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A fixed-point theorem for multivalued G-nonexpansive mappings in Hadamard spaces is proved. The strong convergence
theorems of Browder’s and Halpern’s iterations are also established. Our results generalize and improve the results of Tiammee
et al. (2015), Alfuraidan and Khamsi (2015), Anakkamatee and Tongnoi (2019), and many others.

1. Introduction

Fixed-point theory is an important tool for finding solutions
of problems in the form of equations or inequalities. One of
the fundamental and celebrated results in metric fixed-
point theory is the so-called Banach contraction principle
which states that every contraction mapping on a complete
metric space always has a unique fixed point (see [1]).

In 1967, Browder [2] applied the Banach contraction
principle to prove the strong convergence of an implicit iter-
ation for nonexpansive mappings in Hilbert spaces. Later on,
Halpern [3] used Browder’s result to prove the strong con-
vergence of an explicit iteration for nonexpansive mappings
in Hilbert spaces. Notice that both Browder’s and Halpern’s
iterations can be applied to convex optimization problems,
variational inequality problems, and image recovery prob-
lems (see, e.g., [4]).

In 2008, by combining the concepts of fixed-point theory
and graph theory, Jachymski [5] defined a single-valued G-
contraction mapping on a metric space and proved a general-
ization of the Banach contraction principle in a complete
metric space endowed with a graph. In 2015, Tiammee et al.
[6] gave the analogous results of Browder and Halpern in
Hilbert spaces endowed with graphs. Recently, Anakkamatee
and Tongnoi [7] extended Tiammee et al.’s results from
Hilbert spaces to the general setting of Hadamard spaces.

Fixed-point theory for multivalued mappings has many
useful applications in applied sciences, for instance, in game

theory and optimization theory. It is natural to study the
extensions of the known fixed-point results for single-
valued mappings to the setting of multivalued mappings. In
2010, Beg et al. [8] defined a multivaluedG-contraction map-
ping on a metric space and proved the existence of fixed
points for such kind of mappings in metric spaces endowed
with graphs. In 2015, Alfuraidan and Khamsi [9] introduced
the concept of multivaluedG-nonexpansive mappings as well
as the concept of G-compact sets and obtained a fixed-point
theorem for a multivalued G-nonexpansive mapping defined
on a G-compact convex subset of a complete hyperbolic met-
ric space endowed with a graph.

In this paper, by using the concept of property G intro-
duced by Tiammee et al. [6], we can prove the existence of
fixed points for multivalued G-nonexpansive mappings in
Hadamard spaces endowed with graphs. We also show that,
under some appropriate conditions, the sequence of Halpern’s
iteration converges strongly to a fixed point of a certain
multivalued G-nonexpansive mapping. Our results general-
ize and improve many results in the literature.

2. Preliminaries

Let G be a directed graph with a set of vertices VðGÞ and a set
of edges EðGÞ which contain all loops; that is, ðx, xÞ ∈ EðGÞ
for every x ∈ VðGÞ. We also assume that G has no parallel
edges. Let x, y ∈ VðGÞ. We say that x dominates y if ðx, yÞ ∈
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EðGÞ. Let A and B be nonempty subsets of VðGÞ. We say that
A dominates B if ða, bÞ ∈ EðGÞ for all a ∈ A and b ∈ B.

Let ðM, dÞ be a metric space and D be a nonempty subset
of M. We denote by CBðDÞ the family of nonempty closed
bounded subsets of D and by KðDÞ the family of nonempty
compact subsets of D. Let Hð⋅ , ⋅Þ be the Hausdorff distance
on CBðDÞ, i.e.,

H A, Bð Þ =max sup
a∈A

dist a, Bð Þ, sup
b∈B

dist b, Að Þ
� �

, A, B ∈ CB Dð Þ,

ð1Þ

where dist ða, BÞ≔ inf fdða, bÞ: b ∈ Bg is the distance from
the point a to the set B.

A multivalued mapping S : D⟶ CBðDÞ is called a con-
traction if there exists k ∈ ½0, 1Þ such that

H S xð Þ, S yð Þð Þ ≤ kd x, yð Þfor all x, y ∈D: ð2Þ

Moreover, if (2) is valid when k = 1, then S is called non-
expansive. It is clear that every contraction mapping is non-
expansive and, in general, the converse is not true.

Let G = ðVðGÞ, EðGÞÞ be a directed graph. Throughout
this paper, we assume that VðGÞ is a nonempty subset of
D. A multivalued mapping S : D⟶ CBðDÞ is said to be
monotone increasing G-contraction [9] if there exists λ ∈
½0, 1Þ such that for any x, y ∈D with ðx, yÞ ∈ EðGÞ and
any x′ ∈ SðxÞ, there exists y′ ∈ SðyÞ such that

x′, y′
� �

∈ E Gð Þ,

d x′, y′
� �

≤ λd x, yð Þ:
ð3Þ

If (3) is valid when λ = 1, then S is called monotone
increasing G-nonexpansive. Obviously, every monotone
increasing G-contraction mapping is monotone increasing
G-nonexpansive.

Proposition 1. LetG = ðVðGÞ, EðGÞÞ be a directed graph such
that VðGÞ =D and EðGÞ =D ×D. Let S : D⟶ KðDÞ be a
multivalued mapping. Then, the following statements hold:

(i) S is contraction if and only if S is monotone increasing
G-contraction

(ii) S is nonexpansive if and only if S is monotone increas-
ing G-nonexpansive

Proof. This proof is patterned after the proof of Proposition 1
in [10].

(i) Suppose that S is a contraction mapping with a con-
stant k ∈ ½0, 1Þ. Let x, y ∈D with ðx, yÞ ∈ EðGÞ and let
x′ ∈ SðxÞ. Since SðyÞ is compact, there exists y′ ∈ SðyÞ
such that

d x′, y′
� �

= dist x′, S yð Þ
� �

≤H S xð Þ, S yð Þð Þ ≤ kd x, yð Þ: ð4Þ

Since EðGÞ =D ×D, ðx′, y′Þ ∈ EðGÞ. This shows that S
is monotone increasing G-contraction. Conversely, suppose
that S is a monotone increasing G-contraction with a con-
stant λ ∈ ½0, 1Þ. Let x, y ∈D. Since EðGÞ =D ×D, ðx, yÞ ∈ E
ðGÞ. For each x′ ∈ SðxÞ, there exists y′ ∈ SðyÞ such that ðx′,
y′Þ ∈ EðGÞ and dðx′, y′Þ ≤ λdðx, yÞ. This implies that

sup
x ′∈T xð Þ

dist x′, S yð Þ
� �

≤ λd x, yð Þ: ð5Þ

Hence, HðSðxÞ, SðyÞÞ ≤ λdðx, yÞ.
The proof of (ii) is similar to (i).

A point x ∈D is said to be a fixed point of S if and
only if x ∈ SðxÞ. We shall denote by FðSÞ the set of all
fixed points of S. We say that S satisfies the endpoint
condition [11] if FðSÞ ≠∅ and SðxÞ = fxg for all x ∈ FðSÞ:
In [9], the authors obtain a fixed-point theorem for a
monotone increasing G-contraction mapping as the fol-
lowing result.

Theorem 2. Let D be a nonempty closed subset of a complete
metric space ðM, dÞ and G = ðVðGÞ, EðGÞÞ a directed graph.
Suppose that the following property holds:

ð∗Þ for any sequence fxng in D, if xn ⟶ x and ðxn, xn+1Þ
∈ EðGÞ for all n ∈ℕ, then there exists a subsequence fxnkg
of fxng such that ðxnk , xÞ ∈ EðGÞ for all k ∈ℕ.

Let S : D⟶ CBðDÞ be a monotone increasing G-con-
traction mapping and DS ≔ fx ∈D : ðx, yÞ ∈ EðGÞfor some y
∈ SðxÞg. Then, FðSÞ ≠∅ if and only if DS ≠∅.

Let ðM, dÞ be a metric space and x, y ∈M. If ϕ is a
mapping from a closed interval ½0, l� to M such that ϕð0Þ =
x, ϕðlÞ = y, and dðϕðsÞ, ϕðtÞÞ = js − tj for all s, t ∈ ½0, l�, then
ϕ is called a geodesic joining x to y. Furthermore, the image
of ϕ is called a geodesic segment joining x and y which is
denoted by ½x, y� whenever it is unique. If every two points
of M are joined by a geodesic, then M is called a geodesic
space. Moreover, if every two points of M are joined by
exactly one geodesic, then M is called a uniquely geodesic
space. For a subset D of M, if every two points in D can be
joined by a geodesic inM and the image of every such geode-
sic is contained in D, then we call D a convex subset of M. A
geodesic space M is said to be a Hadamard space if M is a
complete metric space and for each x, y, z ∈M, we have

d2 x,mð Þ ≤ 1
2 d

2 x, yð Þ + 1
2 d

2 x, zð Þ − 1
4 d

2 y, zð Þ, ð6Þ

wherem is the midpoint of ½y, z�. We refer the reader to [12–
14] for elementary properties of Hadamard spaces. It is
known that every Hadamard space is uniquely geodesic.
Notice also that R-trees and Hilbert spaces are important
examples of Hadamard spaces (see [12, 15]).
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LetD be a nonempty closed convex subset of a Hadamard
space ðM, dÞ. By Proposition 2.4 in [12], for each x in M,
there exists a unique point x0 in D such that

d x, x0ð Þ = inf d x, yð Þ: y ∈Df g: ð7Þ

The metric projection of M onto D is the mapping
PD : M⟶D defined by PDðxÞ≔ x0, where x0 is the
unique point in D satisfying (7). From [16], for each x, y
∈M and t ∈ ½0, 1�, there exists a unique point z in ½x, y�
such that

d x, zð Þ = td x, yð Þand d y, zð Þ = 1 − tð Þd x, yð Þ: ð8Þ

The unique point z satisfying (8) is denoted by ð1 −
tÞx ⊕ ty.

Let D be a nonempty convex subset of M and G =
ðVðGÞ, EðGÞÞ be a directed graph. We say that G is convex
if for any x, y, z,w ∈D and t ∈ ½0, 1� such that ðx, zÞ and ðy,wÞ
are in EðGÞ, we have ðð1 − tÞx ⊕ ty, ð1 − tÞz ⊕ twÞ ∈ EðGÞ.

Lemma 3 (see [16]). Let ðM, dÞ be a Hadamard space, x, y,
z ∈M and t ∈ ½0, 1�. Then,

(i) dðð1 − tÞx ⊕ ty, zÞ ≤ ð1 − tÞdðx, zÞ + tdðy, zÞ
(ii) dðð1 − tÞx ⊕ ty, ð1 − tÞx ⊕ tzÞ ≤ tdðy, zÞ
(iii) d2ðð1 − tÞx ⊕ ty, zÞ ≤ ð1 − tÞd2ðx, zÞ + td2ðy, zÞ − t

ð1 − tÞd2ðx, yÞ

For a bounded sequence fxng in M, we define

r xnf gð Þ≔ inf limsup
n→∞

d xn, xð Þ: x ∈M
� �

,

Z xnf gð Þ≔ x ∈M : limsup
n→∞

d xn, xð Þ = r xnf gð Þ
� �

:

ð9Þ

The real number rðfxngÞ and the set ZðfxngÞ are called
the asymptotic radius and the asymptotic center of fxng,
respectively. It is known that ZðfxngÞ consists of exactly
one point (see, e.g., [17]). Let fxng be a sequence in M and
x ∈M. Then, fxng is Δ-convergent to x if ZðfxnkgÞ = fxg
for every subsequence fxnkg of fxng. In this case, we write
Δ − limn→∞xn = x.

Lemma 4. Let ðM, dÞ be a Hadamard space and D a non-
empty closed convex subset of M. Then,

(i) every bounded sequence in M always has a Δ-con-
vergent subsequence [18]

(ii) the asymptotic center of any bounded sequence in D
belongs to D [19]

Let ðM, dÞ be a metric space. We use the notation ab
!

for an ordered pair ða, bÞ in M ×M. The quasilinearization
is a mapping h⋅ , ⋅ i: ðM ×MÞ × ðM ×MÞ⟶R which is
defined by

ab
!, ce!

D E
≔

1
2 d2 a, eð Þ + d2 b, cð Þ − d2 a, cð Þ
h

− d2 b, eð Þ
i
for all a, b, c, e ∈M:

ð10Þ

We say that ðM, dÞ satisfies the Cauchy-Schwarz
inequality if

ab
!, ce!

D E��� ��� ≤ d a, bð Þd c, eð Þfor all a, b, c, e ∈M: ð11Þ

It is known that every Hadamard space satisfies the
Cauchy-Schwarz inequality (see [20]).

Lemma 5. Let ðM, dÞ be a Hadamard space. Then, the follow-
ing statements hold:

(i) Let D be a nonempty closed convex subset ofM, x ∈M
and z ∈D [21]. Then,

z = PD xð Þ if and only if zx!, wz�!� 	
≥ 0 for all w ∈D ð12Þ

(ii) Let u, v ∈M. For each t ∈ ½0, 1�, we set xt = tu ⊕ ð1 −
tÞv [22]. Then, for z ∈M, we have

xtz
�!, xtz�!� 	

≤ t uz!, xtz�!� 	
+ 1 − tð Þ vz!, xtz�!� 	 ð13Þ

(iii) Let fxng be a sequence in M and z ∈M [23].
Then, fxng is Δ-convergent to z if and only if
limsupn→∞hwz�!, xnz�!i ≤ 0 for all w ∈M

We denote by ℓ∞ the Banach space of bounded real
sequences. Let μ be a continuous linear functional on ℓ∞
and let a = fa1, a2,⋯g ∈ ℓ∞. We shall denote by μnðanÞ the
value μðaÞ. A continuous linear functional μ on ℓ∞ is called
a Banach limit if kμk = μð1, 1,⋯Þ = 1 and μnðanÞ = μnðan+1Þ
for all fang ∈ ℓ∞.

Lemma 6 (see [24]). Let ða1, a2,⋯Þ ∈ ℓ∞ be such that μn
ðanÞ ≤ 0 for each Banach limit μ and suppose that
lim supn→∞ðan+1 − anÞ ≤ 0. Then, lim supn→∞an ≤ 0.

Lemma 7 (see [25]). Let fcng be a sequence of nonnegative
real numbers satisfying

cn+1 ≤ 1 − γnð Þcn + γnηnfor all n ∈ℕ ð14Þ

where fγng ⊂ ð0, 1Þ and fηng ⊂R such that
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(i) ∑∞
n=1γn =∞

(ii) ∑∞
n=1jγnηnj<∞ or limsupn→∞ηn ≤ 0

Then, limn→∞cn = 0.

3. Main Results

This section begins by proving a crucial lemma which is an
extension of Lemma 2.1 in [26].

Lemma 8. Let ðM, dÞ be a Hadamard space, D a nonempty
closed convex subset of M, and G = ðVðGÞ, EðGÞÞ a convex
directed graph. Let S : D⟶ CBðDÞ be a monotone increasing
G-nonexpansive mapping such that u ∈DS for some u ∈D.
Suppose that ð∗Þ holds. Then, for each t ∈ ð0, 1Þ, the mapping
St : D⟶ CBðDÞ defined by

St xð Þ≔ tu ⊕ 1 − tð ÞS xð Þ ð15Þ

has a fixed point xt in D; that is,

xt ∈ St xtð Þ = tu ⊕ 1 − tð ÞS xtð Þ: ð16Þ

Proof. Let x, y ∈D be such that ðx, yÞ ∈ EðGÞ. Since S is mono-
tone increasing G-nonexpansive, for each x′ ∈ SðxÞ, there
exists y′ ∈ SðyÞ such that

x′, y′
� �

∈ E Gð Þ,

d x′, y′
� �

≤ d x, yð Þ:
ð17Þ

By the convexity of G, we have

tu ⊕ 1 − tð Þx′, tu ⊕ 1 − tð Þy′
� �

∈ E Gð Þ: ð18Þ

By (17) and Lemma 3 (ii), we have

d tu ⊕ 1 − tð Þx′, tu ⊕ 1 − tð Þy′
� �

≤ 1 − tð Þd x′, y′
� �

≤ 1 − tð Þd x, yð Þ:
ð19Þ

This implies that St is monotone increasing G-contrac-
tion. Since u ∈DS, there exists v ∈ SðuÞ such that ðu, vÞ ∈ E
ðGÞ. By the convexity of G, we have ðu, tu ⊕ ð1 − tÞvÞ ∈ EðGÞ.
This implies that u ∈DSt

and hence DSt
≠∅. By Theorem 2,

St has a fixed point xt in D.
In [6], the authors introduce a property that is stronger

than the condition ð∗Þ in Lemma 8.

Definition 9. Let ðM, dÞ be a Hadamard space, D a nonempty
subset of M, and G = ðVðGÞ, EðGÞÞ a directed graph.
Then, D is said to have property G if for any sequence
fxng in D such that Δ − lim

n→∞
xn = x ∈D, there exists a

subsequence fxnkg of fxng such that ðxnk , xÞ ∈ EðGÞ for all
k ∈ℕ.

The following result is an extension of Lemma 3.2 in [27].

Lemma 10. Let ðM, dÞ be a Hadamard space and D a non-
empty closed convex subset of M. Let G = ðVðGÞ, EðGÞÞ be a
directed graph and S : D→ KðMÞ a monotone increasing
G-nonexpansive mapping and fxng a bounded sequence
in D. Suppose that D has property G. If limn→∞distðxn,
SðxnÞÞ = 0 and Δ − limn→∞xn = x, then x ∈ SðxÞ.

Proof. For n ∈ℕ, let yn ∈ SðxnÞ be such that dðxn, ynÞ = dist
ðxn, SðxnÞÞ. By Lemma 4 (ii), x ∈D. Since D has property
G, there exists a subsequence fxnkg of fxng such that
ðxnk , xÞ ∈ EðGÞ for all k ∈ℕ. Since S is monotone increasing
G − nonexpansive, for each k ∈ℕ there exists znk ∈ SðxÞ
such that

ynk , znk
� �

∈ E Gð Þ,

d ynk , znk
� �

≤ d xnk , x

 �

:
ð20Þ

Since SðxÞ is compact, without loss of generality, we
may assume that znk ⟶ z ∈ SðxÞ. Thus,

d xnk , z

 �

≤ d xnk , ynk
� �

+ d ynk , znk
� �

+ d znk , z

 �

≤ dist xnk , S xnk

 �
 �

+ d xnk , x

 �

+ d znk , z

 �

:
ð21Þ

This implies that limsupk→∞dðxnk , zÞ ≤ limsupk→∞dðxnk ,
xÞ. Thus, z ∈ZðfxnkgÞ = fxg and hence, x = z ∈ SðxÞ.

By applying Lemmas 8 and 10, we can obtain a fixed-
point theorem for monotone increasing G-nonexpansive
mappings in Hadamard spaces.

Theorem 11. Let ðM, dÞ be a Hadamard space and D a non-
empty bounded closed convex subset of X. Let G = ðVðGÞ,
EðGÞÞ be a convex directed graph and suppose that D has
property G. Let S : D⟶ KðDÞ be a monotone increasing
G-nonexpansive mapping such that u ∈DS for some u ∈D.
Then, S has a fixed point in D.

Proof. For each n ∈ℕ, we define a mapping Sn : D⟶ KðDÞ
by

Sn xð Þ≔ 1
n
u ⊕ 1 − 1

n

� 

S xð Þfor all x ∈D: ð22Þ

Then, by Lemma 8, there exists xn in D such that xn ∈
SnðxnÞ = ð1/nÞu ⊕ ð1 − 1/nÞSðxnÞ. For each n ∈ℕ, there exists
yn ∈ SðxnÞ such that

xn =
1
n
u ⊕ 1 − 1

n

� 

yn: ð23Þ
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This implies that

dist xn, S xnð Þð Þ ≤ d xn, ynð Þ = 1
n
d u, ynð Þ ⟶ 0 as n⟶∞:

ð24Þ

Since fxng is bounded, by Lemma 4, there exists a subse-
quence fxnkg of fxng and a point x in D such that Δ −
limk→∞xnk = x. By Lemma 10, we have x ∈ SðxÞ and hence,
the proof is complete.

As a consequence of Theorem 11, by puttingVðGÞ =D and
EðGÞ =D ×D, we obtain a result of Dhompongsa et al. [28].

Corollary 12. Let ðM, dÞ be a Hadamard space and D a non-
empty bounded closed convex subset ofM. Let S : D⟶ KðDÞ
be a nonexpansive mapping. Then, S has a fixed point.

The following result gives conditions that guarantee the
closedness and the convexity of the fixed-point set of a
monotone increasing G-nonexpansive mapping on a closed
convex subset of a Hadamard space. Notice also that it is an
extension of Theorem 3.2 in [6].

Lemma 13. Let ðM, dÞ be a Hadamard space and D a non-
empty closed convex subset of M. Let G = ðVðGÞ, EðGÞÞ be a
convex directed graph and suppose that D has property G. If
S : D⟶ CBðDÞ is a monotone increasing G-nonexpansive
mapping satisfying the endpoint condition and FðSÞ × FðSÞ
⊆ EðGÞ, then FðSÞ is closed and convex.

Proof. Let fxng be a sequence in FðSÞ such that lim
n→∞

xn = x.

Since D has property G, there is a subsequence fxnkg of fxng
such that ðxnk , xÞ ∈ EðGÞ for all k ∈ℕ. Since S is monotone
increasing G-nonexpansive, there exists znk ∈ SðxÞ such that

xnk , znk

 �

∈ E Gð Þ,
d xnk , znk

 �

≤ d xnk , x

 �

:
ð25Þ

Thus

dist x, S xð Þð Þ ≤ d x, znk

 �

≤ d x, xnk

 �

+ d xnk , znk

 �

≤ 2d xnk , x

 �

⟶ 0 as k⟶∞:
ð26Þ

This implies that x ∈ SðxÞ and hence, FðSÞ is closed. Let
x, y ∈ FðSÞ and z = αx ⊕ ð1 − αÞy for some α ∈ ð0, 1Þ. Since F
ðSÞ × FðSÞ ⊆ EðGÞ, both ðx, xÞ and ðy, xÞ belong to EðGÞ. By
the convexity of G, we have ðz, xÞ ∈ EðGÞ. Take any point v
∈ SðzÞ. Since S is monotone increasing G-nonexpansive, there
exists w ∈ SðxÞ = fxg such that ðv,wÞ ∈ EðGÞ and dðv,wÞ ≤ d
ðz, xÞ. This implies that dðv, xÞ ≤ dðz, xÞ. Similarly, we can
show that dðv, yÞ ≤ dðz, yÞ. It follows from Lemma 3 (iii) that

d2 v, zð Þ ≤ αd2 v, xð Þ + 1 − αð Þd2 v, yð Þ − α 1 − αð Þd2 x, yð Þ
≤ αd2 z, xð Þ + 1 − αð Þd2 z, yð Þ − α 1 − αð Þd2 x, yð Þ
≤ α 1 − αð Þ2d2 x, yð Þ + 1 − αð Þα2d2 x, yð Þ

− α 1 − αð Þd2 x, yð Þ = 0,
ð27Þ

which yields z = v ∈ SðzÞ. Therefore, z ∈ FðSÞ and hence, FðSÞ
is convex.

Now, we prove the strong convergence of Browder’s iter-
ation for monotone increasing G-nonexpansive mappings in
Hadamard spaces.

Theorem 14. Let ðM, dÞ be a Hadamard space and D a non-
empty closed convex subset of M. Let G = ðVðGÞ, EðGÞÞ be a
convex directed graph and suppose that D has property
G. Let S : D⟶ KðDÞ be a monotone increasing G-non-
expansive mapping satisfying the endpoint condition and
having u ∈DS for some u ∈D. Suppose that FðSÞ × FðSÞ
⊆ EðGÞ. Then, the following statements hold:

(i) If the net fxtg defined by (16) dominates FðSÞ, then
fxtg converges strongly to PFðSÞðuÞ as t⟶ 0

(ii) If fung is a bounded sequence in D such that
limn→∞distðun, SðunÞÞ = 0, then d2ðu, PFðSÞðuÞÞ ≤ μn
d2ðu, unÞ for each Banach limit μ

Proof. (i) We first show that fxtg is bounded. Let p ∈ FðSÞ.
Since fxtg dominates FðSÞ, ðxt , pÞ ∈ EðGÞ. From (16),
there exists yt ∈ SðxtÞ such that xt = tu ⊕ ð1 − tÞyt . It fol-
lows from the G-nonexpansiveness of S and the end-
point condition that ðyt , pÞ ∈ EðGÞ and dðyt , pÞ ≤ dðxt , pÞ.
This yields

d xt , pð Þ ≤ td u, pð Þ + 1 − tð Þd yt , pð Þ ≤ td u, pð Þ + 1 − tð Þd xt , pð Þ,
ð28Þ

which implies that dðxt , pÞ ≤ dðu, pÞ and hence, fxtg is
bounded. Notice also that fytg is bounded and distðxt ,
SðxtÞÞ ≤ dðxt , ytÞ ≤ tdðu, ytÞ⟶ 0 as t⟶ 0.

Next, we show that fxtg converges strongly to PFðSÞðuÞ as
t⟶ 0. Let a sequence ftng in ð0, 1Þ converging to 0 and
put xn ≔ xtn . It suffices to show that there exists a subse-
quence of fxng which converges to PFðSÞðuÞ. By Lemmas 4
and 10, there exists a subsequence fxnkg of fxng and a point z
in FðSÞ such that Δ − limk→∞xnk = z. By Lemma 5 (ii), we have

d2 xnk , z

 �

= xnkz
��!,xnkz

��!� 	
≤ tnk uz!,xnkz

��!� 	
+ 1 − tnk

 �

ynkz
�!,xnkz

��!D E
≤ tnk uz!,xnkz

��!� 	
+ 1 − tnk

 �

d ynk , z
� �

d xnk , z

 �

≤ tnk uz!,xnkz
��!� 	

+ 1 − tnk

 �

d2 xnk , z

 �

:

ð29Þ
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Thus, d2ðxnk , zÞ ≤ huz!,xnkz
��!i. Since Δ − limk→∞xnk = z, by

Lemma 5 (iii), we have limsupk→∞ huz!,xnkz
��!i ≤ 0 and this in

turn implies that limk→∞xnk = z. Next, we show that z = PFðSÞ
ðuÞ. Since fxnkg dominates FðSÞ, for any q ∈ FðSÞ, we have

d2 xnk , q

 �

≤ tnkd
2 u, qð Þ + 1 − tnk


 �
d2 ynk , q
� �

− tnk 1 − tnk

 �

d2 u, ynk
� �

≤ tnkd
2 u, qð Þ

+ 1 − tnk

 �

d2 xnk , q

 �

− tnk 1 − tnk

 �

d2 u, ynk
� �

:

ð30Þ

Thus,

d2 xnk , q

 �

≤ d2 u, qð Þ − 1 − tnk

 �

d2 u, ynk
� �

: ð31Þ

Let k⟶∞, then

d2 z, qð Þ ≤ d2 u, qð Þ − d2 u, zð Þ: ð32Þ

Hence,

0 ≤ 1
2 d2 z, zð Þ + d2 u, qð Þ − d2 z, qð Þ − d2 u, zð Þ� �

= zu!, qz!� 	
for all q ∈ F Sð Þ:

ð33Þ

By Lemma 5 (i), z = PFðSÞðuÞ. In summary, for any given
sequence ftng in ð0, 1Þ converging to 0, the sequence fxn ≔
xtng has a subsequence converging to PFðSÞðuÞ. This shows
that xn ⟶ PFðSÞðuÞ and in turn implies that xt ⟶ PFðSÞðuÞ
as t⟶ 0.

(ii) The proof is similar to the proof of Theorem 3.4 in
[27], so we omit it.

Now, we give an example which supports Theorem 14.

Example 1. Let M = ðR, j⋅jÞ, D = ½0, 1� and let G = ðVðGÞ, E
ðGÞÞ be such that VðGÞ = ½0, 1/2� and EðGÞ = fðx, yÞ: x, y ∈
½0, 1/2�g. It is easy to see that G is convex. Let S : D⟶ KðDÞ
be defined by

S xð Þ≔
x
2

n o
if x ≠ 1,

0f g if x = 1:

0
@ ð34Þ

Then, S is a monotone increasing G-nonexpansive
mapping satisfying the endpoint condition. Notice also that
FðSÞ = f0g. Thus, FðSÞ × FðSÞ ⊆ EðGÞ. Fix u ∈DS = ½0, 1/2�.
For each t ∈ ð0, 1Þ, let xt be defined by (16). Obviously,
fxtg dominates FðSÞ and

xt = tu + 1 − tð Þ xt2 : ð35Þ

Thus, xt/2 = tðu − xt/2Þ⟶ 0 as t⟶ 0. This implies that
xt ⟶ 0 = PFðSÞðuÞ. However, S is not nonexpansive since

H S 1ð Þ, S 3
4

� 
� 

= 0 − 3

8

����
���� = 3

8 > 1
4 = 1 − 3

4

����
����: ð36Þ

As a consequence of Theorem 14, by puttingVðGÞ =D and
EðGÞ =D ×D, we obtain a result of Dhompongsa et al. [27].

Corollary 15. Let ðM, dÞ be a Hadamard space, D a non-
empty closed convex subset ofM, and S : D→ KðDÞ a nonex-
pansive mapping satisfying the endpoint condition. Fix u ∈D;
for each t ∈ ð0, 1Þ, let xt be a fixed point of St : D⟶ KðDÞ
defined by

St xð Þ≔ tu ⊕ 1 − tð ÞS xð Þ, for all x ∈D: ð37Þ

Then, the following statements hold:

(i) fxtg converges strongly to PFðSÞðuÞ as t⟶ 0

(ii) If fung is a bounded sequence in D such that
limn→∞distðun, SðunÞÞ = 0, then d2ðu, PFðSÞðuÞÞ ≤ μn
d2ðu, unÞ for each Banach limit μ

Next, we will extend the strong convergence of Halpern’s
iteration from single-valued G-nonexpansive mappings [7]
to the general setting of multivalued G-nonexpansive map-
pings. Notice that our approach does not require the transi-
tivity of the graph G.

Let ðM, dÞ be a Hadamard space and D a nonempty
closed convex subset ofM. Let G = ðVðGÞ, EðGÞÞ be a convex
directed graph and S : D⟶ KðDÞ a monotone increasing
G-nonexpansive mapping for which DS ≠∅. Let fαng be a
sequence in ð0, 1Þ. Fix u ∈DS, and let x1 = u. Then, there
exists y1 ∈ Sðx1Þ such that ðx1, y1Þ ∈ EðGÞ. Let

x2 = α1u ⊕ 1 − α1ð Þy1: ð38Þ

Since ðx1, x1Þ ∈ EðGÞ and G is convex, ðx1, x2Þ ∈ EðGÞ.
Since S is monotone increasing G-nonexpansive, there
exists y2 ∈ Sðx2Þ such that ðy1, y2Þ ∈ EðGÞ and dðy1, y2Þ ≤
dðx1, x2Þ. Let

x3 = α2u ⊕ 1 − α2ð Þy2: ð39Þ

Since ðu, uÞ ∈ EðGÞ and ðy1, y2Þ ∈ EðGÞ, by the convex-
ity of G, we have ðx2, x3Þ ∈ EðGÞ. Inductively, we can con-
struct sequences fxng and fyng in D such that

xn+1 = αnu ⊕ 1 − αnð Þyn, yn ∈ S xnð Þ, ð40Þ

yn, yn+1ð Þ ∈ E Gð Þ,
xn, xn+1ð Þ ∈ E Gð Þ, ð41Þ

d yn, yn+1ð Þ ≤ d xn, xn+1ð Þfor all n ∈ℕ: ð42Þ
Theorem 16. Let ðM, dÞ be a Hadamard space and D
a nonempty closed convex subset of M. Let G = ðVðGÞ,
EðGÞÞ be a convex directed graph and suppose that D has
property G. Let S : D⟶ KðDÞ be a monotone increasing
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G-nonexpansive mapping satisfying the endpoint condition
and having u ∈DS for some u ∈D. Suppose that FðSÞ ×
FðSÞ ⊆ EðGÞ, and let fαng be a sequence in ð0, 1Þ
satisfying

(C1) limn→∞αn = 0

(C2) ∑∞
n=1αn =∞,

(C3) ∑∞
n=1jαn − αn+1j<∞ or limn→∞ðαn/αn+1Þ = 1

For each n ∈ℕ, let xn be defined by (40) and suppose that
fxng dominates PFðSÞðuÞ. Then, fxng converges strongly to
PFðSÞðuÞ.

Proof. We divide the proof into three steps.

Step 1. We show that fxng and fyng are bounded sequences.
Let z ≔ PFðSÞðuÞ. Since fxng dominates z, ðxn, zÞ ∈ EðGÞ. It
follows from the G-nonexpansiveness of S and the endpoint
condition that ðyn, zÞ ∈ EðGÞ and dðyn, zÞ ≤ dðxn, zÞ. Thus,

d xn+1, zð Þ ≤ αnd u, zð Þ + 1 − αnð Þd yn, zð Þ ≤ αnd u, zð Þ
+ 1 − αnð Þd xn, zð Þ ≤max d u, zð Þ, d xn, zð Þf g

ð43Þ

for all n ∈ℕ. This implies that fxng is bounded and so is fyng.

Step 2. We show that limn→∞distðxn, SðxnÞÞ = 0. It follows
from (40)–(42) that

d xn, xn+1ð Þ = d αn−1u ⊕ 1 − αn−1ð Þyn−1, αnu ⊕ 1 − αnð Þynð Þ
≤ d αn−1u ⊕ 1 − αn−1ð Þyn−1, αnu ⊕ 1 − αnð Þyn−1ð Þ

+ d αnu ⊕ 1 − αnð Þyn−1, αnu ⊕ 1 − αnð Þynð Þ
≤ αn−1 − αnj jd u, yn−1ð Þ + 1 − αnð Þd yn−1, ynð Þ
≤ 1 − αnð Þd xn−1, xnð Þ + αn−1 − αnj jd u, yn−1ð Þ:

ð44Þ

Putting, in Lemma 7, cn = dðxn−1, xnÞ, γn = αn and ηn = j
1 − ðαn−1/αnÞjdðu, yn−1Þ, we get by (C2) and (C3) that
limn→∞dðxn, xn+1Þ = 0. Consequently, by (C1), we have

dist xn, S xnð Þð Þ ≤ d xn, ynð Þ ≤ d xn, xn+1ð Þ + d xn+1, ynð Þ
= d xn, xn+1ð Þ + d αnu ⊕ 1 − αnð Þyn, ynð Þ
≤ d xn, xn+1ð Þ + αnd u, ynð Þ⟶ 0 as n⟶∞:

ð45Þ

Step 3.We show that fxng converges strongly to z. By Lemma
3 (iii), we get that

d2 xn+1, zð Þ ≤ αnd
2 u, zð Þ + 1 − αnð Þd2 yn, zð Þ

− αn 1 − αnð Þd2 u, ynð Þ ≤ 1 − αnð Þd2 xn, zð Þ
+ αn d2 u, zð Þ − 1 − αnð Þd2 u, ynð Þ
 �

:

ð46Þ

By Theorem 14 (ii), we have μnðd2ðu, zÞ − d2ðu, xnÞÞ ≤ 0
for each Banach limit μ. Moreover, since limn→∞dðxn,
xn+1Þ = 0,

limsup
n→∞

d2 u, zð Þ − d2 u, xn+1ð Þ
 �
− d2 u, zð Þ − d2 u, xnð Þ
 �� �

= 0:

ð47Þ

It follows from Lemma 6 that

limsup
n→∞

d2 u, zð Þ − 1 − αnð Þd2 u, ynð Þ
� �
= limsup

n→∞
d2



u, zð Þ − d2 u, xnð Þ� �
≤ 0:

ð48Þ

Applying Lemma 7 to the inequality (46), we can con-
clude that xn ⟶ z as n⟶∞, and hence, the proof is
complete.

4. Concluding Remarks and Open Questions

In this paper, we show that if D is a nonempty subset of a
metric space and G = ðVðGÞ, EðGÞÞ is a directed graph such
that VðGÞ =D and EðGÞ =D ×D, then the concept of mono-
tone increasing G-nonexpansive mappings introduced by
Alfuraidan and Khamsi [9] coincides with the concept of
multivalued nonexpansive mappings. Moreover, by using
the concept of property G introduced by Tiammee et al.
[6], we prove the analogue results of Theorem 3.4 in [27],
Theorem 3.2 in [6], and Theorem 3.6 in [7] in the setting of
monotone increasing G-nonexpansive mappings in Hada-
mard spaces endowed with graphs. However, in view of
Example 1, we still have the strong convergence result of
Browder’s iteration for a monotone increasing G-nonex-
pansive mapping T on a set D which has no property G.
Thus, it is unclear whether property G is necessary for
Theorem 14. Therefore, the following question should be
of interest.

Question 1. Can we omit property G from Theorem 14?
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