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In order to tackle the problem of how investors in financial markets allocate wealth to stochastic interest rate governed by a nested
stochastic differential equations (SDEs), this paper employs the Nash equilibrium theory of the subgame perfect equilibrium
strategy and propose an extended Hamilton-Jacobi-Bellman (HJB) equation to analyses the optimal control over the financial
system involving stochastic interest rate and state-dependent risk aversion (SDRA) mean-variance utility. By solving the
corresponding nonlinear partial differential equations (PDEs) deduced from the extended HJB equation, the analytical solutions
of the optimal investment strategies under time inconsistency are derived. Finally, the numerical examples provided are used to
analyze how stochastic (short-term) interest rates and risk aversion affect the optimal control strategies to illustrate the validity
of our results.

1. Introduction

Portfolio optimization, which is an important topic in the
financial market, has been studied by a vast of researchers
after the first publication by Markowitz [1]. In portfolio
optimization from a given utility function and system param-
eters, the optimal values of the control parameters are deter-
mined to maximize the final utility. Previous research results
in this field can be cataloged by the utilities used such as the
mean-variance utility [2], the endogenous habit formation
[3], the hyperbolic discounting [4], and the classic constant
relative risk aversion (CRRA) [5]. Among those utilities,
optimal asset allocation under mean-variance is one of the
very interesting and thought-provoking topics in the classic
results of financial economics. Under this framework, that
optimal asset allocation problem within multiple periods is
time-inconsistent which prohibits the application of the clas-
sical Bellman Optimality Principle. More precisely, the time
inconsistency states that the optimal control depends on
the starting point. This basically means that the control strat-

egy that is optimal on the full-time interval ½0, T� may
not be optimal in the subinterval of ½t, T�. Currently,
there are two widely used ways for handling this type
of problem.

One common method is called the buy and hold of the
precommitted strategy. From the point of economical mean-
ing, Kydland and Prescott [6] explain this tactic. Richardson
[7] is credited for being the first to study the portfolio optimi-
zation problem by using the mean-variance utility function
in the continuous time. He was soon followed by Bajeux-
Besnainou and Portait [8]. They used a single stock with a
constant risk-free rate for their studies. Using the same moti-
vation, Li and Ng [9] change the classical mean-variance
problem to a stochastic linear quadratic control one. Further
research such as adding transaction cost, extending, and
improving the models has been done by Dai et al. [10], Xue
et al. [11], Lim [12], Bielecki et al. [13], Yao et al. [14], and
Xia [15].

Recently, researchers have found that the volatility model
is constructed with a stochastic model rather than a
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deterministic model (see Christoffersen et al. [16], Heston
[17], Li et al. [18], Liu et al. [19]). Commonly used optimal
asset allocation strategies are mostly controlled by the
Hamilton-Jacobi-Bellman (HJB) equation. A more intense
way of analysing the time-inconsistent problem has been to
put it in a game theoretic context with the aim of making
the model more realistic. In brief, the control process under
a multiperiod time is like a game where the periods are
treated as multiple players. Each player presents the accord-
ingly current flavour and the incarnations of future tastes.
The game ends when we find the subgame perfect Nash equi-
librium point. As mentioned already, Markowitz [1] was the
pioneer of this field, and he can also be credited with intro-
ducing the game theory approach to tackle the mean-
variance portfolio optimization problem. Other researchers
who also used this approach are Vieille and Weibull [20],
Goldman [21], Peleg and Yaar [22], Pollak [23], Wu and
Zhuang [24], and Krusell and Smith [25]. Basak and Chaba-
kauri [26], especially, were interested in using the game the-
ory for the continuous portfolio optimization problem. And
the development, both from the modeling and the actual eco-
nomic meaning, is made by Bjork and Murgoci [27] through
extending the analysis to other different objective functions
than the mean-variance one. Along with the work of Bjork
et al. [4], Bjork and Murgoci [27] study the mean-variance
portfolio optimization by relaxing the CRRA into a dynamic
one which depends on the current wealth which is more eco-
nomically reasonable.

In this paper, we follow the work of Bjork et al. [4], with
the aim of making a further realistic financial model. We
achieve this by relaxing the assumption of a constant interest
rate and converting it to a stochastic (short-term) interest
rate that is nested by the shown SDE [28]:

drt = α + βrtð Þdt + εηθdBr
t : ð1Þ

The parameters in the stochastic processes are deter-
mined through the classical experimental data. For this par-
ticular problem, we then present the generalized extension
of the HJB equation, applying the developed control theory
with time inconsistency by Bjork and Murgoci [27]. Finally,
we will proceed to provide a numerical illustration to show
our results.

The remaining of the article is compiled in the following
manner: in Section 2, we explain the setting of the financial
market, while the structure is of a mean-variance optimal
asset portfolio model with the stochastic (short-term) inter-
est rate under state-dependent risk aversion (SDRA). Also,
an extension of the HJB equation is derived along with the
stochastic (short-term) interest rate. In Section 3, a closed-
form analytical solution is given for the optimal investment
strategy across a number of situations. The numerical study
is presented in Section 4 with some comparisons, and a con-
clusion is given in Section 5.

2. The Basic Framework

2.1. The Model. Let the model be composed of two assets
being a stock and a bond with the interest rate of the bond

being governed by a stochastic process. Then, the bond Ft
will follow the process described in the following SDE

dFt = Ftrtdt, F 0ð Þ = 1, ð2Þ

and the stock price St and stochastic interest rate rt are mod-
eled by the following stochastic process,

dSt = μStdt + σStdB
s
t , ð3Þ

drt = α + βrtð Þdt + εηθdBr
t , ð4Þ

with the parameter μ as the drift rate of St and σ as the vola-
tility of St . We assume that the Brownian motion ðBr

t , Bs
tÞ is

correlated with the correlation CovðBr
t , Bs

tÞ = ρsr . The sto-
chastic term structure model of interest rate, both single fac-
tor and multifactor, is nested within the above SDE (4). If we
choose the most suitable restrictions on the six para-
metersα, β, ε, θ, η, andρsr , then the SDE in (4) can be used
to describe an array of interest rate processes of which some
commonly known ones include Merton [29], Vasicek [30],
and the CIR model [31].

Here, the total wealth is given as Wt , while the initial
wealth is W0, and as mentioned above, we apportion this
wealth to the two asset classes. The amount of money we
invest in the stock St is denoted by ut , and the rest will be
invested in the bond. Thus, we have the stochastic process
of the total wealth

dWt = rtWt + μ − rtð Þut½ �dt + σutdB
s
t: ð5Þ

2.2. The Optimal Asset Portfolio Selection Model. Let U½0, T�
= fut : ½0, T�→ℝg be the set of all possible acceptable con-
trol strategies in the time period ½0, T�. Then, we define the
mean-variance portfolio selection problem as an optimal
solution for the most likely strategy that the mean-variance
utility is maximal at the termination period T . Also, the
mean-variance utility has risk aversion that depends on
wealth shown by γðwÞ. So we have the objective function J
of time t, interest rate r, wealth w, and the optimal strategy
u described as

J t, r,w, uð Þ = E WT½ � − γ wð Þ
2 Var WT½ �: ð6Þ

The goal is to solve for the most optimal admissible strat-
egy û such that the mean-variance utility function reaches its
maximal at the termination time T . Simply put, we want to
optimize our expected returns even when there is a risk
involved. Thus, we have the equation

V t, r,wð Þ =maxu∈U Et,r,w WU
T

� �
−
γ wð Þ
2 Vart,r,w WU

T

� �� �
= J t, r,w, ûð Þ:

ð7Þ
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We could rewrite Jðt, r,w, uÞ as

J t, r,w, uð Þ = Et,r,w F w,Wu Tð Þð Þ½ � + G w, Et,r,w Wu Tð Þ½ �ð Þ,
ð8Þ

where

F w, yð Þ = y −
γ wð Þ
2 y2,G w, yð Þ = γ wð Þ

2 y2: ð9Þ

2.3. The Game Theoretic Framework. There are various
approaches for solving time-inconsistent problems. One of
the most suited methods is to use the subgame perfect Nash
equilibrium theory by Bjork et al. [4], especially considering
our problem. The brief explanation of the theory is as follows:
suppose that we have several players and each player will
have a control u. If at the later time point t the player chooses
the optimal control uð·, tÞ, we simply regard that the player at
time l, l ≤ t, will still use this control uð·, lÞ as the optimal one.
Using this theory, then we can formally provide a mathemat-
ical equation for the formal equilibrium control as the follow-
ing equation

uΔt l, ·ð Þ =
u for t ≤ l < t + Δt,
û l, ·ð Þ, for t + Δt ≤ l ≤ T ,

(
ð10Þ

with ðt, r,wÞ ∈ ½0, T� × Rn × Rn and u ∈ Rk, Δt > 0.
When the condition

limΔt→0 inf J t, r,w, ûð Þ − J t, r,w, uΔtð Þ
Δt

≥ 0, ð11Þ

for ðt, r,wÞ ∈ ½0, T� × Rn × Rn and u ∈ Rk are satisfied, we can
define the û as the equilibrium control, and hence, we get the
equilibrium value function in the form of (7).

Because the traditional Bellman optimality principle can-
not be used to solve the optimal control problem with time
inconsistency, the extended HJB equations can be formulated
to solve this problem.

Definition 1. Let A be an infinitesimal generator; then, for any
fixed control u ∈U , the associate infinitesimal generator is
denoted as Au and thus is defined as follows

Au = ∂
∂t

+ a1
∂
∂w

+ b1
∂
∂r

+ a2
∂2

∂w2 + b2
∂2

∂r2
+ c

∂2

∂w∂r
, ð12Þ

where

a1 = rtwt + μ − rtð Þu, b1 = α + βrt , a2 =
1
2σ

2u2,

b2 =
1
2 ε

2η2θ, c = εηθσuρsr:
ð13Þ

From the analysis of Bjork and Murgoci [27], we define
the following extended HJB equations for the Nash equilib-
rium problem with a stochastic interest rate.

Theorem 2.

supu∈U AuV t, r,wð Þ − Auf t, r,w,wð Þ + Auf w t, r,wð Þf
− Au G ∗ gð Þ t, r,w,w,ð Þ +Hug t, r,w,wð Þg = 0, 0 ≤ t ≤ T ,

ð14Þ

has the following boundary conditions

Aû f y t, r,wð Þ = 0, Aûg t, r,wð Þ = 0, 0 ≤ t ≤ T ,
V T , r,wð Þ = F w,wð Þ + G w,wð Þ, f T , r,w, yð Þ

= F y,wð Þ, f t, r,w, yð Þ = f y t, r,wð Þ,
g T , r,wð Þ =w, G ∗ gð Þ t, r,wð Þ =G w, g t, r,wð Þð Þ,

Hug t, r,w,wð Þ =Gy w, g t, r,wð Þð Þ _Au
g t, r,wð Þ, Gy w, yð Þ = ∂G

∂y
w, yð Þ:

ð15Þ

We derived Theorem 2 above, please see Appendix.

Remark 3. In the above theorem, f ð·Þ represents f ðt, r,w, yÞ
and f yð·Þ represents f yðt, r,wÞ. Function f ð·Þ is not the same
as f yð·Þ. f ð·Þ is the function of the four variables t, r,w, y,
while f yð·Þ is a function of the three variables t, r,w. But if
the parameters y are fixed, f ðt, r,w, yÞ is equal to f yðt, r,wÞ.

3. The Main Results

In this paper, we describe risk aversion as the willingness to
accept the loss (or profit) when exposed to uncertainty in
the future. A risk-averse investor will be more cautious about
their wealth when the payoff at a later date is unknown. Such
a person will opt to place their wealth in a low-income-
generating investment, for instance, a checkable bank
account with high certainty rather than a high-income-
generating stock with high uncertainty. We can have a con-
stant risk-averse investor who bears the same investment
attitude towards different scenarios at all times.

Earlier research suggests that authors assumed the risk
aversion as a constant. This implies that the equilibrium solu-
tion of the control for the dollar-invested amount in the risky
asset was independent on the investor’s current wealth. We
relax this assumption to be more economically realistic and
impose a SDRA term. Further, we suggest the interest rate
be regarded as a stochastic process so that it reflects the real
economy rather than a constant rate with no relationship to
other economic factors.

3.1. Mean-Variance Utility with Stochastic Interest Rate
under SDRA. We proceed to give a more realistic equation
for the stochastic process, where the SDRA γðwÞ along with
a stochastic interest rate can give an investment strategy that
depends on the current wealth. This is,

J t, r,w,Uð Þ = Et,r,w WU
T

� �
−
γ wð Þ
2 Vart,r,w WU

T

� �
: ð16Þ

According to the extended HJB equation (14) in
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Theorem 2, we have

Vt + supu∈U a1Vw − b1Vr + a2Vww + b2Vrr + cVwrf
− a1 f y − a2 f yy − 2a2 f wy − cf yr − a1Gw − a2Gww

+ 2Gwygw +Gyyg
2
w − b2Gyyg

2
r − cGwygr + Gyygrgwg = 0,

ð17Þ

Aûf y t, r,wð Þ = 0, Aûg t, r,wð Þ = 0, 0 ≤ t ≤ T: ð18Þ

After the simplification (17), we have

Vt + supu∈U rtwt + μ − rtð Þutð Þ Vw − f y −Gw

h in
+ α + βrtð ÞVr +

1
2σ

2u2 Vww − f yy − 2f wy −Gww

h
− 2Gwygw −Gyyg

2
w

i
+ 1
2 ε

2η2θ Vrr −Gyyg
2
r

� �
+ εηθσuρsr Vwr − f yr −Gwygr − Gyygrgw

h io
= 0,

ð19Þ

f t + rtwt + μ − rtð Þûð Þ f w½ � + α + βrtð Þf r +
1
2σ

2u2 f ww

+ 1
2 ε

2η2θ f rr + εηθσuρsr f wr = 0,

ð20Þ

gt + rtwt + μ − rtð Þûð Þ gw½ � + α + βrtð Þgr +
1
2σ

2u2gww

+ 1
2 ε

2η2θgrr + εηθσuρsrgwr = 0,

ð21Þ

For the purpose of completeness, we recall the dynamics
processes,

V t, r,wð Þ = Et,r,w WÛ
T

h i
−
γ wð Þ
2 Vart,r,w WÛ

T

h i
,

f t, r,w, yð Þ = Et,r,w WÛ
T

h i
−
γ yð Þ
2 Et,r,w WÛ

T

� �2
� 	

,

g t, r,wð Þ = Et,r,w WÛ
T

h i
:

ð22Þ

From the above equations, we have

Vt = f t + γggt , Vw = f w + f y +
γw
2 g2 + γggw,Vr = f r + γggr ,

Vww = f ww + 2f wy + f yy +
γww
2 g2 + 2γwggw + γg2w + γggww,

Vrr = f rr + γg2r + γggrr ,Vwr = f wr + f yr + γwggr + γgrgw + γggwr ,

Gw = γw
2 y2, Gww = γww

2 y2,Gy = γy, Gyy = γ, Gwy = γwy:

ð23Þ

Substituting all the equations above to (19), we obtain

f t + γggt + supu∈U rtwt + μ − rtð Þutð Þ f w + γggw½ �
n

+ α + βrtð Þ f r + γggr½ � + 1
2σ

2u2 f ww + γggww½ �

+ 1
2 ε

2η2θ f rr + γggrr½ � + εηθσuρsr f wr + γggwr½ �
o
= 0,

ð24Þ

or

f t + γggt + supuZ = 0, ð25Þ

where

Z = rtwt + μ − rtð Þutð Þ f w + γggw½ � + α + βrtð Þ f r + γggr½ �
+ 1
2σ

2u2 f ww + γggww½ � + 1
2 ε

2η2θ f rr + γggrr½ �
+ εηθσuρsr f wr + γggwr½ �:

ð26Þ

The optimization problem in (25) requires dZ/dujû = 0,
that is

dZ
du






û

= μ − rtð Þ f w + γ wð Þggwð Þ + εηθσuρsr

� f wr + γ wð Þggwrð Þ + σ2 f ww + γ wð Þggwwð Þû = 0, ð27Þ

By solving the above equation (27), we obtain the optimal
control û as

ût = −
μ − rtð Þ f w + γ wð Þggwð Þ + εηθσuρsr f wr + γ wð Þggwrð Þ

σ2 f ww + γ wð Þggwwð Þ :

ð28Þ

Remark 4. If ρsr = 0, η = 0, the stochastic process of the
bond becomes a risk-free bond. Thus, our result (28) reduces
to

ût = −
f w + γ wð Þggwð Þβ

f ww + γ wð Þggwwð Þσ2 , ð29Þ

which is the same as Zhang et al. [32] if μ − rt = β.

3.2. Mean-Variance Utility with Stochastic Interest Rate
under CRRA. Here, we relax the assumption to consider the
case where the investor has the same risk tolerance all the
time, but the interest rate is still stochastic. The wealth
dynamic process is the same as (5) with the expected value
function as follows

J t, r,w,Uð Þ = Et,r,w F WU
T

� �� �
+G Et,r,w WU

T

� �� �
,

F wð Þ =w −
γ

2w
2,G wð Þ = γ

2w
2,

ð30Þ
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where

supu∈U AuVð Þ t, r,wð Þ = 0,
Vt + supu∈U a1Vw − b1Vr + a2Vww + b2Vrr + cVwrf g = 0,

Aûf = 0, Aûg = 0, f T , r,w,ð Þ =w −
γ

2w
2, g T , r,wð Þ =w:

ð31Þ

By using the same method such as (28), we have the opti-
mal control as

ût = −
μ − rtð Þ f w + γggwð Þ + εηθσuρsr f wr + γggwrð Þ

σ2 f ww + γggwwð Þ : ð32Þ

3.3. Mean-Variance Utility with Constant Interest Rate under
CRRA. We consider the simplest situation where both of
the assumptions are removed. That is, the investor has
the same risk tolerance all the time, and the interest rate
does not change in the life of the whole investment. The
dynamics of the wealth process are the same as (5) with
the expected value function of Jðt,w,UÞ = Et,w½FðWU

T Þ� +
GðEt,w½WU

T �Þ in (9). Therefore, the optimal control can
be shown as follows

ût = −
μ − rð Þ
σ2γ

e−r T−tð Þ: ð33Þ

4. Numerical Study

Using dimension analysis and applying the mean-variance
utility function for the returns instead of the wealth itself,
we naturally come up with the explicit form of the state-
dependent risk function. This model is called the “natural”
risk function, which is expressed as γðwÞ = γ/w. In an eco-
nomic sense, that is to say that when the investor is more
wealthy, the investor is more willing to invest in risky
assets.

We can then rewrite the problem of the nonlinear PDE
for the mean-variance portfolio optimization as

Aû f t, r,w, yð Þ = 0,
Aûg t, r,wð Þ = 0,

(
ð34Þ

with the operator

Au∧ = ∂
∂t

+ a1
∂
∂w

+ b1
∂
∂r

+ a2
∂2

∂w2 + b2
∂2

∂r2
+ c

∂2

∂w∂r
,

a1 = rtw + μ − rtð Þû, b1 = α + βrt , a2 =
1
2σ

2û2,

b2 =
1
2 ε

2η2θ, c = εηθσûρsr:

ð35Þ

In order to solve (34) numerically by the finite difference
method, we firstly assume that

f t,w, r, yð Þ = a t, rð Þw −
γ

2y b t, rð Þw2, g t, r,wð Þ = a t, rð Þw:

ð36Þ

Substituting (36) into the optimal control equation (28),
we obtain û = ~uw with the optimal control u∗ as

u∗ = μ − r
σ2

a − γb + γa2

γb
+ εηθσρsr

σ2
ar − γbr + γaar

γb
: ð37Þ

Thus, the two dimensional nonlinear PDEs reduce to a
one dimension nonlinear PDEs

_a + ~a1a + b1ar + b2arr +~car = 0,
1
2
_b + ~a1b +

1
2 b1br +

1
2 b2brr + ~a2b + br~c = 0:

ð38Þ

This problem can be solved numerically using the finite
difference method. The nonlinear term is discretized by the
fix-point iteration method. By using the above numerical
method, we analyze

(i) The optimal investment strategy under different risk
aversion

(ii) How the stochastic interest affects the optimal
investment under different risk aversion

(iii) The total wealth processes under different state-
dependent values of risk aversion

Relaxing some assumptions, we can make some of the
parameters being constant for the save of convenience while
still preserving generality. The values of the parameters are
provided in Table 1.

Figure 1 shows the optimal investment ratiou∗starting
from time t = 0to the end of the period t = Tunder different
CRRA values. During the investment period, the investor
gradually reduces the investment in the risky assets over the
long run under the different risk aversions. However, if the
investor is less risk-averse, the investor will increase the
investor’s holdings in the risky assets. On the contrary, when
risk aversion gets larger, the investment ratio of holding risky

Table 1: The value of parameters.

Parameter Symbol Value

Termination time T 1

Initial wealth w 0ð Þ 1

Risky asset appreciation rate μ 0.12

Risky asset volatility σ 0.2

Interest restriction parameter α 0.189

Interest restriction parameter β -0.1612

Interest restriction parameter θ 0

Interest rate volatility η 0.28

Coefficient between two assets ρsr -0.1
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assets decreases, which means that the investor will allocate
less money into the stock.

The optimal investment ratio versus the interest rate
under different risk aversions is depicted in Figure 2. We
could clearly see that the amount of money spent on the stock
will decrease as the interest rate increases. This is consistent
with our intuition. Also, we can find that under a small risk
aversion, the change of interest rate r causes more significant
change in the amount of money spent on the stock, which
means that under small risk aversion, the optimal control is
more sensitive to the interest rate.

We also plot the total wealth of investors from the time
when the interest rate isr = 0:01up to the existing time
whenr = 0:05for different SDRA valueγðwÞ. This is shown
in Figure 3. The figure is also captured at the terminal time
T which only give a qualitative explanation. From the figure,
we could see two trends: firstly, when risk aversions are small,
the wealth will decrease as the interest increase. Since when
the interest rate increases, we will spend less of the investor’s
wealth in the risky stock, as there is a chance that the general
loss in the risky investment is higher than the bond return.
Thus, the total wealth will decrease. On the other hand, when
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Figure 1: Optimal investment ratio u∗ with different γ:

0.0150.01 0.02 0.025 0.03 0.035 0.04 0.045 0.05
Interest rate r

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

O
pt

im
al

 co
nt

ro
l u

nd
er

 d
iff

er
en

t r
isk

 av
er

sio
ns

𝛾 = 3
𝛾 = 5

𝛾 = 7
𝛾 = 10

Figure 2: The relationship between u∗ and r under different γ.
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the risk aversions are large, we have a very limited investment
in risky assets, so the total wealth will increase because of the
relatively large amount of bonds return. But we can see that
the increase is very mild, since the return of the risk-free
bond will not be very high, which is reasonable.

For Figure 4, we show the investor’s wealth evolution
beginning from time t = 0 to the terminal time t = T under
different SDRA value γðwÞ. It is shown that generally, wealth
processes all have an increasing trend. However, this increase
has fluctuations due to the stochastic nature of the interest
rate and the stock which are stochastic in the context of
financial markets. Within a short time period, the wealth

increases slowly with frequent fluctuations, and in the long
run, the increasing trend will be more stable under the opti-
mal control strategy. Moreover, when a CRRA value γ is
small, the investor has a relatively more fluctuated wealth
process. When the γ gets larger, the wealth process is rela-
tively stable. This means that high risky assets sometimes
bring us more return.

5. Conclusions

In this paper, we come up with an analytical solution for the
portfolio optimization problem that contains a stochastic
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(short-term) interest rate. This problem is also governed by
the mean-variance utility function with SDRA. We then pro-
ceed to use the Nash equilibrium for a subgame strategy to
derive the equilibrium value function and also the equilib-
rium control policy and further provide analytical expres-
sions for these. As a result, we present the closed-form
solution for the associate portfolio selection model and ana-
lyse how the stochastic (short-term) interest rate and inves-
tor’s risk aversion will affect the optimal control policy.
This is done through a simplified financial setting that the
investor has a “natural risk aversion.” Finally, our numerical
results show that in the presence of a stochastic (short-term)
interest rate, the portfolio optimization problem is more eco-
nomically sensible than the one when we assume a constant
interest rate.

Appendix

A. Derivation of the Theorem 2

From the Hamilton-Jacobi-Bellman equation in [4], and the
objective function (6), we can obtain

Q t,Wt , Rtð Þ = supu∈U J t,Wt , Rt ,Uð Þ, ðA:1Þ

and consequently have

J t,Wt , Rt ,Uð Þ = Et,Wt ,Rt
F y,WU

T

� �� �
+ G y, Et,Wt ,Rt

WU
T

� �� �
,

ðA:2Þ

where the function F and function G have the forms
described in (9).

When the time condition satisfies l > t, we have

J l,Wl, Rl,Uð Þ = El,Wl ,Rl
F Yl,WU

T

� �� �
+G Yl, El,Wl ,Rl

WU
T

� �� �
,

ðA:3Þ

El,Wl ,Rl
F Yl,WU

T

� �� �
= f U l,Wl, Rl, Ylð Þ, ðA:4Þ

El,Wl ,Rl
WU

T

� �
= gU l,Wl, Rlð Þ: ðA:5Þ

Hence, the equation of (A.3) above can simply be written
as,

J l,Wl, Rl,Uð Þ = f U l,Wl, Rl, Ylð Þ +GU Yl, gU l,Wl, Rlð Þ� �
:

ðA:6Þ

On both sides of the equation, we apply expectations and
then we can get,

Et,Wt ,Rt
J l,Wl, Rl,Uð Þ½ � = Et,Wt ,Rt

f U
h

l,Wl, Rl, Ylð Þ + Et,Wt ,Rt

� G Yl, gU l,Wl, Rlð Þ� �h i
,

ðA:7Þ

and combine this result into the definition of (A.2), we then

have

Et,Wt ,Rt
J l,Wl, Rl,Uð Þ½ � = J t,Wt , Rt ,Uð Þ + Et,Wt ,Rt

� f U l,Wl, Rl, Ylð Þ
h i

− Et,Wt ,Rt
F y,WU

T

� �� �
+ Et,Wt ,Rt

G Yl, gU l,Wl, Rlð Þ� �� �
− G y, Et,Wt ,Rt

WU
T

� �� �
ðA:8Þ

From the condition of the iteration step by step, we
obtain

Et,Wt ,Rt
F y,WU

T

� �� �
= Et,Wt ,Rt

El,Wl ,Rl
F y, WU

T

� �� �� �
= Et,Wt ,Rt

f U l,Wl, Rl, ylð Þ
h i

,
ðA:9Þ

Et,Wt ,Rt
WU

T

� �
= Et,Wt ,Rt

El,Wl ,Rl
WU

T

� �
= Et,Wt ,Rt

gU l,Wl, Rlð Þ� �
:

ðA:10Þ

By substituting the results of (A.9) and (A.10) back into
the equation of (A.8), we can get

Et,Wt ,Rt
J l,Wl, Rl,Uð Þ½ � − Et,Wt ,Rt

f U l,Wl, Rl, Ylð Þ
h i

+ Et,Wt ,Rt
f U l,Wl, Rl, ylð Þ

h i
− J t,Wt , Rt ,Uð Þ

− Et,Wt ,Rt
G Yl, gU l,Wl, Rlð Þ� �� �

+G y, Et,Wt ,Rt
gU l,Wl, Rlð Þ� �� �

= 0:

ðA:11Þ

Then,

supu∈U
n
Et,Wt ,Rt

J l,Wl, Rl,Uð Þ½ � − Et,Wt ,Rt
f U l,Wl, Rl, Ylð Þ

h i
+ Et,Wt ,Rt

f U l,Wl, Rl, ylð Þ
h i

− J t,Wt , Rt ,Uð Þ
− Et,Wt ,Rt

G Yl, gU l,Wl, Rlð Þ� �� �
+ G yt , Et,Wt ,Rt

gU l,Wl, Rlð Þ� �� �o
= 0:

ðA:12Þ

Through our proposed problem (A.1) and the control law
as defined in the traditional research, we find out that the
control U coincides with the equilibrium law û in ½l, T�, and
then, we formulate the following,

J l,Wl, Rl, ûð Þ =Q l,Wl, Rlð Þ, f U l,Wl, Rl, yð Þ
= f l,Wl, Rl, yð Þ, gU l,Wl, Rlð Þ
= g l,Wl, Rlð Þ:

ðA:13Þ
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Thus, the optimization problem of (A.12) can be given as

supu∈U Et,Wt ,Rt
Q l,Wl, Rlð Þ½ � − Et,Wt ,Rt

f l,Wl, Rl, Ylð Þ½ �
+ Et,Wt ,Rt

f l,Wl, Rl, Ylð Þ½ � −Q t,Wt , Rtð Þ
− Et,Wt ,Rt

G Yl, g l,Wl, Rl, Ylð Þð Þ½ �
+ G yt , Et,Wt ,Rt

gU l,Wl, Rl, Ylð Þ� �� ��
= 0:

ðA:14Þ

Here, by using the following operator denotations for
similarity

Et,Wt ,Rt
Q l,Wl, Rlð Þ½ � −Q t,Wt , Rtð Þ = AuQ,

Et,Wt ,Rt
f l,Wl, Rl, Ylð Þ½ �

= Auf , Et,Wt ,Rt
f l,Wl, Rl, ylð Þ½ � = Auf y,

Et,Wt ,Rt
G Yl, g l,Wl, Rl, Ylð Þð Þ½ �

= AuG,G yt , Et,Wt ,Rt
gU l,Wl, Rl, Ylð Þ� �� �

=Hug:

ðA:15Þ

We finally have developed the following extended HJB
equation with stochastic volatility in the light of the work of
[4],

supu∈U AuV t, r,wð Þ − Auf t, r,w,wð Þ + Auf w t, r,wð Þf
− Au G ∗ gð Þ t, r,w,wð Þ +Hug t, r,w,wð Þg = 0, 0 ≤ t ≤ T:

ðA:16Þ
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