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This paper deals with the existence of solutions for a new boundary value problem involving mixed generalized fractional
derivatives of Riemann-Liouville and Caputo supplemented with nonlocal multipoint boundary conditions. The existence results
for inclusion case are also discussed. The nonlinear term belongs to a general abstract space, and our results rely on modern
theorems of fixed point. Ulam stability is also presented. We provide some examples that well-illustrate our main results.

1. Introduction and Preliminaries

In this paper, we study a new generalized boundary value
problem (GBVP) that involves both generalized Riemann-
Liouville and Caputo derivatives via nonlocal multipoint
and generalized fractional integral boundary conditions
given by

RLD
α,ρ
0+

CDβ
0+y tð Þ

� �
, 0 < α, β ≤ 1,

y 0ð Þ = α1 〠
m

i=1
σiI

q,ρ
0+ y εið Þ + α2 〠

p

i=1
δiy ηið Þ,

γy 1ð Þ = b1 〠
m

i=1
μiI

q,ρ
0+ γy εið Þ + b2 〠

p

i=1
riγy ηið Þ,

8>>>>>>>>><>>>>>>>>>:
ð1Þ

where the derivatives RLDα,ρ
0+ and CDβ,ρ

0+ denote the generalized
Riemann-Liouville fractional derivative of order 0 < α ≤ 1 and
generalized Caputo fractional derivative of order 0 < β ≤ 1,
respectively. Iq,ρ0+ is the generalized Riemann-Liouville frac-
tional integral of order 0 < q < 1, and the nonlinear term g is
given in the Orlicz space LG ½0, 1�.

We also investigate the corresponding inclusion problem
which is given by

RLD
α,ρ
0+

CDβ,ρ
0+ y tð Þ

� �
∈G t, y tð Þð Þ, 0 < α, α ≤ 1,

y 0ð Þ = α1 〠
m

i=1
Iq,ρy εið Þ + α2 〠

p

i=1
δiy ηið Þ,

γy 1ð Þ = b1 〠
m

i=1
μiI

q,ργy εið Þ + b2 〠
p

i=1
riγy ηið Þ,

8>>>>>>>>><>>>>>>>>>:
ð2Þ

where ai, bi ∈ℝ ði = 1, 2Þ; δi, ri ∈ℝ+ði = 1,⋯, pÞ; σi, μi ∈ℝ+

ði = 1,⋯,mÞ; γ = t1−ρðd/dtÞ; and ρ > 0, and G : ½0, 1� ×ℝ
⟶P ðℝÞ is a multivalued map. P ðℝÞ is the family of all
subsets of ℝ.

The concept of generalized fractional derivatives and
integrals was introduced by Katugampola in [1, 2]. This
new form of fractional integral operator generalizes
Riemann-Liouville and Hadamard fractional derivative into
a single form and satisfy a semigroup property. Jarad et al.
[3] proposed a new generalized fractional calculus based on
a special case of proportional derivatives where the kernel
of the fractional operator involves an exponential function.
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This generalization contains Riemann-Liouville and Caputo
fractional derivatives and integrals as special cases. Also,
there were works on general fractional derivative and integral
containing a Mittag-Leffler function. For more new defini-
tions of generalized fractional calculus, one can see [4–7].
These generalizations are helpful to reach a better form of
the real models that appeared in various fields such as phys-
ics, chemistry, aerodynamics, and electrorheology employing
fractional differential equations (see [8–17]). The existence
and uniqueness results of fractional boundary value prob-
lems involving fractional derivatives and derivative of a
generalized type were established by many authors (for
example, see [18–21]).

On the other hand, Birnbaum and Orlicz [22] generalized
the classical Lebesgue space Lp, 0 < p <∞, into a general
abstract space, which was called Orlicz space. This generali-
zation is based on replacing the function xp with more
general function f .

In what follows, we recall some basic concepts of frac-
tional calculus [1, 2, 4] and Orlicz space [22] that are needed
throughout the paper.

Consider the space Xp
c ða, bÞðc ∈ℝ, 1 ≤ p≤∞Þ of those

complex-valued Lebesgue measurable functions f on ½a, b�
for which k f kXp

c ða,bÞ <∞, where the norm is defined by

fk kXp
c
=
ðb
a
tc f tð Þj jp dt

t

� �1/p
<∞: ð3Þ

For 0 ≤ ε ≤ 1, we denote byACn
δ½a, b� the space of all abso-

lutely continuous real-valued functions on ½a, b�, where

ACn
δ a, b½ � = f : a, b½ �⟶ℂ and δn−1 f ∈AC a, b½ �, δ = t1−ρ

d
dt

� �
,

ð4Þ

endowed with the norm k f kCn
δ
=∑n

k=0 kδk f kC . Moreover, we

introduce

Cn
δ,ε a, b½ � = : a, b½ �⟶ℂ and δn−1 f ∈ C a, b½ �, �

δn f ∈ Cε,ρ a, b½ �, δ = t1−ρ
d
dt

�
,

ð5Þ

equipped with the norm k f kCn
δ,ε
=∑n−1

k=0 kδk f kC + kδn f kCε,ρ
,

where Cε,ρ½a, b� = f f : ½a, b�⟶ℝ : ðtρ − aρÞε f ðtÞ ∈ Cð½a, b�,
ℝÞg and Cð½a, b�,ℝÞ is a Banach space of all continuous func-
tions on ½a, b� into ℝ endowed with the norms k f kCε,ρ

=
kðtρ − aρÞε f ðtÞkC and kxkC = sup f∣xðtÞ∣ : t ∈ ½a, b�g, respec-
tively. Notice that Cn

δ,0½a, b� = Cn
δ½a, b�.

Definition 1. For −∞ < a < t < b <∞ , the left-sided general-
ized fractional integral of f ∈ Xp

c ða, bÞ of order α > 0 and
ρ > 0 is defined by

Iα,ρa+
f

� �
tð Þ = ρ1−α

Γ αð Þ
ðt
a

sρ−1

tρ − sρð Þ1−α f sð Þds: ð6Þ

Definition 2. For 0 ≤ a < x < b <∞ ,the generalized
Riemann-Liouville fractional derivative associated with
generalized fractional integrals (2) is defined by

RLDα,ρ
a+
f

� �
tð Þ = t1−ρ

d
dt

� �n

In−α,ρa+
f

� �
tð Þ

= ρα−n+1

Γ n − αð Þ t1−ρ
d
dt

� �nðt
a

sρ−1

tρ − sρð Þα−n+1 f sð Þds:

ð7Þ

Definition 3. The generalized Caputo-type fractional deriva-
tive of f ∈ ACn

δ½a, b� of order α ≥ 0 is defined by

CDα,ρ
a+
f

� �
tð Þ =Dα,ρ

a+
f tð Þ − 〠

n−1

k=0

δk f að Þ
k!

tρ − aρ

ρ

� �k
" #

xð Þ, 

δ = x1−ρ
d
dx

,

ð8Þ

where n = ½α� + 1.

The following shows some important properties which
are used in the sequel.

Lemma 4. Let f ∈ ACn
δ½a, b� or Cn

δ½a, b� ,and α ∈ℝ . Then,

Iα,ρa+
CDα,ρ

a+
f tð Þ = f tð Þ − 〠

n−1

k=0

δk f
� �

að Þ
k!

tρ − aρ

ρ

� �k

: ð9Þ

In particular, if 0 < α ≤ 1, we have

Iα,ρa+
CDα,ρ

a+
f tð Þ = f tð Þ − f að Þ: ð10Þ

Lemma 5. Let Re ðαÞ > 0, n ≤ −½−Re ðαÞ�, f ∈ Lða, bÞ and Iα,ρa+
f ∈ ACn

δ½a, b� . Then,

Iα,ρa+
RLDα,ρ

a+
f tð Þ = f tð Þ − 〠

n−1

j=1

Dα−j,ρ
a+ f að Þ

Γ α − j + 1ð Þ
tρ − aρ

ρ

� �α−j

: ð11Þ

In particular, if 0 < α ≤ 1, we have

Iα,ρa+
RLDα,ρ

a+
f tð Þ = f tð Þ − Dα−1,ρ

a+ f að Þ
Γ αð Þ

tρ − aρ

ρ

� �α−1

: ð12Þ

Lemma 6. For a function f ∈ Xp
c ða, bÞ, ρ ≥ c , we have

Dα,ρ
a+

Iβ,ρa+
f

� �� �
tð Þ = Iβ−α,ρa+

f
� �

tð Þ, β > α > 0, ð13Þ

which holds almost everywhere on ½a, b�. If α = β, we have

Dα,ρ
a+

Iα,ρa+
f

� �� �
tð Þ = f tð Þ, ð14Þ

almost everywhere.
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Lemma 7. For 0 < α < β , we have

Iβ,ρ0+
tρ α−1ð Þ
� �

= tρ α+β−1ð ÞΓ αð Þ
ρβΓ α + βð Þ : ð15Þ

Definition 8. Let φ : ½0,∞Þ⟶ ½0,∞Þ be right continuous,
monotone, increasing function with φð0Þ = 0, limt⟶∞φðtÞ =
∞, andφðtÞ > 0 whenever t > 0: Then, the function defined by

G xð Þ =
ðx
0
φ tð Þdt, x ≥ 0, ð16Þ

is called the N -function.

Alternatively, the function G is an N-function iff G is
continuous, even, and convex with limx⟶0ðGðxÞ/xÞ = 0,
limx⟶∞GðxÞ/x =∞ and GðxÞ > 0 if x > 0:

Note that a function G : ½0,∞Þ⟶ ½0,∞Þ is called a
Young function if it is convex and satisfies the conditions

G 0ð Þ = lim
x⟶0+

G xð Þ = 0,

lim
x⟶∞

G xð Þ =∞:
ð17Þ

For an N-function G , we define

G∗ xð Þ =
ðx
0
φ−1 tð Þdt, x ≥ 0, ð18Þ

where φ−1 is the right inverse of the right derivative of φ
of G and is called the complementary of G and it satisfies
the condition

G∗ xð Þ = sup tx −G tð Þ: t ≥ 0f g, ∀x ≥ 0: ð19Þ

Notice that the function G∗ is also an N-function and
the complementary pairs G and G∗ satisfy the following
Young inequality:

xt ≤G xð Þ +G∗ tð Þ, ∀x, t ≥ 0: ð20Þ

Definition 9. For an N -function G , the Orlicz space LG
ð½0, 1�Þ is the space of measurable functions x : ½0, 1�⟶
ℝ such that

Ð 1
0 Gð∣xðtÞ ∣ Þdt <∞ . This space is endowed

with the Luxemburg norm, i.e.,

∥x∥G = inf λ > 0 :

ð1
0
G

∣x tð Þ ∣
λ

� �
dt ≤ 1

� �
, ð21Þ

and the pair ðLGð½0, 1�Þ, k:kGÞ is a Banach space.

For an Orlicz space, the Hölder inequality holds; that is,ð1
0
uv dt ≤ 2 uk kG vk kG∗ , ð22Þ

where u ∈ LGð½0, 1�Þ and v ∈ LG∗ð½0, 1�Þ.
The existence and uniqueness of solutions of GBVP (1)

rely on the following fixed point theorems [23].

Theorem 10. LetP be a closed, convex, bounded, and non-
empty subset of a Banach space X .Let T1, T2 be operators
such that

(i) T1ðu1Þ + T2ðu2Þ belong to P whenever u1, u2 ∈P
(ii) T1 is a compact and T2 is a contraction mapping

Then, there exists u0 ∈P such that u0 = T1ðu0Þ + T2ðu0Þ:

Theorem 11. Let X be a Banach space. Assume that T : X
⟶ X is a completely continuous operator and the set V
= fu ∈ X : u = εTu, 0 < ε < 1g is bounded. Then, T has a
fixed point in X.

For computational convenience,

ϕ tð Þ = 1
ψ1

Γ αð Þtρ α+β−1ð Þ

ρβΓ α + βð Þ + ψ3
ψ2

	 

,

ψ1 =
Γ αð Þ

ρβ−1Γ α + β − 1ð Þ 1 − b1 〠
m

i=1
μi
ξ
ρ α+β+q−2ð Þ
i Γ α + β − 1ð Þ
ρqΓ α + β + q − 1ð Þ − b2 〠

p

i=1
riη

ρ α+β−2ð Þ
i

" #
≠ 0,

ψ2 = 1 − a1 〠
m

i=1
σi

ξ
ρq
i

ρqΓ q + 1ð Þ − a2 〠
p

i=1
δi ≠ 0,

ψ3 = a1 〠
m

i=1
σi

Γ αð Þξρ α+β+q−1ð Þ
i

ρβ+qΓ α + β + qð Þ + a2 〠
p

i=1
δi
Γ αð Þηρ α+β−1ð Þ

i

ρβΓ α + βð Þ :

ð23Þ
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Lemma 12. Let h ∈ LGð½0, 1�Þ . Then, the solution of the
following GBVP:

RLD
α,ρ
0+

CDβ,ρ
0+ y tð Þ

� �
= h tð Þ, 0 < α, β ≤ 1,

y 0ð Þ = α1 〠
m

i=1
σiI

q,ρ
0+ y εið Þ + α2 〠

p

i=1
δiy ηið Þ,

γy 1ð Þ = b1 〠
m

i=1
μiI

q,ρ
0+ γy εið Þ + b2 〠

p

i=1
riγy ηið Þ,

8>>>>>>>>><>>>>>>>>>:
ð24Þ

is given by

y tð Þ = Iα+β,ρ0+ h tð Þ + ϕ tð Þ b1 〠
m

i=1
μiI

α+β+q−1,ρ
0+ h ξið Þ

"

+ b2 〠
p

i=1
riI

α+β−1,ρ
0+ h ηið Þ − Iα+β−1,ρ0+ h 1ð Þ

#

+ 1
ψ2

a1 〠
m

i=1
σiI

α+β+q,ρ
0+ h ξið Þ + a2 〠

p

i=1
δiI

α+β,ρ
0+ h ηið Þ

" #
,

ð25Þ

where ϕ and ψ2 are given in (23).

Proof. To obtain the integral equation modeled by the
GBVP(24), we apply the generalization Riemann-Liouville
fractional integral of order α to both sides of (24), and we get

CDβ,ρ
0+ y tð Þð Þ = Iα,ρ0+ h tð Þ + c1t

ρ α−1ð Þ: ð26Þ

Next, applying the generalization Caputo fractional inte-
gral of order β to both sides of (26), we have

y tð Þ = Iα+β,ρ0+ h tð Þ + c1I
β,ρ
0+ t

ρ α−1ð Þ + c2, ð27Þ

where c1 and c2 ∈ℝ. By using Lemma 7, we get

y tð Þ = Iα+β,ρ0+ h tð Þ + c1
tρ α+β−1ð ÞΓ αð Þ
ρβΓ α + βð Þ + c2: ð28Þ

So, the quantities γyðtÞ and Iq,ργyðtÞ are given, respec-
tively, by

γy tð Þ = Iα+β−1,ρh tð Þ + c1
tρ α+β−2ð ÞΓ αð Þ
ρβΓ α + β − 1ð Þ ,

Iq,ργy tð Þ = Iα+β+q−1,ρh tð Þ + c1Γ αð Þ
ρβΓ α + β − 1ð Þ

tρ α+β+q−2ð ÞΓ α + βð Þ
ρqΓ α + β + qð Þ :

ð29Þ

In view of the boundary conditions given in (24), the con-

stants c1 and c2 are defined by

c2 =
1
ψ2

ψ3
ψ1

b1 〠
m

i=1
μiI

α+β+q−1,ρ
0+ h ξið Þ + b2 〠

p

i=1
riI

α+β−1,ρ
0+ h ηið Þ

 "

− Iα+β−1,ρ0+ h 1ð Þ + a1 〠
m

i=1
σiI

α+β+q,ρ
0+ h ξið Þ + a2 〠

p

i=1
δiI

α+β,ρ
0+ h ηið Þ

!#
,

c1 =
1
ψ1

b1〠
m

i=1
μiI

α+β+q−1,ρ
0+ h ξið Þ + b2 〠

p

i=1
riI

α+β−1,ρ
0+ h ηið Þ − Iα+β−1,ρ0+ h 1ð Þ

" #
,

ð30Þ

where ψ1, ψ2, ψ3, and ϕðtÞ are given in (23), and by substitut-
ing of values of c1 and c2, we obtain (25).

2. Main Results

In this section, we are looking to prove the existence and
uniqueness of solutions of GBVP (1). We will utilize in our
proofs the fixed point theorems. We shall assume that g is
in the Orlicz space LG ½0, 1�. Let Y = fy : y ∈ Cð½0, 1�,ℝÞg
denote the Banach space of all continuous functions on
½0, 1� into ℝ endowed with the norm kyk = sup fjyðtÞj: t
∈ ½0, 1�g. Now, we define an operator F : Y ⟶ Y associ-
ated with problem (1) by

Fyð Þ tð Þ = Iα+β,ρ0+ g t, y tð Þð Þ + ϕ tð Þ b1 〠
m

i=1
μiI

α+β+q−1,ρ
0+ g ξi, y ξið Þð Þ

"

+ b2 〠
p

i=1
riI

α+β−1,ρ
0+ g ηi, y ηið Þð Þ − Iα+β−1,ρ0+ g 1, y 1ð Þð Þ

#

+ 1
ψ2

a1 〠
m

i=1
σiI

α+β+q,ρ
0+ g ξi, g ξið Þð Þ

"

+ a2 〠
p

i=1
δiI

α+β,ρ
0+ g ηi, y ηið Þð Þ

#
:

ð31Þ

Therefore, the GBVP (1) has a solution if and only if
the operator F has a fixed point.

The following lemma plays a curial role in the sequel.

Lemma 13. Let α, β ∈ ð0, 1�, q ∈ ð0, 1Þ .Let G be a Young func-
tion which has a Young complement function G∗ satisfyingðt

0
G∗ sγð Þds <∞, ð32Þ

where γ ∈ fα + β, α + β − 1, α + β + q, α + β + q − 1g. Then,
the operator F exists and is well defined.

Proof. Let α, β ∈ ð0, 1�, q ∈ ð0, 1Þ, and y ∈ Y . Define a function

Λ1 sð Þ = tρ − sρð Þα+βsρ−1 if s ∈ 0, t½ �, t > 0,
0, otherwise,

(
ð33Þ
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We show thatΛ1 ∈ LG∗ ½0, 1�. By using appropriate substi-
tution and properties of the Young functions, one obtains

ð1
0
G∗ Λ1 sð Þj j

k

� �
ds =

ðt
0
G∗ tρ − sρð Þα+β

k

 !
sρ−1ds

= 1
ρ
k1/ α+βð Þ

ð 1/k 1/ α+βð Þα+βð Þ1/α+βð Þtρ

0
G∗ sα+β
� �

ds:

ð34Þ

By the assumption of the theorem, we get Λ1 ∈ LG∗ ½0, 1�.
Similarly, set

Λ2 sð Þ = tρ − sρÞα+β−1sρ−1if ∈ 0, t½ �, t > 0,
0, otherwise,

(

Λ3 sð Þ = tρ − sρð Þα+β+qsρ−1if s ∈ 0, t½ �, t > 0,
0, otherwise,

(

Λ4 sð Þ = tρ − sρð Þα+β+q−1sρ−1 if s ∈ 0, t½ �, t > 0,
0, otherwise:

(
ð35Þ

Then, we can get Λ2,Λ3, and Λ4 ∈ LG∗ ½0, 1�. Next, we
show that F is well defined, i.e., FyðtÞ ∈ Cð½0, 1�,ℝÞ. Let 0
≤ τ ≤ t ≤ 1, then we have

∣ Fyð Þ tð Þ − Fyð Þ τð Þ∣ ≤ sup
t∈ 0,1½ �

1
ρα+β−1Γ α + βð Þ

ðτ
0

�
� tρ − sρð Þα+β−1 − τρ − sρð Þα+β−1
� �

sρ−1
��� ���� �

� g s, y sð Þð Þj jds + 1
ρα+β−1Γ α + βð Þ

�
ðt
τ

tρ − sρð Þα+β−1sρ−1
��� ��� g s, y sð Þð Þj jds

+ 1
ψ1

Γ αð Þ ∣ tρ α+β−1ð Þ − τρ α+β−1ð Þ ∣
ρβΓ α + βð Þ

	 

� b1 〠

m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1 g s, y sð Þð Þj jds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 g s, y sð Þð Þj jds

−
1

ρα+β−2Γ α + β − 1ð Þ

�
ð1
0
1 − sρð Þα+β−2sρ−1 g s, y sð Þð Þj jds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"
�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 g s, y sð Þð Þj jds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 g s, y sð Þð Þj jds

#�
= 1
ρα+β−1Γ α + βð Þ

ð1
0
χ1 sð Þ + χ2 sð Þ½ � g s, y sð Þð Þj jds

+ 1
ψ1

Γ αð Þ ∣ tρ α+β−1ð Þ − τρ α+β−1ð Þ ∣
ρβΓ α + βð Þ

	 


� b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1 g s, y sð Þð Þj jds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 g s, y sð Þð Þj jds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1 g s, y sð Þð Þj jds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 g s, y sð Þð Þj jds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 g s, y sð Þð Þj jds

#)
,

ð36Þ

where

χ1 sð Þ =
∣ tρ − sρð Þα+β−1 − τρ − sρð Þα+β−1
� �

sρ−1∣ if s ∈ 0, τ½ �,
0, otherwise,

8<:
χ2 sð Þ = ∣ tρ − sρð Þα+β−1sρ−1∣ if s ∈ 0, τ½ �,

0, otherwise:

(
ð37Þ

The functions χi, i = 1, 2 belong to LG∗ ½0, 1� with ∥χi∥G∗

≤ Jð∣tρ − τρ ∣ Þ, i = 1, 2, where J : ℝ+ ⟶ℝ+ is a continuous,
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increasing function with Jð0Þ = 0. Using the Hölder inequal-
ity, we get

∣ Fyð Þ tð Þ − Fyð Þ τð Þ∣ ≤ ∥g∥G∗
1

2ρα+β−1Γ α + βð Þ ∥χ1∥G∗+∥χ2∥G∗½ �
�

+ 1
ψ1

Γ αð Þ ∣ tρ α+β−1ð Þ − τρ α+β−1ð Þ ∣
ρβΓ α + βð Þ

	 

� b1 〠

m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ

"

+ 1
ρα+β−1Γ α + βð Þ b2 〠

p

i=1
ri ηið Þρ α+β−1ð Þ − 1

 !#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

"

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

#�
:

ð38Þ

Hence, for 0 < ∣tρ − τρ ∣ <ε and by continuity of J , we see
that F is continuous, which completes the proof.

For convenience, we define

ψ = 1
ρα+βΓ α + β + 1ð Þ + ϕk k b1 〠

m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ

"

+ 1
ρα+β−1Γ α + βð Þ b2 〠

p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" ##

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

"

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

#
:

ð39Þ

Now, we are in a position to state and prove the first exis-
tence result. The following result is based on Banach fixed
point theorem.

Theorem 14. Assume that there exists a constant Ω > 0 such
that

(S1) ∣gðt, xÞ − gðt, yÞ ∣ ≤Ω ∣ x − y ∣ for all t ∈ ½0, 1� and
x, y ∈ℝ:

If Ωψ < 1 where ψ is given by (39), then the boundary
value problem (1) has a unique solution on [0,1].

Proof. We define Br = fy ∈ Y : ∥y∥≤rg, with r ≥ g∗ψ/ð1 −Ω
ψÞ, and ψ is defined by (39). Set

g∗ = sup
t∈ 0,1½ �

∣g t, 0ð Þ∣ <∞: ð40Þ

We shall show that FBr ⊂ Br: For any y ∈ Br , by assump-
tion (S1), we obtain that

∥Fy∥ ≤ Ω∥y∥+g∗ð Þ 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1ds

�
+∥ϕ∥ b1 〠

m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1ds + b2 〠

p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

ηρi − sρ
� α+β−2

sρ−1ds −
1

ρα+β−2Γ α + β − 1ð Þ

�
ð1
0
1 − sρð Þα+β−2sρ−1ds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξρi − sp
� α+β+q−1

sρ−1ds + a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1ds

#)

≤ Ωr + g∗ð Þ 1
ρα+βΓ α + β + 1ð Þ
�

+∥ϕ∥ b1 〠
m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ + 1
ρα+β−1Γ α + βð Þ

"

� b2 〠
p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" ##

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

"

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

#)
:

ð41Þ

Therefore,

∥Fy∥ ≤ Ωr + g∗ð Þψ ≤ r: ð42Þ

Now, for y, ~y ∈ Cð½0, 1�,ℝÞ, and for each t ∈ ½0, 1�, we get

Fy −F~yk k ≤ sup
t∈ 0,1½ �

1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β+1sρ−1 g s, y sð Þð Þj

�
− g s, ~y sð Þð Þjds + ϕ tð Þj j

� b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−2

sρ−1 g s, y sð Þð Þ − g s, ~y sð Þð Þj jds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 g s, y sð Þð Þj

6 Journal of Function Spaces



− g s, ~y sð Þð Þjds − 1
ρα+β−2Γ α + β − 1ð Þ

�
ð1
0
1 − sρð Þα+β−2sρ−1 g s, y sð Þð Þ − g s, ~y sð Þð Þsj jds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"
�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 g s, y sð Þð Þ − g s, ~y sð Þð Þj jds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 g s, y sð Þð Þ − g s, ~y sð Þð Þj jds

)
≤Ω y − ~yk k 1

ρα+βΓ α + β + 1ð Þ + ϕk k
	

� b1 〠
m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ + 1
ρα+β−1Γ α + βð Þ

 

� b2 〠
p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" #!
+ 1
∣ψ2 ∣

� a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

 

+ a2 〠
ρ

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

!#
: ð43Þ

So,

Fyð Þ − F~yð Þk k ≤ ψΩ y − ~yk k: ð44Þ

AsΩψ < 1, thenF is a contraction. Hence, by the Banach
fixed point theorem, F has a unique fixed point which is a
unique solution of boundary value problem (1) on ½0, 1�.

In the next result, we prove the existence of problem (1)
by applying Schaefer’s fixed point theorem.

Theorem 15. Suppose that
(S2) there exist a constant ν > 0 such that ∣gðt, yÞ ∣ ≤ν for

each t ∈ ½0, 1� and all y ∈ℝ:
Then, the boundary value problem (1) has at least one

solution in ½0, 1�.

Proof. The proof is divided into three steps.

Step 1. Let K be a bounded subset of Y . By (S2), for all t ∈ ½
0, 1� and y ∈ K , we have

∥Fy∥ ≤ sup
t∈ 0,1½ �

1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1 g s, y sð Þð Þj jds

�

+∣ϕ tð Þ ∣ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1 g s, y sð Þð Þj jds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 g s, y sð Þð Þj jds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1 g s, y sð Þð Þj jds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 g s, y sð Þð Þj jds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 g s, y sð Þð Þj jds

#)
≤ ν

1
ρα+βΓ α + β + 1ð Þ + ϕk k
�
� b1 〠

m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ

"

+ 1
ρα+β−1Γ α + βð Þ b2 〠

p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" ##

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

"

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

#)
= νψ = ν∗: ð45Þ

Then, ∥Fy∥≤ν∗, and so F maps bounded sets into
bounded sets in Y .

Step 2. Let t1, t2 ∈ ½0, 1�, t1 < t2, and K be a bounded set of Y .
Thus, for y ∈ K and by (S2), we have

∣ Fyð Þ t2ð Þ − Fyð Þ t1ð Þ∣

≤ ν

(
1

ρα+β−1Γ α + βð Þ
	ðt2

0
∣ tρ2 − sρ
� α+β−1

sρ−1 ∣ ds

−
ðt1
0
∣ tρ1 − sρ
� α+β−1

sρ−1 ∣ ds



+ 1
ψ1

Γ αð Þ ∣ tρ α+β−1ð Þ − τρ α+β−1ð Þ ∣
ρβΓ α + βð Þ

	 

�
"
b1 〠

m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

�
ðξi
0
∣ ξρi − sρ
� α+β+q−2

sρ−1 ∣ ds + b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ
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�
ðηi
0
∣ η

ρ
i − sρ

� α+β−2
sρ−1 ∣ ds −

1
ρα+β−2Γ α + β − 1ð Þ

�
ð1
0
∣ 1 − sρð Þα+β−2sρ−1 ∣ ds

#
+ 1
∣ψ2 ∣

�
"
a1 〠

m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

�
ðξi
0
∣ ξ

ρ
i − sρ

� α+β+q−1
sρ−1 ∣ ds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

ðηi
0
∣ ηρi − sρ
� α+β−1

sρ−1 ∣ ds

#)

≤ ν

(
1

ρα+βΓ α + β + 1ð Þ 2 tρ2 − tρ1
�� ��α+β+∣tρ α+βð Þ

2 − tρ α+βð Þ
1 ∣

#"

+ 1
ψ1

Γ αð Þ ∣ tρ α+β−1ð Þ − τρ α+β−1ð Þ ∣
ρβΓ α + βð Þ

	 

�
"
b1 〠

m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ + 1
ρα+β−1Γ α + βð Þ

� b2 〠
p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" ##
+ 1
∣ψ2 ∣

�
"
a1 〠

m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

#)
: ð46Þ

It follows that the right-hand side tends to zero as ðt2 −
t1Þ⟶ 0 independent of y; by Arzela-Ascoli theorem, we
conclude that F is completely continuous.

Step 3. It remains to show that the set M = fy ∈ Y : y =aF

ðyÞ for some 0 < a < 1g is a bounded set. Let y ∈M, and then,
yðtÞ =aðFyÞðtÞ, 0 < a < 1, t ∈ ½0, 1�. Hence, by (S2), we have

∥y∥ ≤ sup
t∈ 0,1½ �

1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1 g s, y sð Þð Þj jds

�

+ ϕ tð Þj j b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1 g s, y sð Þð Þj jds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 g s, y sð Þð Þj jds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1 g s, y sð Þð Þj jds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 g s, y sð Þð Þj jds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 g s, y sð Þð Þj jds

#�

≤ ν
1

ρα+βΓ α + β + 1ð Þ + ϕk k
	

� b1 〠
m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ +
1

ρα+β−1Γ α + βð Þ

 

� b2 〠
p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" #!

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

 

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

!#
≤ νψ: ð47Þ

This shows thatM is bounded. Schaefer’s fixed point the-
orem guarantees the existence of a fixed point of F . Hence,
the integral equation (31) has a solution on [0,1].

Now, we establish the existence of solutions of problem
(1) via Krasnoselskii’s fixed point theorem.

Theorem 16. Assume that g : ½0, 1� ×ℝ⟶ℝ is a continu-
ous function such that it satisfies (S1). In addition, we suppose
that

(S3) jgðt, xÞj ≤ ζðtÞ for t ∈ ½0, 1� and ζ ∈ Cð½0, 1�,ℝÞwith k
ζk = max

t∈½0,1�
jζðtÞj:

Then, the boundary value problem (1) has at least one
solution on [0,1], provided that

Ωψ∗ < 1, ð48Þ

where ψ∗ = ψ − 1/ðρðα+βÞΓðα + β + 1ÞÞ.

Proof. We define

sup
t∈ 0,1½ �

∣ζ tð Þ∣ = ∥ζ∥ ð49Þ

and choose a suitable constant r∗ such that r∗ ≥ ∥ζ∥ψ, where
ψ is given by (39). Furthermore, we split F into two
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operators F1 and F2 on Br∗ = fy ∈ Y : ∥y∥≤r∗g by

F1y = Iα+β,ρ0+ g t, y tð Þð Þ, for all t ∈ 0, 1½ �,

F2y = ϕ tð Þ b1 〠
m

i=1
μiI

α+β+q−1,ρ
0+ g ξi, y ξið Þð Þ

"

+ b2 〠
p

i=1
riI

α+β−1,ρ
0+ g ηi, y ηið Þð Þ − Iα+β−1,ρ0+ g 1, y 1ð Þð Þ

#

+ 1
ψ2

a1 〠
m

i=1
σiI

α+β+q,ρ
0+ g ξi, y ξið Þð Þ

"

+ a2 〠
p

i=1
δiI

α+β,ρ
0+ g ηi, y ηið Þð Þ

#
:

ð50Þ

For y ∈ Br∗ , we get

∥F1y +F2y∥ ≤ sup
t∈ 0,1½ �

1
ρα+β−1Γ α + βð Þ
�

�
ðt
0
tρ − sρð Þα+β−1sρ−1 g s, y sð Þð Þj jds

+∣ϕ tð Þ ∣ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1 g s, y sð Þð Þj jds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 g s, y sð Þð Þj jds

−
1

ρα+β−2Γ α + β − 1ð Þ

�
ð1
0
1 − sρð Þα+β−2sρ−1 g s, y sð Þð Þj jds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 g s, y sð Þð Þj jds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

ηρi − sρ
� α+β−1

sρ−1 g s, y sð Þð Þj jds
#)

≤ ∥ζ∥ψ ≤ r∗,
ð51Þ

which shows that F1y +F2y ∈ Br∗ . Now, we need to prove

that F2 is a contraction. By assumption (S1), we have

F2y −F2~yk k ≤ sup
t∈ 0,1½ �

ϕ tð Þj j b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"(

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1 g s, y sð Þð Þ − g s, ~y sð Þð Þj jds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 g s, y sð Þð Þ − g s, ~y sð Þð Þj jds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1 g s, y sð Þð Þj

− g s, ~y sð Þð Þjds� + 1
∣ψ2 ∣

� a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 g s, y sð Þð Þ − g s, ~y sð Þð Þj jds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 g s, y sð Þð Þ − g s, ~y sð Þð Þj j

#
ds

)
:

ð52Þ

Therefore,

∥F2y −F2~y∥ ≤Ω∥y − ~y∥ ∥ϕ∥ b1 〠
m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ

 "

+ 1
ρα+β−1Γ α + βð Þ b2 〠

p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" #!

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

 

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

!#
≤Ω∥y − ~y∥ψ∗:

ð53Þ

By using (S1) and (48), F2 is a contraction. Since g is
continuous, we have F1 which is continuous. Now,

F1yk k ≤ sup
t∈ 0,1½ �

1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g s, y sð Þð Þds

���� ����
≤ sup

t∈ 0,1½ �

1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1 g s, y sð Þð Þj jds

� �
≤ ∥ζ∥

1
ρα+βΓ α + β + 1ð Þ
� �

:

ð54Þ
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Thus, F1 is uniformly bounded on Br∗ . Next, for t1, t2
∈ ½0, 1� with 0 < t1 < t2 < 1, we obtain

F1yð Þ t2ð Þ − F1yð Þ t1ð Þk k ≤ 1
ρα+β−1Γ α + βð Þ
�
ðt2
0

tρ2 − sρ
� α+β−1

sρ−1 ∣ g s, y sð Þð Þ ∣ ds
	
−
ðt1
0

tρ1 − sρ
� α+β−1

sρ−1 ∣ g s, y sð Þð Þ ∣ ds



≤
νρ1− α+βð Þ

ρ α + βð ÞΓ α + βð Þ 2 tρ2 − tρ1
� α+βh

+ tρ α+βð Þ
2 − tρ α+βð Þ

1
� �i

≤
ν

ρ α+βð ÞΓ α + β + 1ð Þ 2 tρ2 − tρ1
� α+βh

+ tρ α+βð Þ
2 − tρ α+βð Þ

1
� �i

,

ð55Þ

which tends to zero as ðt2 − t1Þ⟶ 0 independent of y. Thus,
F1 is equicontinuous. Hence,F1 is relatively compact on Br∗

. Then, all assumptions of Krasnoselskii’s fixed point theorem
are satisfied, so the boundary value problem (1) has at least
one solution on [0,1].

The following example illustrates our main results.

Example 1.

RLD1/2,1/6
0+

CD1/4,1/6
0+ y tð Þ

� �
= g t, y tð Þð Þ, 0 < α, β ≤ 1,

y 0ð Þ = 1
7〠

m

i=1
I3/4,1/6y ξið Þ + 2

7〠
1/6

i=1
δiy ηið Þ,

γy 1ð Þ = 3
7〠

2

i=1
μiI

3/4,1/6γy ξið Þ + 4
7〠

2

i=1
riγy ηið Þ,

8>>>>>>>>><>>>>>>>>>:
ð56Þ

where ξ1 = 1/5, ξ2 = 1/9, η1 = 1/8, η2 = 1/8, δ1 = 3/8, δ2 = 5/8,
r1 = 3/10, r2 = 7/10, σ1 = 4/9, σ2 = 5/9, μ1 = 1/11, μ1 = 2/11,
ðγ = t1−ρðd/dtÞÞ, and 0 < q < 1:

Let the function g be defined by

g t, yð Þ = tan−1y
10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 16

p + 2 − t
30

� � 5 ∣ y ∣
5 ∣ y∣+1

� �
+ e−t

20
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 3

p
:

ð57Þ

Using the given data, we find ψ1 = 0:1089838156, ψ2 =
0:2461605410, ψ3 = 1:807429635, and ϕ = 75:80569440.
Choose GðuÞ = jujα/α, α > 0, with α = 2; then, G is an N-func-
tion and satisfies ð1

0
G ∣g s, u sð Þð Þ ∣ð Þds <∞, ð58Þ

which shows that G belongs to an Orlicz space LGð½0, 1�Þ: We
have

∣g t, yð Þ − g t, ~yð Þ∣ = tan−1y
10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 16

p + 2 − t
30

� � 5 ∣ y ∣
5 ∣ y∣+1

� ������
+ e−t

20
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 3

p �
−

tan−1~y
10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 16

p
�

+ 2 − t
30

� � 5 ∣ ~y ∣
5 ∣ ~y∣+1

� �
+ e−t

20
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 3

p �����
≤

1
10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 16

p tan−1y − tan−1~yj��
+ 2 − t

30

� ����� 5 yj j
5 yj j + 1 −

5 ∣ ~y ∣
5 ∣ ~y∣+1

����:
ð59Þ

Consequently,

∣g t, yð Þ − g t, ~yð Þ∣ ≤ 1
40 ∣y − ~y∣ + 1

15 ∣y − ~y∣

≤
1
40 ∣y − ~y∣ + 1

40 ∣y − ~y∣

= 1
20 ∣y − ~y∣ ≤

1
20 ∥y − ~y∥,

∣g t, yð Þ − g t, 0ð Þ∣ ≤ 1
20 ∥y∥,

ð60Þ

which shows the authenticity of (S1) with Ωψ = 0:8902242605
< 1; then, Theorem 14 can be illustrated and problem (56) has
a unique solution on [0,1]. Furthermore,

g t, y tð Þð Þ ≤ ν tð Þ, ð61Þ

with νðtÞ =Π/ð20 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 16

p Þ + ð2 − tÞ/30 + ðe−t/20Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos t + 3

p
and ∥νðtÞ∥ = 0:2:

Since the condition (S2) holds and by the conditions of
Theorem 15, problem (56) has at least one solution on [0,1].

3. Ulam Stability

In this section, we establish the criteria of Ulam stability of
problem (1) by means of its equivalent integral equation

w tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g s,w sð Þð Þds

+ ϕ tð Þ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1g s,w sð Þð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ
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�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g s,w sð Þð Þds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1g s,w sð Þð Þds

#

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1g s,w sð Þð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

ηρi − sρ
� α+β−1

sρ−1g s,w sð Þð Þds
#
, ð62Þ

where w ∈ Y and g : ½0, 1� ×ℝ⟶ℝ is a continuous func-
tion. We define a continuous nonlinear operator Λ : Y
⟶ Y

Λw tð Þ = RLDα,ρ
0+

CDβ,ρ
0+ w tð Þ

� �
− g t,w tð Þð Þ: ð63Þ

Now, we recall some basic concepts of the Ulam stabil-
ity. For more details, one can see [24–27].

Definition 17. GBVP is said to be Ulam-Hyers stable if there
exists a real number k > 0 such that for each ε > 0 and for each
solution w ∈ Y of ((1)) satisfying the inequality

∥Λw tð Þ∥ ≤ ε, t ∈ 0, 1½ �, ð64Þ

there exists a solution y ∈ Y of GBVP satisfying the inequality

∥y −w∥ ≤ kε∗, t ∈ 0, 1½ �, ð65Þ

where ε∗ is a positive real number depending on ε.

Definition 18. GBVP is generalized Ulam-Hyers stable if there
exists τ ∈ Cðℝ+,ℝ+Þ such that for each solution w ∈ Y of
GBVP, there exists a solution y ∈ Y of GBVP with

∣y tð Þ −w tð Þ∣ ≤ τ εð Þ,  t ∈ 0, 1½ �: ð66Þ

Definition 19. GBVP is Ulam-Hyers Rassias stable with respect
to ς ∈ Cð½0, 1�,ℝ+Þ if there exists a real number k > 0 such that
for each ε > 0 and for each solution w ∈ Y of GBVP

∣Λw tð Þ∣ ≤ ες tð Þ,  t ∈ 0, 1½ �, ð67Þ

we can find a solution y ∈ Y of GBVP satisfying the
inequality

∣y tð Þ −w tð Þ∣ ≤ kε∗ς tð Þ, t ∈ 0, 1½ �, ð68Þ

where ε∗ is a positive real number depending on ε.

Theorem 20. Assume that the condition (S1) and Ωψ < 1
hold. Then, the GBVP satisfies both Ulam-Hyers and general-
ized Ulam-Hyers stability criteria.

Proof.We know that y ∈ Y is a unique solution of GBVP as in
Theorem 14. Let w ∈ Y be another solution of GBVP satisfy-
ing (64). Observe that the operator F and F − I are equiva-
lent for every solution w ∈ Y (given by (62)) of GBVP.
Therefore, by the fixed point property of operatorF , we have

∣w tð Þ − y tð Þ∣ = ∣w tð Þ −Fw tð Þ +Fw tð Þ −Fy tð Þ∣
≤ ∣Fy tð Þ −Fw tð Þ∣ + ∣Fw tð Þ −w tð Þ∣
≤Ωψ∣w − y∣ + ε,

ð69Þ

where ε > 0 andΩψ < 1. Taking the norm of (69) for t ∈ ½0, 1�
and solving for ∥w − y∥, we obtain

∥w − y∥ ≤
ε

1 −Ωψ
: ð70Þ

If we let ε∗ = ε/ð1 −ΩψÞ and take k = 1, then the Ulam-
Hyers stability condition is satisfied. More generally, defining
τðεÞ = ε/ð1 −mψÞ, the generalized Ulam-Hyers stability con-
dition is also satisfied.

Theorem 21. Assume that (S1) and Ωψ < 1 hold and there
exists a function ς ∈ Cð½0, 1�,ℝ+Þ satisfying condition ((67)).
Then, the problem GBVP is Ulam-Hyers Rassias stable with
respect to ς.

Proof. Following the idea of the proof of Theorem 19, we can
obtain that

∥y −w∥ ≤ ε∗ς tð Þ, ð71Þ

with ε∗ = ε/ð1 −ΩψÞ.

4. Existence Results for Multivalued Maps

In this section, we extend the results to cover the multivalued
case. We recall some basic definitions on multivalued maps.
For more details, one can see [28].

For a normed space ðX, k:kÞ, let P clðXÞ = fy ∈P ðxÞ ; y
is closedg, P bðXÞ = fy ∈P ðxÞ ; y is boundedg, P cpðXÞ = fy
∈P ðxÞ ; y is compactg, and P cp,cðXÞ = fy ∈P ðxÞ ; y is
compact and convexg: A multivalued map G : X⟶P ðXÞ
is convex (closed) valued if GðxÞ is convex (closed) for all x
∈ X. The map G is bounded on bounded sets if GðBÞ =
∪x∈BGðxÞ is bounded in X for all B ∈P bðXÞ, i.e.,

sup
x∈B

sup ∣y∣ : y ∈ G xð Þf gf g <∞: ð72Þ

G is called upper semicontinuous (u.s.c.) on X if for each
x0 ∈ X, the set Gðx0Þ is a nonempty closed subset of X, and if
for each open set N of X containing Gðx0Þ, there exists an
open neighbourhood N 0 of x0 such that GðN 0Þ ⊆N . G is
said to be completely continuous if GðBÞ is relatively
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compact for every B ∈P bðXÞ. If the multivalued map G is
completely continuous with nonempty compact values, then
G is u.s.c. if and only if G has a closed graph, i.e.,

xn ⟶ x∗,
yn ⟶ y∗,

yn ∈G xnð Þimply y∗ ∈ G x∗ð Þ:
ð73Þ

G has a fixed point if there is x ∈ X such that x ∈GðxÞ.
The fixed point set of multivalued operator G will be denoted
by FixG. A multivalued map G : ½0, 1�⟶P clðℝÞ is said to
be measurable if for every y ∈ℝ, the function

t⟶ y,G tð Þð Þ = inf ∣y − z∣ : z ∈ G tð Þf g ð74Þ

is measurable.

Definition 22. A multivalued map F : ½0, 1� ×ℝ⟶P ðℝÞ is
said to be Carathéodory if

(i) t⟶ Fðt, xÞ is measurable for each x ∈ℝ

(ii) x⟶ Fðt, xÞ is upper semicontinuous for almost all
t ∈ ½0, 1�. Further, a Carathéodory function F is
called L1- Carathéodory if

(iii) for each α > 0, there exist φα ∈ L
1ð½0, 1�,ℝ+Þ such

that

∥F t, xð Þ∥ = sup vj j: v ∈ F t, xð Þf g ≤ φα tð Þ, ð75Þ

for all ∥x∥∞ ≤ α and for a.e. t ∈ ½0, 1�
For each y ∈ Cð½0, 1�,ℝÞ, the set of selections of F is

defined by

SF,y ≔ v ∈ L1 0, 1½ �,ℝ+ð Þ: v tð Þ ∈ F t, y tð Þð Þfor a:e:t ∈ 0, 1½ �� �
:

ð76Þ

Lemma 23. Let X be a Banach space. Let F : ½0, 1� ×ℝ⟶

P cp,cðXÞ be an L1 - Carathéodory multivalued map and let
Θ be a linear continuous mapping from L1ð½0, 1�, XÞ to Cð½0,
1�, XÞ . Then, the operator

Θ ∘ SF : C 0, 1½ �, Xð Þ⟶P cp,c C 0, 1½ �, Xð Þð Þ,
x↦ Θ ∘ SFð Þ xð Þ =Θ SF,xð Þ

ð77Þ

is a closed graph operator in Cð½0, 1�, XÞ × Cð½0, 1�, XÞ.

Definition 24. A function y ∈ Cð½0, 1�,ℝÞ is called a solution of
problem ((2)) if we can find a function g ∈ L1ð½0, 1�,ℝÞ with g
ðtÞ ∈Gðt, yÞa:e:on ½0, 1� such that yð0Þ = a1∑

m
i=1 σiI

q,ρ
0+ yðξiÞ +

a2∑
p
i=1 δiyðηiÞ, γyð1Þ = b1∑

m
i=1 μiI

q,ρ
0+ γyðξiÞ + b2∑

p
i=1 riγyðηiÞ,

and

y tð Þ = Iα+β,ρ0+ g tð Þ + ϕ tð Þ b1 〠
m

i=1
μiI

α+β+q−1,ρ
0+ g ξið Þ

"

+ b2 〠
p

i=1
riI

α+β−1,ρ
0+ g ηið Þ − Iα+β−1,ρ0+ g 1ð Þ

#

+ 1
ψ2

a1 〠
m

i=1
σiI

α+β+q,ρ
0+ g ξið Þ + a2 〠

p

i=1
δiI

α+β,ρ
0+ g ηið Þ

" #
:

ð78Þ

4.1. The Upper Semicontinuous Case. To prove the existence of
solutions for (2), we will apply Leray-Schauder nonlinear alter-
native for multivalued maps [29].

Theorem 25. Assume that
(H1) G : ½0, 1� ×ℝ⟶P cp,cðℝÞ is L1 − Caratheodory

where

P cp,c ℝð Þ = γ ∈P ℝð Þ: γ is compact and convexf g: ð79Þ

(H2) there exists a continuous nondecreasing function ϖ
: ½0,∞Þ⟶ ð0,∞Þ and a function P ∈ Cð½0, 1�,ℝ+Þ such that

∥g t, yð Þ∥P = sup ∣y∣ : y ∈ g t, yð Þf g ≤ P tð Þϖ ∥y∥ð Þ, ð80Þ

for all ðt, yÞ ∈ ½0, 1� ×ℝ.
(H3) there exists a number L > 0 such that

L
∥p∥ϖ Lð Þψ > 1, ð81Þ

where ψ is given in (39).

Then, the B.V.P has at least one solution on [0,1].

Proof. Let the operator ~F : Cð½0, 1�,ℝÞ⟶P ðCð½0, 1�,ℝÞ
be defined by

~F yð Þ =
h tð Þ ∈ C 0, 1½ �,ℝð Þ:

h tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g sð Þds

�
8><>:

+ ϕ tð Þ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1g sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g sð Þds
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−
1

ρα+β−21Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1g sð Þds

#

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1g sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1g sð Þds

#
,
)

ð82Þ

or g ∈ SG,y . It is clear the fixed points of ~F are the solutions of
problem (2). So, we need to verify that the operator satisfies
all the conditions of the Leray-Schauder nonlinear alterna-
tive. This will be done in five steps.

Step 1. ~FðyÞ is convex for all y ∈ Cð½0, 1�,ℝÞ. Indeed, if h1 and
h2 belong to ~FðyÞ, then there exist g1, g2 ∈ SG,y such that

SG,y = g ∈ L1 0, 1½ �,ℝ+ð Þ: g tð Þ ∈ G t, y tð Þð Þfor a:e:t ∈ 0, 1½ �� �
:

ð83Þ

For each t ∈ ½0, 1�, we have

hi tð Þ =
1

ρα+β−1Γ α + βð Þ
ðt
0
tρ − sρð Þα+β−1sρ−1gi sð Þds

+ ϕ tð Þ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1gi sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1gi sð Þds

−
1

ρα+β−21Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1gi sð Þds

#

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1gi sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1gi sð Þds

#
,

ð84Þ

for i = 1, 2. Let t ∈ ½0, 1� and θ ∈ ð0, 1Þ, then

θh1 + 1 − θð Þh2½ � tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1 θg1 sð Þ½

+ 1 − θð Þg2 sð Þ�ds + ϕ tð Þ

� b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1 θg1 sð Þ½

+ 1 − θð Þg2 sð Þ�ds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

ηρi − sρ
� α+β−2

sρ−1 θg1 sð Þ½
+ 1 − θð Þg2 sð Þ�ds
−

1
ρα+β−2Γ α + β − 1ð Þ

�
ð1
0
1 − sρð Þα+β−2sρ−1 θg1 sð Þ½

+ 1 − θð Þg2 sð Þ�ds�

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 θg1 sð Þ½

+ 1 − θð Þg2 sð Þ�ds + a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 θg1 sð Þ + 1 − θð Þg2 sð Þ½ �ds

#
:

ð85Þ

Since G has convex values (SG,y is convex), therefore, θ

h1 + ð1 − θÞh2 ∈ ~FðyÞ.

Step 2. ~FðyÞ maps bounded sets into bounded sets in Cð½0,
1�,ℝÞ. Let Bε = fy ∈ Cð½0, 1�,ℝÞ: ∥y∥≤εg, where ε is a positive
number. Then, for each h ∈ ~FðyÞ, y ∈ Bε, there exists g ∈ SG,y
such that

h tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g sð Þds

+ ϕ tð Þ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1g sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g sð Þds
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−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1g sð Þds

#

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1g sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1g sð Þds

#
:

ð86Þ

For each t ∈ ½0, 1�, we find that

∣h tð Þ∣ ≤ 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1∣g sð Þ∣ds

+ ∣ϕ tð Þ∣ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1 ∣ g sð Þ ∣ ds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

ηρi − sρ
� α+β−2

sρ−1 ∣ g sð Þ ∣ ds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1 ∣ g sð Þ ∣ ds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 ∣ g sð Þ ∣ ds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 ∣ g sð Þ ∣ ds

#

≤ ∥P ∥ϖ ∥y∥ð Þ 1
ρα+βΓ α + β + 1ð Þ+∥ϕ∥
�

� b1 〠
m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ

"

+ 1
ρα+β−1Γ α + βð Þ b2 〠

p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" ##

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

"

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

#�
≤ ∥P ∥ϖ ∥y∥ð Þψ,

ð87Þ

which gives ∥h∥≤∥P ∥ϖðεÞψ.

Step 3. ~FðyÞ maps bounded sets into equicontinuous sets in
Cð½0, 1�,ℝÞ. Let y be any element in Bε and t1, t2 ∈ ½0, 1�, t1
< t2; then, by using (H2), we get that for each t ∈ ½0, 1�, we
find that

∣h t2ð Þ − h t1ð Þ∣ ≤ p tð Þϖ εð Þ 1
ρα+βΓ α + β + 1ð Þ 2 tρ2 − tρ1

� α+βh�
+ tρ α+βð Þ

2 − tρ α+βð Þ
1

� �i
+ 1
ψ1

Γ αð Þ ∣ tρ α+β−1ð Þ − τρ α+β−1ð Þ ∣
ρβΓ α + βð Þ

	 

� b1 〠

m

i=1
μi

ξið Þρ α+β+q−1ð Þ

ρα+β+q−1Γ α + β + qð Þ

"

+ 1
ρα+β−1Γ α + βð Þ b2 〠

p

i=1
ri ηið Þρ α+β−1ð Þ − 1

" ##

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

ξið Þρ α+β+qð Þ

ρα+β+qΓ α + β + q + 1ð Þ

"

+ a2 〠
p

i=1
δi

ηið Þρ α+βð Þ

ρα+βΓ α + β + 1ð Þ

#�
:

ð88Þ

It follows that the right-hand side tends to zero indepen-
dently of y ∈ Bε as ðt2 − t1Þ⟶ 0. Combining the outcomes
of Steps 1–3 with the Arzela-Ascoli theorem, we conclude
that ~F is completely continuous.

Step 4. ~F has a closed graph. Suppose that there is yn ⟶
y∗, hn ∈ ~FðynÞ, and hn ⟶ h∗. Then, we have to establish that
h∗ ∈ ~Fðy∗Þ. Since hn ∈ ~FðynÞ, there exists gn ∈ SG,yn and
therefore, for each t ∈ ½0, 1�, we get

hn tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1gn sð Þds

+ ∣ϕ tð Þ∣ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−2

sρ−1gn sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1gn sð Þds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1gn sð Þds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−1

sρ−1gn sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1gn sð Þds

#
:

ð89Þ

14 Journal of Function Spaces



Next, we show that there exists g∗ ∈ SG,y∗ such that for
each t ∈ ½0, 1�,

h∗ tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g∗ sð Þds

+ ∣ϕ tð Þ∣ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1g∗ sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g∗ sð Þds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1g∗ sð Þds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−1

sρ−1g∗ sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1g∗ sð Þds

#
:

ð90Þ

Consider the continuous linear operator

Ξ : L1 0, 1½ �,ℝð Þ⟶ C 0, 1½ �,ℝð Þ ð91Þ

given by

g⟶ Ξ gð Þ tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g sð Þds

+ ∣ϕ tð Þ∣ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−2

sρ−1g sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g sð Þds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1g sð Þds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1g sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1g sð Þds

#
: ð92Þ

Then, we can get

∥hn tð Þ − h∗ tð Þ∥ ≤ 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1∣gn sð Þ − g∗ sð Þ∣ds

+ ∣ϕ tð Þ∣ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−2

sρ−1 ∣ gn sð Þ − g∗ sð Þ ∣ ds

+ b2〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 ∣ gn sð Þ − g∗ sð Þ ∣ ds

−
1

ρα+β−2Γ α + β − 1ð Þ

�
ð1
0
1 − sρð Þα+β−2sρ−1 ∣ gn sð Þ − g∗ sð Þ ∣ ds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 ∣ gn sð Þ − g∗ sð Þ ∣ ds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

ηρi − sρ
� α+β−1

sρ−1 ∣ gn sð Þ − g∗ sð Þ ∣ ds
#
,

ð93Þ

for some g∗ ∈ SG,y∗ . Notice that ∥hnðtÞ − h∗ðtÞ∥⟶0 as n
⟶∞. So, we conclude that Ξ ∘ SG,y is a closed graph oper-
ator. Then, hn ∈ ΞðSG,ynÞ⟶ h∗ ∈ SG,y∗ .

Step 5. There exists an open set G ⊆ Cð½0, 1�,ℝÞ with y ∉ θ ~F
ðyÞ for any θ ∈ ð0, 1Þ and for each y ∈ ∂G . Take θ ∈ ð0, 1Þ.
Let y be a solution of (2); then, there exists g ∈ L1ð½0, 1�,ℝÞ
with g ∈ SG,y such that for t ∈ ½0, 1�, we have

y tð Þ = 1
ρ α+βð Þ−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g sð Þds

+ ϕ tð Þ b1 〠
m

i=1
μi

1
ρ α+β+q−1ð Þ−1Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1g sð Þds

+ b2 〠
p

i=1
ri

1
ρ α+β−1ð Þ−1Γ α + β − 1ð Þ
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�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g sð Þds

−
1

ρ α+β−1ð Þ−1Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1g sð Þds

#

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρ α+β+qð Þ−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1g sð Þds

+ a2 〠
p

i=1
δi

1
ρ α+βð Þ−1Γ α + βð Þ

ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1g sð Þds

#
:

ð94Þ

Similar to the computation in Step 2, for each t ∈ ½0, 1�,
we obtain

∣y tð Þ∣ ≤ ∥p∥ϖ ∥y∥ð Þψ, ð95Þ

which implies

∥y tð Þ∥
∥p∥ϖ ∥y∥ð Þψ < 1: ð96Þ

By (H3), there exists L > 0 such that ∥y∥≠ L. Define a set

G = y ∈ C 0, 1½ �,ℝð Þ: yk k < Lf g: ð97Þ

Note that the operator ~F : �G ⟶P ðC½0, 1�,ℝÞ is a com-
pact multivalued map, u.s.c. with convex closed values. With
the given choice of G , it is not possible to find y ∈ ∂G satisfy-
ing y ∈ θ ~FðyÞ for some θ ∈ ð0, 1Þ. Consequently, by the non-
linear alternative of the Leray-Schauder theorem, the
operator ~FðyÞ has a fixed point y ∈ �G , which is a solution
of problem (2).

4.2. The Lipschitz Case. The following result is concerned
with the nonconvex valued case of problem (2) and is based
on Covitz and Nadler’s fixed point theorem [30].

Theorem 26. Assume that
(H4) G : ½0, 1� ×ℝ⟶P cpðℝÞ is such that Gð:,yÞ: ½0, 1�

⟶P cpðℝÞ is measurable for each x ∈ℝ, where

P cp ℝð Þ = γ ∈P ℝð Þ: γ is compact and convexf g ; ð98Þ

(H5) H¯d ðGðt, yÞ,Gðt, y ̃ÞÞ ≤ ϖðtÞ ∣ y − y ̃∣ for almost all
t ∈ ½0, 1� and y, ~y ∈ℝ with ϖ ∈ Cð½0, 1�,ℝ+Þ and dð0,Gð0,
Gðt, 0ÞÞÞ ≤ ϖðtÞ for almost all t ∈ ½0, 1�.

Then, problem (81) has at least one solution on [0,1] if

∥ϖ∥ψ < 1: ð99Þ

Proof. Let us verify that the operator ~F : Cð½0, 1�,ℝÞ⟶P

ðC½0, 1�,ℝÞ satisfies the hypothesis of the Covitz and Nadler
fixed point theorem. We show that ~FðyÞ is nonempty and
closed for every ~g ∈ SG,y. Since the set-valued map Gð:,yð:ÞÞ
is measurable (by Theorem III.6 in [28]), it admits a measur-
able selection g : ½0, 1�⟶ℝ, and we have

∣g tð Þ∣ ≤ ϖ tð Þ 1+∣y tð Þ ∣ð Þ, ð100Þ

i.e., g ∈ L1ð½0, 1�,ℝÞ, and hence, G is integrably bounded.
Therefor, SG,y ≠ ϕ.

To prove that ~FðyÞ is closed for each y ∈ Cð½0, 1�,ℝÞ, let
fhngn≥0 ∈ ~FðyÞ be such that hn ⟶ h as n⟶∞ in Cð½0, 1�,
ℝÞ: Then, h ∈ Cð½0, 1�,ℝÞ and we can find gn ∈ SG,yn such that
for each t ∈ ½0, 1�,

hn tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1gn sð Þds

+ ∣ϕ tð Þ∣ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−2

sρ−1gn sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1gn sð Þds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1gn sð Þds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1gn sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1gn sð Þds

#
:

ð101Þ

As G has compact values, we can pass onto a subsequence
(if necessary) to obtain that gn converge to g in L1ð½0, 1�,ℝÞ.
So g ∈ SG,y. Then, for each t ∈ ½0, 1�, we have

hn tð Þ⟶ h tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g sð Þds

+ ϕ tð Þ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1g sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g sð Þds
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−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1g sð Þds

#

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1g sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1g sð Þds

#
: ð102Þ

which implies that h ∈ ~FðyÞ. Now,we establish that there exists
0 < bθ < 1, where it satisfies

Hd
~F yð Þ
�

,

~F ~yð Þ
�
≤ bθ∥y − ~y∥ for each y, ~y ∈ C 0, 1½ �,ℝð Þ:

ð103Þ

Let us take y, ~y ∈ Cð½0, 1�,ℝÞ and h1 ∈ ~FðyÞ. Then, there
exists ~g1 ∈Gðt, yðtÞÞ such that for all t ∈ ½0, 1�,

h1 tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g1 sð Þds

+ ϕ tð Þ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−2
sρ−1g1 sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g1 sð Þds

−
1

ρα+β−2Γ α + β − 1ð Þ

�
ð1
0
1 − sρð Þα+β−2sρ−1g1 sð Þds

#

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1g1 sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1g1 sð Þds

#
: ð104Þ

By (H5), we have

Hd G t, yð Þ,G t, ~y tð Þð Þð ≤ ϖ tð Þ y tð Þ − ~y tð Þj j: ð105Þ

So, there exists ρ ∈Gðt, ~yðtÞÞ satisfying

g1 tð Þ − ρj j ≤ ϖ tð Þ y tð Þ − ~y tð Þj j, t ∈ 0, 1½ �: ð106Þ

Define EðtÞ = fρ ∈ℝ : ∣g1ðtÞ − ρ∣≤ϖðtÞ ∣ yðtÞ − ~yðtÞ ∣ g:
As the multivalued operator EðtÞ ∩Gðt, ~yðtÞÞ is measurable,
we can find a measurable selection g2ðtÞ for EðtÞ (by Theorem
III.2 in [28]). Thus, g2ðtÞ ∈ Gðt, ~yðtÞÞ and for each t ∈ ½0, 1�, we
have

g1 tð Þ − g2 tð Þj j ≤ ϖ tð Þ y − ~yj j: ð107Þ

For each t ∈ ½0, 1�, define

h2 tð Þ = 1
ρα+β−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1g2 sð Þds

+ ϕ tð Þ b1 〠
m

i=1
μi

1
ρα+β+q−2Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−2

sρ−1g2 sð Þds

+ b2 〠
p

i=1
ri

1
ρα+β−2Γ α + β − 1ð Þ

ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1g2 sð Þds

−
1

ρα+β−2Γ α + β − 1ð Þ
ð1
0
1 − sρð Þα+β−2sρ−1g2 sð Þds

#

+ 1
ψ2

a1 〠
m

i=1
σi

1
ρα+β+q−1Γ α + β + qð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−1

sρ−1g2 sð Þds

+ a2 〠
p

i=1
δi

1
ρα+β−1Γ α + βð Þ

ðηi
0

ηρi − sρ
� α+β−1

sρ−1g2 sð Þds
#
:

ð108Þ

As a result, we get

∥h1 tð Þ − h2 tð Þ∥ ≤ 1
ρ α+βð Þ−1Γ α + βð Þ

ðt
0
tρ − sρð Þα+β−1sρ−1∣g1 sð Þ − g2 sð Þ∣ds

+ ∣ϕ tð Þ∣ b1 〠
m

i=1
μi

1
ρ α+β+q−1ð Þ−1Γ α + β + q − 1ð Þ

"

�
ðξi
0

ξρi − sρ
� α+β+q−2

sρ−1 ∣ g1 sð Þ − g2 sð Þ ∣ ds

+ b2 〠
p

i=1
ri

1
ρ α+β−1ð Þ−1Γ α + β − 1ð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−2
sρ−1 ∣ g1 sð Þ − g2 sð Þ ∣ ds
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−
1

ρ α+β−1ð Þ−1Γ α + β − 1ð Þ
�
ð1
0
1 − sρð Þα+β−2sρ−1 ∣ g1 sð Þ − g2 sð Þ ∣ ds

#

+ 1
∣ψ2 ∣

a1 〠
m

i=1
σi

1
ρ α+β+qð Þ−1Γ α + β + qð Þ

"

�
ðξi
0

ξ
ρ
i − sρ

� α+β+q−1
sρ−1 ∣ g1 sð Þ − g2 sð Þ ∣ ds

+ a2 〠
p

i=1
δi

1
ρ α+βð Þ−1Γ α + βð Þ

�
ðηi
0

η
ρ
i − sρ

� α+β−1
sρ−1 ∣ g1 sð Þ − g2 sð Þ ∣ ds

#
: ð109Þ

Hence,

∣h1 tð Þ − h2 tð Þ∣ ≤ ∥ϖ∥ψ∥y − ~y∥: ð110Þ

By interchange the roles of y and ~y, we get

Hd F yð Þ − ~F ~yð Þ
� �

≤ ∥ϖ∥ψ∥y − ~y∥, ð111Þ

which implies thatF is a contraction.Hence, by the conclusion
of the Covitz and Nadler fixed point theorem, F has a fixed
point.
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