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In this article, we study some topological properties of the multiplication operator on generalized de La Vallée Poussin’s mean
sequence space equipped with the prequasi norm and the prequasi operator ideal generated by s-numbers and this sequence space.

1. Introduction

All through the article, by LðU , VÞ, we signify the space of all
bounded linear transformations between arbitrary Banach
spaces U and V ; if U = V , we mark LðUÞ. We will denote
FðVÞ, ΨðVÞ, and LcðVÞ for the space of all finite rank,
approximable, and compact transformations on V , respec-
tively. The set is composed of nonnegative integers (ℕ) and
real numbers (ℝ). Moreover, ℂℕ, ℓ∞, C0, ðsrðAÞÞ, ðdrðAÞÞ,
and ðαrðAÞÞ will denote the space of complex, bounded, null,
r-th s-numbers [1], r-th Kolmogorov, and approximation
sequences, respectively, where A ∈ LðU , VÞ. The multiplica-
tion operators and operator ideals have a wide field of math-
ematics in functional analysis, for instance, in eigenvalue
distributions theorem, fixed point theorem, geometry of
Banach spaces, and spectral theory. Singh and Kumar [2]
investigated the connection between the composition opera-
tors and the multiplication operators on Lq-spaces. They
proved the equivalence between the composition operator
A ∈ LcðLqðU ;ℂÞÞ and Bβ ∈ LcðLqðU ;ℂÞÞ, where Bβ is the

multiplication operator induced by β = dνB−1/dν. The roots
of the multiplication operators are contained in the spectral
theory. According to Hilbert space theorem, there is a unitary
equivalence between a multiplication operator and each nor-
mal operator on a separable Hilbert space. For more subtleties

on multiplication operators, see [2–7]. In view of sequence
spaces, Mursaleen and Noman [8] investigated some differ-
ence sequence spaces under compact matrix transformation.
The multiplication operators belong to LðℓφÞ, where φ is an
Orlicz function, studied by Komal and Gupta [9]. Further-
more, Komal et al. [10] explained the multiplication opera-
tors in LððcesqÞk:kÞ, for q ∈ ð1,∞Þ with the Luxemburg

norm k:k. In the operator ideal theory, the scalar sequence
space is sometimes used to define operator ideals in the class
of Banach spaces or Hilbert spaces, since the ideal LcðUÞ is
generated by C0 and ðdrðAÞÞ. A Banach spaceU is called sim-
ple [11], if there is one and only one nontrivial closed ideal in
LðUÞ. The quasi-ideals Sappℓq

, where q ∈ ð0,∞Þ, is investigated
by Pietsch [11]. Also, he proved that ℓ2 and ℓ1 generated the
ideals of Hilbert Schmidt operators between Hilbert spaces
and of nuclear operators, respectively. He also investigated
the sufficient condition on ℓq so that �FðU , VÞ = Sappℓq

ðU , VÞ
and LðℓqÞ is simple Banach space. Pietsch [12] studied the

smallness of Sappℓq
. For any infinite dimensional Banach spaces

U and V , Makarov and Faried [13] gave the sufficient condi-
tions for which Sappℓr

is strictly contained in Sappℓm
, for every m

> r > 0. Bakery [14] introduced some properties of SappVðγ,pÞ,
where Vðγ, pÞ is the generalized de La Vallée Poussin’s mean
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sequence space. Some properties of s-type Orlicz-Lorentz
sequence spaces are examined by Mohiuddine and Raj [15].
Faried and Bakery [16] introduced a generalization of the
usual classes of operator ideal which is prequasi operator
ideal. They explained some results of ScesðqÞ and Sℓφ . We
introduce in this paper the concept of prequasi norm on
Vðγ, pÞ, give the conditions on Vðγ, pÞ equipped with the
prequasi norm to construct Banach space, and study the
necessity and sufficient conditions on Vðγ, pÞ so that the
multiplication operator defined on Vðγ, pÞ is bounded,
invertible, approximable, closed range, and Fredholm opera-
tor. We investigate the sufficient conditions on the class
SVðγ,pÞ to form small, simple, closed Banach prequasi opera-
tor ideal. Also, we examine the strict inclusion relation
between SVðγ,pÞ and SλE (the class of all bounded linear opera-
tors whose sequence of eigenvalues belongs to Vðγ, pÞ).

2. Definitions and Preliminaries

Wewill denote ej = ð0, 0,⋯, 1, 0, 0,⋯Þ, with 1 in the jth posi-
tion for every j ∈ℕ.

Lemma 1 (see [11]). For T ∈ LðV ,WÞ, if T ∉ΨðV ,WÞ, then
there are operators B ∈ LðWÞ and G ∈ LðVÞ with BTGei = ei
for each i ∈ℕ.

Theorem 2 (see [11]). If W is a Banach space with dim ðWÞ
=∞, then

F Wð Þ ⫋Ψ Wð Þ ⫋ Lc Wð Þ ⫋ L Wð Þ: ð1Þ

Definition 3 (see [17]). An operator D ∈ LðVÞ is called Fred-
holm if it satisfies dim ðkerDÞ <∞, dim ðRðDÞÞc <∞, and
D has closed range, where ðRðDÞÞc denotes the complement
of the range D.

Let ðγkÞ ∈ ðℝ+Þℕ, where γ0 = 1, γk+1 ≥ γk, γk+1 ≤ γk + 1,
for all k ∈ℕ, limk→∞γk =∞ and ðpiÞ ∈ ðℝ+Þℕ with pi ≥ 1,
for all i ∈ℕ. Simsek et al. [18] defined the generalized de La
Vallée Poussin’s mean sequence space as follows:

V γ, pð Þ = x = xið Þ ∈ℂℕ : ∃η > 0with σ ηxð Þ <∞
� �
where σ xð Þ = 〠

∞

i=0

∑k∈Gi
xkj j

γi

� �pi

,
ð2Þ

and Gi = ½i − γi + 1, i�, for i ∈ℕ. The space ðVðγ, pÞ, k:kÞ,
where

xk k = inf η > 0 : σ
x
η

� �
≤ 1

� �
, ð3Þ

is a Banach space. When ðpnÞ ∈ ℓ∞, it is clear that

V γ, pð Þ = xið Þ ∈ℂℕ : 〠
∞

i=0

∑k∈Gi
xkj j

γi

� �pi

<∞

( )
: ð4Þ

For more details on Vðγ, pÞ, see [19, 20].

Remark 4.

(1) If γi = i + 1, for every i ∈ℕ, then Vðγ, pÞ = cesððpnÞÞ
examined by Sanhan and Suantai [21]

(2) If γi = i + 1 and pi = p, for all i ∈ℕ, then Vðγ, pÞ =
cesp. Some authors [22–24] investigated various sorts
of Cesáro summable sequence spaces

Definition 5 (see [25]). A class of linear sequence spaces X is
called a special space of sequences (sss) if

(1) ej ∈ X for each j ∈ℕ

(2) for u = ðujÞ ∈ℂℕ, v = ðvjÞ ∈ X and jujj ≤ jvjj for all j
∈ℕ, then u ∈ X

(3) for ðujÞ∞j=0 ∈ X, then ðu½j/2�Þ∞j=0 ∈ X, wherever ½j/2�
means the integral part of j/2

Theorem 6 (see [14]). Vðγ, pÞ is a (sss), if
(a1) ðpkÞ is increasing and ðpkÞ ∈ ℓ∞ with p0 > 1
(a2) ðγkÞ ∈ ðℝ+Þℕ, where γ0 = 1, γk+1 ≥ γk, γk+1 ≤ γk + 1,

for all k ∈ℕ, limk→∞γk =∞ and ðγ−1k Þ ∈ ℓðpkÞ are satisfied

Definition 7 (see [25]). A subclass of (sss) is called a premod-
ular (sss) if there is a function σ : X ⟶ ½0,∞Þ verifying the
conditions

(i) σðvÞ ≥ 0 for all v ∈ X and σðvÞ = 0⇔ v = θ, here θ is
the zero element of X

(ii) there is L ≥ 1 with σðηvÞ ≤ L∣η∣σðvÞ for each v ∈ X,
and η ∈ℂ

(iii) there is K ≥ 1, σðu + vÞ ≤ KðσðuÞ + σðvÞÞ for all u,
v ∈ X

(iv) for juij ≤ jvij for all i ∈ℕ, then σððuiÞÞ ≤ σððviÞÞ
(v) for some K0 ≥ 1, σððuiÞÞ ≤ σððu½i/2�ÞÞ ≤ K0σððuiÞÞ
(vi) for all u = ðujÞ∞j=o ∈ X and ε > 0, there is s ∈ℕ with

σððujÞ∞j=sÞ < ε

(vii) there is ξ > 0 such that σðη, 0, 0, 0,⋯Þ ≥ ξjηjσð1, 0,
0, 0,⋯Þ for each η ∈ℂ

Theorem 8 (see [14]). If conditions (a1) and (a2) are verified,
then ðVðγ, pÞÞσ is a premodular (sss), with σðxÞ =∑∞

j=0
ð∑k∈Gj

jxkj/γjÞpj for each x ∈ Vðγ, pÞ. The usual classes of oper-
ator ideal generalized to the prequasi operator ideal.

Definition 9 (see [25]). A function f : Φ⟶ ½0,∞Þ is called a
prequasi norm on the ideal Φ if it satisfies the following:

2 Journal of Function Spaces



(1) If A ∈ΦðU , VÞ, then f ðAÞ ≥ 0 and f ðAÞ = 0 if and
only if A = 0

(2) There is M ≥ 1 with f ðηAÞ ≤M∣η∣f ðAÞ, for each A ∈
ΦðU , VÞ and η ∈ℂ

(3) There is K ≥ 1 such that f ðA1 + A2Þ ≤ K½ f ðA1Þ + f
ðA2Þ�, for every A1, A2 ∈ΦðU , VÞ

(4) There is C ≥ 1, if A ∈ LðU0,UÞ, P ∈ΦðU , VÞ and
R ∈ LðV , V0Þ then f ðRPAÞ ≤ CkRkf ðPÞkAk, where
U0 and V0 are normed spaces

Notations 10 (see [16]).

SE ≔ SE U , Vð Þ ;UandV are Banach Spacesf g,
with SE U , Vð Þ≔ A ∈ L U , Vð Þ: si Að Þð Þ∞i=0 ∈ E

� �
:

SappE ≔ SappE U , Vð Þ ;U andV are Banach Spaces
� �

,
with SappE U , Vð Þ≔ A ∈ L U , Vð Þ: αi Að Þð Þ∞i=0 ∈ E

� �
:

SKolE ≔ SKolE U , Vð Þ ;U andV are Banach Spaces
n o

,

with SKolE U ,Vð Þ≔ T ∈ L U , Vð Þ: di Að Þð Þ∞i=0 ∈ E
� �

:

ð5Þ

Theorem 11 (see [16]). Let Eϱ be a premodular (sss), then the
function gðTÞ = ϱðsiðTÞÞ∞i=0 be a prequasi norm on SEϱ

.

During this paper, ðpiÞ ∈ ðℝ+Þℕ with ðpiÞ ∈ ℓ∞ and the
inequality [26] jaj + bjjpj ≤Hðjajjpj + jbjjpjÞ, where H = 2h−1,
h = supjpj, and pj ≥ 1 for all j ∈ℕ, will be used.

3. Main Results

We introduce a generalization of the usual norm, the concept
of prequasi norm on Vðγ, pÞ. We investigate the sufficient
conditions on Vðγ, pÞ equipped with a prequasi norm to
form Banach space.

Definition 12. Assume X is (sss). If there is a function σ : X
⟶ ½0,∞Þ satisfying the conditions

(i) σðvÞ ≥ 0 for all v ∈ X and σðvÞ = 0⇔ v = θ

(ii) there is L ≥ 1 with σðηvÞ ≤ LjηjσðvÞ for every v ∈ X,
and η ∈ℂ

(iii) there isK ≥ 1, we have σðu + vÞ ≤ KðσðuÞ + σðvÞÞ for
each u, v ∈ X

The space Xσ is called prequasi normed (sss). If X is com-
plete with σ, hence Xσ is called a prequasi Banach (sss). We
express the following two theorems without verification,
since they are clear.

Theorem 13. X is a prequasi norm (sss), if it is quasi norm
(sss).

Theorem 14. Every premodular (sss) is prequasi normed (sss).

Theorem 15. If conditions (a1) and (a2) are verified, then
ðVðγ, pÞÞϱ is a prequasi Banach (sss), with ϱðxÞ =∑∞

i=0
ð∑ j∈Gi

jxjj/γiÞpi for all x ∈ Vðγ, pÞ.

Proof. Let the conditions be satisfied, then from Theorem 8,
the space ðVðγ, pÞÞϱ is premodular (sss). From Theorem 14,
we have ðVðγ, pÞÞϱ which is a prequasi normed (sss). To
show that ðVðγ, pÞÞϱ is a prequasi Banach (sss), assume
xn = ðxnkÞ∞k=0 be a Cauchy sequence in ðVðγ, pÞÞϱ. Therefore,
for all ε ∈ ð0, 1Þ, there is n0 ∈ℕ such that for all n,m ≥ n0,
one has

ϱ xn − xmð Þ = 〠
∞

i=0

∑j∈Gi
xnj − xmj
��� ���
γi

0
@

1
A

pi

< εh: ð6Þ

Hence for n,m ≥ n0 and j ∈ℕ, we get

xnj − xmj
��� ��� < ε: ð7Þ

So ðxmj Þ is a Cauchy sequence in ℂ for fixed j ∈ℕ; this

gives limm→∞xmj = x0j for fixed j ∈ℕ. Hence, ϱðxn − x0Þ < εh,

for all n ≥ n0. Finally, to prove that x0 ∈ Vðγ, pÞ, we have

ϱ x0
	 


= ϱ x0 − xn + xn
	 


≤H ϱ xn − x0
	 


+ ϱ xnð Þ	 

<∞, ð8Þ

so x0 ∈ Vðγ, pÞ. This completes the proof.

Corollary 16. Let 1 < p <∞, then ðcespÞϱ be a prequasi

Banach (sss), with ϱðxÞ =∑∞
i=0ð∑i

j=0jxjj/i + 1Þp for all x ∈ cesp.

4. Multiplication Operator on Prequasi
Normed (sss)

We define here a multiplication operator on Vðγ, pÞ with
a prequasi norm and investigate the sufficient and neces-
sary conditions on the multiplication operator to become
bounded, closed range operator, approximable, invertible,
and Fredholm.

Definition 17. If η ∈ℂℕ, η ∈ ℓ∞ and Xϱ is a prequasi normed
(sss). An operator Tη is called multiplication operator if Tη

: X ⟶ X, where Tηy = ηy = ðηkykÞ∞k=0, for all y ∈ X. When
Tη ∈ LðXÞ, Tη is called the multiplication operator induced
by η.

Theorem 18. Let α ∈ℂℕ, the conditions (a1) and (a2) be
satisfied, hence α ∈ ℓ∞ if and only if Tα ∈ LððVðγ, pÞÞϱÞ,
with ϱðxÞ =∑∞

i=0ð∑j∈Gi
jxjj/γiÞpi for every x ∈ ðVðγ, pÞÞϱ.

Proof. Let the conditions be satisfied and α ∈ ℓ∞. Therefore,
there is D > 0 with ∣αk∣ ≤D, for each k ∈ℕ. For x ∈
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ðVðγ, pÞÞϱ, we have

ϱ Tαxð Þ = ϱ αxð Þ = ϱ αkxkð Þ∞k=0
	 


= ϱ αk xkkj jð Þ∞k=0
	 


= 〠
∞

i=0

∑ j∈Gi
αj xj
���� ��

γi

 !pi

≤ 〠
∞

i=0

∑j∈Gi
C xj
�� ��

γi

 !pi

≤ Lϱ xð Þ,

ð9Þ

where L = supiDpi ; this implies that Tα ∈ LððVðγ, pÞÞϱÞ:
Conversely, let Tα ∈ LððVðγ, pÞÞϱÞ to show that α ∈ ℓ∞. For,
if α ∉ ℓ∞, hence for all n ∈ℕ, there are in ∈ℕ with αin > n.
We have

ϱ Tαein
	 


= ϱ αein
	 


= ϱ αj ein
	 


j

� ∞
j=0

� �

= 〠
∞

i=0

∑j∈Gi
αj

�� �� ein	 

j

γi

 !pi

= 〠
∞

i=0

αin
�� ��
γi

 !pi

> 〠
∞

i=0

n
γi

� �pi
≥ inf

i
npiϱ ein

	 

= np0ϱ ein

	 

:

ð10Þ

This shows that Tα ∉ LððVðγ, pÞÞϱÞ. So, α ∈ ℓ∞.

Theorem 19. If α ∈ℂℕ and ðVðγ, pÞÞϱ is a prequasi normed

(sss), with ϱðxÞ =∑∞
i=0ð∑j∈Gi

jxjj/γiÞpi for each x ∈ ðVðγ, pÞÞϱ.
Hence, jαjj = 1 for each j ∈ℕ if and only if Tα is an isometry.

Proof. Suppose jαjj = 1, for every j ∈ℕ. Therefore,

ϱ Tαxð Þ = ϱ αxð Þ = ϱ αjxj
	 
∞

j=0

� 
= 〠

∞

i=0

∑j∈Gi
αj xj
���� ��

γi

 !pi

= 〠
∞

i=0

∑j∈Gi
xj
�� ��

γi

 !pi

= ϱ xð Þ,

ð11Þ

for all x ∈ ðVðγ, pÞÞϱ. Hence, Tα is an isometry. Conversely,
let ∣αn∣ < 1 for some n = n0. Then,

ϱ Tαen0
	 


= ϱ αen0
	 


= ϱ αj en0
	 


j

� ∞
j=0

� �

= 〠
∞

i=0

∑ j∈Gi
αj en0
	 


j

������ ���
γi

0
@

1
A

pi

= 〠
∞

i=0

αn0
γi

� �pi
< 〠

∞

i=0

1
γi

� �pi
< ϱ en0
	 


:

ð12Þ

Also, if ∣αn0 ∣ > 1, then we get ϱðTαen0Þ > ϱðen0Þ. There-
fore, we have a contradiction in the two cases. So, ∣αj∣ = 1,
for each j ∈ℕ.

Theorem 20. If α ∈ℂℕ, the conditions (a1) and (a2) are sat-
isfied and Tα ∈ LððVðγ, pÞÞϱÞ, where ρðxÞ =∑∞

r=0ð∑j∈Gr
jxjj/

γrÞpr for all x ∈ ðVðγ, pÞÞϱ. Then, Tα ∈ΨððVðγ, pÞÞϱÞ if and
only if ðαnÞ∞n=0 ∈ C0.

Proof. Let Tα be an approximable operator. Hence, Tα ∈
LcððVðγ, pÞÞϱÞ. To prove that ðαrÞ∞r=0 ∈ C0, assume ðαrÞ∞r=0 ∉
C0; hence, there is δ > 0 with Bδ = fr ∈ℕ : jαrj ≥ δg which
is an infinite set. Suppose d1,⋯d2,⋯, dn,⋯ be in Bδ. Then,
fedn : dn ∈ Bδg is an infinite bounded set in ðVðγ, pÞÞϱ. We
have

ϱ Tαedn − Tαedm
	 

= ϱ αedn − αedm
	 


= ϱ αk edn
	 


k
− epm

� 
k

� � ∞
k=0

� �

= 〠
∞

i=0

∑j∈Gi
αj edn
	 


j
− epm

� 
j

� �����
����

γi

0
BB@

1
CCA

pi

≥ 〠
∞

i=0

∑j∈Gi
δ edn
	 


j
− epm

� 
j

� �����
����

γi

0
BB@

1
CCA

pi

≥ inf
n
δpn

� 
〠
∞

i=0

∑ j∈Gi
edn
	 


j
− epm

� 
j

� �����
����

γi

0
BB@

1
CCA

pi

= inf
n
δpn

� 
ρ edn − edm
	 


,

ð13Þ

for all dn, dm ∈ Bδ. This proves fedn : dn ∈ Bδg ∈ ℓ∞ which
cannot have a convergent subsequence under Tα. Therefore,
this gives Tα ∉ LcððVðγ, pÞÞϱÞ, so Tα ∉ΨððVðγ, pÞÞϱÞ; this
implies a contradiction. Therefore, limn→∞αn = 0. Conversely,
suppose limn→∞αn = 0. Hence, for all δ > 0, the set Bδ =
fn ∈ℕ : jαnj ≥ δg is finite. We have

V γ, pð Þð Þϱ
� 

Bδ

= x = xnð Þ ∈ V γ, pð Þð Þϱ : n ∈ Bδ

� �
, ð14Þ

which is a finite dimensional space for all δ > 0. Hence,
TαjððVðγ, pÞÞϱÞBδ

is a finite rank operator. Define αi ∈ℂℕ

as follows

αið Þj =
αj, j ∈ B1/i,
0, otherwise:

(
ð15Þ
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It is clear that since Tαi
is a finite rank operator, then the

space ððVðγ, pÞÞϱÞB1/i
is finite dimensional for each i ∈ℕ.

Therefore, by using conditions (a1) and (a2), we have

ϱ Tα − Tαn

	 

x

	 

= ϱ αj − αnð Þj

� 
xj

� ∞
j=0

� �

= 〠
∞

i=0,i∈B1/n

∑j∈Gi
αj − αnð Þj
� 

xj
��� ���

γi

0
@

1
A

pi

+ 〠
∞

i=0,i∉B1/n

∑j∈Gi
αj − αnð Þj
� 

xj
��� ���

γi

0
@

1
A

pi

= 〠
∞

i=0,i∈B1/n

∑ j∈Gi ,j∉B1/n
αjxj
�� ��

γi

 !pi

+ 〠
∞

i=0,i∉B1/n

∑j∈Gi ,j∉B1/n
αjxj
�� ��

γi

 !pi

< 1
n
〠
∞

i=0

∑j∈Gi
xj
�� ��

γi

 !pi

= 1
n
ϱ xð Þ:

ð16Þ

This proves that kTα − Tαn
k ≤ 1/n. So, Tα is a limit of

finite rank operators. This finishes the proof.

Theorem 21. If α ∈ℂℕ, the conditions (a1) and (a2) are sat-
isfied and Tα ∈ LððVðγ, pÞÞϱÞ, where ρðxÞ =∑∞

i=0ð∑j∈Gi
jxjj/

γiÞpi for all x ∈ ðVðγ, pÞÞϱ. Then, Tα ∈ LcððVðγ, pÞÞϱÞ if and
only if ðαnÞ∞n=0 ∈ C0.

Proof. It is clear so omitted.

Corollary 22. If conditions (a1) and (a2) are satisfied, we have

Lc V γ, pð Þð Þϱ
� 

⫋ L V γ, pð Þð Þϱ
� 

, ð17Þ

with ϱðxÞ =∑∞
i=0ð∑ j∈Gi

jxjj/γiÞpi for each x ∈ Vðγ, pÞ.

Proof. Since the multiplication operator induced by α =
ð1, 1,Þ is I ∈ LððVðγ, pÞÞϱÞ, therefore I ∉ LcððVðγ, pÞÞϱÞ.

Theorem 23. Let ðVðγ, pÞÞϱ be a prequasi Banach (sss), with

Tα ∈ LððVðγ, pÞÞÞϱÞ and ϱðxÞ =∑∞
i=0ð∑j∈Gi

jxjj/γiÞpi for each
x ∈ Vðγ, pÞ. Hence, α is bounded away from zero on ker ðαÞc
if and only if Tα has closed range.

Proof. Let the sufficient conditions be satisfied. Therefore,
there is ε > 0 such that jαjj ≥ ε, for every j ∈ ker ðαÞc. To show
that RðTαÞ is closed, suppose q be a limit point of RðTαÞ.
Hence, there is Tαxj in ðVðγ, pÞÞϱ, for all j ∈ℕ such that

lim j→∞Tαxj = q. Clearly, the sequence Tαxj is a Cauchy
sequence. Therefore, since ρ is nondecreasing, one can see

ϱ Tαxn − Tαxmð Þ
= ϱ αj xnð Þj − αj xmð Þj

� ∞
j=0

� �

= 〠
∞

i=0

∑j∈Gi
αj xnð Þj − αj xmð Þj
��� ���

γi

0
@

1
A

pi

= 〠
∞

i=0,i∈ker αð Þc

∑j∈Gi
αj xnð Þj − αj xmð Þj
��� ���

γi

0
@

1
A

pi

+ 〠
∞

i=0,i∉ker αð Þc

∑j∈Gi
αj xnð Þj − αj xmð Þj
��� ���

γi

0
@

1
A

pi

≥ 〠
∞

i=0,i∈ker αð Þc

∑j∈Gi
αj xnð Þj − αj xmð Þj
��� ���

γi

0
@

1
A

pi

= 〠
∞

i=0

∑j∈Gi
αj ynð Þj − αj ymð Þj
��� ���

γi

0
@

1
A

pi

> 〠
∞

i=0

∑j∈Gi
ε ynð Þj − ε ymð Þj
��� ���

γi

0
@

1
A

pi

= ϱ ε yn − ymð Þð Þ,

ð18Þ

where

ynð Þj =
xnð Þj, j ∈ ker αð Þc,
0, j ∉ ker αð Þc:

(
ð19Þ

Hence, ðynÞ is a Cauchy sequence in ðVðγ, pÞÞϱ since
ðVðγ, pÞÞϱ is complete. So, there is x ∈ ðVðγ, pÞÞϱ with
limn→∞yn = x. Since Tα is continuous, hence limn→∞Tαyn =
Tαx. But limn→∞Tαxn = limn→∞Tαyn = q. Therefore, Tαx =
q. Hence, q ∈ RðTαÞ. This gives RðTαÞ is closed. Let the neces-
sary condition be satisfied; this means RðTαÞ be closed. There-
fore, Tα is bounded away from zero on ððVðγ, pÞÞρÞker ðαÞc ,
i.e., there is ε > 0 such that ϱðTαxÞ ≥ ϱðεxÞ, for all x ∈
ððVðγ, pÞÞϱÞker ðαÞc . Let D = fj ∈ ker ðαÞc : jαjj < εg. If D ≠ ϕ,

then for n0 ∈D, since ϱ is nondecreasing, we have

ϱ Tαen0
	 


= ϱ αj en0
	 


j

� ∞
j=0

� �
= ϱ αj en0

	 

j

������ ���� ∞
j=0

� �

= 〠
∞

i=0

∑j∈Gi
αj en0
	 


j

������ ���
γi

0
@

1
A

pi

< 〠
∞

i=0

∑j∈Gi
ε en0
	 


j

��� ���
i + 1

0
@

1
A

pi

= ϱ εen0
	 


:

ð20Þ
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This gives a contradiction. Therefore, D = ϕ with ∣αj∣
≥ ε, for each j ∈ ker ðαÞc. This completes the proof.

Theorem 24. If α ∈ℂℕ and ðVðγ, pÞÞϱ is a prequasi Banach

(sss), with ϱðxÞ =∑∞
i=0ð∑j∈Gi

jxjj/γiÞpi for each x ∈ Vðγ, pÞ.
Hence, there is b > 0 and B > 0 such that b < α j < B; for each
j ∈ℕ if and only if Tα ∈ LððVðγ, pÞÞϱÞ is invertible.

Proof.Assume that the sufficient condition be verified. Define
η ∈ℂℕ by ηj = 1/αj. Then by Theorem 18, Tα and Tη are
bounded linear operators. Also, Tα · Tη = Tη · Tα = I. Hence,
Tη is the inverse of Tα. Conversely, suppose the necessary
condition be satisfied. Therefore, RðTαÞ = ððVðγ, pÞÞρÞℕ.
Hence, RðTαÞ is closed. From Theorem 23, there is b > 0 so
that jαjj ≥ b, for all j ∈ ker ðαÞc. Now, ker ðαÞ = ϕ; otherwise,
αn0 = 0, for some n0 ∈ℕ, we have en0 ∈ ker ðTαÞ. Since ker
ðTαÞ is trivial, this gives a contradiction. Therefore, jαjj ≥
b, for each j ∈ℕ. From Theorem 18, since Tα is bounded,
there is B > 0 so that jαjj ≤ B, for every j ∈ℕ. Therefore,
we have showed that b ≤ jαjj ≤ B, for all j ∈ℕ.

Theorem 25. If ðVðγ, pÞÞϱ is a prequasi Banach (sss), with

Tα ∈ LððVðγ, pÞÞϱÞ and ρðyÞ =∑∞
i=0ð∑j∈Gi

jyjj/γiÞpi for every
y ∈ Vðγ, pÞ. Hence, Tα be Fredholm operator if and only
if (i) ker ðαÞ be a finite subset of ℕ. (ii) jα jj ≥ ε, for each
j ∈ ker ðαÞc.

Proof. Let Tα be Fredholm. Assume kerðαÞ be an infinite
subset of ℕ, then ej ∈ kerðTαÞ, for each j ∈ ker ðαÞ. This
gives dim ðker ðTαÞÞ =∞; hence, we have a contradiction.
Therefore, ker ðαÞ be a finite subset of ℕ. From Theorem
23, condition (ii) follows. On the other hand, let the nec-
essary condition be satisfied. From Theorem 23, condition
(ii) shows that RðTαÞ is closed and condition (i) gives that
dim ðker ðTαÞÞ <∞ and dim ðRðTαÞÞc <∞. This finishes
the proof.

5. Closed Banach Prequasi Ideal

We study the sufficient conditions on Vðγ, pÞ so that the pre-
quasi ideal SVðγ,pÞ are Banach and closed.

Theorem 26. Let X and Y be Banach spaces, (a1) and (a2) be
satisfied, then ðSðVðγ,pÞÞρ , gÞ is a prequasi Banach operator

ideal, where gðTÞ = ρððsnðTÞÞ∞n=0Þ and ρðxÞ =∑∞
i=0ð∑ j∈Gi

jxjj/
γiÞpi for each x ∈ Vðγ, pÞ.

Proof. From Theorem 8, the space ðVðγ, pÞÞρ is a premodular
(sss). Hence, by using Theorem 11, we have the function
gðTÞ = ρððsnðTÞÞ∞n=0Þ that is a prequasi norm on SðVðγ,pÞÞϱ .
Suppose ðT jÞ be a Cauchy sequence in SðVðγ,pÞÞϱðX, YÞ, then
by part (vii) of Definition 7 there is ξ > 0 and since SðVðγ,pÞÞϱ
ðX, YÞ ⊆ LðX, YÞ, we get

g Ti − T j

	 

= 〠

∞

r=0

1
γr

〠
k∈Gr

sk Ti − T j

	 
 !pr

≥ 〠
∞

r=0

1
γr

Ti − T j

�� ��� �pr
≥ ξ Ti − T j

�� ��〠∞
r=0

1
γr

� �pr
:

ð21Þ

Therefore, ðT jÞj∈ℕ be a Cauchy sequence in LðX, YÞ.
Since LðX, YÞ is a Banach space, hence there is T ∈ LðX, YÞ
with limi→∞kTi − Tk = 0. Since ðsnðTiÞÞ∞n=0 ∈ ðVðγ, pÞÞϱ for
each i ∈ℕ, from parts (ii), (iii), (iv), and (v) of Definition 7,
we have

g Tð Þ = 〠
∞

r=0

1
γr

〠
k∈Gr

sk Tð Þð
 !pr

= 〠
∞

r=0

1
γr

〠
k∈Gr

sk T − Tm + Tmð Þð
 !pr

≤ K〠
∞

r=0

1
γr

〠
k∈Gr

s k
2½ � T − Tmð Þ

 !pr

+ K〠
∞

r=0

1
γr

〠
k∈Gr

s k
2½ � Tmð Þ

 !pr

≤ K〠
∞

r=0

1
γr

〠
k∈Gr

Tm − Tk k
 !pr

+ KK0 〠
∞

r=0

1
γr

〠
k∈Gr

sk Tmð Þ
 !pr

< ε:

ð22Þ

Therefore, ðsjðTÞÞ∞j=0 ∈ ðVðγ, pÞÞρ; hence, T ∈ SðVðγ,pÞÞϱ
ðX, YÞ.

Theorem 27. Let X and Y be Banach spaces, (a1) and (a2) be
satisfied, then ðSðVðγ,pÞÞϱ , gÞ is a prequasi closed operator ideal,
where gðTÞ = ρððsnðTÞÞ∞n=0Þ and ρðxÞ =∑∞

i=0ð∑j∈Gi
jxjj/γiÞpi

for each x ∈ Vðγ, pÞ.

Proof. From Theorem 8, the space ðVðγ, pÞÞρ is a premodu-
lar (sss). Hence, by using Theorem 11, we have the function
gðTÞ = ρððsnðTÞÞ∞n=0Þ that is a prequasi norm on SðVðγ,pÞÞϱ .
Suppose T j ∈ SðVðγ,pÞÞϱðX, YÞ for each j ∈ℕ and limm→∞g

ðTm − TÞ = 0. Since SðVðγ,pÞÞϱðX, YÞ ⊆ LðX, YÞ and from part

(vii) of Definition 7, we have

g T − Tmð Þ = 〠
∞

r=0

1
γr

〠
k∈Gr

sk T − Tmð Þ
 !pr

≥ 〠
∞

r=0

1
γr

T − Tmk k
� �pr

≥ ξ T − Tmk k〠
∞

r=0

1
γr

� �pr
:

ð23Þ
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Hence, ðTmÞm∈ℕ is convergent in LðX, YÞ. Since
ðsnðTiÞÞ∞n=0 ∈ ðVðγ, pÞÞϱ for each i ∈ℕ, from parts (ii),
(iii), (iv), and (v) of Definition 7, we obtain

g Tð Þ = 〠
∞

r=0

1
γr

〠
k∈Gr

sk Tð Þð Þpr = 〠
∞

r=0

1
γr

〠
k∈Gr

sk T − Tm + Tmð Þð Þpr

≤ K 〠
∞

r=0

1
γr

〠
k∈Gr

s k/2½ � T − Tmð Þ
 !pr

+ K 〠
∞

r=0

1
γr

〠
k∈Gr

s k/2½ � Tmð Þ
 !pr

≤ K 〠
∞

r=0

1
γr

〠
k∈Gr

Tm − Tk k
 !pr

+ KK0 〠
∞

r=0

1
γr

〠
k∈Gr

sk Tmð Þ
 !pr

< ε:

ð24Þ

Therefore, ðsnðTÞÞ∞n=0 ∈ ðVðγ, pÞÞρ. Hence, T ∈ SðVðγ,pÞÞϱ
ðX, YÞ.

6. Small and Simple Prequasi Banach
Operator Ideal

We introduce some inclusion relations concerning prequasi
operator ideal constructed by the sequence of s-numbers
and Vðγ, pÞ.

Theorem 28. If X, Y are infinite dimensional Banach spaces,
ðprÞ ∈ ℓ∞, ðqrÞ ∈ ℓ∞ with 1 < pr < qr , and 1 ≤ γr ≤ νr for every
r ∈ℕ, then

SV γ,pð Þ X, Yð Þ ⫋ SV ν,qð Þ X, Yð Þ ⫋ L X, Yð Þ: ð25Þ

Proof. Assume the sufficient conditions be verified and T ∈
SVðγ,pÞðX, YÞ. Therefore, ðskðTÞÞ ∈ Vðγ, pÞ. We have

〠
∞

r=0

1
νr

〠
k∈Gr

sk Tð Þ
 !qr

< 〠
∞

r=0

1
γr

〠
k∈Gr

sk Tð Þ
 !pr

<∞: ð26Þ

Hence, T ∈ SVðν,qÞðX, YÞ. By taking ðsrðTÞÞ∞r=0 such that

∑k∈Gr
skðTÞ = γrðr + 1Þ−1/pr , one can find T ∈ LðX, YÞ so that

〠
∞

r=0

1
γr

〠
k∈Gr

sk Tð Þ
 !pr

= 〠
∞

r=0

1
r + 1 =∞,

〠
∞

r=0

1
νr

〠
k∈Gr

sk Tð Þ
 !qr

≤ 〠
∞

r=0

1
γr

〠
k∈Gr

sk Tð Þ
 !qr

= 〠
∞

r=0

1
r + 1

� �qr/pr
<∞:

ð27Þ

Hence, T ∈ SVðν,qÞðX, YÞ and T ∉ SVðγ,pÞðX, YÞ. Obviously,
SVðγ,pÞðX, YÞ ⊂ LðX, YÞ. By choosing ðsrðTÞÞ∞r=0 such that

∑k∈Gr
skðTÞ = νrðr + 1Þ−1/qr . We have T ∈ LðX, YÞ and T ∉

SVðν,qÞðX, YÞ. This finishes the proof.

Corollary 29. If X, Y are infinite dimensional Banach spaces
and 1 < p < q <∞, it is true that

Scesp X, Yð Þ ⫋ Scesq X, Yð Þ ⫋ L X, Yð Þ: ð28Þ

We investigate the sufficient conditions so that the prequasi
Banach operator ideal SappVðγ,pÞ is small.

Theorem 30. The prequasi Banach operator ideal SappVðγ,pÞ is
small, whenever X, Y are infinite dimensional Banach spaces
and the conditions (a1) and (a2) are satisfied.

Proof. If the sufficient conditions are verified, therefore the

space ðSappVðγ,pÞ, gÞ is a prequasi Banach operator ideal, with g

ðTÞ = 1/ηð∑∞
i=0ðγ−1i ∑j∈Gi

αjðTÞÞpiÞ
1/h

and η = ð∑∞
i=0γ

−pi
i Þ1/h.

Suppose that SappVðγ,pÞðX, YÞ = LðX, YÞ, so there is C > 0 so that
gðTÞ ≤ CkTk for each T ∈ LðX, YÞ. From Dvoretzky’s theo-
rem [27] for all m ∈ℕ, we obtain subspaces Mm of Y and
quotient spaces X/Nm transform onto ℓm2 by isomorphisms
Am and Hm with kAmkkA−1

m k ≤ 2 and kHmkkH−1
m k ≤ 2. If Jm

is the natural embedding map from Mm into Y and Qm is
the quotient map from X onto X/Nm, suppose vn denotes
the Bernstein numbers [28], we have

1 = un Imð Þ = vn AmA
−1
m ImHmH

−1
m

	 

≤ Amk kvn A−1

m ImHm

	 

H−1

m

�� ��
= Amk kvn JmA

−1
m ImHm

	 

H−1

m

�� ��
≤ Amk kdn JmA

−1
m ImHm

	 

H−1

m

�� ��
= Amk kdn JmA

−1
m ImHmQm

	 

H−1

m

�� ��
≤ Amk kαn JmA

−1
m ImHmQm

	 

H−1

m

�� ��,

ð29Þ

for 0 ≤ i ≤m. Now

〠
j∈Gi

γ−1i
	 


≤ 〠
j∈Gi

Amk kγ−1i αj JmA
−1
m ImHmQm

	 

H−1

m

�� ��⇒ 1

≤ Amk k γ−1i 〠
j∈Gi

αj JmA
−1
m ImHmQm

	 
 !
H−1

m

�� ��⇒ 1

≤ Amk k H−1
m

�� ��	 
pi γ−1i 〠
j∈Gi

αj JmA
−1
m ImHmQm

	 
 !pi

:

ð30Þ
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Therefore,

m + 1ð Þ1/h ≤ L Amk k H−1
m

�� ��
� 〠

m

i=0
γ−1i 〠

j∈Gi

αj JmA
−1
m ImHmQm

	 
 !pi
" #1/h

⇒ 1
η

m + 1ð Þ1/h ≤ L Amk k H−1
m

�� �� 1
η

� 〠
m

i=0
γ−1i 〠

j∈Gi

αj JmA
−1
m ImHmQm

	 
 !pi
" #1/h

⇒ 1
η

m + 1ð Þ1/h ≤ L Amk k H−1
m

�� ��g JmA
−1
m ImHmQm

	 

⇒ 1

η
m + 1ð Þ1/h ≤ LC Amk k H−1

m

�� �� JmA
−1
m ImHmQm

�� ��
⇒ 1

η
m + 1ð Þ1/h ≤ LC Amk k H−1

m

�� �� JmA
−1
m

�� ��
� Imk k HmQmk k = LC Amk k H−1

m

�� �� A−1
m

�� ��
� Imk k Hmk k⇒ 1

η
m + 1ð Þ1/h ≤ 4LC,

ð31Þ

for some L ≥ 1. Since m is an arbitrary, this gives a contradic-
tion. Therefore, dim ðXÞ <∞ and dim ðYÞ <∞ when SappVðγ,pÞ
ðX, YÞ = LðX, YÞ. This finishes the proof.

We introduce the next theorem without verification;
these can be set up utilizing standard procedure.

Theorem 31. The prequasi Banach operator ideal SKolVðγ,pÞ is
small, whenever X, Y are infinite dimensional Banach spaces
and the conditions (a1) and (a2) are satisfied.

Corollary 32. The prequasi Banach operator ideal Sappcesp
is

small, if X, Y are infinite dimensional Banach spaces and p
∈ ð1,∞Þ.

Corollary 33. The prequasi Banach operator ideal SKolcesp
is

small, if X, Y are infinite dimensional Banach spaces and p
∈ ð1,∞Þ.

We examine the sufficient conditions so that the prequasi
Banach operator ideal SVðγ,pÞ is simple.

Theorem 34. If X, Y are infinite dimensional Banach spaces,
ðpjÞ ∈ ℓ∞, ðqjÞ ∈ ℓ∞ with 1 < pj < qj, and 1 ≤ γj ≤ νj for each
j ∈ℕ, it is true that

Ψ SV ν,qð Þ, SV γ,pð Þ
� 

= L SV ν,qð Þ, SV γ,pð Þ
� 

: ð32Þ

Proof. Let the sufficient conditions be given, T ∈ LðSVðν,qÞ,
SVðγ,pÞÞ and T ∉ΨðSVðν,qÞ, SVðγ,pÞÞ. From Lemma 1, we have
A ∈ LðSVðν,qÞÞ and B ∈ LðSVðγ,pÞÞ with BTAIk = Ik. For each k
∈ℕ, we obtain

Ikk kSV γ,pð Þ
= 〠

∞

n=0

1
γn

〠
i∈Gn

si Ikð Þ
 !pn

≤ BTAk k Ikk kSV ν,qð Þ

≤ 〠
∞

n=0

1
νn

〠
i∈Gn

si Ikð Þ
 !qn

:

ð33Þ

In view of Theorem 28, we get a contradiction. Therefore,
T ∈ΨðSVðν,qÞ, SVðγ,pÞÞ.

Corollary 35. If X, Y are infinite dimensional Banach spaces,
ðpjÞ ∈ ℓ∞, ðqjÞ ∈ ℓ∞ with 1 < pj < qj, and 1 ≤ γj ≤ νj for each
j ∈ℕ, it is true that

LC Sces qnð Þð Þ, Sces pnð Þð Þ
� 

= L SV ν,qð Þ, SV γ,pð Þ
� 

: ð34Þ

Theorem 36. The prequasi Banach operator ideal SVðγ,pÞ is
simple, if X, Y are infinite dimensional Banach spaces and
the conditions (a1) and (a2) are satisfied.

Proof. Let the sufficient conditions be given and there is T
∈ LCðSVðγ,pÞÞ with T ∉ΨðSVðγ,pÞÞ. From Lemma 1, we have
A, B ∈ LðSVðγ,pÞÞ so that BTAIk = Ik. This means that ISVðγ,pÞ
∈ LCðSVðγ,pÞÞ. Consequently, LðSVðγ,pÞÞ = LCðSVðγ,pÞÞ. There-
fore, SVðγ,pÞ is simple.

7. Eigenvalues of s-Type Operators

We investigate the strict inclusion relation between SVðγ,pÞ
and SλE (the class of all bounded linear operators whose
sequence of eigenvalues belongs to Vðγ, pÞ).

Notations 37. SλE ≔ fSλEðX, YÞ ; X andY are Banach Spacesg,
where SλEðX, YÞ≔ fT ∈ LðX, YÞ: ðλiðTÞÞ∞n=0 ∈ E and kT − λn
ðTÞIk−1 ; does not exist for every n ∈ℕg.

Theorem 38. If X, Y are infinite dimensional Banach spaces
and conditions (a1) and (a2) are satisfied, it is true that

SV γ,pð Þ X, Yð Þ ⫋ SλV γ,pð Þ X, Yð Þ: ð35Þ

Proof. Let the sufficient conditions be verified and T ∈ SVðγ,pÞ
ðX, YÞ. Therefore, ðsnðTÞÞ∞n=0 ∈ Vðγ, pÞ. Hence, we have

〠
∞

r=0

1
γr

〠
k∈Gr

sk Tð Þ
 !pr

≥ 〠
∞

r=0
sr Tð Þ½ �pr : ð36Þ

Hence, ðsrðTÞÞ∞r=0 ∈ ℓðprÞ, so limr→∞srðTÞ = 0: Assume

kT − srðTÞIk−1 exists for every r ∈ℕ. Therefore,
kT − srðTÞIk−1 exists and bounded for every r ∈ℕ. This gives
limr→∞kT − srðTÞIk−1 = kTk−1 exists and bounded. From the
prequasi operator ideal of ðSVðγ,pÞ, gÞ, we obtain
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I = TT−1 ∈ SV γ,pð Þ X, Yð Þ⇒ sr Ið Þð Þ∞r=0
∈ V γ, pð Þ⇒ lim

r→∞
sr Ið Þ = 0: ð37Þ

We have a contradiction, since limr→∞srðIÞ = 1. There-
fore, kT − srðTÞIk = 0 for every r ∈ℕ. Hence, ðsrðTÞÞ∞r=0 is
the eigenvalues of T. Finally, if we choose ðsrðTÞÞ∞r=0 such that
∑k∈Gr

skðTÞ = γrðr + 1Þ−1/pr , we find T ∈ LðX, YÞ such that

∑∞
r=0ð1/γr∑k∈Gr

skðTÞÞpr =∑∞
r=01/ðr + 1Þ =∞ and if we take

ðλrðTÞÞ∞r=0 such that ∑k∈Gr
λkðTÞ = γr/ðr + 1Þ: Hence, T ∉

SVðγ,pÞðX, YÞ and T ∈ SλVðγ,pÞðX, YÞ. This finishes the proof.
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