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In this paper, the nonlinear quasilinear elliptic problem with the logarithmic nonlinearity —div (|Vu[?>Vu) = a(x)g,(u) log [u|
+h(x)y,(u) in Q C R" was studied. By means of a double perturbation argument and Nehari manifold, the authors obtain the

existence results.

1. Introduction

In this paper, we consider the existence of solution to the fol-
lowing problem

~div (|Vuff?Vu) = a(x),(u) log [u| + h(x)y,(u),inQ,
(1)

where Q CR", ¢ (2) = 2P 22, v,(2) = |z]P 2, p>2, and n >
1. We always suppose that a(x) is a sign-changing function;
h(x) >0is a €C' function.

Equations of the above form are mathematical models
occurring in studies of the p-Laplace equation, general-
ized reaction-diffusion theory [1], non-Newtonian fluid
theory [2, 3], non-Newtonian filtration theory [4, 5],
and the turbulent flow of a gas in porous medium [6].
In the non-Newtonian fluid theory, the pair p is a char-
acteristic quantity of the medium. Media with p>2 are
called dilatant fluids, and those with p<2 are called
pseudoplastics. If p=2, they are Newtonian fluids. When

p #2, the problem becomes more complicated since cer-
tain nice properties inherent to the case p=2 seem to
be lose or at least difficult to verify. The main differences
between p=2 and p#2 can be founded in [7, 8].

In recent years, logarithmic nonlinearity is widely used
in pseudo-parabolic equations which describe the mathe-
matical and physical phenomena. Equations of the type (
1) have been studied by many authors when p=2 (see,
for example, [9-12] and the reference therein). To do so,
the authors always use the nice properties of A, such that,
maximum principle and comparison principle and so on.
Meanwhile, existence and structure of solutions for such
equations with p>1 in bounded domains have also
attracted much interest (see [13, 14]).

In the following discussion, we consider two different
situations. Firstly, we consider the existence of positive
solution for problem (1) with Neumann boundary condi-
tions. In this case, suppose that Q =By =B(0) CR",a(x)
>0,h(x) >0 are also radial functions, a(x) =a(|x|), h(x)
=h(|x|) in Bg. Our strategy in the study of problem (1)
is to adopt a double perturbation argument. First, follow-
ing [15, 16] (see also [17]), for each 0 <& < 1, we consider
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a family of approximate problems

wWreute

~div (|VuP?Vu) = a(x)@,(u) log < > +h(x)y, (1) inBp,
u>0, in By,

o,u=0, on 0By.

(2)

Then, it is natural to look for a family of solutions of (2)
and then to pass the limit as ¢ — 0 to obtain a solution to (1).

For each 0 < r < R, define A, := By \ B,. Consider the sec-
ond family of problems

2
~div (VU 2Vu) = a(x)g, (u) log ( ”“”) hY, W), inAg
u>0, inA,pg,
u=0, ondB,,
o,u=0, on 0Bg.

(3)

Here, 0 > 0 is an appropriate constant. When r — 07, we get
a solution to (2). The role of problem (3) is that we cannot use
Poincare inequality to solve (2) directly by variational methods.

Secondly, we consider the multiple solutions for problem (
1) with Dirichlet boundary conditions. In this case, we consider
a(x) is a sign-changing function, h(x) = 0. The method is based
on Nehari manifold and logarithmic Sobolev inequality.

By modification of the methods given in [18-22], we
obtain the following results.

Theorem 1. Let a(x) > 0, h(x) > 0 be any radial C' function.
Then, problem (1) has a positive radial solution u € C'(By \

{0}) N C(Bg).

Remark 2. Theorem 1 is valid even if we change the logarithm
by a more general singular function. In fact, suppose g : (0,
1) — R is a smooth function such that

lim g(s) = —oo0,

s—0"
(4)
lim @ =1,
s—0* s

for some m € (0, 1). Then, we can perturb g by a family g, of
smooth functions decreasing in ¢, such that g,(0) =0 and g,
(s) = g(s) pointwise in s € (0,00) as € — 0. This perturbation
can be done in such a way that g,, >0 for some ¢, >0, and
then, all the results in Section 2 hold with little modification.
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Theorem 3. Let h(x) = 0, a(x) € C(Q) and changes sign in Q,
satisfying

, (5)

max|a(x)| <
ax|a(x)|

T~

where = (nL,/pe) exp ((mp?|Q|,)/ne), [Q|, is the volume of
Qin R". Then, (1) possesses at least two nontrivial solutions.

The paper is organized as follows. In Section 2, we con-
struct a sub- and a supersolution for 3 and finish the proof of
Theorem 1. In Section 3, we prove Theorem 3 by the method
of Nehari manifold and logarithmic Sobolev inequality.

2. Proof of Theorem 1

2.1. Sub- and Supersolution for 3

Lemma 4. Suppose that 0 > 1. Then, the function u=1is a
subsolution for 3 which does not depend on 0 < e< 1 and 0.

Proof. Wejust need to see that, since a(x) > 0, h(x) > 0in By, the
following inequality holds independently of 0 <e <1 and 0 > 1:

1 1
a(x) log (%) +h(x)>log 1=0, (6)

We proceed to find a supersolution for 3. Denote by X,, the fol-
lowing subspace of H' (A, ):

X,:={ueH"(Ayg)|u=00n0B,}. (7)

For v € X,, we define the expression:

12
[v|, = <L |Vv|2dx> . (8)

Remark. The expression ||, defines a norm on X, and (X,, |-|,) is
a reflexive Banach space. Furthermore, by ([23], (7.44)), the Poin-
care inequality holds on X,, that is, there exists # > 0 such that

J vpder]J |Vv[Pdx. (9)
AR AR

T, T,

Next, we work with the radial formulation for E, , in the spe-
cific case that e = 1,

2
(o () =+ e o () 4 w0, s <

(10)

inr<s<R,

u'(R) =0,
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where ¢,(s) = |s|P~%s. Notice that
Zru+1
log <H> >0foru>0. (11)
u+1

For simplicity, denote

Z2+z+1

f6.2) = a6)oy(2) og (20 +hlowy 2. (12)

Then, if v solves

—(s”’lop (v'))' =s""'f(s,v+6), inr<s<R,

v >0, inr<s<R,

v'(R) =0,

(13)
we will have that v + 0 is a solution of Eq. (10). In order to
prove existence of such v, we find a minimum of the func-

tional in the sequel. Let § ¢ X, denote the set of symmetric
functions with respect to the origin. We define @ : S — R by

R R
D(v) = %J s s + J s"UF(s, v(s))s" s, (14)

where F(s,v(s)) = jf}f(s, (z+6)")dz and z* := max {z,0}.

Lemma 5. The functional @ is C', weakly lower semicontinu-
ous and coercive so that there exist v € X, such that

@ (v) = min®(u) and ' (v) = 0. (15)

ueX,

The proof is standard by (9). Also, since v is a weak solu-
tion of (13), we have

v(s) = Jsofj1 [tl_”fz"_lf(z, v(z) +0)dz|dt,  (16)

in which
() u!e1), ifu>0, (17)
o (u)=
—(—u)l/(P’l), ifu<o.
Then, we define
u,=v+0. (18)

Lemma 6. Suppose that 0 > 1. Then, the function u=u, is a
supersolution for (3) which does not depend on 0 <e< 1.

Lemma 7. There exists a constant M > 0 such that |u,| <M
and the constant M does not depend on r € (0, R). Moreover,
for each p € (0,R), there exist a constant C, and r, € (0, R)

such that we have the following estimates:

c![p, R] < Cp. (19)

1€l R) e [, R, [op (1)

Proof or Lemmas 6 and 7 can be found in [18], we omit
them here.

2.2. Existence of Solution for 3. In this section, we use the sub-
and supersolution from Section 2.1 (1 and u,, respectively) to
obtain a solution for the problem 3. Define the function

2
g.(5.) = a(soy () log (1 T

se[rRl,uz0,

)+ w0

u+e
+ bu,
(20)

where we choose b in such a way that the function u — g, (s
,u) is increasing in u for all s € [r, R]. Now, starting with u,
= u, we define a sequence u,, such that each u,, satisfies

—1 ! i .
—(s” op<un+1)> +bu,,, =g.(s,u,), inr<s<Rg,

U, >0, inr<s<R,

”n+1 (1‘) = 9’ u;/1+1(R) =0.

(21)
Let us now recall Lemma 2.1 in [24],

Lemma 8 (weak comparison principle). Let Q be a bounded
domain in RN(N > 2) with smooth boundary 0Q and 0 : (0,
+00) — (0,4+00) is continuous and nondecreasing, let u,, u,
€ W (Q) satisfy

J |Vu, P*Vu, Vodx
Q
+J O(ul)vdeJ |Vu2\P’2Vu2Vvdx (22)
19 Q

+J 0(u,)vdx.

For all nonnegative v € W™ (Q). Then, the inequality
Uy < Uy, 0n 040, (23)
implies that
U, <y, inQ. (24)

Lemma 9. The sequence {u,} is nondecreasing and satisfies
uy(s) <u,(s) <u,,,(s) <u,(s) forallse[r,R] and all n € N.



Proof. We just need to see that u, < u; <u, and the general
case follows by induction in an analogous way. We have

{ - (s”’lol7 <u6>> " b(uy)<— <5"’1017 (ui)) "+b(;), inr<s<Rm,

(ug—uy)(r) <0, (up— ”1),(R) =0.
(25)

So, we can apply Lemma 8 and obtain that u, <u, in
[r,R]. On the other hand,

{ - (s"’lop(ul)'> "4 b(u,)<— <s”’1op(ur)'> "4 b(u,), inr<s<R,

(=) (1) <0, (uy— ) (R)=0.

(26)
Again, Lemma 8 implies u; <u, in [r, R].
By Lemma 9, we define the pointwise limit
w(s) = lim u, (), s€[rK) @)
and we see that
1<ui<u.s), se[nR]. (28)

The function u¢ is in fact a solution of 3.

Lemma 10. The function u: is a solution of 3, and it belongs to
C'[r, R].

Proof. For each n € N, we have

S R 2
u,(s)=0 +J o;l {tl_”J ! (a(z)op(un) log (%)
t

r n

+ h(z)vp(un))dz]dt.
(29)
Since we have
1<u,<M, forallneN, (30)

we obtain, as in Lemma 7, that \¢P(u'P)|C1 [p, R] is bounded.

Then, for a subsequence that we still denote by u,, we have
the convergence

u, - utin C'[p, R]. (31)

2.3. Obtaining a Solution for E,. In this section, we pass the
limit as r — 0" and then obtain a solution for 2.

Lemma 11. For a fixed 0 < ¢ < 1, the problem (2) has a solu-
tion u® which is obtained as the limit of ut as r — 0*.
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Proof. For simplicity, we omit the dependence on & > 0 for u;.
We know that

u(s) =0+ Jp [tj <a<z>op<ur) log (;>

. ; U, +¢
+h(z)v,(u,))dz]dt.
(32)
Also, we have
l1<u,<M, in[r,R], (33)
1<u,<M, in[r,R].

As in Lemma 7, we can prove, for each p € (0, R), there
exist a constant C, >0 and r, € (0, R) such that we have the

following estimates:

c'[p, R] < Cp. (34)

11" . R, |c* . R). o, ()

Then, from the compact imbedding C'[p, R] — C°[p, R],
we see that there exist a sequence r, and u® defined on (0, R
] such that, if we define w, = u, , then

w, »u* inC,(0,R), (35)
w, »u* inC'(p,R).

2.4. Concluding the Proof of Theorem 1. Now, we would like
to pass the limit in the family u° obtained in Section 2.3
and get a solution to (1). In order to do that, we need some
estimates like the ones in Lemma 7 independently of e.

First, we observe that the following estimate holds in (0
,R]

1<u*<M. (36)

Notice that the family (u°),; satisfies € > 0 for uS. We
know that

u? +eut +e (37)
ut+e¢

: (a(z)op(uf) log (

+ h(2)v, (1)) deldt,

if s € [R/2, R],and

R R/2 R
u8(5> — us (_) _J 0;1 |:tlnj Zn—l
2 s t

: (a(z)op(zf) log (M) (38)

ut +e¢

if s € (0, R/2).
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From Egs. (36)-(38) we see, as in Lemma 7 that, for each
for each p € (0, R), there exist a constant C, >0 and ¢, € (0,

R) such that we have the following estimates:

| lp, R], |u|c [, R,

0, (u€,> ’cl [pR]<C, forallee (0,¢,).
(39)
Now, arguing as in Section 2.4, we can find a function u
which satisfies
—(s”_lop (u/)) "=s" logu+s"h(s)ul, inr<s<R,
u>0,
, inr<s<R,
u (R)=0.

(40)

that is, u is a radial solution for the problem (1).

We see that u € C'(0, R) N C(0, R]. Now, extend continu-
ously u to the whole interval (0,R]. Indeed, let r; be a
sequence in (0, R/2) with r; > 0 as i — co. From Eq. (13)
(after we have passed the limit in ¢€)

u(r) =u @) - Jmo;l {tl’"JtRz”'l (a(2)0,(u) log u + h(z)vp(u))dz} d.

Ti

Then, if r; > r;, we get

From Eq. (36), we obtain that there exists a constant C
> 0 such that

|u(rj) —u(r;)] 5C|"j—7’i > (43)

so u(r;) is a Cauchy sequence in R. Let L be the limit of such
sequence. By a similar argument, we conclude that if s; is
another sequence in (0, R/2) converging to 0, then we neces-
sarily have u(s;) — L. So, we have proved that

limu(r) =1L, (44)

r—0
finishing the proof of Theorem 1.

3. Proof of Theorem 3

3.1. Preliminaries. In this section, we consider the multiple
solutions for problem (1) with Dirichlet boundary condi-
tions. In this case, we consider a(x) is a sign-changing func-
tion, h(x)=0. Moreover, it is necessary to note that the
presence of the logarithmic nonlinearity leads to some diffi-
culties in deploying the potential well method. In order to

handle this situation, we need the following logarithmic
Sobolev inequality which was introduced by [25].

Proposition 12. Let p>1, u>0, and ue W(Q)\ {0}.
Then, we have

|u(x)] n
pJ u(x)|P log dx+ — log
R"| ) (H”HLP(R") p

. (%) JRn ()Pl < ”JRn Vu(x) P dx,

(45)
»

where

Remark. If u € W,” () then, by defining u(x) = 0 for x € R"
\ {Q}, we derive

pJQ|u(x)|p log ('u(x)|>dx+ g log

[ull,

. (%) LJ”(X) Px < yJQ|Vu(x) P,

for any real number y > 0.

(47)

We start by considering the energy functional ] by
g = [Vul = 2| a(a)luf tog uld+ | a(a)luas
P plo P la ’
(48)

in which H”Hp = [Jull, ().

Lemma 13. For u € Hy(Q) and [ a(x)|uf’dx=0, let M=
maxg|a(x)|, then it holds

() 2 (; - %) vul, (49)

in which y = (nLp/pe) exp ((mp*|Q|n)/ne).

Proof. Using the fact [ a(x)|ul’dx = 0, we have

B IS (A
I = 1vul | ao) m(u )d. (50)



6
Let u(x) = u(x)/|[u| ,, then
J a(x)|uff log ()] dx
[0} Hqu (51)
=J a(x)|ulf log |ﬂ\dx+J a(x)|ulf log |u|dx,
Ql QZ
where
Q ={xeQ,u(x)|<1},and Q, = {x € Q, |u(x)| = 1}.
(52)
By direct calculations, we know
M|Q
|| atotup tog s < e pugy. (s3)
o 2e P

Also, by logarithmic Sobolev inequality (47) and (51), we
have

J a(x)|ulf log |u|dx§M<J |ulf log |u|dx + &HuHP)
0, a 2e P
P [ log (PHE) - MICLY | e
<ML)J [Vu(x)|Pdx <P2 log <nLP> e HMHP .
(54)

Then, combining (50), (51), (53), and (54), we have

1 My » n pue\ 1], o
J(u) 2 <P p)Vu||p+ (}73 log (an> ? M||u||p.

(55)

Taking y = (nL,/pe) exp ((mp*|Q2|,)/ne) in (55), then

n pue\ 9, _
E log <an> ? =0, (56)

we know (49).

Lemma 14. [19] Let {u, } be a sequence in WyF(Q). If u,,
— uy and u,-+u, in Wy (Q), then

](u0> < llmmﬁoo](um)' (57)
If u,, — u, in Wy?(Q), then

J(uy) = lim J(uz,,). (58)

m—00

3.2. Multiple Solutions. Inspired by [19], we seek the weak
solutions of (E) by Nehari manifold. First, a simple calcula-

tion shows that J(u) € C'(W,? (), R), and its derivative is

Journal of Function Spaces

given by

<]'(u), v> = JQ|Vu|p’2Vu - Vvdx - Joa(x)q)p(u)v log |u|dx,
(59)

for all u, v e WP (0).

From (49), J (1) is not bounded on W;” (), but we can
prove that J(u) is bounded from below on Nehari manifold

N= {u e WH(Q)\ {0}: <1’(u), u> = 0}, (60)

where (,) denotes the usual duality.

It is clear that all nontrivial critical points of ] must lie on
N, and as we will see below, local minimizers on N are usually
critical points of J. Also, we can see that

ue N@J |Vu|de—J a(x)|ulff log |uldx=0.  (61)
Q o

Let u € W"(R")\ {0} and consider the real function j
: A= J(Au) for A > 0 defined by

JA) =T (Au) = A Pip||Vullf = Alp [ a
(A1p) log A ja(x)|ufPdx + ( /\P/p ) ga(x \u|de Such maps
are known as fibering maps which were introduced by Dra-
bek and Pohozaev [26].

Then, by direct calculations, we have

(x)|ulf log |u|dx -

, Apl A,l
10 = S IVl - 2 | aolul log alds, - (€2)
P-1)g
/IA /\P_z » p-2 ) \uld
j = Vu|lf — a(x)|ulf log |Auldx
1) =5 19l p_2j0<>|| g A
Ap—Z (63)
- J a(x)|u|de.
p-1la

Lemma 15. Let u € W' (Q)\ {0} and A > 0. Then, Au € N if
and only if j' () =

Proof. First, by direct calculations, we know

L
AieN Vul|p - P log |Au|d
weN o o (I9ulg- | ajur o ufax)
=0e A’ (1) =0.
Since A > 0, then Au € N if and only if j' (1) = 0.
Then, if u € N, we have j' (1) =0 and j" (1) =—(1/(p -1

IQ (x)|ulf dx.
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Thus, we can divide N into three subsets N*, N~, and N°,
where

N+:{ueN a(x)|u"dx>0},
0
N {u eN: | a(x)|uffdx> 0}, (65)
0
N° {uEN a(x)|u|pdx>0}.
Q

Lemma 16. If u, is a local minimizer for ] on N and u, ¢ N°.
Then, J' (u,) = 0.

Proof. If u is a local minimizer for J on N, by Lagrange mul-
tipliers, there exists x € R such that

]I(”o) = KX’(”0)7 (66)

where y(u) = ||Vu||P fo
Since u, €N, then

(x)|ulf log |u|dx.

<]'(u0),u0> =0, andx<x’(u0),u0>:0. (67)

On the other hand, from u, ¢ N°, we can see

o
——J a(x)|ulfdx+0.  (68)
p-1)a

Then, =0 and J'(u,) = 0.
Proposition 17. Both N* and N~ are nonempty.

Proof. From (62), j' (1) has a unique turning point at

M) = exp (IIWI" Jaa(x ulploguldX>. (69)

Joa(x)|uffdx
Since a(x) is sign-changing, then we can take u, such that
J a(x)|u;[Pdx < 0,and then A(u, )u; € N™. (70)
Q
Also, we can take u, such that
J a(x)|u,|Pdx < 0,and then A(u,)u, € N™. (71)
Q

Then, both N* and N~ are nonempty.

Just like [19], by Lemmas 13-16, we can get the following
results.

Lemma 18. [19] N* is bounded; ] is bounded below on N*.

Lemma 19. [19] Every minimizing sequence for ] on N~ is
bounded, 0 ¢ N~, inf ;.\, — J(u) > 0.

Proposition 20. | has a minimizer on N™.
Proof. Let {u,,} CN* be a minimizing sequence, ie.,
lim,,_,,J(u,,) = inf 5+ J (1) <O.

By Lemma 18, N* is bounded; we may assume that

u,, — tig, in Wy¥(Q), and so u,, — u, in LP (). (72)

Since {u,,} €N*, we can get

J a(x)|u,,|Pdx <0, J a(x)|ug|Pdx
o 1)

= limJ a(x)|u,,[Pdx = hmpJ a(x)|u,,[Pdx <0,
m=eo)o Q

m—00

a4, - jﬂa(x)\umw log [u,|dx=0.  (73)
Suppose u,,-»u, in Wy (Q), then

Va0l | )1 10 oo

o (74)

< hm (||Vum||p J a(x)|u,,|f log|um|dx> =
Q

Then, there exists

Vu,l||? - )|uo|P log |ug|dx
A(ug) = exp [Veallp ~ Joo(* |°|d B [t >1, (75)
fg )| ol dx

such that A(u,)u, € N*, and then, ] attains minimum at
Ay ).
Hence

J(Mutg) o) < T (1) < lim J(u,,) = inf (), (76)

ueN*

which is impossible. Hence, u,, — 1, in Wy (Q), u, € N*,
and J(u,) =inf,\+J(u) <0, this means that u, is a mini-
mizer for J on N*.

Proposition 21. There exists a minimizer of ] on N™.

Proof. Let {u,,} €N~ be a minimizing sequence. By Lemma
19, {u,,} is bounded; we may assume that

u,, — tg, in Wy?(Q), and so u,, — ug in LP (). (77)

Since J(u,,
get

x)|u,, [P dx, by Lemma 19, we can

)=1/p*[a

J a(x)|uglfPdx = limJ a(x)|u,[Pdx > 0. (78)
fo) mmeJa



Suppose u,,-bu, in Wi (Q), then

e J;(x)\uov log [}

m—-00

< lim <||Vum||§—J a(x)|u,,|f log |umdx) =0.
o
(79)

Then, there exists

Vg5 = [ pa(x) |t log [ug|dx
M) = exp % Jo OPd ) <1, (80)
Jo8(x) || dx

such that A(ug)uy € N™, Mug)u,, — Auy)uy, but A(ug)u,,+
Mug)uy in WP (Q).
Hence

(M tg)utg) < Tim J(A (1)t (51)
Since the map A — J(Au,,) attains its maximum at t =1,

Tim J(A(uy)u,) < lim J(w,) = inf J().  (82)
This means J(A(u,)u,) < inf ,5-J(u) is impossible.
Hence, u,, — u, in W(l)’p (Q), and this means that 4, is a

minimizer for ] on N™.

Proof of Theorem 3. Propositions 20 and 21 show that the
energy functional J has two minimizers u; on N* and u,
on N™. Next, by Lemma 16, J has two critical points #; and
u, on Wy (02), which means that the problem (1) has at least
two nontrivial solutions under the condition h(x) = 0.
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