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In this article, we study some topological properties of the multiplication operator on generalized de La Vallée Poussin’s mean
sequence space equipped with the prequasi norm and the prequasi operator ideal generated by s-numbers and this sequence space.

1. Introduction

All through the article, by L(U, V), we signify the space of all
bounded linear transformations between arbitrary Banach
spaces U and V; if U=V, we mark L(U). We will denote
F(V), ¥(V), and L(V) for the space of all finite rank,
approximable, and compact transformations on V, respec-
tively. The set is composed of nonnegative integers (IN) and
real numbers (R). Moreover, CN, £, C,, (s,(A)), (d,(A)),
and (a,(A)) will denote the space of complex, bounded, null,
r-th s-numbers [1], r-th Kolmogorov, and approximation
sequences, respectively, where A € L(U, V). The multiplica-
tion operators and operator ideals have a wide field of math-
ematics in functional analysis, for instance, in eigenvalue
distributions theorem, fixed point theorem, geometry of
Banach spaces, and spectral theory. Singh and Kumar [2]
investigated the connection between the composition opera-
tors and the multiplication operators on L,-spaces. They
proved the equivalence between the composition operator
A€eL(L,(U;C)) and BgeL(L,(U;C)), where By is the
multiplication operator induced by 8= dvB™'/dv. The roots
of the multiplication operators are contained in the spectral
theory. According to Hilbert space theorem, there is a unitary
equivalence between a multiplication operator and each nor-
mal operator on a separable Hilbert space. For more subtleties

on multiplication operators, see [2-7]. In view of sequence
spaces, Mursaleen and Noman [8] investigated some differ-
ence sequence spaces under compact matrix transformation.
The multiplication operators belong to L(£,,), where ¢ is an
Orlicz function, studied by Komal and Gupta [9]. Further-
more, Komal et al. [10] explained the multiplication opera-
tors in L((cesq)H.H), for g€ (1,00) with the Luxemburg

norm ||.||. In the operator ideal theory, the scalar sequence
space is sometimes used to define operator ideals in the class
of Banach spaces or Hilbert spaces, since the ideal L (U) is
generated by C; and (d,(A)). A Banach space U is called sim-
ple [11], if there is one and only one nontrivial closed ideal in
L(U). The quasi-ideals SZ’P , where g € (0, 00), is investigated
by Pietsch [11]. Also, he proved that €, and £, generated the
ideals of Hilbert Schmidt operators between Hilbert spaces
and of nuclear operators, respectively. He also investigated

the sufficient condition on €, so that F (U, V) =S (U, V)
q

and L(¢,) is simple Banach space. Pietsch [12] studied the

smallness of S?fp. For any infinite dimensional Banach spaces

U and V, Makarov and Faried [13] gave the sufficient condi-
tions for which ;" is strictly contained in Sy*, for every m

>r>0. Bakery [14] introduced some properties of S?,P(I;’m,
where V(y, p) is the generalized de La Vallée Poussin’s mean
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sequence space. Some properties of s-type Orlicz-Lorentz
sequence spaces are examined by Mohiuddine and Raj [15].
Faried and Bakery [16] introduced a generalization of the
usual classes of operator ideal which is prequasi operator
ideal. They explained some results of S, and S, We
introduce in this paper the concept of prequasi norm on
V(. p), give the conditions on V(y,p) equipped with the
prequasi norm to construct Banach space, and study the
necessity and sufficient conditions on V(y,p) so that the
multiplication operator defined on V(y,p) is bounded,
invertible, approximable, closed range, and Fredholm opera-
tor. We investigate the sufficient conditions on the class
Sy(yp) to form small, simple, closed Banach prequasi opera-
tor ideal. Also, we examine the strict inclusion relation
between Sy, ,) and St (the class of all bounded linear opera-

tors whose sequence of eigenvalues belongs to V(y, p)).

2. Definitions and Preliminaries

We will denote e = (0,0, -
tion for every j € IN.

-, 1,0,0, -++), with 1 in the j posi-

Lemma 1 (see [11]). For Te L(V, W), if T ¢ ¥ (V, W), then
there are operators Be L(W) and G € L(V) with BT Ge, = ¢,
for each i e N.

Theorem 2 (see [11]). If W is a Banach space with dim (W)
= 00, then

F(W) §¥(W) S L(W) SL(W). (1)

Definition 3 (see [17]). An operator D € L(V) is called Fred-
holm if it satisfies dim (kerD) < co, dim (R(D)) < co, and
D has closed range, where (R(D))" denotes the complement
of the range D.

Let (;) € (R)™, where y, =1, Y1 2 Vpp Vi ¥+ 1
for all ke N, lim;_,,y, =00 and (p;) € (RN with p,>1,
for all i € N. Simsek et al. [18] defined the generalized de La
Vallée Poussin’s mean sequence space as follows:

V(y,p)={x=(x;) € CN : 3n>0witho(nx) < co}

where o(x) = i (Zk%lwy ] (2)

i=0

and G;=[i—y,+1,i], for ie N. The space (V(y,p),|-|l)

where
||x|=inf{;7>o:o<f> 31}, (3)
"

is a Banach space. When (p,) € £, it is clear that

00 X pi
V(y,p)z{(xi)ecN;z<M) <oo}. (4)

20 Yi
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For more details on V(y, p), see [19, 20].

Remark 4.

(1) If y; =i+ 1, for every i € N, then V(y,p) =ces((p,))
examined by Sanhan and Suantai [21]

(2) If y,=i+1 and p,=p, for all i €N, then V(y,p)=
ces,. Some authors [22-24] investigated various sorts
of Cesaro summable sequence spaces

Definition 5 (see [25]). A class of linear sequence spaces X is
called a special space of sequences (sss) if

(1) ejeX for each je N

(2) for u=(u;) € CN,v=(v;) €X and |uj| < |vj| for all j
€N, thenueX

(3) for (uj);,fOEX, then (”U/Z]);:OEX’ wherever [j/2]

means the integral part of j/2

Theorem 6 (see [14]). V(y, p) is a (sss), if
(al) (py) is increasing and (p,.) € €., with py> 1

(a2) (y,) € (R)™, where yp =1 Vi.y 2 Ve Vi SVi+ L
forall k€N, lim;_, .y, = co and (y;!) € 8y, are satisfied

Definition 7 (see [25]). A subclass of (sss) is called a premod-
ular (sss) if there is a function o : X — [0, 00) verifying the
conditions

(i) o(v) =0 forallve X and o(v) =0 & v=0, here 0 is
the zero element of X

(i) there is L > 1 with o(nv) < L|ylo(v) for each v € X,
andneC

(iii) there is K>1, o(u+v) <K(o(u) +o(v)) for all u,
veX

(iv) for |u;] <|v;| for all i € N, then o((%;)) <o((v;))

(v) for some Ky > 1, o((1;)) <o ((uy)) < Koo ((u;))

(vi) for all u= (uj);’jo € X and ¢ > 0, there is s € N with

ol(u)) <

(vii) there is & > 0 such that o(#,0,0,0, ---) > &|5|o (1,0,
0,0, ---) for each n e C

Theorem 8 (see [14]). If conditions (al) and (a2) are verified,
then (V(y,p)), is a premodular (sss), with o(x)=}7,

(ZkeGj |xk|/yj)P1 foreach x € V(y, p). The usual classes of oper-

ator ideal generalized to the prequasi operator ideal.

Definition 9 (see [25]). A function f : @ — [0, 00) is called a
prequasi norm on the ideal @ if it satisfies the following:
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(1) If Ae®(U, V), then f(A)>0 and f(A)=0 if and

onlyif A=0

(2) There is M > 1 with f(nA) < Mly|f(A), for each A €
O(U,V)andyeC

(3) There is K>1 such that f(A, +4,) <K[f(A
(A,)], for every A}, A, e ®(U,V)

(4) There is C>1, if AeL(Uy, U), Pe®(U,V) and
ReL(V,V,) then f(RPA)<C|R|f(P)||A], where
U, and V,, are normed spaces

)+f

Notations 10 (see [16]).

Sg={Sg(U, V) ; Uand V are Banach Spaces},
with Sp(U, V)= {A € L(U, V): (5,(A))%, € E}.

Sg¥ = {S¢"(U, V); Uand V are Banach Spaces },
with S (U, V) = {A € L(U, V): (a;(A))5, € E}.

i=0
Kol = {SKDZ(U V) ; Uand V are Banach Spaces},

with S§(U, V) = {T € L(U, V): (d;(A))%, € E}.

i=0

()

Theorem 11 (see [16]). Let E, be a premodular (sss), then the
function g(T) = o(s;(T))s, be a prequasi norm on Sk,-

During this paper, (p,) € (R")™ with (p,) € £, and the
inequality [26] |a; + b;|" < H(|a;|" + |b;|"7), where H = 2h-1
h=supp;, and p; > 1 for all j € N, will be used.

3. Main Results

We introduce a generalization of the usual norm, the concept
of prequasi norm on V(y, p). We investigate the sufficient
conditions on V(y,p) equipped with a prequasi norm to
form Banach space.

Definition 12. Assume X is (sss). If there is a function o : X
— [0, 00) satisfying the conditions

(i) o(v)>0forallveXando(v)=0ev=0

(i) there is L >1 with o(nv) < L|y|o(v) for every v € X,
andyeC

(iii) thereis K >1,wehaveo(u+v) <K(o(u) +o(v)) for
eachu,veX

The space X, is called prequasi normed (sss). If X is com-
plete with o, hence X, is called a prequasi Banach (sss). We
express the following two theorems without verification,
since they are clear.

Theorem 13. X is a prequasi norm (sss), if it is quasi norm

(sss).

Theorem 14. Every premodular (sss) is prequasi normed (sss).

Theorem 15. If conditions (al) and (a2) are verified, then
(V(y.p)), is a prequasi Banach (sss), with Q(x) =},

(ZjeG[|xj|/yi)Pi for all x € V(y,p).

Proof. Let the conditions be satisfied, then from Theorem 8,
the space (V(y,p)), is premodular (sss). From Theorem 14,

we have (V(y,p)), which is a prequasi normed (sss). To
show that (V(y,p)), is a prequasi Banach (sss), assume
x" = (x})12, bea Cauchy sequence in (V(y,p)),. Therefore,

for all € € (0,1), there is n, € N such that for all n, m > n,,
one has

pi
oS} Z‘EG, xj - x’f"
o(x" —x™) = Z il ISR § BV (6)
i=0 Vi
Hence for n, m > n, and j € N, we get
xj - x]"" <e. (7)

So (x}") is a Cauchy sequence in C for fixed j € IN; this
XM —xO for fixed j € N. Hence, o(x" — x°) < &",

m—0oo”7)

for all n > n,. Flnally, to prove that x° € V(y, p), we have

gives hm

Q(x%) =o(x* - x" +x") <H((x" —x°) +0(x")) <00, (8)
s0 x” € V(y, p). This completes the proof.

Corollary 16. Let 1<p<oco, then (cesp) be a prequasi
Banach (sss), with g(x) = Zfoo(zj olx;l7i+ 1y for all x € ces,,

4. Multiplication Operator on Prequasi
Normed (sss)

We define here a multiplication operator on V(y,p) with
a prequasi norm and investigate the sufficient and neces-
sary conditions on the multiplication operator to become
bounded, closed range operator, approximable, invertible,
and Fredholm.

Definition 17.1f n e CN, € £, and X, is a prequasi normed
(sss). An operator T, is called multiplication operator if T,
: X — X, where T,y =ny = (1,y;)-o> for all y € X. When
T, € L(X), T, is called the multiplication operator induced

by #.

Theorem 18. Let o € CN, the conditions (al) and (a2) be
satisfied, hence a€ly, if and only if T, €L((V(y,p)),)

with Q(x) = X5 (e, xil1v,)" for every x € (V(p,p)),

Proof. Let the conditions be satisfied and « € €. Therefore,
there is D>0 with |a|<D, for each ke N. For x¢



(V(y,p))g, we have

Q(Tyx) =Q(ax) = Q((“kxk)ioo) = ((I“kllxkl)?’o)

()t

20 Yi

where L=sup,D"; this implies that T, € L((V(y,p)),)-
Conversely, let T, € L((V(y,p)),) to show that a € €. For,
if a ¢ £, hence for all n € N, there are i, € N with a; >n.
We have

(¢9)

Q(szein) = Q(“ein) =Q ((af (ei")f‘)j:o

)
<,€G> G, >> i(y—) o

Yi
n\?i
o s s

i

e I8

I
(=]

>

1

This shows that T, ¢ L((V(y,p)),)- So, a € £,

Theorem 19. If « € CN and (V(y »P)), is a prequasi normed

(sss), with Q(x) = Yo (ZJGG |x;|/y,)"" for each x € (V (1))
if and only if T, is an isometry.

Proof. Suppose |a;| =1, for every j € N. Therefore,
2
(e8] o i
o(Tx) = (ax) = (o)) 7, ) = (M)
=0

Yi
() e

for all x € (V(y, p)),
let |a,| < 1 for some n = n,. Then,

(11)

. Hence, T, is an isometry. Conversely,

_ OZO: (ZjeG,- @j j
26 26 e

Also, if |a, | > 1, then we get o(T,e, ) > (e, ). There-
fore, we have a contradiction in the two cases. So, |ocj| =1,
for each j € IN.
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Theorem 20. If a € CN, the conditions (al) and (a2) are sat-

isfied and T, € L((V(y,p)),), where p(x)=¥2)(Yjeq |x;l/
y,)'r for all x € (V(y>p))y Then, T, € ¥((V(y,p)),) zfand
only if (6,)24 € Cy.

Proof. Let T, be an approximable operator. Hence, T, €

L.((V(y,p)),)- To prove that (a,);2, € C,, assume (), ¢
C,; hence, there is § >0 with Bg={re N : |a,| >} which
is an infinite set. Suppose d, ---d,, ---, d,, --- be in Bs. Then,
{eq :d, €Bs} is an infinite bounded set in (V(y,p)),. We

have

Q(Tocedn - Taedm)

= Q(aedn - ocedm)

=0 (“k((edn)k - (epm)k)):io)
2 aj<(ed")1 - (er>j>’ Pi

iz v
5 z 2jeG, 5((6,1,;?: - (epm)])‘ 2 13)
> (12f813,,> 2 Yjec, <(ed"z; _ (epm)]) ’ 2

for all d,,d,, € Bs. This proves {e; :d, €Bs} €, which
cannot have a convergent subsequence under T,. Therefore,
this gives T, ¢ L((V(y:p))y)s s0 Ta ¢ ¥((V(y:p)),)s this
implies a contradiction. Therefore, lim,,_,,«, = 0. Conversely,
suppose lim, ,  a,=0. Hence, for all § >0, the set By=

n—oo0""'n

{neN:|a,| >0} is finite. We have

(V(y:p))o :neBsts  (14)

((VOrp)),), = {x=(x)e

Bs

which is a finite dimensional space for all §>0. Hence,
T,[((V(y.p)),), s a finite rank operator. Define ; € cN
)

as follows

J€Byis

(%L={%’ (15)

0, otherwise.
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It is clear that since T, is a finite rank operator, then the
s ﬁmte dimensional for each ieN.

space ((V (V’p))Q)Bm

Therefore, by using conditions (al) and (a2), we have

e((To~Ta,)x)
- Q( ((Xj - (a”)f)xj)j—o)
0 (z jea | (o (@), xj|> p,-

Yi

pi
L (Bl
i=0,i¢B, , Vi (16)
S (Zeasmalol)
Z ( Yi

Il
v”_M

i=0,i€By,,
2] Z . (x,x.‘ Pi
+ Z JEGHjEB |77
i=0,i¢B, Yi
Ppi
13 G |X; 1
< _Z ZJEGz’ ]| _ —Q(X).

nis Vi h

This proves that ||T, - T, || <1/n. So, T, is a limit of
finite rank operators. This finishes the proof.

Theorem 21. If a € CY, the conditions (al) and (a2) are sat-

isfied and T, € L((V(y,p)),)» where p(x)= Y5 (Yjec, %1/
y)¥" for all x € (V(y,p)),. Then, T, €L ((V(y,p)),) if and
only if (a,),%9 € Co.

Proof. It is clear so omitted.

Corollary 22. If conditions (al) and (a2) are satisfied, we have

L((vre)y) SL((Vrp)),)- (17)

with g(x) = Z?:()O(ZjeG,|xj|/Yi)pi for each x € V(y, p).

Proof. Since the multiplication operator induced by a=

(L L) isT€L((V(y,p)),), therefore I ¢ L.((V(y,p)),)-

Theorem 23. Let (V(y, p)), be a prequasi Banach (sss), with

Ty € L(V(y:p)y) and o(x) = X5 (jeq, 1x|1y,)" for each

x € V(y,p). Hence, « is bounded away from zero on ker (&)
if and only if T, has closed range.

Proof. Let the sufficient conditions be satisfied. Therefore,
there is & > 0 such that |a;| > ¢, for every j € ker () . To show
that R(T,) is closed, suppose g be a limit point of R(T,).
Hence, there is T,x; in (V(y,p)), for all j€N such that

lim, , T, x;=q. Clearly, the sequence T,

]4)00 a”ry

x; is a Cauchy
sequence. Therefore, since p is nondecreasing, one can see

Q(Taxn - Totxm)

o (s, ay(5),) ",
v (z,-eq oy x,); - og»(xm),.\) !

i=0 yi

% (zjeci\aj<xn>j—oq(xm)j\)”’

i=0,icker (a)° Vi
% jec o) = 9 (5
+ Z jeG; |%j nlj j\m)j (18)
i=0,igker (a)° Vi
pl
O )|
> )
i=0,ieker (a) Yi

Il
'M8

1
o

e |5 00); = @0\
Yi

(zfer <00),- s(ym)f‘) Pi =Q(e(r, = ¥m)

\

i
o

Yi

where

)= { Gy Jeker (@) (19)

0, j ¢ ker (a)“.

Hence, (y,) is a Cauchy sequence in (V(y,p)), since
(V(y:p)), is complete. So, there is x € (V(y,p)), with
lim,_, .y, = x. Since T is continuous, hence lim,_, Ty, =
T, x. But limn_,ooTaxn lim, ., T,y,=q. Therefore, T x =
q- Hence, g € R(T,,). This gives R(T,) is closed. Let the neces-
sary condition be satisfied; this means R(T,) be closed. There-

fore, T, is bounded away from zero on ((V(y,p)) )ker (@

ie., there is €>0 such that o(T,x)>q(ex), for all xe¢

((V(y,p)) )ker (o Let D= {jeker (a)°: |aj| <e}. If D#¢,
then for n, € D, since @ is nondecreasing, we have




This gives a contradiction. Therefore, D=¢ with |aj]
>e¢, for each je€ker (a). This completes the proof.

Theorem 24. If « € CN and (V(y, p)), is a prequasi Banach
(559) with 0(x) = X5 (Yeq, %17, for each x€ V(y,p).
Hence, there is b> 0 and B> 0 such that b < a; < B; for each
jeNifand only if T, € L((V(y, p)),) is invertible.

Proof. Assume that the sufficient condition be verified. Define
neCN by 1;=1/a;. Then by Theorem 18, T, and T, are
bounded linear operators. Also, T, - T, =T, - T, = I. Hence,
T, is the inverse of T,. Conversely, suppose the necessary
condition be satisfied. Therefore, R(T,)=((V(y,p)) P)N.
Hence, R(T,) is closed. From Theorem 23, there is b > 0 so
that |a;| > b, for all j € ker (). Now, ker (a) = ¢; otherwise,
a, =0, for some n, € N, we have e, €ker (T,). Since ker
(T,) is trivial, this gives a contradiction. Therefore, |a;| >

b, for each j€ N. From Theorem 18, since T, is bounded
there is B>0 so that |a;| < B, for every j€ N. Therefore,

we have showed that b < |a;[ <B, for all j€N.

Theorem 25. If (V(y, p)), is a prequasi Banach (sss), with

Ty € L((V(y:p))y) and p(y) = XZ0(Tjeq, il1v,)" for every
y€V(y,p). Hence, T, be Fredholm operator if and only
if (i) ker (a) be a finite subset of N. (ii) |a;| > ¢, for each
jeker (a)“.

Proof. Let T, be Fredholm. Assume ker(«) be an infinite
subset of N, then e; € ker(T,), for each jeker («). This
gives dim (ker (T,)) = 0o; hence, we have a contradiction.
Therefore, ker («) be a finite subset of IN. From Theorem
23, condition (ii) follows. On the other hand, let the nec-
essary condition be satisfied. From Theorem 23, condition
(ii) shows that R(T,) is closed and condition (i) gives that
dim (ker (T,)) <co and dim (R(T,))‘ < co. This finishes
the proof.

5. Closed Banach Prequasi Ideal

We study the sufficient conditions on V (y, p) so that the pre-
quasi ideal Sy, ) are Banach and closed.

Theorem 26. Let X and Y be Banach spaces, (al) and (a2) be
satisfied, then (S(V(%p» g) is a prequasi Banach operator

ideal, where g(T) = p((s,(T));29) and p(x) = X55(X e, 1,1/
y,)f" for each x € V(y, p).

Proof. From Theorem 8, the space (V(y, p)), is a premodular

(sss). Hence, by using Theorem 11, we have the function
g(T) = p((s,(T)),2,) that is a prequasi norm on Sy TR

Suppose (T) be a Cauchy sequence in Sy, Viyp)), (X, Y) then
by part (vii) of Definition 7 there is £ > 0 and since S(V(y,p))o
(X,Y)CSL(X,Y), we get
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(2 Zamn))

Y keG,

> (ln-nl) == 3 ()

: (21)

=
!

|

I
Mg

r=0

v

Therefore, (Tj)je]N be a Cauchy sequence in L(X,Y).

Since L(X, Y) is a Banach space, hence there is T € L(X, Y)
with lim;_, || T; = T|| = 0. Since (s,(T;)),% € (V(y,p)), for
each i € N, from parts (ii), (iii), (iv), and (v) of Definition 7,
we have

YrkeG r=0 7 keG,

<KZ< Zsk T-T,, )p

= Y keG,

+1_<z< Y sy )Pr

Vrkec
<1<Z ( YT, —T|>

=0 \Vr keG,

Py
+KKOZ <1 ZSk(Tm)> <e.

r=0 T keG,

0 pr 00 b,
o(1)= . (i y <sk<T>> -y (i Y (5(T-T,+ Tm>>

(22)

Therefore, (sj(T));’:’O €(V(y,p)),s hence, Te S,
(X, 7).

Theorem 27. Let X and Y be Banach spaces, (al) and (a2) be
satisfied, then (S, o ).» 9) is a prequasi closed operator ideal,

where Q(T)=P((S (T))ﬁoo) and p(x) = X%(Ljeq, 1xl/y,)"
for each x € V(y,p).

Proof. From Theorem 8, the space (V(y,p)), is a premodu-

lar (sss). Hence, by using Theorem 11, we have the function
9(T) = p((s,(T)),2,) that is a prequasi norm on Sy

Suppose T; € S(VW,»Q(X, Y) for each jeN and lim,, g
(T,, - T)=0. Since S(V(y,p))Q(X, Y) CL(X,Y) and from part

(vii) of Definition 7, we have

yP))y

o) P,
oT-T,)=Y (i Y 5(T - Tm>>

=0 \Vr keG,
(o8 1 Py (8 1 P,
zZ(Y—HT—Tmn) zf|T—Tm||Z(y—)
r=0 r r=0 r
(23)
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Hence, (T,),y is convergent in L(X,Y). Since
(54(T)poo € (V(y,p)), for each ieN, from parts (i),
(iii), (iv), and (v) of Definition 7, we obtain

a1 =Y =Y (s(T)) = Zyi S (ST =T,y + T,

=0 Vr keG, =0 Vr keG,
0 1 Py
< KZ = Z Sz (T = T))
=0 \Vr keG,
© (1 Py
+ KZ <— Z S[kIZ](Tm)>
r=0 r keG,
0 1 by
<Ky (= YT, -7
=0 \Vr keG,
© /1 Py
+KKOZ — Zsk(Tm) <e.
r=0 1 keG,

(24)
Therefore, (s,(T)),%) € (V(y,p)),. Hence, Te¢ NN
(X, Y).

6. Small and Simple Prequasi Banach
Operator Ideal

We introduce some inclusion relations concerning prequasi
operator ideal constructed by the sequence of s-numbers
and V(y, p).

Theorem 28. If X, Y are infinite dimensional Banach spaces,
(p,) € (q,) €y with 1<p, < q,, and 1 <y, < v, for every
r €N, then

Svipp (X Y) €Sy (X, Y) S L(X, Y). (25)

Proof. Assume the sufficient conditions be verified and T €
Sviyp) (X Y). Therefore, (si(T)) € V(y, p). We have

o8] 9 oo Py
> (i > Sk(T)> <) (i D sk(T)> <oco. (26)

r=0 \Vr keG, r=0 7 keG,

Hence, T €Sy, (X,Y). By taking (s,(T));2, such that
ke, Sk(T) =y, (r+ 1)""P, one can find T € L(X, Y) so that

N[ L o1 ’ (27)
Z v_zsk(T) SZ —ZSk(T)

Hence, T € Sy(,,,) (X, Y) and T ¢ Sy, (X, Y). Obviously,
Sv(yp) (X Y) CL(X,Y). By choosing (s,(T));2, such that
2kec,Sk(T) =v,(r+ 1)"%. We have T€L(X,Y) and T ¢
SV (v,q) (X Y). This finishes the proof.

Corollary 29. If X, Y are infinite dimensional Banach spaces
and 1 < p < q< oo, it is true that

S (X, Y)ES

E]
CESq

(X, Y) SL(X, Y). (28)

cesp (

We investigate the sufficient conditions so that the prequasi
. app .

Banach operator ideal Sviyp) small.

Theorem 30. The prequasi Banach operator ideal S‘:,P(ﬁ, )

small, whenever X, Y are infinite dimensional Banach spaces
and the conditions (al) and (a2) are satisfied.

is

Proof. 1f the sufficient conditions are verified, therefore the

space (S?f(};) e g) is a prequasi Banach operator ideal, with g

(T) = Un(E5 (07 jeq, (1)) and 7= (5™

Suppose that S?fg/)p) (X,Y)=L(X,Y), so there is C > 0 so that

g(T) <C||T|| for each T € L(X,Y). From Dvoretzky’s theo-
rem [27] for all m € N, we obtain subspaces M,, of Y and
quotient spaces X/N,, transform onto £7' by isomorphisms
A,y and H, with [[A,|[4;]| <2 and [[H, |[|H!] <2.1¢],,
is the natural embedding map from M,, into Y and Q,, is
the quotient map from X onto X/N,,, suppose v, denotes
the Bernstein numbers [28], we have

1=u,(I,)=v,(A,A, 1,H,H,)

m-Tm - mT T mT T m

< A1V (A LuHo) | Hot |

m-m-om

= A1V (Jin A L) || Hp |

m-Tm "m-"m

< [[Aulldy (T A o) | Hot |

m-Tm "m-"m

= 1Al (JnA T H,u Q) || H |

m-Tm-m

< ([ Aty (VA LnH o Q) || ot

m-Tm-m

>

for 0 <i<m. Now

2 7)< Y NAuY & (1AL T H, Q) [ H | =1
JjeG; Jj€G;

Al (yilzaxfm/«mlmmom))uHmlH 1

Jj€G;

p;
< (14, H )" (y:l Zaj(fmA;IImHQO)> :

JjeG;
(30)



Therefore,

(m+ 1) <L||A,, ]| H,/ |

S (' Zatuanim, ))]

i=0 Jj€G,

1 1
= —(m+1)"" <L||A, ||| H. | =
n(m+) A m||,7
m P; 1/h
{Z( 'Y @ (J,A,1,H,,Q, )) }
i=0 Jj€G;
1 _
= ﬁ(m-"l)l/hSLHAm”HHmng ]mAmllmHmQ )
1
ﬁ(m+1)”h<LC\|A I H 1A L H o Q|
1

= ;I(m + )" < LC| A H T |
Nl Quill = LC|[ A || H |45
Wl = 1) <41,
(31)

for some L > 1. Since m is an arbitrary, this gives a contradic-
tion. Therefore, dim (X) < co and dim (Y) < co when S?f(f; )

(X,Y)=L(X,Y). This finishes the proof.

We introduce the next theorem without verification;
these can be set up utilizing standard procedure.

SKOl
Viyp)
small, whenever X, Y are infinite dimensional Banach spaces

and the conditions (al) and (a2) are satisfied.

Theorem 31. The prequasi Banach operator ideal is

Corollary 32. The prequasi Banach operator ideal S?ff; is

small, if X, Y are infinite dimensional Banach spaces and p
€ (1, 00).

Kol is
Sces

Corollary 33. The prequasi Banach operator ideal

small, if X, Y are infinite dimensional Banach spaces and p
€ (1, 00).

We examine the sufficient conditions so that the prequasi
Banach operator ideal Sy, is simple.

Theorem 34. If X, Y are infinite dimensional Banach spaces,
(p;) € 8o (q;) € 8oy With 1<p;<q;, and 1<y; <v; for each

jeN, zt is true that

¥ (Svmqr va) =L

Proof. Let the sufficient conditions be given, T € L(Sy,4),
Sviyp)) and T ¢ ¥ (Sy(,, 0> Sy(y,p))- From Lemma 1, we have
A €L(Sy(,,4) and B€ L(Sy, ) with BTAIL, = I;. For each k
€ N, we obtain

(SV(v,q)’ SV(V»P)) : (32)
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n=0 niegG,

<5 (3 za0)

In view of Theorem 28, we get a contradiction. Therefore,
T €V Sy Sviyp)-

< (1
IEills,,, = Z(y—Z

P
s,-ak)) < |BTA| Tl
(33)

Corollary 35. If X, Y are infinite dimensional Banach spaces,
(p;) € b (q;) € 8oy with 1<p;<q;, and 1<y;<v; for each
jeN, it is true that

Lo (Satay Seeioy) =L (Sviwap Sv) - (34)

Theorem 36. The prequasi Banach operator ideal Sy, is

simple, if X, Y are infinite dimensional Banach spaces and
the conditions (al) and (a2) are satisfied.

Proof. Let the sufficient conditions be given and there is T
€ Lc(Sy(y,p)) with T ¢ ¥(Sy,)). From Lemma 1, we have
A,B€L(Sy(,) so that BTAI, =1I;. This means that Iy,
€ Le(Sy(y,p))- Consequently, L(Sy(,,)) = Lc(Sy(y,p))- There-

fore, Sy, ) is simple.

7. Eigenvalues of s-Type Operators

We investigate the strict inclusion relation between Sy,

and S} (the class of all bounded linear operators whose
sequence of eigenvalues belongs to V(y, p)).

Notations 37. Si:={S}X,Y);Xand Y are Banach Spaces},
where SHX,Y)={T eL(X,Y): (4(T)), € Eand|T - A,
(T)I||™" ; does not exist for every n € N}.

Theorem 38. If X, Y are infinite dimensional Banach spaces
and conditions (al) and (a2) are satisfied, it is true that

Svi(yp) (> ¥) € Sy (X, Y). (35)

Proof. Let the sufficient conditions be verified and T € Sy,
(X,Y). Therefore, (s,(T))2, € V(y, p). Hence, we have

0 pr 0
Z(y 2. sl ) > Y [s(T) (36)
r=0 T keG,

Hence, (s,(T));2 €€(,)> so lim,_ s, (T)=0. Assume
|T—=s,(T)I|| " exists for every reN. Therefore,
| T —s,(T)I||”" exists and bounded for every r € N. This gives

lim, ., ||T —s,(T)I|| ™" = || T||”" exists and bounded. From the
prequasi operator ideal of (Sy,,), ), we obtain
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I=TT™ €Sy, (X Y)= (5,(1)%,

. (37)
eV(y,p)= rlin.}oS’(I) =0.

We have a contradiction, since lim,_,s,(I) = 1. There-
fore, | T —s,(T)I|| =0 for every r € N. Hence, (s,(T));2, is
the eigenvalues of T. Finally, if we choose (s,(T)) 2, such that
Yk, S(T) =y, (r+ 1)""7r, we find T eL(X,Y) such that
Y20 (Uy, Xpeq, sk (T))Pr = X2 1/(r +1) =00 and if we take
(A(T));2y such that ¥, A(T)=y,/(r+1). Hence, T ¢
Svipp) (X Y)and T € S"X,(%P) (X, Y). This finishes the proof.
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