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In this article, we discuss the existence and uniqueness of the solution of the fractional-order epidemic model of childhood diseases
by using fixed point theory. The technique of natural transform coupled with the Adomian decomposition is used to find the
solution of the proposed model. At the end of the article, the model is demonstrated with appropriate numerical and graphical
description.

1. Introduction

The immunity of the children is very weak; therefore, all the
children are exposed to various infectious and noninfectious
diseases during childhood [1]. The most common childhood
diseases are either viral or bacterial infections or allergic and
immunologic diseases [2]. “Respiratory Syncytial Virus”
(RSV) causes bronchiolitis, which affects baby children up
to 1 year. “Coxsackievirus” causes hand, foot, and mouth dis-
ease, which has no proper treatment for the infection and
needs proper care. The infection due to “rotavirus” causes
vomiting, high fever, and diarrhea in children, often leading
to critical problems with dehydration. The “varicella” virus
causes “chickenpox.” The “rubeola virus” causes measles,
also known as “German measles,” leading to serious compli-
cations, even death. Mumps is another viral disease which
initially starts with flu and then causes parotitis. Viruses or
bacteria cause meningitis, which have symptoms like head-
ache, stiff neck, fever, and malaise. It is an inflammation of
the tissue surrounding the brain and spinal cord “meninges.”
A strep infection causes “scarlet fever,” which commonly
appears after the throat infection. There are many other dis-
eases that are found in children in which it is not possible to
list them all. The term modeling is derived from the Latin

word “modulus” [3] which means that it is without restraint
an available application that permits using mathematics to
create model interactivity. We use the concept of mathemat-
ical modeling [4], for this divided the population into two
major classes. The first one is a mature class while the other
is a premature class. The premature class is then converted
to a mature class with a constant time, known as maturation
delay. To analyze the dynamics of childhood diseases, many
of the diseases cannot be spread rapidly in the human body;
for a certain disease, it will take a particular time called “latent
period.” All over the world, proper vaccination is suggested to
control all thementioned childhood diseases. For this purpose,
WHO launched the immunization program all over the world
in 1974 [5]. Singh et al. [2] provided a mathematical model to
formulate the procedure and present a numerical solution of
vaccination in various diseases during childhood. The SIR
model is presented by Makinde [6], as given below:

_S tð Þ = 1 − pð Þω − β
si
n
− ωs,

_I tð Þ = β
si
n
− γ + ωð Þi,

_R tð Þ = pω + γi − ωr:

8>>>>><
>>>>>:

ð1Þ
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Arafa et al. rearranged the model (1) using the follow-
ing relations, s/n = S , i/n =I , r/n =R, and modified it as
follows:

_S tð Þ = 1 − pð Þω − βSI − ωS ,
_I tð Þ = βSI − σ + ωð ÞI ,
_R tð Þ = pω + σI − ωR:

8>><
>>: ð2Þ

The model shows 100 percent efficiency of the vaccina-
tion. The natural death rate and the birth rate are denoted
by σ and β; however, the rate of mortality of the childhood
disease is very low. A fraction of the vaccinated population
at birth is represented by the parameter p, where 0 < p < 1.
Assume that the rest of the population is susceptible. A sus-
ceptible individual suffers from the disease through a con-
tact with infected individuals at rate ω.

In the last few decades, the research in applied mathe-
matics particularly in modern calculus and fractional calcu-
lus has attracted scientists and researchers [7–10]. It should
be kept in mind that in classical calculus, DEs have been
extended to fill the research gap in many branches of pure
and applied mathematics. Therefore, classical calculus is
extended to modern calculus, and ODEs are extended to
fractional-order DEs (FODEs). Fractional calculus has many
applications in physical and natural sciences [11–18]. Differ-
ent real-world problems have been modeled by FODEs and
the system of FODEs [19–21]. Due to the degree of freedom,
fractional calculus is used to solve nonlinear problems [22–
28]. Various researchers and scientists discussed the exis-
tence and uniqueness of the solutions of different phenom-
ena [12, 23, 29, 30] and applied different techniques to
solve these problems [17, 20, 21, 31]. Haq et al. presented
model (2) in a fractional order as

Dγ
tU tð Þ = 1 − pð Þω − βUI − ωU,

Dγ
tI tð Þ = βUI − σ + ωð ÞI ,

Dγ
tR tð Þ = pω + σI − ωR:

8>><
>>: ð3Þ

It is very essential to find the solution of (3) with an effi-
cient technique. Many researchers suggested different analyt-
ical and numerical methods for finding the solution of
nonlinear problems. In this paper, we will use natural trans-
form coupled with the Adomian decomposition method
(NTADM) for finding an approximate solution of a nonlin-
ear problem. This method can also be used for solving PDEs
in which no perturbation or linearization is required. This
method does not need any extra memory or any additional
parameters.

2. Preliminaries

Definition 1 (see [32]). Let Φ be a continuous function on
L1ð½0, T�,ℝÞ, a fractional integral of order κ ∈ ð0, 1Þ in the
Riemann-Liouville sense corresponding to t defined by

IκΦ tð Þ = 1
Γ κð Þ

ðt
0
t − ζð Þκ−1Φ ζð Þdζ, ð4Þ

where integral on right side is pointwise defined on ð0,∞Þ.

Definition 2 (see [32]). Let Φ be a continuous function on
½0, T�. The Caputo fractional derivative may be expressed as

DβΦ tð Þ = 1
Γ n − βð Þ

ðt
0
t − ζð Þn−β−1 dn

dζn
Φ tð Þ ζð Þ dζ

� �
, ð5Þ

where n = bβc + 1 and bβc represents the integer part of β.

Definition 3 (see [33]). The natural transform (abbreviated as
NT) of the function ΦðtÞ is presented as ℕ½ΦðtÞ� and with
variables s and W is defined as

ℕ Φ tð Þ½ � = R s, ϖð Þ =
ð∞
−∞

e−stΦ Wtð Þdt, s, ϖ ∈ −∞,∞ð Þ:

ð6Þ

Now, the NT with the Heaviside function HðtÞ is
defined as

ℕ Φ tð ÞH tð Þ½ � =ℕ+ Φ tð Þ½ � = R+ s, ϖð Þ
=
ð∞
0
e−stΦ ϖtð Þdt, s, ϖ ∈ 0,∞ð Þ: ð7Þ

Definition 4 (see [34]). The NT Rβðs,WÞ of the arbitrary
derivative in Caputo’s sense of ΦðtÞ is defined as

ℕ+ DβΦ tð Þ
h i

= Rβ s, ϖð Þ = sβ

ϖβ
R s, ϖð Þ

− 〠
n−1

k=0

sβ− k+1ð Þ

ϖβ−k DkΦ tð Þ
h i

t=0
:

ð8Þ

3. Existence and Uniqueness

In this section, to address the existence and uniqueness of
the proposed model, fixed-point theory is used. The exis-
tence of the model is guaranteed by Schauder’s fixed-point
theorem, while the uniqueness is guaranteed by Banach’s
contraction theorem.

System (2) can be generalized by involving a fractional
derivative in the Caputo sense for 0 < γ ≤ 1 as follows:

Dγ
tU tð Þ = 1 − pð Þω − βUI − ωU,

Dγ
tI tð Þ = βUI − σ + ωð ÞI ,

Dγ
tR tð Þ = pω + σI − ωR,

8>><
>>: ð9Þ

with initial conditions Uð0Þ = k1,I ð0Þ = k2,Rð0Þ = k3,
where ω, p, σ, β are positive parameters. Assume that
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Δ1 t,U,I ,Rð Þ = 1 − pð Þω − βUI − ωU,
Δ2 t,U,I ,Rð Þ = βUI − σ + ωð ÞI ,
Δ3 t,U,I ,Rð Þ = pω + σI − ωR:

ð10Þ

System (9) becomes

Dγ
tU tð Þ = Δ1 t,U,I ,Rð Þ,

Dγ
tI tð Þ = Δ2 t,U,I ,Rð Þ,

Dγ
tR tð Þ = Δ3 t,U,I ,Rð Þ:

8>><
>>: ð11Þ

Applying a fractional integral and using initial conditions,
we have

U tð Þ = k1 +
1

Γ γð Þ
ðt
0
t − ζð Þκ−1Δ1 t,U,I ,Rð Þdζ,

I tð Þ = k2 +
1

Γ γð Þ
ðt
0
t − ζð Þκ−1Δ2 t,U,I ,Rð Þdζ,

R tð Þ = k3 +
1

Γ γð Þ
ðt
0
t − ζð Þκ−1Δ3 t,U,I ,Rð Þdζ:

8>>>>>>>>><
>>>>>>>>>:

ð12Þ

Let

X tð Þ =
U tð Þ,
I tð Þ,
R tð Þ,

8>><
>>:

K =
k1,
k2,
k3,

8>><
>>:

H t, X tð Þð Þ =
Δ1 t,U,I ,Rð Þ,
Δ2 t,U,I ,Rð Þ,
Δ3 t,U,I ,Rð Þ:

8>><
>>:

ð13Þ

So, system (12) becomes

X tð Þ = K + 1
Γ γð Þ

ðt
0
t − ζð Þκ−1H ζ, X ζð Þð Þdζ: ð14Þ

Consider a Banach space Ω = C½0, T� × C½0, T�, with a
norm

U,I ,Rð Þk k = max
t∈ 0,T½ �

U +I +Rj j½ �: ð15Þ

Let d : Ω⟶Ω be a mapping defined as

d X tð Þ½ � = K + 1
Γ γð Þ

ðt
0
t − ζð Þκ−1H ζ, X ζð Þð Þdζ: ð16Þ

Further, we impose some conditions on a nonlinear func-
tion as follows:

(C1). There exist constants CH > 0 and QH > 0 such that

H t, X tð Þð Þj j ≤CH X tð Þj j +QH : ð17Þ

(C2). There exists constant LH > 0 such that for each
~XðtÞ, ~X1ðtÞ ∈Ω such that

H t, ~X tð Þ� �
−H t, ~X1 tð Þ� ��� �� ≤ LH ~X tð Þ − ~X1 tð Þ�� ��: ð18Þ

Theorem 5. Suppose that condition (C1) holds. Then, the
system (11) has at least one solution.

Proof. To show that operator d is bounded, let Ψ = fX ∈Ψj
ρ ≥ kXkg, where

ρ ≥ max
t∈ 0,T½ �

K + QHTγ/Γ γ + 1ð Þð Þ
1 − CHTγ/Γ γ + 1ð Þð Þ ð19Þ

is a closed and convex subset of Ω. Now, take

d Xð Þk k = max
t∈ 0,T½ �

K + 1
Γ γð Þ

ðt
0
t − ζð Þγ−1H ζ, X ζð Þð Þdζ

����
����

≤ Kj j + 1
Γ γð Þ

ðt
0
t − ζð Þγ−1 H ζ, X ζð Þð Þj jdζ

≤ Kj j + 1
Γ γð Þ

ðt
0
t − ζð Þγ−1 CH X tð Þj j +QH½ �dζ

≤ Kj j + CH Xk k +QH½ � Tγ

Γ γ + 1ð Þ ≤ ρ:

ð20Þ

It means that X ∈Ψ⇒ dðΨÞ ⊆Ψ, which shows that d is
bounded. Next, to show that d is completely continuous, let
t1 < t2 ∈ ½0, T� and take

d Xð Þ t2ð Þ − d Xð Þ t1ð Þk k
= 1

Γ γð Þ
ðt2
0

t2 − ζð Þγ−1H ζ, X ζð Þð Þdζ
����
−

1
Γ γð Þ

ðt1
0

t1 − ζð Þγ−1H ζ, X ζð Þð Þdζ
����

≤ tγ2 − tγ1
� � CH Xk k +QH½ �

Γ γ + 1ð Þ :

ð21Þ

This shows that kdðXÞðt2Þ − dðXÞðt1Þk⟶ 0 as t2→t1.
Hence, operator d is completely continuous by the Arzelá-
Ascoli theorem. Thus, the given system (11) has at least one
solution by Schauder’s fixed-point theorem.

Next, the Banach fixed-point theorem was used to show
that the system (11) has unique solution.

Theorem 6. Suppose that condition (C2) holds. Then, the sys-
tem (11) has unique solution.
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Proof. Let ~X, ~X1 ∈Ω. Take

d ~X
� �

− d ~X1
� �		 		 = max

t∈ 0,T½ �
1

Γ γð Þ
ðt
0
t − ζð Þγ−1H ζ, ~X ζð Þ� �

dζ
����

−
1

Γ γð Þ
ðt
0
t − ζð Þγ−1H ζ, ~X1 ζð Þ� �

dζ
����

≤
Tγ

Γ γ + 1ð Þ LH
~X − ~X1
�� �� ≤ Tγ

Γ γ + 1ð Þ LH
~X − ~X1
�� ��:

ð22Þ

Hence, d is the contraction. Using the Banach contrac-
tion theorem, the system (11) has unique solution.

4. Approximate Solution

In this part, the natural transform method is used to find the
approximate solution of the system (9). By using NT and ini-
tial conditions, we get

Applying inverse NT, we get

U tð Þ = k1 +ℕ−1 ϖγ

sγ
ℕ+ 1 − pð Þω − βUI − ωU½ �

� �
,

I tð Þ = k2 +ℕ−1 ϖγ

sγ
ℕ+ βUI − σ + ωð ÞI½ �

� �
,

R tð Þ = k3 +ℕ−1 ϖγ

sγ
ℕ+ pω + σI − ωR½ �

� �
:

8>>>>>>>><
>>>>>>>>:

ð24Þ

Consider the series solution of the system (9) to be

U tð Þ = 〠
∞

n=0
Un tð Þ,

I tð Þ = 〠
∞

n=0
I n tð Þ,

R tð Þ = 〠
∞

n=0
Rn tð Þ,

ð25Þ

while the nonlinear term is represented as

U tð ÞI tð Þ = 〠
∞

n=0
An tð Þ, ð26Þ

where each An is the Adomian polynomial and is defined as

An =
1

Γ n + 1ð Þ
dn

dλn
〠
n

i=0
λiUi tð Þ〠

n

i=0
λiI i tð Þ

" #
λ=0

: ð27Þ

The first three terms of An are given below:

A0 =U0 tð ÞI 0 tð Þ,
A1 tð Þ =U0 tð ÞI 1 tð Þ +I 0 tð ÞU1 tð Þ,
A2 tð Þ = 2U0 tð ÞI 2 tð Þ + 2U1 tð ÞI 1 tð Þ + 2U2 tð ÞI 0 tð Þ:

ð28Þ

ℕ+ Dγ
tU tð Þ� �

=ℕ+ 1 − pð Þω − βUI − ωU½ �,
ℕ+ Dγ

tI tð Þ� �
=ℕ+ βUI − σ + ωð ÞI½ �,

ℕ+ Dγ
tR tð Þ� �

=ℕ+ pω + σI − ωR½ �,

8>><
>>:

sγ

ϖγ
ℕ+ U tð Þ½ � − 〠

n−1

k=0

sγ− k+1ð Þ

ϖγ−k DkU tð Þ
h i

t=0
=ℕ+ 1 − pð Þω − βUI − ωU½ �,

sγ

ϖγ
ℕ+ I tð Þ½ � − 〠

n−1

k=0

sγ− k+1ð Þ

ϖγ−k DkI tð Þ
h i

t=0
=ℕ+ βUI − σ + ωð ÞI½ �,

sγ

ϖγ
ℕ+ R tð Þ½ � − 〠

n−1

k=0

sγ− k+1ð Þ

ϖγ−k DkR tð Þ
h i

t=0
=ℕ+ pω + σI − ωR½ �,

8>>>>>>>>>>><
>>>>>>>>>>>:

ℕ+ U tð Þ½ � = 1
s
k1 +

ϖγ

sγ
ℕ+ 1 − pð Þω − βUI − ωU½ �,

ℕ+ I tð Þ½ � = 1
s
k2 +

ϖγ

sγ
ℕ+ βUI − σ + ωð ÞI½ �,

ℕ+ R tð Þ½ � = 1
s
k3 +

ϖγ

sγ
ℕ+ pω + σI − ωR½ �:

8>>>>>>><
>>>>>>>:

ð23Þ
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Therefore, equation (24) can be written as

〠
∞

n=0
Un tð Þ = k1 +ℕ−1

"
ϖγ

sγ
ℕ+

"
1 − pð Þω

− β〠
∞

n=0
An tð Þ − ω〠

∞

n=0
Un tð Þ

##
,

〠
∞

n=0
I n tð Þ = k2 +ℕ−1

"
ϖγ

sγ
ℕ+

"
β〠

∞

n=0
An tð Þ

− σ + ωð Þ〠
∞

n=0
I n tð Þ

##
,

〠
∞

n=0
Rn tð Þ = k3 +ℕ−1

"
ϖγ

sγ
ℕ+

"
pω + σ〠

∞

n=0
I n tð Þ

− ω〠
∞

n=0
Rn tð Þ

##
:

ð29Þ

Thus, we establish the series solution as

U tð Þ =U0 tð Þ +U1 tð Þ+⋯,
I tð Þ =I 0 tð Þ +I 1 tð Þ+⋯,
R tð Þ =R0 tð Þ +R1 tð Þ+⋯,

8>><
>>: ð30Þ

where U0ðtÞ = k1, I 0ðtÞ = k2, and R0ðtÞ = k3.

Similarly, we can calculate the other terms.

5. Numerical Results

Using k1 = 1, k2 = 0:5, k3 = 0,p = 0:9,ω = 0:4, β = 0:8, and
σ = 0:03, corresponding to these numerical values, we pres-
ent the approximate solution (30) through MATLAB for
ten terms in Figures 1–3.

In Figures 1–3, we have presented the approximate solu-
tions of different compartments against the given data and
corresponding to different fractional orders. Further, the
obtained results show that the solution is continuously
dependent on the time-fractional derivative and values of
the parameters. Since the population of the susceptible class
decreases, however, that of the recovered class gradually
increases with time due to vaccination. As shown in
Figure 1, the susceptibility is decreasing for some initial time
which results in infection decrease as in shown Figure 2. This
is because of vaccination which reduces infection, and hence,
the recovery from disease is increasing as shown in Figure 3.
The increase and decrease of different compartments are dif-
ferent corresponding to the fractional-order derivative. The

concerned process for some initial time is faster on a smaller
fractional order, and then, the process reverses and becomes
slow at the same smaller fractional order. Hence, the frac-
tional calculus presents global dynamics of the decay and
the growth process in the biological models. Here, it is inter-
esting that the number of peaks and their respective ampli-
tudes are similar between models; however, there are
variations in the timing of these peaks. The transient oscilla-
tions of the considered model under fractional orders are
more stretched out than those of its corresponding integer-
order model whose solutions experience longer interepi-
demic times. Hence, we concluded that depending on the
particular values of the parameters, the fractional-order
model either converges to the classical model and fits data,
similarly, or fits the data better and outperforms the classical
model correspondingly.

6. Conclusion

In this paper, we show the existence and uniqueness of the
fractional-order childhood disease model applying metric
fixed-point theory. We also develop a proper procedure of

U1 tð Þ = 1 − pð Þω − βU0I 0 − ωU0½ � tγ

Γ γ + 1ð Þ ,

I 1 tð Þ = βU0A0 − σ + ωð ÞI 0½ � tγ

Γ γ + 1ð Þ ,

R1 tð Þ = pω + σI 0 − ωR0½ � tγ

Γ γ + 1ð Þ :

8>>>>>>>><
>>>>>>>>:

U2 tð Þ = 1 − pð Þω tγ

Γ γ + 1ð Þ − βk1 σ + ωð Þ − β2k1k2
� � t2γ

Γ 2γ + 1ð Þ − β k2 + ωð Þ 1 − pð Þω − βk1k2 − ωk1½ � t2γ

Γ 2γ + 1ð Þ ,

I 2 tð Þ = βk1 − σ − ωð Þ βk1k2 − σ + ωð Þk2ð Þ½ � t2γ

Γ 2γ + 1ð Þ + βk2 ω − pω − βk1k2 − ωk1ð Þ½ � t2γ

Γ 2γ + 1ð Þ ,

R2 tð Þ = pω
tγ

Γ γ + 1ð Þ − σ βk1k2 − σ + ωð Þk2ð Þ½ � t2γ

Γ 2γ + 1ð Þ − ω pωð Þ − σk2 − ωk3½ � t2γ

Γ 2γ + 1ð Þ :

8>>>>>>>>><
>>>>>>>>>:

ð31Þ
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Figure 1: Graphical representation of the approximate solution of a susceptible class at three different fractionals.
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Figure 2: Graphical representation of the approximate solution of an infected class at three different fractionals.

0

0.05

0.1

0.15

0.2

0.25

0.3

500 100 150 200 250
Time t (days)

Re
co

ve
re

d 
po

pu
lat

io
n 

(in
 m

ill
io

n)

𝛾 = 0.50
𝛾 = 0.75
𝛾 = 1

Figure 3: Graphical representation of the approximate solution of a recovered class at three different fractionals.
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natural transform, coupled with the Adomian decomposition
method, and obtained an approximate solution of the pro-
posed model. In the end, some numeric interpretation and
their graphical presentation have been provided.
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