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In the present paper, we will introduce λ-Gamma operators based on q-integers. First, the auxiliary results about the moments are
presented, and the central moments of these operators are also estimated. Then, we discuss some local approximation properties of
these operators by means of modulus of continuity and Peetre K-functional. And the rate of convergence and weighted
approximation for these operators are researched. Furthermore, we investigate the Voronovskaja type theorems including the
quantitative q-Voronovskaja type theorem and q-Grüss-Voronovskaja theorem.

1. Introduction

Gamma operators are very important positive linear opera-
tors and have been widely used in probability theory and
computational mathematics. For f ∈ Cðℝ+Þ, n = 1, 2, 3,⋯
where ℝ+ = ð0,∞Þ and Cðℝ+Þ be the space of all continuous
functions f on the interval ℝ+, the Gamma operators were
introduced in [1] by

Gn f ; xð Þ = 1
n!

ð∞
0
e−t tn f

nx
t

� �
dt, x ∈ℝ+: ð1Þ

We can learn some properties of Gamma operators and
their modified operators in [2–7]. In [8], Qi et al. defined
new Gamma operators as follows:

Gn,λ f ; xð Þ = 1
n!

ð∞
0
e−t tn

n
t

� �λ
f

nx
t

� �
dt, x ∈ℝ+: ð2Þ

where f ∈ Cðℝ+Þ, λ ∈ℕ = f0, 1, 2,⋯g. Obviously, if f ðλÞ ∈ C
ðℝ+Þ, then ðGnð f ; xÞÞðλÞ =Gn,λð f ðλÞ ; xÞ. Meantime, Gn,λð1 ;
xÞ = ðnλðn − λÞ!/n!Þ ≠ 1 (while λ ≠ 0). In order to preserve
the constant, we defined λ-Gamma operators as follows:

Definition 1. For f ∈ Cðℝ+Þ, λ ∈ℕ, n = λ, λ + 1,⋯, the λ
-Gamma operators are defined by

Gn,λ f ; xð Þ = 1
n − λð Þ!

ð∞
0
e−t tn−λ f

nx
t

� �
dt, x ∈ℝ+: ð3Þ

Let us recall some useful concepts and notations from
q-calculus, which can be founded in [9–11]. For nonnega-
tive integer i, the q-integer ½i�q and q-factorial ½i�q! are
defined by

i½ �q = 1 + q+⋯+qi−1 =
1 − qi

1 − q
, q ≠ 1,

i, q = 1,

8><
>:

i½ �q! =
1½ �q 2½ �q ⋯ i½ �q, i ≥ 1,
1, i = 0:

( ð4Þ

Further, q-power basis can be defined by
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x + yð Þiq =
x + yð Þ x + qyð Þ⋯ x + qi−1y

� �
, i = 1, 2,⋯,

1, i = 0,

(

x − yð Þiq =
x − yð Þ x − qyð Þ⋯ x − qi−1y

� �
, i = 1, 2,⋯,

1, i = 0:

(

ð5Þ

The q-derivative Dqf of a function f can be defined by

Dqf
� �

xð Þ = f xð Þ − f qxð Þ
1 − qð Þx , if x ≠ 0, ð6Þ

and ðDqf Þð0Þ = f ′ð0Þ provided f ′ð0Þ exists. High-order q
-derivatives can be defined by D0

q f = f , Di
q =DqðDi−1

q f Þ, i
= 1, 2,⋯. The formula for the q-derivative of a product
is Dqð f ðxÞgðxÞÞ =Dqð f ðxÞÞgðxÞ +DqðgðxÞÞf ðqxÞ. We eas-
ily know that if a function f is continuous on an interval
which does not include 0, then f is continuous q
-differentiable.

The q-improper integral of function f can be defined by

ð∞/1−q

0
f tð Þdqt = 〠

∞

i=−∞
f

qi

1 − q

� �
qi, q ∈ 0, 1ð Þ: ð7Þ

The q-analogue of the classical exponential function ex is

Eq xð Þ = 〠
∞

i=0
q i i−1ð Þð Þ/2ð Þ xi

i½ �q!
= 1 + 1 − qð Þxð Þ∞q , q ∈ 0, 1ð Þ:

ð8Þ

The q-Gamma function is defined by

Γq sð Þ =
ð ∞/1−qð Þ

0
x s−1ð ÞEq −qxð Þdqx, s ∈ℝ+, ð9Þ

and satisfies the functional relation: Γqðs + 1Þ = ½s�qΓqðsÞ, Γq

ð1Þ = 1. Moreover, for any nonnegative integer i > 0, the rela-
tion holds: Γqði + 1Þ = ½i�q!.

Now, we construct the q-analogue of λ-Gamma opera-
tors using q-Gamma function as follows.

Definition 2. For f : ℝ+ →ℝ, q ∈ ð0, 1Þ, λ ∈ℕ, n = λ, λ + 1,
⋯, the q-analogue of λ-Gamma operators (3) are defined as

G
q
n,λ f ; xð Þ = 1

n−λ½ �q!
ð∞/1−q

0
f

n½ �qx
t

 !
Eq −qtð Þtn−λdqt, x ∈ℝ+:

ð10Þ

The paper is organized as follows: In Section 1, we intro-
duce the history of Gamma operators, recall some basic nota-
tions about the q-calculus, and construct λ-Gamma
operators based on q-integers with q-Gamma function. In

Section 2, we obtain the auxiliary results about the moment
computation formula. The second- and fourth-order central
moments computation formula and other quantitative prop-
erties are also presented. In Section 3, we discuss local
approximation about the operators by means of modulus of
continuity and PeetreK-functional. In Section 4 and Section
5, the rate of convergence and weighted approximation for
these operators are researched. In the last section, we firstly
prove quantitative q-Voronovskaja type theorems in terms
of weighted modulus of continuity, and then the q-Grüss-
Voronovskaja theorem in the quantitative mean is also pre-
sented (for the quantitative q-Voronovskaja type theorem0
and the q-Grüss-Voronovskaja theorem for the other opera-
tors, see also [12, 13]).

2. Auxiliary Results

In this section, we will give some lemmas and corollaries,
which are necessary to obtain the approximation properties
of the operators Gq

n,λð f ; xÞ.

Lemma 3. For q ∈ ð0, 1Þ, λ ∈ℕ, i ∈ℕ, n = λ + i, λ + i + 1,⋯,
the following formula holds:

G
q
n,λ ti ; x
� �

=
n½ �iq n − λ − i½ �q!

n − λ½ �q!
xi: ð11Þ

Proof. According to the properties of q-Gamma function, we
have

G
q
n,λ ti ; x
� �

= 1
n−λ½ �q!

ð∞/1−q

0

n½ �qx
t

 !i

Eq −qtð Þtn−λdqt

=
n½ �iqxi
n−λ½ �q!

ð∞/1−q

0
tn−λ−iEq −qtð Þdqt

=
n½ �iqxiΓq n − λ − i + 1ð Þ

n − λ½ �q!

=
n½ �iq n − λ − i½ �q!

n − λ½ �q!
xi:

ð12Þ

Lemma 3 is proved.

Corollary 4. By the lemma given above and some elementary
calculations, we can get the results

A xð Þ = G
q
n,λ t − x ; xð Þ =

qn−λ λ½ �q
n − λ½ �q

x for n ≥ λ + 1,

B xð Þ = G
q
n,λ t − xð Þ2 ; x� �

=
qn−λ−1 λ + 1½ �q
n − λ − 1½ �q

−
qn−λ λ½ �q
n − λ½ �q

+
q2n−2λ−1 λ½ �q λ + 1½ �q
n − λ − 1½ �q n − λ½ �q

 !
x2 for n

≥ λ + 2:

ð13Þ
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Lemma 5. Let q = ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ,
qn → 1 and qnn → a ∈ ½0, 1�. Then, for each x ∈ℝ+, AnðxÞ
≔ G

qn
n,λðt − x ; xÞ, BnðxÞ≔ G

qn
n,λððt − xÞ2 ; xÞ,we can obtain

lim
n→∞

n½ �qnAn xð Þ = λax,  lim
n→∞

n½ �qnBn xð Þ = ax2, ð14Þ

G
qn
n,λ t − xð Þ3 ; x� �

=O
1

n½ �2qn

 !
, ð15Þ

G
qn
n,λ t − xð Þ4 ; x� �

=O
1

n½ �2qn

 !
, ð16Þ

G
qn
n,λ t − xð Þ6 ; x� �

=O
1

n½ �3qn

 !
: ð17Þ

Proof. By Lemma 3, we can easily get (14). Without loss of
generality, we only prove equation (15). Equation (16) and
equation (17) can be proved in some way. Set Gq

n,λðti ; xÞ = C

ðiÞxi, i = 1, 2, 3, and G
qn
n,λððt − xÞ3 ; xÞ = Cð4Þx3. Using ð½n�qnÞ

/ð½n − λ − i�qnÞ = 1 + ððqn−λ−in ½λ + i�qnÞ/ð½n − λ − i�qnÞÞ, i = 0, 1
, 2,⋯, n − λ, we can easily get

C 1ð Þ = 1 +
qn−λn λ½ �qn
n − λ½ �qn

,

C 2ð Þ = 1 +
qn−λn λ½ �qn
n − λ½ �qn

+
qn−λ−1n λ + 1½ �qn
n − λ − 1½ �qn

+
q2n−2λ−1n λ½ �qn λ + 1½ �qn
n − λ − 1½ �qn n − λ½ �qn

,

C 3ð Þ = 1 +
qn−λn λ½ �qn
n − λ½ �qn

+
qn−λ−1n λ + 1½ �qn
n − λ − 1½ �qn

+
qn−λ−2n λ + 2½ �qn
n − λ − 2½ �qn

+
q2n−2λ−3n λ + 2½ �qn λ + 1½ �qn
n − λ − 2½ �qn n − λ − 1½ �qn

+
q2n−2λ−2n λ + 2½ �qn λ½ �qn
n − λ − 2½ �qn n − λ½ �qn

+
q2n−2λ−1n λ½ �qn λ + 1½ �qn
n − λ − 1½ �qn n − λ½ �qn

+ o
1
n½ �2qn

 !
:

ð18Þ

Combining

C 4ð Þ = C 3ð Þ − 3C 2ð Þ + 3C 1ð Þ − 1

=
qn−λn λ½ �qn
n − λ½ �qn

−
2qn−λ−1n λ + 1½ �qn
n − λ − 1½ �qn

+
qn−λ−2n λ + 2½ �qn
n − λ − 2½ �qn

+
q2n−2λ−3n λ + 2½ �qn λ + 1½ �qn
n − λ − 2½ �qn n − λ − 1½ �qn

+
q2n−2λ−2n λ + 2½ �qn λ½ �qn
n − λ − 2½ �qn n − λ½ �qn

−
2q2n−2λ−1n λ½ �qn λ + 1½ �qn
n − λ − 1½ �qn n − λ½ �qn

+ o
1
n½ �2qn

 !
≔

qn−λn λ½ �qn
n − λ½ �qn

−
2qn−λ−1n λ + 1½ �qn
n − λ − 1½ �qn

+
qn−λ−2n λ + 2½ �qn
n − λ − 2½ �qn

+ I = qn−λ−2nQ2
i=0 n − λ − i½ �qn

� λ + 2½ �qn n − λ½ �qn n − λ − 1½ �qn
�
+ q2n λ½ �qn n − λ − 2½ �qn n − λ − 1½ �qn
− 2qn λ + 1½ �qn n − λ − 2½ �qn n − λ½ �qn

�
+ I

= qn−λ−2nQ2
i=0 n − λ − i½ �qn

n − λ½ �qn λ + 2½ �qn n − λ − 1½ �qn
��

− qn λ + 1½ �qn n − λ − 2½ �qnÞ − qn n − λ − 2½ �qn
� λ + 1½ �qn n − λ½ �qn − qn λ½ �qn n − λ − 1½ �qn
� �

Þ + I

= qn−λ−2nQ2
i=0 n − λ − i½ �qn

n − λ½ �qn n½ �qn − qn n − λ − 2½ �qn n½ �qn
� �

+ I

=
qn−λ−2n n½ �qn 1 + qn−λ−1n

� �
Q2

i=0 n − λ − i½ �qn
+ I,

lim
n→∞

n½ �2qn I = 3λ + 2ð Þa2, ð19Þ

we have lim
n→∞

½n�2qnG
qn
n,λððt − xÞ3 ; xÞ = 3ðλ + 1Þa2x3 + ax3. This

means that equation (15) is obtained. Thus, the proof of
Lemma 5 is accomplished.

Lemma 6. Let q = ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ,
qn → 1 and qnn → a ∈ ½0, 1�. Then, for each x ∈ℝ+, the follow-
ing relations

G
qn
n,λ t − xð Þ2qn
��� ��� ; x� �

≤O
1
n½ �qn

 !
, ð20Þ

G
qn
n,λ t − xð Þ2qn
��� ��� t − xð Þ4 ; x
� �

≤O
1

n½ �3qn

 !
, ð21Þ

hold.

Proof. By the definition of q-power basis, we have ðt − xÞ2qn =
ðt − xÞðt − qnxÞ = ðt − xÞ2 + ð1 − qnnÞxðt − xÞ = ðt − xÞ2 + x ðð1
− qnnÞ/ð½n�qnÞÞ ðt − xÞ. Thus, we can write jðt − xÞ2qn j ≤ ðt − xÞ2
+ xðð1 − qnnÞ/ð½n�qnÞÞ ∣ t − x ∣ . Using the monotonicity of the

operators Gqn
n,λ and the Cauchy-Schwarz inequality, we can get
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G
qn
n,λ t − xð Þ2qn
��� ��� ; x� �

≤G
qn
n,λ t − xð Þ2 ; x� �

+ x
1 − qnn
n½ �qn

G
qn
n,λ ∣t − x∣;xð Þ ≤G

qn
n,λ t − xð Þ2 ; x� �

+ x
1 − qnn
n½ �qn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

qn
n,λ t − xð Þ2 ; x� �q

≤O
1
n½ �qn

 !

+O
1
n½ �3/2qn

 !
=O

1
n½ �qn

 !
:

ð22Þ

The inequality (21) can be get in the same way. Using the
monotonicity of the operators G

qn
n,λ, (16)and (17), Cauchy-

Schwarz inequality, respectively, we can obtain

G
qn
n,λ t − xð Þ2qn
��� ��� t − xð Þ4 ; x
� �

≤G
qn
n,λ t − xð Þ6 ; x� �

+ x
n½ �qn

G
qn
n,λ t − xj j5 ; x� �

≤ G
qn
n,λ t − xð Þ6 ; x� �

+ x
n½ �qn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

qn
n,λ t − xð Þ4 ; x� �

G
qn
n,λ t − xð Þ6 ; x� �q

≤O
1
n½ �3qn

 !

+O
1
n½ �7/2qn

 !
=O

1
n½ �3qn

 !
:

ð23Þ

Thus, we complete the proof.

3. Local Approximation

Let CBðℝ+Þ be the space of all real-valued continuous
bounded functions f on ℝ+, endowed with the norm
∥f ∥ = sup

x∈ℝ+
∣ f ðxÞ ∣ . Moreover, the Peetre’s K-functional is

defined by

K2 f ; δð Þ = inf
h∈C2

B ℝ+ð Þ
∥f − h∥+δ∥h′′∥
n o

, ð24Þ

where C2
Bðℝ+Þ≔ fh ∈ CBðℝ+Þ: h′, h′′ ∈ CBðℝ+Þg. By ([14],

p. 177, Theorem 2.4), there exists an absolute constant C >
0 such that

K2 f ; δð Þ ≤ Cω2 f ;
ffiffiffi
δ

p� �
, ð25Þ

where δ > 0 and the second-order modulus of smoothness is
defined by

ω2 f ;
ffiffiffi
δ

p� �
= sup

0<t≤δ
sup
x∈ℝ+

f x + 2tð Þ − 2f x + tð Þ + f xð Þj j, f ∈ CB ℝ+ð Þ:

ð26Þ

The usual modulus of smoothness is defined by

ω f ; δð Þ = sup
0<t≤δ

sup
x∈ℝ+

f x + tð Þ − f xð Þj j, f ∈ CB ℝ+ð Þ: ð27Þ

Theorem 7. Let f ∈ CBðℝ+Þ, q ∈ ð0, 1Þ, λ = 1, 2,⋯. Then for
all x ∈ℝ+ and n ≥ λ + 1, there exists an absolute C1 = 4C such
that

G
q
n,λ f ; xð Þ − f xð Þ�� �� ≤ C1ω2 f ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 xð Þ + B xð Þ

q� �
+ ω f ;∣A xð Þ ∣ð Þ:

ð28Þ

Proof. Using Definition 2, we easily obtain ∣Gq
n,λð f ; xÞ ∣ ≤∥f ∥

for all f ∈ CBðℝ+Þ. Next, we define new operators by

P
q
n,λ f ; xð Þ =G

q
n,λ f ; xð Þ + f xð Þ − f A xð Þ + xð Þ, x ∈ℝ+:

ð29Þ

We can get P q
n,λðt − x ; xÞ =G

q
n,λðt − x ; xÞ − AðxÞ = 0 and

∣P q
n,λð f ; xÞ ∣ ≤3∥f ∥ for all f ∈ CBðℝ+Þ. For x, t ∈ℝ+ and h ∈

C2
Bðℝ+Þ, using Taylor’s expansion, we can write

h tð Þ = h xð Þ + h′ xð Þ t − xð Þ +
ðt
x
h′′ uð Þ t − uð Þdu: ð30Þ

Hence,

P
q
n,λ h ; xð Þ − h xð Þ�� �� = h′ xð ÞP q

n,λ t − x ; xð Þ��
+P

q
n,λ

ðt
x
h′′ uð Þ t − uð Þdu ; x

� �
j

≤ P
q
n,λ

ðt
x
h′′ uð Þ t − uð Þdu ; x

� �����
����

≤ G
q
n,λ

ðt
x
h′′ uð Þ t − uð Þdu ; x

� �����
−
ðA xð Þ+x

x
h′′ uð Þ A xð Þ + x − uð Þdu

���� ≤ G
q
n,λ

�
ðt
x
∣ h′′ uð Þ ∣ t − uð Þdu ; x

� �

+
ðA xð Þ+x

x
∣ h′′ uð Þ ∣ A xð Þ + x − uð Þdu

����
����

≤ B xð Þ + A2 xð Þ� �
∥h′′∥:

ð31Þ
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Further, for all h ∈ C2
Bðℝ+Þ, we can write

G
q
n,λ f ; xð Þ − f xð Þ�� �� = P

q
n,λ f ; xð Þ + f A xð Þ + xð Þ − 2f xð Þ�� ��

≤ P
q
n,λ f − h ; xð Þ − f − hð Þ xð Þ�� ��

+ P
q
n,λ h ; xð Þ − h xð Þ�� �� + ∣f A xð Þ + xð Þ

− f xð Þ∣ ≤ 4∥f − h∥+ A2 xð Þ + B xð Þ� �
∥h′′∥

+ω f ;∣A xð Þ ∣ð Þ:
ð32Þ

Taking infimum over all h and using (25), we can get the
desired conclusion.

Corollary 8. Let f ∈ CBðℝ+Þ, q ∈ ð0, 1Þ. Then for all x ∈ℝ+

and n ≥ 1, there exists an absolute C1 = 4C such that

G
q
n,0 f ; xð Þ − f xð Þ�� �� ≤ C1ω2 f ;

ffiffiffiffiffiffiffiffiffi
B xð Þ

p� �
: ð33Þ

Corollary 9. Let f ∈ CBðℝ+Þ, q = ðqnÞ be a sequence satisfying
qn ∈ ð0, 1Þ, qn ⟶ 1 and qnn ⟶ a ∈ ½0, 1� as n⟶∞, the
limit

lim
n→∞

G
qn
n,λ f ; xð Þ = f xð Þ ð34Þ

holds for all x ∈ℝ+.

4. Rate of Convergence

As is known, if f is not uniformly continuous on ℝ+, we can-
not get ωð f ; δÞ→ 0 as δ→ 0. To research the rate of conver-
gence of the operators Gqn

n,λ on ℝ+, we recall the weighted
modulus of continuity Ωð f ; δÞ(see [15] or [16]). First, we
shall consider the following three classes of functions:

B2 ℝ+ð Þ≔ f : ℝ+ →ℝ ; f xð Þj j ≤ Cf 1 + x2
� �
 �

, ð35Þ

where Cf is a positive constant which depends only on f ,

C2 ℝ+ð Þ≔ f ∈ B2 ℝ+ð Þ: f is continuousf g,

C0
2 ℝ+ð Þ≔ f ∈ B2 ℝ+ð Þ: lim

x→∞

f xð Þ
1 + x2

 is finite
� 

: ð36Þ

The space C0
2ðℝ+Þ is a linear normed space endowed with

the norm ∥f ∥2 = sup
x∈ℝ+

ððj f ðxÞjÞ/ð1 + x2ÞÞ. For any f ∈ C2ðℝ+Þ,
Ωð f ; δÞ is defined by

Ω f ; δð Þ = sup
0≤t<δ,x∈ℝ+

∣f x + tð Þ − f xð Þ ∣
1 + t2ð Þ 1 + x2ð Þ , ð37Þ

if f ∈ C0
2ðℝ+Þ, then Ωð f ; δÞ has the following properties:

(i) lim
δ→0+

Ωð f ; δÞ = 0

(ii) Ωð f ; ρδÞ ≤ 2ð1 + ρÞð1 + δ2ÞΩð f ; δÞ, ρ ∈ℝ+

In [17–19], the following inequality was introduced and
used

∣f tð Þ − f xð Þ∣ ≤ 1 + t − xð Þ2� �
1 + x2
� �

Ω f ;∣t − x ∣ð Þ

≤2 1 + ∣t − x ∣
δ

� �
1 + δ2
� �

1 + t − xð Þ2� �
1 + x2
� �

Ω f ; δð Þ

≤
4 1 + δ2
� �2 1 + x2

� �
Ω f ; δð Þ, ∣t − x∣ < δ,

4 1 + δ2
� �2 1 + x2

� � t − xð Þ4
δ4

Ω f ; δð Þ, ∣t − x∣ ≥ δ:

8><
>:

ð38Þ

Meanwhile, we introduce the modulus of continuity of
f ∈ Cð0, a�ða > 0Þ by ωað f ; δÞ = sup

∣t−x∣≤δ
sup

x,t∈ð0,a�
∣ f ðtÞ − f ðxÞ ∣ .

The following is a theorem of the rate of convergence for
the operators Gq

n,λ:

Theorem 9. Let f ∈ C2ðℝ+Þ, λ ∈ℕ, n = λ + 1, λ + 2,⋯, a ∈
ℝ+, we have

∥Gq
n,λ f ; xð Þ − f ∥C 0,að � ≤ 4Cf 1 + a2

� �
B að Þ + 2ωa+1 f ,

ffiffiffiffiffiffiffiffiffi
B að Þ

p� �
:

ð39Þ

Proof. For any x ∈ ð0, a�, t ∈ ða + 1,∞Þ, we can easily obtain
1 ≤ ðt − aÞ2 ≤ ðt − xÞ2, therefore

∣f tð Þ − f xð Þ∣ ≤Cf 2 + x2 + t2
� �

≤Cf 2 + 3x2 + 2 t − xð Þ2� �
≤4Cf 1 + a2

� �
t − xð Þ2:

ð40Þ

If t ∈ ð0, a + 1Þ, for any δ ∈ℝ+, we can obtain

∣f tð Þ − f xð Þ∣ ≤ ωa+1 f ;∣t − x ∣ð Þ ≤ 1 + ∣t − x ∣
δ

� �
ωa+1 f ; δð Þ:

ð41Þ

Combining (39) with (40), we can get

∣f tð Þ − f xð Þ∣ ≤ 4Cf 1 + a2
� �

t − xð Þ2 + 1 + ∣t − x ∣
δ

� �
ωa+1 f ; δð Þ:

ð42Þ

By Cauchy-Schwarz’s inequality and Corollary 4, for all
x ∈ ð0, a�, we have
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By choosing δ =
ffiffiffiffiffiffiffiffiffi
BðaÞp

and taking supremum over all x
∈ ð0, a�, we can get the desired results.

Theorem 10. q = ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ, qn
→ 1, and qnn → a as n→∞ and f ∈ C0

2ðℝ+Þ; then, there exists
a positive integer N ∈ℕ+ such that for all n >N and υ > 0, the
inequality

sup
x∈ℝ+

G
qn
n,λ f ; xð Þ − f xð Þ�� ��

1 + x2ð Þυ ≤ 64Ω f ; 1ffiffiffiffiffiffiffiffiffi
n½ �qn

q
0
B@

1
CA, ð44Þ

holds.

Proof. Using (14) and (16), there exists a positive integer N
∈ℕ+ such that for all n >N ,

G
qn
n,λ t − xð Þ2 ; x� �

≤
9

4 n½ �qn
,

G
qn
n,λ t − xð Þ4 ; x� �

≤ 1:
ð45Þ

By Cauchy-Schwarz’s inequality, we can get

G
qn
n,λ ∣t − x∣;xð Þ ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

qn
n,λ t − xð Þ2 ; x� �q

≤
3

2
ffiffiffiffiffiffiffiffiffi
n½ �qn

q , ð46Þ

G
qn
n,λ t − xj j3 ; x� �

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

qn
n,λ t − xð Þ2 ; x� �q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

G
qn
n,λ t − xð Þ4 ; x� �q

≤
3

2
ffiffiffiffiffiffiffiffiffi
n½ �qn

q :

ð47Þ

Since G
qn
n,λ is linear and positive, using (38), (46), and

(47), for any δ ∈ ð0, 1Þ, we can obtain

G
qn
n,λ f ; xð Þ − f xð Þ�� �� ≤ 16 1 + x2

� �
Ω f ; δð Þ

� 1 + G
qn
n,λ ∣t − x∣+ t − xj j3 ; x� �

δ

 !

≤ 16 1 + x2
� �

1 + 3
δ
ffiffiffiffiffiffiffiffiffi
n½ �qn

q
0
B@

1
CAΩ f ; δð Þ:

ð48Þ

Taking δ = 1/
ffiffiffiffiffiffiffiffiffi
½n�qn

q
, we complete the proof.

5. Weighted Approximation

In this section, we will discuss the weighted approximation
theorems for the operators Gqn

n,λ.

Theorem 11. Let q = ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ,
qn → 1, and qnn → a ∈ ½0, 1� as n→∞ and f ∈ C0

2ðℝ+Þ, we
have

lim
n→∞

∥Gqn
n,λ f ; xð Þ − f ∥2 = 0: ð49Þ

Proof. Using Korovkin’s theorem (see [20]), it is sufficient to
verify the following three conditions:

lim
n→∞

∥Gpn ,qn
n tk
� �

− xk∥2 = 0, k = 0, 1, 2: ð50Þ

Since Gpn ,qn
n ð1 ; xÞ = 1, (51) holds for k = 1. By Lemma 3

and lim
n→∞

ð½n�qn /½n − λ�qnÞ = lim
n→∞

ð½n�qn /½n − λ − 1�qnÞ = 1, we

can easily obtain

∣Gq
n,λ f ; xð Þ − f xð Þ∣ ≤Gq

n,λ ∣f tð Þ − f xð Þ∣;xð Þ

≤4Cf 1 + a2
� �

G
q
n,λ t − xð Þ2 ; x� �

+G
q
n,λ 1 + ∣t − x ∣

δ

� �
; x

� �
ωa+1 f , δð Þ

≤4Cf 1 + a2
� �

G
q
n,λ t − xð Þ2 ; x� �

+ ωa+1 f , δð Þ 1 + 1
δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

q
n,λ t − xð Þ2 ; x� �q� �

≤4Cf 1 + a2
� �

B xð Þ + ωa+1 f , δð Þ 1 + 1
δ

ffiffiffiffiffiffiffiffiffi
B xð Þ

p� �

≤4Cf 1 + a2
� �

B að Þ + ωa+1 f , δð Þ 1 + 1
δ

ffiffiffiffiffiffiffiffiffi
B að Þ

p� �
:

ð43Þ
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∥Gqn
n,λ t ; xð Þ − x∥2 = sup

x∈ℝ+

1
1 + x2

G
qn
n,λ t ; xð Þ − x

�� ��
= sup

x∈ℝ+

x
1 + x2

n½ �qn
n − λ½ �qn

− 1
�����

�����
≤

n½ �qn
n − λ½ �qn

− 1
�����

�����→ 0, n→∞:

∥Gqn
n,λ t2 ; x
� �

− x2∥2 = sup
x∈ℝ+

1
1 + x2

G
qn
n,λ t2 ; x
� �

− x2
�� ��

= sup
x∈ℝ+

x2

1 + x2
n½ �2qn

n − λ½ �qn n − λ − 1½ �qn
− 1

�����
�����

≤
n½ �2qn

n − λ½ �qn n − λ − 1½ �qn
− 1

�����
�����→ 0, n→∞:

ð51Þ

We can draw the final conclusion through all the esti-
mates above.

Theorem 12. Let q = ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ,
qn → 1 and qnn → 1 as n→∞ and f ∈ C0

2ðℝ+Þ. For any f ∈
C0
2ðℝ+Þ and υ > 0, we have

lim
n→∞

sup
x∈ℝ+

∣Gpn ,qn
n f ; xð Þ − f xð Þ ∣

1 + x2ð Þ1+υ
= 0: ð52Þ

Proof. Let x0 ∈ℝ+ be arbitrary but fixed. Then,

sup
x∈ℝ+

∣Gqn
n,λ f ; xð Þ − f xð Þ ∣

1 + x2ð Þ1+υ
≤ sup

x∈ 0,x0ð Þ

∣Gqn
n,λ f ; xð Þ − f xð Þ ∣

1 + x2ð Þ1+υ

+ sup
x∈ x0,∞½ Þ

∣Gqn
n,λ f ; xð Þ − f xð Þ ∣

1 + x2ð Þ1+υ
≤ ∥Gqn

n,λ f ; xð Þ − f ∥C 0,x0ð �

+∥f ∥2 sup
x∈ x0,∞½ Þ

∣Gqn
n,λ 1 + t2
� �

; x
� �

∣
1 + x2ð Þ1+υ

+ sup
x∈ x0,∞½ Þ

∣f xð Þ ∣
1 + x2ð Þ1+υ

:

ð53Þ

Since ∣f ðxÞ ∣ ≤∥f ∥2ð1 + x2Þ, we have sup
x∈½x0,∞Þ

ðð∣f ðxÞ ∣ Þ/

ð1 + x2Þ1+υÞ ≤ ðð∥f ∥2Þ/ð1 + x20ÞυÞ. Let ε > 0 be arbitrary, we
can choose x0 to be so large that

∥f ∥2
1 + x20
� �υ < ε: ð54Þ

In view of Corollary 9, while x ∈ ½x0,∞Þ, we obtain

∥f ∥2 limn→∞

∣Gqn
n,λ 1 + t2
� �

; x
� �

∣
1 + x2ð Þ1+υ

= ∥f ∥2
1 + x2
� �
1 + x2ð Þ1+υ

= ∥f ∥2
1 + x2ð Þυ

≤
∥f ∥2

1 + x20
� �υ < ε:

ð55Þ

Using Theorem 9, we can see that the first term of the
inequality (53) implies that

∥Gqn
n,λ f ; xð Þ − f ∥C 0,x0ð � < ε, as n→∞: ð56Þ

Combining (53)–(56), we get the desired result.

6. Voronovskaja Type Theorems

As is known, Voronovskaja type theorems of many positive
operators are widely researched and discussed (see [21–
28]). In this section, we will discuss the quantitative q-Vor-
onovskaja theorem and q-Grüss-Voronovskaja theorem.

6.1. Quantitative q-Voronovskaja Theorem. In this subsec-
tion, we will obtain the Quantitative q-Voronovskaja theo-
rem and Voronovskaja type asymptotic formula for the
operators Gqn

n,λ.

Theorem 13. Let q = ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ,
qn → 1 and qnn → a ∈ ½0, 1� as n→∞ and f ∈ C0

2ðℝ+Þ satisfy
D2

qn
f ∈ C0

2ðℝ+Þ. Then, the inequality

n½ �qn G
qn
n,λ f ; xð Þ − f xð Þ −Dqn

f xð ÞAn xð Þ
� ����

−
n½ �qnBn xð Þ + 1 − qnnð ÞAn xð Þx

2½ �qn !
D2
qn
f xð Þ

�����
≤O 1ð ÞΩ D2

qn
f ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA,

ð57Þ

holds for any x ∈ℝ+.

Proof. Using the q-Taylor expansion formula (58), we have

f tð Þ = f xð Þ +Dqn
f xð Þ t − xð Þ +

D2
qn
f ξð Þ

2½ �qn !
t − xð Þ2qn

= f xð Þ +Dqn
f xð Þ t − xð Þ +

D2
qn
f xð Þ

2½ �qn !
t − xð Þ2qn + R2 t, x ; qnð Þ,

ð58Þ

where ξ is a number between t and x and

R2 t, x ; qnð Þ =
D2

qn
f ξð Þ −D2

qn
f xð Þ

2½ �qn !
t − xð Þ2qn : ð59Þ
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Applying the operators G
qn
n,λ to both sides of (58) and

using ðt − xÞ2qn = ðt − xÞ2 + ðð1 − qnnÞ/ð½n�qnÞÞðt − xÞx, we have

G
qn
n,λ f ; xð Þ − f xð Þ −Dqn

f xð ÞAn xð Þ −
D2

qn
f xð Þ

2½ �qn !
G

qn
n,λ t − xð Þ2qn ; x
� ������

�����
= G

qn
n,λ f ; xð Þ − f xð Þ −Dqn

f xð ÞAn xð Þ
���
−
Bn xð Þ + 1 − qnnð ÞAn xð Þð Þ/ n½ �qn

� �� �
x

2½ �qn !
D2
qn
f xð Þ

������
≤ G

qn
n,λ ∣R2 t, x ; qnð Þ∣;xð Þ:

ð60Þ

Multiplying the above inequality by ½n�qn , we have

n½ �qn G
qn
n,λ f ; xð Þ − f xð Þ −Dqn

f xð ÞAn xð Þ
� ����

−
n½ �qnBn xð Þ + 1 − qnnð ÞAn xð Þx

2½ �qn !
D2
qn
f xð Þ

�����
≤ n½ �qnG

qn
n,λ ∣R2 t, x ; qnð Þ∣;xð Þ:

ð61Þ

Furthermore,

D2
qn
f ξð Þ −D2

qn
f xð Þ

2½ �qn !

�����
����� ≤ 1

2½ �qn !
Ω D2

qn
f ;∣ξ − x ∣ 1 + ξ − xð Þ2

� �
1 + x2
� �� �

≤
1
2½ �qn !

Ω D2
qn
f ;∣t − x ∣ 1 + t − xð Þ2� �

1 + x2
� �� �

≤
2
2½ �qn !

1 + ∣t − x ∣
δ

� �
1 + t − xð Þ2� �

� 1 + δ2
� �

1 + x2
� �

Ω D2
qn
f ; δ

� �

≤ 16 1 + x2
� �

1 + t − xð Þ4
δ4

 !
Ω D2

qn
f ; δ

� �
,

ð62Þ

for all δ ∈ ð0, 1Þ. Hence,

∣R2 t, x ; qnð Þ∣ ≤ 16 1 + x2
� �

∣ t − xð Þ2qn ∣+
∣ t − xð Þ2qn ∣ t − xð Þ4

δ4

 !
Ω D2

qn
f ; δ

� �
:

ð63Þ

Using (20), (21), for any x ∈ℝ+, we can write

G
qn
n,λ ∣R2 t, x ; qnð Þ∣;xð Þ ≤ 16 1 + x2

� �
G

qn
n,λ ∣ t − xð Þ2qn ∣;x
� ��

+
G

qn
n,λ ∣ t − xð Þ2qn ∣ t − xð Þ4 ; x
� �

δ4

1
AΩ D2

qn
f ; δ

� �

≤ O
1
n½ �qn

 !
+ 1
δ4

O
1
n½ �3qn

 ! !
Ω D2

qn
f ; δ

� �
:

ð64Þ

If we choose δ = 1/
ffiffiffiffiffiffiffiffiffi
½n�qn

q
, we can easily get

n½ �qnG
qn
n,λ R2 t, x ; qnð Þj j ; xð Þ ≤O 1ð ÞΩ D2

qn
f ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA, ð65Þ

which completes the proof of Theorem 13.

Corollary 14. Let ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ,
qn → 1 and qnn → a ∈ ½0, 1� as n→∞ and f ∈ C0

2ðℝ+Þ satisfy
f ′′ ∈ C0

2ðℝ+Þ. Then, we can obtain

lim
n→∞

n½ �qn G
qn
n,λ f ; xð Þ − f xð Þ� �

= λaxf ′ xð Þ + 1
2
ax2f ′′ xð Þ:

ð66Þ

6.2. q-Grüss-Voronovskaja Theorem. In this subsection, we
will obtain the q-Grüss-Voronovskaja theorem and its quan-
titative version for the operators Gqn

n,λ.

Theorem 15. Let q = ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ,
qn → 1 and qnn → a ∈ ½0, 1� as n→∞ and f , g ∈ C0

2ðℝ+Þ
satisfy D2

qn
f ,D2

qn
g,D2

qn
ð f gÞ ∈ C0

2ðℝ+Þ. Then, the following
inequality

n½ �qn G
qn
n,λ f g ; xð Þ −G

qn
n,λ f ; xð ÞGqn

n,λ g ; xð Þ��
−
Dqn

f qnxð Þð Þ Dqn
g xð Þð Þ +Dqn

g qnxð Þð Þ
� �

2½ �qn !
G

qn
n,λ

� t − xð Þ2qn ; x
� ���� ≤O 1ð ÞΩ D2

qn
f gð Þ ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA

+O 1ð Þ ∥f ∥2 +O
1
n½ �qn

 !
∥Dqn

f ∥2+∥D2
qn
f ∥2

� � !
Ω

� D2
qn
g ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA +O 1ð Þ ∥g∥2 +O

1
n½ �qn

 ! 

� ∥Dqn
g∥2+∥D2

qn
g∥2

� ��
Ω D2

qn
f ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA

+O
1
n½ �qn

 !
∥Dqn

f ∥2+∥D2
qn
f ∥2

� �
∥Dqn

g∥2+∥D2
qn
g∥2

� �

+O
1
n½ �qn

 !
Ω D2

qn
f ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CAΩ D2

qn
g ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA,

ð67Þ

holds for any x ∈ℝ+.

Proof. Using the equalities

Dqn
f xð Þg xð Þð Þ =Dqn

f xð Þð Þg xð Þ + f qnxð ÞDqn
g xð Þð Þ,

D2
qn

f xð Þg xð Þð Þ =D2
qn

f xð Þð Þg xð Þ +Dqn
f qnxð Þð ÞDqn

g xð Þð Þ
+ f qnxð ÞD2

qn
g xð Þð Þ +Dqn

f qnxð Þð ÞDqn
g qnxð Þð Þ,

ð68Þ
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by simple computations, for x ∈ℝ+ and n = λ + 1,⋯, we can
obtain

G
qn
n,λ f g ; xð Þ − G

qn
n,λ f ; xð ÞGqn

n,λ g ; xð Þ = G
qn
n,λ f g ; xð Þ

− f xð Þg xð Þ − G
qn
n,λ t − x ; xð ÞDqn

f xð Þg xð Þð Þ

−
G

qn
n,λ t − xð Þ2qn ; x
� �

2½ �qn !
D2
qn

f xð Þg xð Þð Þ

− g xð Þ G
qn
n,λ f ; xð Þ − f xð Þ − G

qn
n,λ t − x ; xð ÞDqn

f xð Þð Þ
�

−
G

qn
n,λ t − xð Þ2qn ; x
� �

2½ �qn !
D2
qn

f xð Þð Þ
1
A

− G
qn
n,λ f ; xð Þ G

qn
n,λ g ; xð Þ − g xð Þ − G

qn
n,λ t − x ; xð ÞDqn

g xð Þð Þ
�

−
G

qn
n,λ t − xð Þ2qn ; x
� �

2½ �qn !
D2
qn

g xð Þð Þ
1
A

+
Dqn

f qnxð Þð Þ Dqn
g xð Þð Þ +Dqn

g qnxð Þð Þ
� �

2½ �qn !
G

qn
n,λ t − xð Þ2qn ; x
� �

−D2
qn

g xð Þð Þ G
qn
n,λ f ; xð Þ − f xð Þ� �Gqn

n,λ t − xð Þ2qn ; x
� �

2½ �qn !

+D2
qn

g xð Þð ÞDqn
f xð Þð Þ

G
qn
n,λ t − xð Þ2qn ; x
� �

2½ �qn !
qn − 1ð Þx

− G
qn
n,λ t − x ; xð Þ G

qn
n,λ f ; xð Þ − f qnxð Þ� �

Dqn
g xð Þð Þ:

ð69Þ

Hence, we can write

G
qn
n,λ f g ; xð Þ − G

qn
n,λ f ; xð ÞGqn

n,λ g ; xð Þ

−
Dqn

f qnxð Þð Þ Dqn
g xð Þð Þ +Dqn

g qnxð Þð Þ
� �

2½ �qn !
G

qn
n,λ t − xð Þ2qn ; x
� �

= G
qn
n,λ f g ; xð Þ − f xð Þg xð Þ

− G
qn
n,λ t − x ; xð ÞDqn

f xð Þg xð Þð Þ

−
G

qn
n,λ t − xð Þ2qn ; x
� �

2½ �qn !
D2
qn

f xð Þg xð Þð Þ

− g xð Þ G
qn
n,λ f ; xð Þ − f xð Þ − G

qn
n,λ t − x ; xð ÞDqn

f xð Þð Þ
�

−
G

qn
n,λ t − xð Þ2qn ; x
� �

2½ �qn !
D2
qn

f xð Þð Þ
1
A

− f xð Þ G
qn
n,λ g ; xð Þ − g xð Þ − G

qn
n,λ t − x ; xð ÞDqn

g xð Þð Þ
�

−
G

qn
n,λ t − xð Þ2qn ; x
� �

2½ �qn !
D2
qn

g xð Þð Þ
1
A + f xð Þð

− G
qn
n,λ f ; xð Þ� G

qn
n,λ g ; xð Þ − g xð Þ� �

+ G
qn
n,λ t − x ; xð Þ qn − 1ð ÞxDqn

f xð Þð ÞDqn
g xð Þð Þ

+
G

qn
n,λ t − xð Þ2qn ; x
� �

2½ �qn !
qn − 1ð ÞxDqn

f xð ÞD2
qn
g xð Þ≔ I1

+ I2 + I3 + I4 + I5 + I6:

ð70Þ

By Theorem 13, for any fixed x ∈ℝ+, we can easily have
the following estimates

n½ �qn ∣I1∣ ≤O 1ð ÞΩ D2
qn

f gð Þ ; 1ffiffiffiffiffiffiffiffiffi
n½ �qn

q
0
B@

1
CA, ð71Þ

n½ �qn ∣I2∣ ≤ ∣g xð Þ∣O 1ð ÞΩ D2
qn

fð Þ ; 1ffiffiffiffiffiffiffiffiffi
n½ �qn

q
0
B@

1
CA

≤ ∥g∥2O 1ð ÞΩ D2
qn

fð Þ ; 1ffiffiffiffiffiffiffiffiffi
n½ �qn

q
0
B@

1
CA,

ð72Þ

n½ �qn ∣I3∣ ≤ ∣f xð Þ∣O 1ð ÞΩ D2
qn

gð Þ ; 1ffiffiffiffiffiffiffiffiffi
n½ �qn

q
0
B@

1
CA

≤ ∥f ∥2O 1ð ÞΩ D2
qn

gð Þ ; 1ffiffiffiffiffiffiffiffiffi
n½ �qn

q
0
B@

1
CA:

ð73Þ

Using (14), (20), and ∣qn − 1 ∣ = ðjqnn − 1j/½n�qnÞ ≤Oð1/
½n�qnÞ, we have

n½ �qn ∣I5∣ ≤O
1
n½ �qn

 !
∥Dqn

f ∥2∥Dqn
g∥2,

  n½ �qn ∣I6∣ ≤O
1
n½ �qn

 !
∥Dqn

f ∥2∥D
2
qn
g∥2: ð74Þ

Using (14), (20), and Theorem 13, we can get

G
qn
n,λ f ; xð Þ − f xð Þ�� �� ≤O

1
n½ �qn

 !
∥Dqn

f ∥2+∥D2
qn
f ∥2

� �

+O
1
n½ �qn

 !
Ω D2

qn
fð Þ ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA,

ð75Þ

hence, we can know

n½ �qn ∣I4∣ ≤O
1
n½ �qn

 !
∥Dqn

f ∥2+∥D2
qn
f ∥2

� �
∥Dqn

g∥2+∥D2
qn
g∥2

� �� �

+O 1
n½ �qn

 !
Ω D2

qn
fð Þ ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA ∥Dqn

g∥2+∥D2
qn
g∥2

� �

+O 1
n½ �qn

 !
Ω D2

qn
gð Þ ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA ∥Dqn

f ∥2+∥D2
qn
f ∥2

� �

+O 1
n½ �qn

 !
Ω D2

qn
fð Þ ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CAΩ D2

qn
gð Þ ; 1ffiffiffiffiffiffiffiffiffi

n½ �qn
q

0
B@

1
CA:

ð76Þ

Combining (71)–(76), we complete the proof of
Theorem 15.
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Corollary 16. Let q = ðqnÞ be a sequence satisfying qn ∈ ð0, 1Þ,
qn → 1 and qnn → a ∈ ½0, 1� as n→∞ and f , g ∈ C0

2ðℝ+Þ
satisfy f ′′, g′′, ð f gÞ′′ ∈ C0

2ðℝ+Þ. Then, the following limit
equality

lim
n→∞

n½ �qn G
qn
n,λ f g ; xð Þ − G

qn
n,λ f ; xð ÞGqn

n,λ g ; xð Þ� �
= af ′ xð Þg′ xð Þx2,

ð77Þ

holds for any x ∈ℝ+.
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