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The objective of this paper is to establish g-analogue of some well-known inequalities in analysis, namely, Poincaré-type
inequalities, Sobolev-type inequalities, and Lyapunov-type inequalities. Our obtained results may serve as a useful source of

inspiration for future works in quantum calculus.

1. Introduction and Preliminaries

Mathematical inequalities play a crucial role in the develop-
ment of various branches of mathematics as well as other dis-
ciplines of science. In particular, integral inequalities
involving the function and its gradient provide important
tools in the proof of regularity of solutions to differential
and partial differential equations, stability, boundedness,
and approximations. One of these categories of inequalities
is the Poincaré-type inequality. Namely, if Q is a bounded
(or bounded at least in one direction) domain of RY, then,
there exists a constant C = C(2) > 0 such that for all u € H}
(),

J |u(x)|? dx < CJ K| Vu(x)|*dx. (1)
Q Q

For a smooth bounded domain Q, the best constant
C satisfying the above inequality is equal to A(Q)™,
where A(Q) is the first eigenvalue of —A in H}(2), and
A is the Laplacian operator (see, e.g., [1-5]). Due to
the importance of Poincaré inequality in the qualitative
analysis of partial differential equations and also in
numerical analysis, numerous contributions dealing with
generalizations and extensions of this inequality
appeared in the literature (see, e.g., [6-17] and the refer-
ences therein). Another important inequality involving
the function and its gradient is the Sobolev inequality

(see [18, 19]). Namely, if u is a smooth function of com-
pact support in R?, then

JRz u' (x) dx < g (LR U’ (x) dx> (JR |Vu(x)|? dx), 2)

where x>0 is a dimensionless constant and Vu denotes
the gradient of u. For further results related to Sobolev-
type inequalities and their applications, see, for example,
[20-26].

Lyapunov’s inequality is one of the important results in
analysis. It was shown that this inequality is very useful in
the study of spectral properties of differential equations,
namely, stability of solutions, eigenvalues, and disconjugacy
criteria. More precisely, consider the second order differen-
tial equation

=9" () = f(£)9(t), my <t <my,, (3)
under the Dirichlet boundary conditions
i=1,2, (4)
where f € C([m,, m,]). Obviously, the trivial function 9
=0 is a solution to (3)-(4). Lyapunov’s inequality pro-
vides a necessary criterion for the existence of a nontriv-

ial solution. Namely, if 9€ C'([m;, m,]) is a nontrivial
solution to (3)-(4), then (see Lyapunov [27] and Borg
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(28])

my
| aryae> (5
my 1

Since the appearance of the above result, numerous
contributions related to Lyapunov-type inequalities have
been published (see, e.g., [18, 29-32] and the references
therein).

On the other hand, because of its usefulness in several
areas of physics (thermostatistics, conformal quantum
mechanics, nuclear and high energy physics, black holes,
etc.), the theory of quantum calculus received a considerable
attention by many researchers from various disciplines (see,
e.g., [33-35]).

In this paper, motivated by the abovementioned contri-
butions, our goal is to derive g-analogs of some Poincaré-
type inequalities, Sobolev-type inequalities, and Lyapunov-
type inequalities. Notice that only the one dimensional case
is considered in this work.

We recall below some notions and properties related to g
-calculus (see, e.g., [36-51] and the references therein).

We first fix g € (0, 1). Let IN be the set of positive natural
numbers, i.e., N={1,2,3,---},and N, =INU {0}.

Definition 1. The g -derivative of a function 9 € C'([0, T]) (
T > 0) is defined by

ifo<t<T,
ift=0.
Remark 2. Using L'Hospital’s rule, one obtains

lim D_9(t) =

lim D,9(1) = 9'(0), )
which shows that D9 € C([0, T]) for all 9 € C' ([0, T]).

Remark 3. It can be easily seen that

Jim D,5(t) =

9'(t), 0<t<T. (8)

Lemma 4 (see [45]). Let 9, p € C!([0, T)). Then
D, (9p) (1) = 9(qt)Dyp(t) + p(£)Dyd(t)- (©)

Definition 5. The g-integral of a function 9 € C([0, T]) is
defined by

[[s@de-a-any ¢oun, osist o)

0 o=0
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and
t t S
J R9(E)d, & = J R9(E)d, & - J RO(E)d,E O0<s<t<T.
s 0 0
(11)

Remark 6. Obviously, if 9 € C([0, T]), then

Jt 9(5)dq5<00,r®9(€)dq5<oo, 0<s<t<T. (12)

0

Lemma 7 (see [39]). Let 9, p€ C([0, T]), 0<¢t<T, p>1and
p' =plp—1. Then

(D) | [, 9(8)d&] < [[RI9E)|d &
(ii) For all 0 € N, 9(¢°¢) < p(q"t)j; 9(8) d,€ < j:) p(&)
dy§
(iii) [5 19(9)Ilp(§)|d, f< (I3 9@ 48"
(3 lp©) d f)

Lemma 8 (see [45]). Let 9 € C'([0, T]). Then

(i) [;D9(8)d,E=9(t) -
(i) D, [, 9(8)d,E=9(1),0<t<T

s),0<s<t<T

Remark 9. Notice that in general, for 0 <s<t< T,

Jt 9(E)d,E th 19(8)]d,£. (13)

Namely, following [40], consider the function 9 : [0, 1]
— R defined by

L ag7g-1-3g) it << TUED en
1-¢g 2
_ n
o=y 1 (<&g"+1)-1 ifQ(Hq)SESq”,néNw
1-q 2
0 if&=0
(14)

Then, one has

9(q")=-1 and 9<q(12+q)>:1, foralln e N,.

(15)
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Therefore, an elementary calculation shows that

1 1 _
J 9E)d,E=- "2 andJ UGy

1+q/2 1+q/2
(16)
Hence, one has
1 1
J 9(E)d £ >J 19(8)d,£. (17)
1+q/2 1+q/2

We have the following integration by parts rule.

Lemma 10 (see [45]). Let 9; € C'([0, T]), i=1,2. Then

T T
j 9,(8)(D,9,) (8) d, = [9,(8)9,(E)] L, - J 9,(a8)(D,9,) (¥) d, .

0

(18)
Let us introduce the set
A;={q" :neN}uU{0}. (19)
Let Te Ay, T>0,ie,
T = g~, for some k € N, (20)
and I, = [0, T] N Aq, ie.,
qu{q”k : iE]NO}U{O}. (21)

Let s, t e Iq be such that 0<s<t, ie, t= q”k for some i

€ N, and s = ¢"***/ for some j € N. In this case, for 9 € C([0
, T]), by Definition 5, one has

[owae=[ swag-[ s0ag-0-ar o

N

-(1-q)s i q°9(q°s) = (1-9q) <§ tq°9(q°t)

o=0 o=0
_ Z SqJS(qJS)) =(1-q) <Z qa+i+k9(qa+i+k)
0=0 =0
_ \ a+i+k+j9 o+itk+j =(1-
;0 q (4 )) (1-4)
(Z 99"~ ), q”9(Q”)>
n=it+k n=itk+j
i+k+j-1
=(1-q) ) q"9q"),
n=i+k
(22)

which is a finite sum. Hence, one deduces the following
property.

Lemma 11. Let 9, p € C([0, T]), where T€ A;, T > 0. Let s, t
€1, be such that 0 <s <t. Then

Jr o) d £

N

< Jt 19(8)1 d,£. (23)

2. Poincaré and Sobolev Type Inequalities

Let g € (0, 1) be fixed.

Theorem 12. Let p>1 and T € A,, T >0. Let 9 € C'([0, T])
be such that

9(0)=9(T) = 0. (24)

Then

E 19(8)Pd & < (g)f’ J: ID,9(E)d £ (25)

Proof. Let t =q°T, where o € N. Notice that since T € A,
then t € I,. By property (i) of Lemma 8, one has
t

9(0)-8(0) = | D@z (26)

0

Since 9(0) = 0, it holds that

9(1) = f D,9(E)d,E. (27)

0

Next, by property (i) of Lemma 7, one obtains
t
900) = | [2,9(8)|d % (28)
0

Again, using property (i) of Lemma 8, and the fact that
9(T) =0, one obtains

9(1) = J ' D9(E)d ¢ (29)

t

Hence, by Lemma 11, one deduces that
T
9001 = | 1D,9(8)|d % (30)
t
Combining (28) with (30), it holds that
1 T
9001 = 3| 1P,8(0) 14,8 (31)

On the other hand, by Hélder’s inequality (see property



(iii) of Lemma 7), one has
T T 1p , .1 p-1/p
J 1D,9(8)|d,£ < (J ID,9(8) |qus) <J ldq§> .
0 0 0
(32)

Notice that

M8
N]

J:mqs= (1-q)Ty q'= (3)

Il
(=]

n

Therefore,

JZ |D,9(&)|d & <TP"P <JZ |Dq9(£)}pdq£> llp. »

Combining (31) with (34), one deduces that

19(t)| < TP;”P (JZ ID,9() yl’dqg) ! (35)
which yields
19(t) P < T;IE |D,9(8)|"d, &, (36)
ie.
19(g°T)P < EJ DSEPdE oeN.  (37)

Notice that since 9(T) =0, the above inequality is also
true for o =0. Hence, by property (ii) of Lemma 7, one
deduces that

JZS( )P d€< TP_IJ |D,9(& | dfj 1d.g. (38)

Finally, (25) follows from (33) and (38).

Remark 13. Inequality (25) is the one dimensional g-analog
of the Poincaré-type inequality derived by Pachpatte [11].

Theorem 14. Let p;,p,>1 and T€ A, T>0. Let 9,,9, €
C!([0, T]) be such that

9,(0)=9,(T)=0,i=1,2. (39)

Then

! T P1tP:
Jo 9 (§)|P1 |92(§)|p2 dqf < é (E>

J: (}Dq‘gl(g)yzpl + ’Dq92(€)|2p2) dqg'
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Proof. From (37) and (70), one has

Tp1_1 T
2h Jo

-1

Py
dq£’0 € NO) (41)

9(q°T) | hr<

D9 ()

TP
19:(4°T) [ <

Jyps OPdE oeN,  (42)

Multiplying (41) by (42), one obtains
o » " » TP1+P2_2 T »
O (@ D) 9(a" T < —55- (L D9 (8)] 1qu>

([aicrad

Next, using the inequality 2AB < A* + B%, A,B€ R, one
deduces that

19:(@" D) [9:(¢" )

(Jj PAE dq£>2 ' (J: EANGIE qu> 2} .

(44)

TPI*PZ’Z
S—
2P tpytl

On the other hand, by Holder’s inequality (see property
(iii) of Lemma 7), for i = 1, 2, one has

(JOT PAO dq5)2 - TJZ D@ d g (45)

Hence, combining (44) with (45), it holds that

1Py (T
| ( T)|P1|9( T)le ﬂ
9 9 2P tpytl 0

(D& + [D%H(E)[*) d k. (46)

Since the above inequality holds for all o € N, by prop-
erty (ii) of Lemma 7, one deduces that

T TP -1 T
|, 1@ P@r g o |

. (|Dq91(f)’2p1+|Dq92(f) | ) quJZ 1d.¢. (47)

Finally, (40) follows from (33) and (47).

Remark 15. Inequality (40) is the one dimensional q-analog
of the Poincaré-type inequality derived by Pachpatte [10].

Theorem 16. Let p> 1, m> (p/2(p— 1)), Ne Nand T € A,,
T>0.Let9;€C'([0,T]),i=1,2,,N be such that

8,(0)=9,(T) =0. (48)
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Then

/N plp-1 2m(p=1)/p
U (Z |9i<£>|2> dqf]

i=1

1 N o 6m—1)p—2m. Y T
'SN(Z> T(6m-1p /P;JO ID,9,()

Proof. Let t = q° T, where 0 € N. From (31), one has

" dE (49)

9 <>|<1j ID8,(E)| g i=1.2 N (50)

On the other hand, by Hélder’s inequality (see property
(iii) of Lemma 7) and (33), one has

(JZ | D,9;(§) | dqé)z < TJZ |D,9:(%)

Hence, by (50), one deduces that

. (51)

, T (T 2 .
19;()] SZJO |D,9(§)|"d8 i=1,2--N, (52)
which yields
N plp=1 plp=1 (N T Pl
(Z &-(r)z) <(3) (ZJ \Dqs,-(&)\quf) -
i=1 i=1 J0
(53)

Next, using the discrete version of Hélder’s inequality,
one obtains

(54)

On the other hand, by Hoélder’s inequality (see property
(iii) of Lemma 7) and (33), one has

JT 1D,5(8)
< (Jj 1 dqi) N (Jj |Dq9i(f) |2p/p*1 qu) P_I/P (55)
— Tl <Jj ID,9, ()7 dq{)Pl/p.

[y

Therefore, by (54), one deduces that

N plp-1 plp-1
(Z |9i(t)|2> <NV 1<4> TV 12J D907 d &
i=1

(56)

Since the above inequality is true for all o € N, (recall
that t =¢q°T), by property (ii) of Lemma 7, and using (33),
one deduces that

T /N , pip-1 TNPPLN T ot
|, (;wxm) d€<N“‘”(4) Y | P ag

i=1

(57)

which yields

. o1 4 2mp-1)ip
U (Z |9,-<s>|2> dqs]
o (5 (5 o

Next, using Holder’s inequality with exponents 2m(p —
1)2m(p—1) —p and 2m(p —1)/p (notice that 2m(p —1)/p
> 1 by assumption), one obtains

T

Jo ID,9,(t)
T 2m(p-1)-pl2m(p-1) , .7 o \PRTED
([ (e

pl2m(p-1)
=T2m(p—1)—p/2m(p 1) (J |D (t |4md E) i

2m(p-1)lp
’2p/p—1 d E)
q .

(58)

}2p/p—l qu

(59)
which yields
N T
ZJ |Dq91( )|2p/p L £< T2m(p-1)-pl2m(p-1)
i=1 Jo o

N T o pl2m(p-1)
Z (JO ’Dqsi(t” dq{) :

i=1

Furthermore, the discrete Holder’s inequality shows that
2 ([

pl2m(p-1)
4m d 5) < N2m(p-1)-pl2m(p-1)

pr2zm(p-1)
4m
J 1D,9:( (t)] dqf> .

(61)

™M=

1



Hence, by (60), one deduces that

N T
Z JO ‘Dqsi(t)}zﬁ/l’—l dq{ < T2m(p=1)-pl2m(p=1) Nj2m(p=1)=p/2m(p-1)

= N T pl2m(p-1)
4m
(ZJ D9, qu> .

i=1 JO

Finally, combining (58) with (62), (49) follows.

Remark 17. Inequality (49) is the one dimensional g-analog
of the Poincaré-type inequality derived by Pachpatte [12].

Theorem 18. Let T € A, T > 0. Let Y C!([0, T]) be such that
9(0) = 9(T) = 0. (63)

Then

1/2

['v@as< 2 (] tapremenag) (|| poorag)
(64)

Proof. Let t = ¢° T, where 0 € N. By Lemma 4, property (i) of
Lemma 8, and using the boundary conditions, one has

t

(1) = j (9(a) +9E)DSE) dE  (65)

0

and

~92(1) = j (9(¢8) +9(E)DIE) AL (66)

t
Combining (65) with (66), it holds that
2 1"
Fo<3 | (o) ponDs@KE ()
Using Holder’s inequality, one obtains

1/2

2w <t ([ oot merag) ([ Ipsera)
(68

Since the above inequality holds for all o € N, using
property (ii) of Lemma 7, integrating over (0, T'), and using
(33), (64) follows.

Remark 19. Inequality (64) is the one dimensional g-analog
of the Sobolev-type inequality derived by Pachpatte [11].
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3. Lyapunov-Type Inequalities

We fix g€ (0,1) and T€A,, T>0. Consider the second
order g-difference equation

-D,(D,9)(t/q) +a(t)D,9(t) = f(t)p(9(t)), 0<t<T,
(69)

under the boundary conditions
9(0)=9(T) =0, (70)

where g, f € C([0, T]) and ¢ : R — R. We suppose that there
exists a constant L, > 0 such that

lp(x)| <L,|x|, x€R. (71)

Obviously, from (71), one has ¢(0) = 0. Hence, 9=01isa
trivial solution to (69) and (70). The following theorem pro-
vides a necessary condition for the existence of a nontrivial
solution to (69) and (70) satisfying 9(¢) #0,0 <t < T.

Theorem 20. Suppose that 9 € C'([0, T]) is a solution to (69)
and (70) satisfying

(t)+#0, 0<t<T. (72)
Then
. — . — 12
ISL(PJO /E(T4 E)|f(§)‘dq£+ (JG ,/@a(gﬂqug) .
(73)

Proof. Let s =q°T, where o € N. Since 9(0) =0, using prop-
erty (i) of Lemma 8, one has

9(s) = J D9(E)dE. (74)

0

By Holder’s inequality (see property (iii) of Lemma 7)
and (33), one obtains

sl vi([[Ipsrag) . o9
which yields
19(s) < SJO ID,9(8)[d,£. (76)
Similarly, since 9(T) = 0, one has

T
-89 = | D,8(E)dz (77)

N
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which implies that (see Lemma 11)
T
9001 | ID®d g (75)

Since s, T € I, then LT |D,9(§)|d,& is a finite sum (see
(22)). Hence, we can apply Holder’s inequality to get

T 2
19(s)|* < (T —S)J |D,9(8)| d,¢E. (79)

Multiplying (76) by (79), one obtains

B <s(r-9) [ D06 a8 (j D34,
(50)

19(s) < /5(T - 5) (L !Dq9(€)|2dqg> "2 <J5T |Dq9(§)|qu£) “2.
(81)

Using the inequality 2AB< A + B%, A,B€R, it holds
that

G [ e [ o0

(82)

19(s)[* <

i.e., (recall that s=¢°T and 9(T) = 0)

9(gT) < YOI =a7T) JT D) dE oeN,.
0

2
(83)
Consider now the function
w(t)=D,9(t/q), 0<t<T. (84)
By (69), one has
~D,w(t) +a(t)D9(t)(t) = f()p(9(t)), 0<t<T.
(85)

Multiplying (85) by 9(¢) and integrating over (0, T'), one
obtains

T T

a(§)9(&)Dyd(8)dy8 = J F(&)e(5(8))9(8)d ¢

0

—jT LGEMGIES|

0

(86)

On the other hand, using the integration by parts rule

(see Lemma 10) and the boundary conditions (70), one has
T T
—J 9(E)D,w(E)d, £ = J w(@)DIE)E  (87)
0 0
Hence, by (86) and the definition of w, one deduces that
T ) T T
L |D,9(8)["dy§ = L F(©)e(9(8))9(&)d,E - [O Na(§)9(§)D,9(§)d, 8.
(88)
Next, using (71), one obtains
T 2 T ) T
|, I8 <L, [ 1@ @dE+ | 1a@)196) D¢

(89)

Furthermore, by (83) and property (ii) of Lemma 7, one
deduces that

[ steraes ([ oerag)
- (jT O ET =848

‘5 (j |a<£>|[s<T—s)]““|Dq9<s>|dqs)

(]} pserra)

Therefore, by Holder’s inequality, it holds that

1/2

(90)

[REXCIREE %(j D)4,
(]} wor/ar-ag)
‘5 (J RCIRCERETE N
([ wtores)

(91)

Next, we claim that
T 2
J ID,9(E)*d, & #0. (92)
0

Indeed, suppose that fg |Dq8(§)|2dqf = 0. By Definition
5, one obtains

(1=9)T Y, a'|D;9(a"T)|[Dy9(a’T) =0, (93



which yields
D,9(q"'T)=0,7 € N,. (94)
In particular, for T =1, one has
D,(T)=0, (95)
ie,
9(T)-9(qT) =0. (96)

Since 9(T) =0, one deduces that 9(qT) = 0, which con-
tradicts (72). This proves (92). Now, dividing (91) by J"g
ID,9(E)|” d,& >0, it holds that

1< %j reh/Er -8 (|

T

a®PET-8) dqf) ,

0

(97)
which yields (73).
Using the inequality
TZ
HT-§)< . 0<E<T, (98)

one deduces from Theorem 20 the following result.

Corollary 21. Suppose that 9 € C'([0, T) is a solution to (69)
and (70) satisfying (72). Then

LT T \/T T 1/2
1< "TJ )l + —- (J |a(§)|2dqg> - (99)
0 0
Consider now the second order g-difference equation

-D,(D,9)(t1q) = f(t)p(S(t)), 0<t<T,

under the boundary conditions (70), where f € C([0, T])
and ¢ : R — R satisfies (71). Notice that (100) is a special
case of (69) with a = 0. Hence, by Theorem 20 and Corollary
21, one deduces the following results.

(100)

Corollary 3.2. Suppose that 9€ C'([0, T]) is a solution to
(100) and (70) satisfying (72). Then

T 2
J VET-BIf@)ld,g> .
P

0

(101)

Corollary 22. Suppose that 9 € C'([0, T)) is a solution to (100)
and (70) satisfying (72). Then

JT F(E)ld,E> % (102)
0 ¢

Remark 23. Inequality (102) with ¢(x) =x (L, =1) is the q
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-analogue of Lyapunov inequality (5) with m, =0 and m, =
T.

4. Conclusion

Integral inequalities involving the function and its gradient
are very useful in the study of existence, uniqueness, and
qualitative properties of solutions to ordinary and partial dif-
ferential equations. Motivated by the importance of g-cal-
culus in applications, integral inequalities involving the
function and its g-derivative are obtained. Namely, we
derived the g-analogue of some Poincaré-type inequalities
and Sobolev-type inequalities. We also established the g
-analogue of some Lyapunov-type inequalities. We hope that
our results will serve as a useful inspiration for future works
in the context of g-calculus.
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