converges to j∇u0ðxÞj in Lp+ðΩÞ. It is well-known that the
above problem has a unique weak solution uε ∈ L∞ðQTÞ
and aiðx, tÞjuxi j

piðx,tÞ ∈ L1ðQTÞ [8], and

uεk kL∞ QTð Þ ≤ c Mð Þ, ð91Þ

where M = ku0ðxÞkL∞ðΩÞ.

9Journal of Function Spaces



Multiplying (88) by uε and integrating it over QT , then

1
2

ð
Ω

u2εdx + 〠
N

i=1
∬

QT
ai x, tð Þ + εð Þ uεxi

�� ��pi x,tð Þdxdt
+ 〠

N

i=1
∬

QT

∂bi uε, x, tð Þ
∂xi

uεdxdt =
1
2

ð
Ω

u2ε0dx:

ð92Þ

If jbiðuε, x, tÞj ≤ caiðx, tÞ1/ðpiðx,tÞÞ, by that
Ð
Ω
ai

ðx, tÞ−1/ðpiðx,tÞ−1Þdx <∞, then

ð
Ω

∂bi uε, x, tð Þ
∂xi

uεdx
����

���� = −
ð
Ω

∂uε
∂xi

bi uε, x, tð Þdx
����

����
≤ c
ð
Ω

ai x, tð Þ1/pi x,tð Þ ∂uε∂xi

����
����dx

≤ c
ð
Ω

ai x, tð Þ uxi
�� ��pi x,tð Þdx + c:

ð93Þ

Accordingly, by (92), we have

ð
Ω

u2εdx + 〠
N

i=1
∬

QT
ai x, tð Þ + εð Þ uεxi

�� ��pi x,tð Þdxdt ≤ c: ð94Þ

Multiplying (88) by uεt , integrating it over QT , then it
yields

∬
QT

uεtj j2dxdt = 〠
N

i=1
∬

QT

∂
∂xi

ai x, tð Þ + εð Þ uεxi
�� ��pi x,tð Þ−2uεxi� �

uεtdxdt

+ 〠
N

i=1
∬

QT
uεt

∂bi uε, x, tð Þ
∂xi

dxdt:

ð95Þ

Note that p− > 2,

− uεxi
�� ��2 + ε
� � pi x,tð Þ−2ð Þ/2

uεxi ·
∂
∂xi

uεt

= −
1
2
∂
∂t

ð uεxij j2+ε
0

s pi x,tð Þ−2ð Þ/2ds

+
1
2

ð uεxij j2+ε
0

∂
∂t

s pi x,tð Þ−2ð Þ/2ds

= −
1
2
∂
∂t

ð uεxij j2+ε
0

s pi x,tð Þ−2ð Þ/2ds

+
1
4

ð uεxij j2+ε
0

s pi x,tð Þ−2ð Þ/2 ln s
∂pi x, tð Þ

∂t
ds

= −
1
2
∂
∂t

ð uεxij j2+ε
0

s pi x,tð Þ−2ð Þ/2ds

+
1
4

ð uεxij j2+ε
0

s pi x,tð Þ−2ð Þ/2 ln s
∂pi x, tð Þ

∂t
ds,

ð96Þ

and by the Young inequality,

∬
QT

ai x, tð Þ + εð Þ
ð uεxij j2+ε
0

s pi x,tð Þ−2ð Þ/2 ln s
∂pi x, tð Þ

∂t
dsdxdt

�����
�����

≤ c∬
QT

ai x, tð Þ + εð Þ uεxi
�� ��2 + ε
� �

dxdt

≤ c∬
QT

ai x, tð Þ + εð Þ uεxi
�� ��pi x,tð Þ + 1
� �

dxdt ≤ c:

ð97Þ

We have

〠
N

i=1
∬

QT

∂
∂xi

ai x, tð Þ + εð Þ uεxi
�� ��2 + ε
� � pi x,tð Þ−2ð Þ/2

uεxi

� �
uεtdxdt

= −〠
N

i=1
∬

QT
ai x, tð Þ + εð Þ uεxi

�� ��2 + ε
� � pi x,tð Þ−2ð Þ/2

uεxi

·
∂
∂xi

uεtdxdt = −〠
N

i=1

1
2
∬

QT
ai x, tð Þ + εð Þ d

dtð uεxij j2+ε
0

s pi x,tð Þ−2ð Þ/2dsdxdt +
1
4
〠
N

i=1
∬

QT
ai x, tð Þ + εð Þ

ð uεxi x,tð Þj j2+ε
0

s pi x,tð Þ−2ð Þ/2 ln s
∂pi x, tð Þ

∂t
dsdxdt:

ð98Þ

If ∣biuðuε, x, tÞ ∣ ≤caiðx, tÞ1/piðx,tÞ,

∬
QT
uεt

∂bi uε, x, tð Þ
∂xi

dxdt

≤∬
QT

biu uε, x, tð Þj j uεxi
�� �� uεtj jdxdt

+∬
QT

bixi uε, x, tð Þ�� �� uεtj jdxdt
≤
1
2
∬

QT
uεtj j2dxdt + c∬

QT
ai x, tð Þ

� uεxi
�� ��pi x,tð Þdxdt + c:

ð99Þ

Combining (95), (98), and (99), we have

∬
QT

uεtj j2dxdt + 〠
N

i=1
∬

QT
ai x, tð Þ + εð Þ d

dt

ð uεxij j2

0
s pi x,tð Þ−2ð Þ/2dsdxdt ≤ c:

ð100Þ

By the above inequality, we have

∬
QT

uεtj j2dxdt ≤ c + c〠
N

i=1

ð
Ω

ai x, 0ð Þ + εð Þ uε0xi
�� ��pidx ≤ c:

ð101Þ

Thus, by (91), (94), and (101), there exist a function u and

a n − dimensional vector function ζ
 
= ðζ1,⋯,ζnÞ satisfying

that uε → u a.e. in QT , and
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u ∈ L∞ QTð Þ, ζij j ∈ L1 0, T ; Lpi x,tð Þ/ pi x,tð Þ−1ð Þ Ωð Þ
� �

,

uε ⇀ ∗u, in L∞ QTð Þ,
bi uε, x, tð Þ→ bi u, x, tð Þ, a:e:inQT ,

ai x, tð Þ uεxi
�� ��pi x,tð Þ−2uεxi ⇀ ζi, in L1 0, T ; Lpi x,tð Þ/ pi x,tð Þ−1ð Þ Ωð Þ

� �
:

ð102Þ

Similar as with Theorem 2.1 of Chapter 2 in [1] (also, one
can refer to [19] in which piðx, tÞ = pi is just a constant), we
are able to show that

lim
ε→0

〠
N

i=1
∬

QT
ai x, tð Þ + εð Þ uεxi

�� ��pi x,tð Þ−2uεxiφxi
dxdt

= lim
ε→0

〠
N

i=1
∬

QT
ai x, tð Þ uεxi

�� ��pi x,tð Þ−2uεxiφxi
dxdt

=∬
QT

ζ
 
· ∇φdxdt = 〠

N

i=1
∬

QT
ai x, tð Þ

� uxi
�� ��pi x,tð Þ−2uxiφxi

dxdt,

ð103Þ

for any φ ∈ C1
0ðQTÞ. At last, by a process of limit, we can

choose the test function φðx, tÞ = χ½t1,t2�ϕðxÞ in which ϕðxÞ
∈ C∞

0 ðΩÞ and χ½t1,t2� is the characteristic function of ½t1, t2�
⊂ ð0, TÞ. Then,

〠
N

i=1

ðt2
t1

ð
Ω

ai x, tð Þ uxi
�� ��pi x,tð Þ−2uxiϕxi + bi u, x, tð Þϕxi

h i
dxdt

=
ð
Ω

u x, t2ð Þ − u x, t1ð Þð Þϕ xð Þdx,

ð104Þ

Let t = t2 and t1 → 0. Then, we have (23) and u is a strong
solution of equation (1) with the initial value (2) in the sense
of Definition 2.

At last, we give a simple comment. The condition aiuxi
∈ L1ðΩÞ can not assure the boundary value condition

u x, tð Þ = 0,  x, tð Þ ∈ Σp × 0, Tð Þ ⊆ ∂Ω × 0, Tð Þ ð105Þ

is imposed in the sense of the trace. In fact, we have the fol-
lowing proposition.

Proposition 10. If aiðx, tÞ satisfies (85), i.e.,ð
Ω

ai x, tð Þ−1/ pi x,tð Þ−1ð Þdx <∞, i = 1, 2,⋯,N: ð106Þ

Then,

ð
Ω

uxi
�� ��dx ≤ c Tð Þ <∞, i = 1, 2,⋯,N: ð107Þ

Thus, if aiðx, tÞ satisfies (85), the partial boundary value
condition (105) can be imposed in the sense of trace. However,
in this paper, we pay our attention on the studying the stability
(or the uniqueness) of solutions independent of the boundary
value condition (105), so Proposition 10 is not important.

6. Conclusion

It is clear of that Lemma 6 has a wider applications than the
classical Gronwall inequality. Moreover, compared with ref-
erence [18], there is at least the essential difference in two
aspects. The first one is that condition (9), i.e.,

YN
i=1

ai x, tð Þ = 0, x, tð Þ ∈ ∂Ω × 0, T½ �, ð108Þ

is much weaker than condition (5) appearing in [19], i.e.

ai xð Þ = 0, x ∈ ∂Ω, i = 1, 2,⋯,N: ð109Þ

Such a degeneracy is the special nature of the anisotropic
equation. The second one is that we have not used boundary
value condition (3) throughout this paper; in other words,
condition (9) may replace boundary value condition (3) in
some way. Moreover, using some techniques developed by
the second author in his work [10], in which the well-
posedness of weak solutions to equation,

vj jβ−1v
� �

t
= div b x, tð Þ ∇vj jp x,tð Þ−2∇v

� �

+ 〠
N

i=1
gi x, tð Þ ∂γi vð Þ∂xi

,  x, tð Þ ∈QT

ð110Þ

has been discussed; the method used in this paper can be
applied to study a more general equation

uj jβ−1u
� �

t
= 〠

N

i=1

∂
∂xi

ai x, tð Þ uxi
�� ��pi x,tð Þ−2uxi� �

+ f x, t, u,∇uð Þ,  x, tð Þ ∈QT ,
ð111Þ

in the future.
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