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In this article, we inspect the sufficient conditions on the Orlicz generalized difference sequence space to be premodular Banach
(sss). We look at some topological and geometrical structures of the multiplication operators described on Orlicz generalized
difference prequasi normed (sss).

1. Introduction

The multiplication operators have a large subject of mathe-
matics in functional analysis, namely, in eigenvalue distribu-
tion theorem, geometric structure of Banach spaces, and
theory of fixed point. For more technicalities (see [1–6]), by
ℂℕ, c, ℓ∞, ℓr , and c0, we mean the spaces of each, convergent,
bounded, r-absolutely summable and convergent to zero
sequences of complex numbers. ℕ displays the set of non-
negative integers. Tripathy et al. [7] popularized and mea-
sured the forward and backward generalized difference
sequence spaces:

G Δ mð Þ
n

� �
= wkð Þ ∈ℂℕ : Δ mð Þ

n wk

� �
∈G

n o
,

G Δm
nð Þ = wkð Þ ∈ℂℕ : Δm

n wkð Þ ∈G� �
,

ð1Þ
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successively. When n = 1, the generalized difference sequence
spaces concentrated to GðΔðmÞÞ defined and examined by Et

and Çolak [8]. If m = 1, the generalized difference sequence
spaces diminished to GðΔnÞ constructed and studied by
Tripathy and Esi [9]. While if n = 1 and m = 1, the general-
ized difference sequence spaces reduced to GðΔÞ defined
and investigated by Kizmaz [10].

An Orlicz function [11] is a function ψ : ½0,∞Þ→ ½0,∞Þ,
which is convex, continuous, and nondecreasing with ψ
ð0Þ = 0, ψðuÞ > 0, for u > 0 and ψðuÞ→∞, as u→∞.
In [12], an Orlicz function ψ is called to satisfy the δ2
-condition for each values of x ≥ 0, if there is k > 0, such that
ψð2xÞ ≤ kψðxÞ. The δ2-condition is equivalent to ψðlxÞ ≤ kl
ψðxÞ, for every values of x and l > 1. Lindentrauss and
Tzafriri [13] used the idea of an Olicz function to construct
the Orlicz sequence space:

ℓψ = u ∈ℂℕ : ρ βuð Þ<∞, for someβ > 0
� �

, where ρ uð Þ

= 〠
∞

k=0
ψ ∣uk ∣ð Þ,

ð3Þ

ðℓψ, k:kÞ is a Banach space with the Luxemburg norm:

uk k = inf β > 0 : ρ
u
β

� �
≤ 1

� 	
: ð4Þ
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Every Orlicz sequence space includes a subspace that is
isomorphic to c0 or ℓ

q, for some 1 ≤ q <∞.
Recently, different classes of sequences have been exam-

ined the usage of Orlicz functions via Et et al. [14], Mursaleen
et al. [15–17], and Alotaibi et al. [18].

Let r = ðr jÞ ∈ℝ+ℕ, where ℝ+ℕ denotes the space of
sequences with positive reals, and we define the Orlicz back-
ward generalized difference sequence space as follows:

ℓψ Δm
n+1ð Þ
 �

τ
= w = wj


 �
∈ℂℕ : ∃σ > 0with τ σwð Þ<∞� �

,
ð5Þ

where τðwÞ =∑∞
j=0ψðjΔm

n+1jwjjjÞ, wj = 0, for j < 0, Δm
n+1

∣wj ∣ = Δm−1
n+1 ∣wj ∣ −Δ

m−1
n+1 ∣wj−1∣, and Δ0wj =wj, for all j, n,
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wk k = inf σ > 0 : τ
w
σ

� �
≤ 1
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When ψðwÞ =wr , then ℓψðΔm
n+1Þ = ℓrðΔm

n+1Þ investigated
via many authors (see [19–21]). By BðW, ZÞ, we will denote
the set of every operators which are linear and bounded
between Banach spaces W and Z, and if W = Z, we write B
ðWÞ. On sequence spaces, Basarir and Kara examined the
compact operators on some Euler BðmÞ-difference sequence
spaces [22], some difference sequence spaces of weighted
means [23], the Riesz BðmÞ-difference sequence space [24],
the B-difference sequence space derived by weighted mean
[25], and the mth order difference sequence space of general-
ized weighted mean [26]. Mursaleen and Noman [27, 28]
investigated the compact operators on some difference
sequence spaces. The multiplication operators on ðcesðrÞ, k:kÞ
with the Luxemburg norm k:k elaborated by Komal et al.
[29]. _Ilkhan et al. [30] studied the multiplication operators
on Cesáro second order function spaces. Bakery et al. [31]
examined the multiplication operators on weighted Nakano
(sss). The aim of this article is to explain some results of
ðℓψðΔm

n+1ÞÞτ equipped with the prequasi norm τ. Firstly, we
accord the sufficient conditions on the Orlicz generalized dif-
ference sequence space to become premodular Banach (sss).
Secondly, we provide with the necessity and sufficient condi-
tions on the Orlicz generalized difference sequence space
provided with the prequasi norm so that the multiplication
operator defined on it is bounded, approximable, invertible,
Fredholm, and closed range operator.

2. Preliminaries and Definitions

Definition 1 [32]. An operator V ∈BðWÞ is known as
approximable if there are Dr ∈ FðWÞ, for every r ∈ℕ and
limr→∞kV −Drk = 0.

By ϒðW, ZÞ, we will denote the space of all approximable
operators from W to Z.

Theorem 2 [32]. LetW be a Banach space with dim ðWÞ =∞;
then,

F Wð Þ⊂
≠
ϒ Wð Þ⊂

≠
Bc Wð Þ⊂

≠
B Wð Þ: ð7Þ

Definition 3 [33]. An operator V ∈BðWÞ is named Fredholm
if dim ðRðVÞÞc <∞, dim ðkerVÞ <∞, and RðVÞ are closed,
where ðRðVÞÞc indicates the complement of range V .

The sequence ej = ð0, 0, :::,1,0,0,⋯Þ with 1 in the jth

coordinate, for all j ∈ℕ, will be used in the sequel.

Definition 4 [34]. The space of linear sequence spaces Y is
called (sss) if

(1) er ∈ Y with r ∈ℕ

(2) Let u = ðurÞ ∈ℂℕ, v = ðvrÞ ∈ Y , and ∣ur ∣ ≤ ∣ vr ∣ , for
every r ∈ℕ, then u ∈ Y . This means Y be solid

(3) If ðurÞ∞r=0 ∈ Y , then ðu½r/2�Þ∞r=0 ∈ Y , wherever ½r/2� indi-
cates the integral part of r/2

Definition 5 [35]. A subspace of the (sss) Y τ is named a pre-
modular (sss) if there is a function τ : Y → ½0,∞Þ confirming
the conditions:

(i) τðyÞ ≥ 0 for each y ∈ Y and τðyÞ = 0⇔ y = θ, where
θ is the zero element of Y

(ii) There exists a ≥ 1 such that τðηyÞ ≤ ajηjτðyÞ, for all
y ∈ Y , and η ∈ℂ

(iii) For some b ≥ 1, τðy + zÞ ≤ bðτðyÞ + τðzÞÞ, for every
y, z ∈ Y

(iv) jyrj ≤ jzrj with r ∈ℕ implies τððyrÞÞ ≤ τððzrÞÞ
(v) For some b0 ≥ 1, τððyrÞÞ ≤ τððy½r/2�ÞÞ ≤ b0τððyiÞÞ
(vi) If y = ðyrÞ∞r=o ∈ Y and d > 0, then there is r0 ∈ℕ with

τððyrÞ∞r=r0Þ < d

(vii) There is t > 0 with τðν, 0,0,0,⋯Þ ≥ t ∣ ν ∣ τð1,0,0,0,
⋯Þ, for any ν ∈ℂ

The (sss) Y τ is known as prequasi normed (sss) if τ
administers the parts (i)-(iii) of Definition 5 and when the
space Y is complete under τ, then Y τ is named a prequasi
Banach (sss).

Theorem 6 [35]. A prequasi norm (sss) Y τ if it is premodular
(sss).

The inequality [36], jai + bijqi ≤Hðjaijqi + jbijqiÞ, where
qi ≥ 0 for all i ∈ℕ, H =max f1, 2h−1g and h = supiqi, will be
used in the sequel.
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3. Main Results

3.1. Prequasi Norm on ℓψðΔm
n+1Þ. In this section, we explain

the conditions on the Orlicz backward generalized difference
sequence space to form premodular Banach (sss).

Definition 7. The backward generalized difference Δm
n+1 is

named an absolute nondecreasing, if ∣xi ∣ ≤ ∣ yi ∣ , for all i ∈ℕ,
then jΔm

n+1jxik≤jΔm
n+1jyik.

Theorem 8. Let ψ be an Orlicz function fulfilling the δ2 -con-
dition and Δm

n+1 be an absolute nondecreasing, then the space
ðℓψðΔm

n+1ÞÞτ can be a premodular Banach (sss), where

τ wð Þ = 〠
∞

j=0
ψ Δm

n+1 wj

�� ���� ��
 �
, for all w ∈ ℓψ Δm

n+1ð Þ: ð8Þ

Proof. (1-i) Assume v,w ∈ ℓψðΔm
n+1Þ. Since ψ can be nonde-

creasing, convex, agreeable δ2-condition, and Δm
n+1 can be

an absolute nondecreasing, then there is b > 0 such that

τ v +wð Þ = 〠
∞

i=0
ψ Δm

n+1 vi +wij jj jð Þ

≤ 〠
∞

i=0
ψ Δm

n+1 vij jj j + Δm
n+1 wij jj jð Þ

≤
1
2 〠

∞

i=0
ψ 2 Δm

n+1 vij jj jð Þ
 

+ 〠
∞

i=0
ψ 2 Δm

n+1 wij jj jð Þ

≤
b
2 τ vð Þ + τ wð Þð Þ ≤ B τ vð Þ + τ wð Þð Þ <∞,

ð9Þ

for some B =max f1, ðb/2Þg. Then, v +w ∈ ℓψðΔm
n+1Þ.

(1) (1-ii) Suppose λ ∈ℂ and v ∈ ℓψðΔm
n+1Þ. Since ψ is ful-

filling the δ2-condition, we obtain

τ λvð Þ = 〠
∞

r=0
ψ Δm

n+1 λvrj jj jð Þ ≤ d∣λ∣〠
∞

r=0
ψ Δm

n+1 vrj jj jð Þ

≤D λj jτ vð Þ <∞,
ð10Þ

where D =max f1, dg. Then, λv ∈ ℓψðΔm
n+1Þ. So, from parts

(1-i) and (1-ii), the space ℓψðΔm
n+1Þ is linear. Since er ∈ ℓq ⊆

ℓψ ⊆ ℓψðΔm
n+1Þ, for every r ∈ℕ and q ≥ 1, hence, er ∈ ℓψðΔm

n+1Þ,
for each r ∈ℕ.

(2) Let ∣xi ∣ ≤ ∣ yi ∣ , for every i ∈ℕ and y ∈ ℓψðΔm
n+1Þ.

Since ψ is nondecreasing and Δm
n+1 is an absolute non-

decreasing, therefore, we get

τ xð Þ = 〠
∞

i=0
ψ Δm

n+1 xij jj jð Þ ≤ 〠
∞

i=0
ψ Δm

n+1 yij jj jð Þ = τ yð Þ <∞, ð11Þ

hence x ∈ ℓψðΔm
n+1Þ

(3) Suppose ðvrÞ ∈ ℓψðΔm
n+1Þ, one has

τ v r
2½ �

� �� �
= 〠

∞

r=0
ψ Δm

n+1 v r
2½ �

��� ������ ���� �
≤ 2〠

∞

r=0
ψ Δm

n+1 vrj jj jð Þ = 2τ vð Þ,

ð12Þ

then ðv½r/2�Þ ∈ ℓψðΔm
n+1Þ

(i) Evidently, τðwÞ ≥ 0 and τðwÞ = 0⇔w = θ

(ii) There is D ≥ 1 where τðηwÞ ≤D ∣ η ∣ τðwÞ, for every
w ∈ ℓψðΔm

n+1Þ and η ∈ℂ

(iii) For some B ≥ 1, we obtain τðv +wÞ ≤ BðτðvÞ + τ
ðwÞÞ, for all v,w ∈ ℓψðΔm

n+1Þ
(iv) Plainly from (2).

(v) From (3), we have that b0 = 2 ≥ 1
(vi) It is apparent that �F = ℓψðΔm

n+1Þ
(vii) Since ψ is verifying the δ2-condition, there is ζ

with 0 < ζ ≤ ψð∣η ∣ Þ/∣η ∣ such that τðη, 0,0,0,⋯Þ
≥ ζ ∣ η ∣ τð1,0,0,0,⋯Þ, for each η ≠ 0 and ζ > 0, if
η = 0

Therefore, the space ðℓψðΔm
n+1ÞÞτ is premodular (sss).

To show that ðℓψðΔm
n+1ÞÞτ is a premodular Banach (sss),

Suppose xi = ðxikÞ∞k=0 is a Cauchy sequence in ðℓψðΔm
n+1ÞÞτ,

then for all ε ∈ ð0, 1Þ, there is i0 ∈ℕ such that for all i, j ≥ i0,
we get

τ xi − xj

 �

= 〠
∞

k=0
ψ Δm

n+1 x
i
k − xjk

��� ������ ���� �
< ψ εð Þ: ð13Þ

Since ψ is nondecreasing; hence, for i, j ≥ i0 and k ∈ℕ, we
obtain

Δm
n+1 xik
�� �� − Δm

n+1 x
j
k

��� ������ ��� < ε: ð14Þ

Hence, ðΔm
n+1 ∣ x

j
k ∣ Þ is a Cauchy sequence in ℂ for fixed

k ∈ℕ, so lim j→∞Δm
n+1x

j
k = Δm

n+1x
0
k for fixed k ∈ℕ. Therefore,

τðxi − x0Þ < ψðεÞ, for each i ≥ i0. Finally, to explain that x0

∈ ℓψðΔm
n+1Þ, we have

τ x0

 �

= τ x0 − xn + xn

 �

≤ B τ xn − x0

 �

+ τ xnð Þ
 �
<∞:

ð15Þ

So, x0 ∈ ℓψðΔm
n+1Þ. This implies that ðℓψðΔm

n+1ÞÞτ is a pre-
modular Banach (sss).

Taking into consideration (Theorem 6), we be over the
following theorem.
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Theorem 9. If ψ is an Orlicz function satisfying the δ2 -condi-
tion and Δm

n+1 is an absolute nondecreasing, then the space
ðℓψðΔm

n+1ÞÞτ is prequasi Banach (sss), where

τ xð Þ = 〠
∞

j=0
ψ ∣Δm

n+1 xj
�� 


 �

, for all x ∈ ℓψ Δm
n+1ð Þ: ð16Þ

Corollary 10. If 0 < p <∞ and Δm
n+1 is an absolute nonde-

creasing, then ðℓpðΔm
n+1ÞÞτ is a premodular Banach (sss), where

τðxÞ =∑∞
i=0 ∣ Δ

m
n+1 ∣ xikp, for all x ∈ ℓpðΔm

n+1Þ.

4. Bounded Multiplication Operator on ℓψðΔm
n+1Þ

Here and after, we explain some geometric and topological
structures of the multiplication operator reserve on ℓψðΔm

n+1Þ.

Definition 11. Let κ ∈ℂℕ ∩ ℓ∞ and Wτ be a prequasi normed
(sss). An operator Vκ : Wτ →Wτ is named multiplication
operator if Vκw = κw = ðκrwrÞ∞r=0 ∈W, for every w ∈W. If Vκ

∈BðWÞ, we call it a multiplication operator generated by κ.

Theorem 12. If κ ∈ℂℕ, ψ is an Orlicz function verifying the
δ2-condition, and Δm

n+1 is an absolute nondecreasing, then κ
∈ ℓ∞, if and only if, Vκ ∈BðℓψðΔm

n+1ÞτÞ, where τðxÞ =∑∞
r=0ψ

ðjΔm
n+1jxrjjÞ, for each x ∈ ℓψðΔm

n+1Þ.

Proof. Assume the conditions can be satisfied. Let κ ∈ ℓ∞. So,
there is ε > 0 with ∣κr ∣ ≤ε, for each r ∈ℕ, for x ∈ ðℓψðΔm

n+1Þτ.
Since Δm

n+1 is an absolute nondecreasing and ψ is nondecreas-
ing verifying the δ2-condition, then

τ Vκxð Þ = τ κxð Þ = τ κrxrð Þ∞r=0

 �

= 〠
∞

r=0
ψ Δm

n+1 κrj j xrj jð Þj jð Þ

≤ 〠
∞

r=0
ψ Δm

n+1 ε xrj jð Þj jð Þ ≤ dε〠
∞

r=0
ψ Δm

n+1 xrj jj jð Þ ≤Dτ xð Þ,

ð17Þ

where D =max f1, dεg. This implies Vκ ∈BðℓψðΔm
n+1ÞτÞ.

Inversely, suppose that Vκ ∈BðℓψðΔm
n+1ÞτÞ. Let us suppose κ

∉ ℓ∞, hence, for all j ∈ℕ, there is ij ∈ℕ so as to κi j > j. Since

Δm
n+1 is an absolute nondecreasing and ψ is nondecreasing,

one has

τ Vκeij

� �
= τ κeij

� �
= τ κr eij

� �
r

� �∞
r=0

� �

= 〠
∞

r=0
ψ Δm

n+1 κrj j eij

� �
r

��� ���� ���� ���� �
= ψ Δm

n+1 κi j

��� ������ ���� �
> ψ Δm

n+1 jj jj jð Þ = ψ Δm
n+1 jj jj jð Þτ eij

� �
:

ð18Þ

This proves that Vκ ∉BðℓψðΔm
n+1ÞτÞ. Therefore, κ ∈ ℓ∞.

Theorem 13. Let κ ∈ℂℕ and ðℓψðΔm
n+1ÞÞτ be a prequasi

normed (sss), with τðxÞ =∑∞
r=0ψðjΔm

n+1jxrjjÞ, for all x ∈ ℓψ
ðΔm

n+1Þ. Then, ∣κr ∣ = 1, for every r ∈ℕ, if and only if,
Vκ is an isometry.

Proof. Presume ∣κr ∣ = 1, for each r ∈ℕ, we have

τ Vκxð Þ = τ κxð Þ = τ κrxrð Þ∞r=0

 �

= 〠
∞

r=0
ψ Δm

n+1 κrj j xrj jð Þj jð Þ

= 〠
∞

r=0
ψ Δm

n+1 xrj jj jð Þ = τ xð Þ,

ð19Þ

for each x ∈ ðℓψðΔm
n+1ÞÞτ. Therefore, Vκ is an isometry.

Inversely, suppose that ∣κi ∣ <1, for some i = i0, given that
Δm
n+1 is an absolute nondecreasing and ψ is nondecreasing,

we get

τ Vκei0

 �

= τ κei0

 �

= τ κr ei0

 �

r

� �∞
r=0

� �
= 〠

∞

r=0
ψ Δm

n+1 κrj j ei0

 �

r

��� ���� ���� ���� �

< 〠
∞

r=0
ψ Δm

n+1 ei0

 �

r

��� ������ ���� �
= τ ei0

 �

:

ð20Þ

While jκi0 j > 1, we can show that τðVκei0Þ > τðei0Þ. As a
result, in both cases, we obtain a contradiction. Therefore,
jκrj = 1, for all r ∈ℕ.

5. Approximable Multiplication Operator
on ℓψðΔm

n+1Þ
In this section, we investigate the sufficient conditions
on the Orlicz backward generalized difference sequence
space equipped with prequasi norm τ so that the multi-
plication operator acting on ℓψðΔm

n+1Þ is an approximable
and compact.

By cardðAÞ, we denote the cardinality of the set A.

Theorem 14. If κ ∈ℂℕ and ðℓψðΔm
n+1ÞÞτ is a prequasi normed

(sss), where τðxÞ =∑∞
r=0ψðjΔm

n+1jxrjjÞ, for all x ∈ ℓψðΔm
n+1Þ,

then Vκ ∈ϒððℓψðΔm
n+1ÞÞτÞ if and only if ðκrÞ∞r=0 ∈ c0.

Proof. Let Vκ ∈ϒððℓψðΔm
n+1ÞÞτÞ. So, Vκ ∈ BcððℓψðΔm

n+1ÞÞτÞ, to
show that ðκrÞ∞r=0 ∈ c0. Assume ðκrÞ∞r=0 ∉ c0, therefore there is
δ > 0 so that Aδ = fr ∈ℕ : ∣κr∣≥δg has cardðAδÞ =∞. Sup-
pose ai ∈ Aδ, for each i ∈ℕ, then feai : ai ∈ Aδg is an infinite
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bounded set in ðℓψðΔm
n+1ÞÞτ. Suppose

τ Vκeai − Vκeaj

� �
= τ κeai − κeaj

� �
= τ κr eai


 �
r
− eaj

� �
r

� �� �∞
r=0

� �

= 〠
∞

r=0
ψ Δm

n+1 κr eai

 �

r
− eaj

� �
r

� ���� ������ ���� �

≥ 〠
∞

r=0
ψ Δm

n+1 δ eai

 �

r
− eaj

� �
r

� ���� ������ ���� �
= τ δeai − δeaj

� �
,

ð21Þ

for every ai, aj ∈ Aδ. This proves feai : ai ∈ Bδg ∈ ℓ∞ which
cannot have a convergent subsequence under Vκ. This gives
that Vκ ∉ BcððℓψðΔm

n+1ÞÞτÞ. Then, Vκ ∉ϒððℓψðΔm
n+1ÞÞτÞ, and

this gives a contradiction. So, limi→∞κi = 0. Contrarily,
assume limi→∞κi = 0, then for all δ > 0, the set Aδ = fi ∈ℕ
: ∣κi∣≥δg has card ðAδÞ <∞. So, for all δ > 0, the space

ℓψ Δm
n+1ð Þ
 �

τ

� �
Aδ

= x = xið Þ ∈ℂAδ
� � ð22Þ

is finite dimensional. Then, Vκ ∣ ððℓψðΔm
n+1ÞÞτÞAδ

is a finite

rank operator. For all i ∈ℕ, illustrate κi ∈ℂℕ by

κið Þj =
κj, j ∈ A1

i

0, otherwise:

(
ð23Þ

Evidently, Vκi
has rank ðVκi

Þ <∞ as dim ððℓψðΔm
n+1ÞÞτÞA1/i

<∞, for all i ∈ℕ. Hence, sinceΔm
n+1 is an absolute nondecreas-

ing and ψ is convex and nondecreasing, we obtain

τ Vκ − Vκi


 �
x


 �
= τ κj − κið Þj

� �
xj

� �∞
j=0

� �

= 〠
∞

j=0
ψ Δm

n+1 κj − κið Þj
� �

xj
��� ���� ���� ���� �

= 〠
∞

j=0,j∈A1
i

ψ Δm
n+1 κj − κið Þj

� �
xj

��� ���� ���� ���� �

+ 〠
∞

j=0,j∉A1
i

ψ Δm
n+1 κj − κið Þj

� �
xj

��� ���� ���� ���� �

= 〠
∞

j=0,j∉A1
i

ψ Δm
n+1 κjxj
�� ���� ��
 �

≤
1
i

〠
∞

j=0,j∉A1
i

ψ Δm
n+1 xj
�� ���� ��
 �

< 1
i
〠
∞

j=0
ψ Δm

n+1 xj
�� ���� ��
 �

= 1
i
τ xð Þ:

ð24Þ

This gives that kVκ −Vκi
k ≤ 1/i, and that Vκ is a limit of

finite rank operators. So, Vκ is an approximable operator.

Theorem 15. Pick up κ ∈ℂℕ and ðℓψðΔm
n+1ÞÞτ be a prequasi

normed (sss), where τðxÞ =∑∞
r=0ψðjΔm

n+1jxrjjÞ, for every x ∈

ℓψðΔm
n+1Þ. Therefore, Vκ ∈ BcððℓψðΔm

n+1ÞÞτÞ, if and only if,

ðκiÞ∞i=0 ∈ c0.

Proof. Clearly, since every approximable operator is compact.

Corollary 16. If κ ∈ℂℕ, ψ is an Orlicz function satisfying the
δ2-condition, and Δm

n+1 is an absolute nondecreasing, then
BcððℓψðΔm

n+1ÞÞτÞ⊂≠BððℓψðΔm
n+1ÞÞτÞ, where τðxÞ =∑∞

r=0ψðjΔm
n+1

jxrjjÞ, for all x ∈ ℓψðΔm
n+1Þ.

Proof. In view of I that is a multiplication operator on
ðℓψðΔm

n+1ÞÞτ generated by κ = ð1, 1,Þ. So, I ∉ BcððℓψðΔm
n+1ÞÞτÞ

and I ∈ BððℓψðΔm
n+1ÞÞτÞ.

6. Fredholm Multiplication Operator
on ℓψðΔm

n+1Þ
In this section, we introduce the sufficient conditions on the
sequence space ℓψðΔm

n+1Þ equipped with prequasi norm τ so
that the multiplication operator acting on it has closed range,
invertible, and Fredholm.

Theorem 17. Let κ ∈ℂℕ, ðℓψðΔm
n+1ÞÞτ, be prequasi Banach

(sss), where τðxÞ =∑∞
r=0ψðjΔm

n+1jxrjjÞ, for all x ∈ ℓψðΔm
n+1Þ,

and Vκ ∈ BððℓψðΔm
n+1ÞÞτÞ. Then, κ be bounded away from zero

on ðker ðκÞÞc, if and only if, RðVκÞ is closed.

Proof. Suppose the sufficient condition be satisfied, so, there is
ε > 0 with jκij ≥ ε, for every i ∈ ðker ðκÞÞc, to prove that RðVκÞ
is closed. Let d be a limit point of RðVκÞ. Hence, there is Vκxi
in ðℓψðΔm

n+1ÞÞτ, for each i ∈ℕ so that limi→∞Vκxi = d. Clearly,
ðVκxiÞ is a Cauchy sequence. As Δm

n+1 is an absolute nonde-
creasing and ψ is nondecreasing, we have

τ Vκxi − Vκxj

 �

= 〠
∞

r=0
ψ Δm

n+1 κr xið Þr − κr xj

 �

r

��� ������ ���� �

= 〠
∞

r=0,r∈ ker κð Þð Þc
ψ Δm

n+1 κr xið Þr − κr xj

 �

r

��� ������ ���� �

+ 〠
∞

r=0,r∉ ker κð Þð Þc
ψ Δm

n+1 κr xið Þr − κr xj

 �

r

��� ������ ���� �

≥ 〠
∞

r=0,r∈ ker κð Þð Þc
ψ Δm

n+1 κrj j xið Þr − xj

 �

r

��� ���� ���� ���� �

= 〠
∞

r=0
ψ Δm

n+1 κrj j yið Þr − yj
� �

r

��� ���� ���� ���� �

> 〠
∞

r=0
ψ Δm

n+1 ε yið Þr − yj
� �

r

��� ������ ���� �
= τ ε yn − ymð Þð Þ,

ð25Þ
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where

yið Þr =
xið Þr , r ∈ ker κð Þð Þc

0, r ∉ ker κð Þð Þc
(

: ð26Þ

This gives that ðyiÞ is a Cauchy sequence in ðℓψðΔm
n+1ÞÞτ.

As ðℓψðΔm
n+1ÞÞτ is complete, there is x ∈ ðℓψðΔm

n+1ÞÞτ so that
limi→∞yi = x. As Vκ is continuous, then limi→∞Vκyi =Vκx.
Although limi→∞Vκxi = limi→∞Vκyi = d, therefore, Vκx = d.
So, d ∈ RðVκÞ. This implies that RðVκÞ is closed. Inversely,
assume RðVκÞ be closed, hence, Vκ be bounded away
from zero on ððℓψðΔm

n+1ÞÞτÞðker ðκÞÞc . So, there is ε > 0 so

that τðVκxÞ ≥ ετðxÞ, for every x ∈ ððℓψðΔm
n+1ÞÞτÞðker ðκÞÞc .

Let B = fr ∈ ðker ðκÞÞc : ∣κr∣<εg as Δm
n+1 is an absolute

nondecreasing and ψ is nondecreasing verifying the δ2-con-
dition, if B ≠ φ; then for i0 ∈ B, one has

τ Vκei0

 �

= τ κr ei0

 �

r

� �∞
r=0

� �
= 〠

∞

r=0
ψ Δm

n+1 κr en0

 �

r

��� ������ ���� �

< 〠
∞

r=0
ψ Δm

n+1 ε en0

 �

r

��� ������ ���� �
≤ dετ en0


 �
,

ð27Þ

for some d ≥ 1. This implies a contradiction. Therefore, B = φ
so that jκrj ≥ ε, for each r ∈ ðker ðκÞÞc. This completes the
proof of the theorem.

Theorem 18. Let κ ∈ℂℕ and ðℓψðΔm
n+1ÞÞτ be a prequasi

Banach (sss), with τðwÞ =∑∞
r=0ψðjΔm

n+1jwrjjÞ, for every w ∈
ℓψðΔm

n+1Þ. There are b > 0 and B > 0 so that b < κr < B, for
every r ∈ℕ, if and only if, Vκ ∈ BððℓψðΔm

n+1ÞÞτÞ be invertible.

Proof. Assume the conditions be established, define γ ∈ℂℕ

by γr = 1/κr , from Theorem 12, we obtain Vκ,Vγ ∈ B
ððℓψðΔm

n+1ÞÞτÞ and Vκ:Vγ =Vγ:Vκ = I. Therefore, Vγ is the
inverse of Vκ. Conversely, let Vκ be invertible. Hence, RðVκÞ
= ððℓψðΔm

n+1ÞÞτÞℕ. This gives RðVκÞ which is closed. From

Theorem 17, there is b > 0 so that ∣κr ∣ ≥b, for each r ∈
ðker ðκÞÞc. Now, ker ðκÞ = φ, else κr0 = 0, for several r0 ∈ℕ,
we have er0 ∈ ker ðVκÞ. This implies a contradiction, as
ker ðVκÞ is trivial. Therefore, ∣κr ∣ ≥a, for every r ∈ℕ.
Because Vκ is bounded, so from Theorem 12, there is B
> 0 so that ∣κr ∣ ≤B, for each r ∈ℕ. Hence, we have proved
that b ≤ ∣κr ∣ ≤B, for every r ∈ℕ.

Theorem 19. Pick up κ ∈ℂℕ and ðℓψðΔm
n+1ÞÞτ be a prequasi

Banach (sss), where τðwÞ =∑∞
r=0ψðjΔm

n+1jwrjjÞ, for every w ∈
ℓψðΔm

n+1Þ. Then, Vκ ∈ BððℓψðΔm
n+1ÞÞτÞ be the Fredholm opera-

tor, if and only if, (i) card ðker ðκÞÞ <∞ and (ii) ∣κr ∣ ≥ε, for
each r ∈ ðker ðκÞÞc.

Proof. Assume Vκ be Fredholm, Let card ðker ðκÞÞ =∞.
Therefore, en ∈ ker ðVκÞ, for every n ∈ ker ðκÞ. As en’s is line-
arly independent, this implies card ðker ðVκÞ =∞. This gives
a contradiction. Hence, card ðker ðκÞÞ <∞. From Theorem
17, condition (ii) is verified. Next, if the necessary conditions
are satisfied, to prove that Vκ is Fredholm, from Theorem 17,
condition (ii) implies that RðVκÞ is closed. Condition (i) gives
that dim ðker ðVκÞÞ <∞ and dim ððRðVκÞÞcÞ <∞. So, Vκ is
Fredholm.
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