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In this paper, a nonlinear integral equation related to infectious diseases is investigated. Namely, we first study the existence and
uniqueness of solutions and provide numerical algorithms that converge to the unique solution. Next, we study the lower and
upper subsolutions, as well as the data dependence of the solution.

1. Introduction

We consider the nonlinear integral equation

i=1

where n > 2 is an integer and 7; > 0,i=1,2, -+, n. In the case
n=1and f,; =0, (1) reduces to

x(t) = Jt g,(s,x(s))dst e R. (2)

t-1,

The integral equation (2) models the spread of certain
infectious diseases with periodic contact rate that varies sea-
sonally (see [1]). Several results related to certain mathemat-
ical aspects of (2) have been obtained by many authors (see,
e.g., [1-9] and the references therein). In particular, in [3],
using the Picard operator technique, the integral equation
(2) was investigated regarding the existence and uniqueness
of solutions and periodic solutions, lower and upper subsolu-
tions, the data dependence, and the differentiability of solu-
tions with respect to a parameter.

In this paper, we are concerned with the integral equation
(1). We first investigate the existence and uniqueness of solu-
tions and provide numerical algorithms that converge to the
unique solution. Next, we study the lower and upper subsolu-
tions, as well as the data dependence of the solution.

The next section is devoted to the main results of this
paper. Namely, in Subsection 2.1, we fix some notations that
will be used throughout this paper. In Subsection 2.2, we pro-
vide some lemmas that will be used in the proofs of our main
results. In Subsection 2.3, the existence and uniqueness of
solutions and periodic solutions are derived using the Banach
contraction principle. Moreover, an iterative algorithm based
on Picard iteration for approximating the unique solution is
provided. In Subsection 2.4, a Presic’ -type iterative algorithm
that converges to the unique solution is provided. Lower and
upper subsolutions type results are obtained in Subsection
2.5. Finally, in Subsection 2.6, the data dependence of solu-
tions is studied.

2. Results

We first fix some notations.

2.1. Notations. Let I = [a, 8] and J = [m, M|, where 0 < <
and 0 < m < M. Let

C(RxI,J)={f:RxI—],fiscontinuous}, )
X=C(R,I)={f : R—> I, f is continuous}.

The functional space X is equipped with the norm |-y,
where


https://orcid.org/0000-0002-6095-5875
https://orcid.org/0000-0002-6769-3417
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/6633708

[|[| x = sup |x(£) , x € X. (4)
teR

Notice that (X, ||-||) is a Banach space.

2.2. Preliminaries. The following lemma will be useful later. It
can be easily proved by induction.

Lemma 1. Let {a,,} and {b,} be two real sequences. Then, for
alln>2,

laja, - a, = bbby b,|<|ayas - a,l|a; - by
+1by||azay - a,||a, — by (5)

+1b;b,|asas -+ a,||as — bs|+---+|a,||b,b,y - b,_,|
Nay; = b, |+ 1616y b,_g]|a, = b,

We recall the following result due to Pregic’ [10].

Lemma 2. Let (X, d) be a complete metric space, k a positive
integer and ¢ : X* — X a mapping satisfying the following
condition:

d(q)(xl’xz""’xk)’ (p(xZ’x3""’xk+1)) (6)
< qpd(x)5 X5) + God (x5, X3) - +q4d (X Xpey )

for all x;,--,x,; €X, where q,,q,, -+, q) are nonnegative
constants such that q, + q, + ---+q; < 1. Then,

(i) There exists a unique x* € X such that

*

X =(x", x", e x"). (7)

(ii) For all x;,x, -, x € X, the sequence {x,}CX
defined by

xP+k:(P(xp’xp+1>"" p+k71)’P21 (8)

is convergent to x*.

For more details about the above result, we refer to [11-15].

2.3. Existence and Uniqueness Result. Problem (1) is investi-
gated under the following conditions:

(C) fg;,€C(RXL]J),i=1,2,-,n.

(C2) For all i=1,2, -+, n, there exists a constant Lfi >0
such that for all t € R,

|fi(t u) —fi(t,v)|sti|u—v|,u,v€I. 9)

(C3) For all i=1,2, -+, n, there exists a constant L, >0
such that for all t € R,
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9:(t:u) = g;(t:v)| <Ly lu—v[,u,vel (10)

(C4) M" ([T (r; + 1) Yk (Ly, + Ly 1) < 1.
(C5) a/m"™ <[, (7;+1) < BIM".
We have the following existence and uniqueness result.

Theorem 3. Under conditions (C,)-(Cs), problem (1) admits
one and only one solution x* € X. Moreover, for all x, € X, the
sequence {x,} C X defined by

Xy (F) = ﬁ(fi(t,xp(t)) +JZ_ gi(s,xp(s))ds>,t€ R

i (11)

i

converges uniformly to x*.

Proof. Let us define the operator T : X — C(RR, R) by
T)(t) = [[Tix) (1), xe X, te R, (12)
i=1

where

t

gi(s,x(s)) ds, i=1,2, -, n.

T, () (6) = (6, x(1)) + j
(13)

i

By (C,),foralli=1,2,:--,nand t € R, one has
t

Mds=(,+1)M, (14)

i

T,(x)(t) <M + J

-7

which yields

T(x)(t) <M" ﬁ(rﬁl). (15)
i1
Then, using (C;), one deduces that
T(x)(t)<B teR. (16)

Similarly, by (C,), one has

t

Ti(x)(t)zm +J

mds=(t;+1)m, (17)
t—1;

i

which yields
T(x)(t)=m" ﬁ(rﬁ 1). (18)

Hence, using (C;), one obtains

T(x)(t)za teR. (19)
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Therefore, it follows from (16) and (19) that
TX c X. (20)

Moreover, the set of solutions to the integral equation (1)
coincides with the set of fixed points of the operator T. Next,
by Lemma 1, for all x,y € X and t € R, one has

On the other hand, by (C,) and (C;), foralli=1,2, ---, n,
one has

L) (6) = Ty (0)] < 1F(6%(6)) — £t y(0)]
“ | las ) - g5 6lds = Ly x(0) -y

t—1,

(22)

i

t
+ Lg[JH_|x(s) —y(s)|ds < (Lfi + Lgiri) 1% =yl
Therefore, using (14), (21), and (22), one obtains

IT(x)(6) = T)(6)] < M l(H (r;+ 1)> Y (g, + Lomi) I =yl

: (23)

which yields

n-1 n
(| Tx - Tyl < M" (H (r;+1) > Z(Lfk +Lgk'rk) lx =yl x, y € X.
i=1 k=1

(24)

Finally, using (C,), (20) and (24), the conclusion of the
theorem follows from the Banach contraction principle.

Now, we consider problem (1) under the additional
condition:

(C6) There exists w > 0 such that foralli=1,2,---, n,

fit+w,u)=f,(tu),g,(t+w,u)=g,(t,u),t e R,uel.

(25)

Theorem 4. Under conditions (C ;)-(C 6), problem (1) admits
one and only one w-periodic solution x* € X. Moreover, for
any w-periodic function x, € X, the sequence {x,} defined by

(11) converges uniformly to x*.

Proof. Let T : X — X be the operator defined by (12).
Notice that from the proof of Theorem 3, we know that
under conditions (C,)-(C;), one has TX c X. Let V be the
closed subset of X (with respect to the norm ||-||) defined by

V={xeX:x(t+w)=x(t),t € R}. (26)

For all x € V and t € R, using (C,), one obtains

n

T(x)(t+w) = H(f,.(t+w,x(t+w)) +J

t+w

i=1 t+w-T;

gi(5x(5)) ds)

+ Jt g;(o+w,x(0+ w)da))

t-T;

-1 (f,»(t, o)+ | a-(mx(a))do) - 7))

(27)

Hence, one has TV ¢ V. On the other hand, since V c X,
it follows from (24) that

n-1
[Tx - Tylly < M1 <H(Ti + 1)>

i=1

n
kZ: <Lfl< + Lngk> lx=yllx, x,ye V.
=1

(28)

Then, the conclusion of the theorem follows from the
Banach contraction principle.

2.4. Presic'-Type Approximation of the Unique Solution. Let
us consider the integral equation (1) under conditions (C,
)-(C5). Notice that by Theorem 3, (1) admits one and only
one solution x* € X.

Theorem 5. Under conditions (C;)-(C ), for any x;,%,, -+,
x, € X, the sequence {x,} defined by

Xpin(t) = ( I(t,xp(t)) + L, g, (s, xp(s))ds>
( 2( Xpiq (1 )) +JF gz(s’xp+1(s))ds>
’ (fn (t’ xp+n—1(t)) + J

p>1,teR

9 (S’ xp+n—1 (S)) dS) >

t-1,

(29)
converges uniformly to x*.

Proof. Consider the function ¢ : X" — X defined by

P(xys X0 %, ) (F) = ﬁ( i(6x;(2)) + J

i=1 =7;

g,(s xi(s))ds) ,teR,

(30)



that is,

where for all i= 1,2, ---, n, the operator T, is defined by (13).
Notice that from the considered assumptions, one has ¢(X")
C X, so ¢ is well-defined. On the other hand, using Lemma
L, for all x;, x,, -+, x,,,x,,,; € X and t € R, on has

@1 X5+ +5%, ) () = P(X5 X357+ +5X1 ) ()

n

= ﬁ T(x;)(t) - H Ti(xi01) (1)

<Th(x)(1)

Next, using (14), it holds that

Qo1 X550+, ) () = P(x5 X357+ +5X,01 ) (1)

n-1 L 33
sMn_1<H(T,-+1)> DT (1) = Te(®ea (8)]- =

i=1 k=1

On the other hand, under the considered assumptions, for
allk=1,2,-,n, one has

- + = k 3 X +11x*
ITe0) (1) = Tulsea ()] = (Ly, +7ily, )= Hia - (34)
Hence, one deduces that

llp(x1> X350 5%,) = (X5 X350+ X1 |

n

- 35
<M (H(Ti + 1)> Z(Lfk +TkLgk) [l = %1 [[x- )

i=1 k=1

Finally, using (C,) and Lemma 2, the desired result
follows.

2.5. Lower and Upper Subsolutions. We consider problem (1)
under conditions (C,)-(C;). We recall that by Theorem 3,
problem (1) admits one and only one solution x* € X. We
suppose also that

Foralli=1,2,---,n and t € R, the functions

fi(t,:): I—Jandg,(t,): I—] (36)

are nondecreasing.
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Theorem 6. Suppose that conditions (C ;)-(C ;) and (Cé) are
satisfied. If x € C(R, I) satisfies

<] (ﬂ(a )+

then

t

gi(s, x(s))ds) ,teR,  (37)

t-1;

x(t) <x*(t),t€R. (38)

Proof. Let T : X — X be the operator defined by (12). Then,
(39) is equivalent to

x(t) < T(x)(t), t € R. (39)
We shall prove that T is a nondecreasing operator, that is,

u,veX,u(t)<v(t),t e R== T(u)(t) < T(v)(t), t € R.

(40)
Let u, v € X be such that
u(t)y<v(t),teR. (41)
By (Cg), foralli=1,2,---,n and t € R, one obtains
oss (et + | aoundssrinm [ g
(42)
which yields
fibu)+| gt u(s))ds)
i=1 ) t’T; (43)
< (f,(t, o)+ als v(s))ds)
that is,
T(u)(t) < T()(1). (44)

This proves (40). Next, by (39), it holds that
x(t) < T(x)(t) < T*(x)(t) < - < TP (x)(t), (45)
for all nonnegative integer p and ¢ € R, where
T0(x) () =x(t) and T (x) (1) = T(TP () (). (46)
Hence, it holds that
x(t) <x,(t),t€R, (47)

where {x,} is the sequence defined by (11) with x, = x.
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On the other hand, by Theorem 3, one has

I}Lrlgoxp(t) =x"(t),teR. (48)

Therefore, passing to the limit as p — oo in (47), (38)
follows.

(Al) For j=1,2,3 and i=1,2,---,m, let ff]),ggj) e C(R
x I, J). We suppose that

(A2) For all i=1,2,---,n and j=1,2,3, there exists a

constant L 10 > 0 such that for all t € R,

i

1w =) sLplu=vhwvel. ()

Foralli=1,2,---,nand j=1,2, 3, there exists a constant
Lgm) > 0 such that for all t € R,

0/ (bu) =g (tv)| <Ly fu-vhuwvel  (50)

(A3) ML (m+ D)X (Lo + Lyom) <1, j=1,2
, 3.

(A4) a/m" <TTL (7;+1) < p/IM".

(A5) Foralli=1,2,---,n and t € R, the functions

fﬁz)(t,-)i 1—>]andg,(-2>(t>')’ r—17, (51)

are nondecreasing.
(A6) Foralli=1,2,--,n,t€eRand u€l,

flwy<fPtw < £V (b wand gl (tu) < g7 (b w) < g7 (1 0).
(52)

Notice that by (A ;)-(A ), it follows from Theorem 3 that
for all j=1, 2, 3, the integral equation

x0 =] (fﬁ”(t, ()«

i=1 t

) ‘glw (s, x(s))ds) ,teR, (53)

admits one and only one solution xU) € X. Moreover, for all
j=1,2,3 and x(()]) € X, the sequence {xl(,])} C X defined by

D0-T] (fﬁf’ (650 + J 9 (2 ds) JteR

i=1

(54)
converges uniformly to x).
Theorem 7. Under conditions (A,)-(Ag), one has
D) <xD (1) <2 (8), t € R. (55)

Proof. For all j=1,2,3, let TV : X — X be the operator
defined by

TO(x)(t) =

i=1

gfj) (s x(s))ds) ,xeX, teR.
(56)

From condition (A 5), the operator T'? is nondecreasing,
that is,

uveX,u(t)<v(t),te R= T (u)(t) < TA(v)(t), t € R.
(57)

Moreover, by (A¢), one has
TOw)(t) < THw)(t) < TP (w)(t), ue X, teR.  (58)
Let x(()l), x(()z), xé3) € X be such that

2)

V() <xP (1) < (1), e R (59)

Hence, by (57), one obtains
e (xg”) (t)<T® <x§f>) (t)<T® (x(()3>) (), teR. (60)

On the other hand, by (58), one has

T (ng) (t)<T® (ng) (), teR, (61)
T® (x(()3)> (t)<T® (x§f>) (), t€R. (62)

Therefore, using (60), (61), and (62), one deduces that
T (xé”) (t)<T? (xff)) (t)<T® (x(()3)> (t)teR, (63)
that is,
A <xP 1) <P (1), teR. (64)

Repeating the same argument, by induction, one deduces
that for all nonnegative integer p and f € R,

Ay <o (1) < (1), (65)

where {xl(,j) }, j=1,2,3, is the sequence defined by (54).
Finally, passing to the limit as p — o0 in (65), the desired
result follows.

2.6. Data Dependence of Solutions. Suppose that conditions
(C))-(Cs) are satisfied. Then, by Theorem 3, the integral
equation admits one and only one solution x* € X. Consider
now the perturbed problem

=11 (F,(r,y(t)) + j

i=1 t=1;

Gi(s,y(s))ds> ,teR, (66)



where F;,G;e CIRx1,]),i=1,2, -, n. Suppose that y* € X
is a solution to the integral equation (66).
We have the following data dependence result.

Theorem 8. Suppose that for alli=1,2, -
1, > 0 such that

-, n, there exist o;,

[fi(t,u) = Fi(t,u)[ <0y |gi(tu) = Gyt u)[ <mp t € R, u €1

(67)

Then,

% M”*l (H"/lil (T‘ + 1))2: l(ok +Tk’7k)
X" =y llx < - :
[1—M (T + 1) 1<Lf +L Tk):|
(68)
Proof. Let
SO =1]S»)(@)teR, (69)
i=1
where
SO =Fi6y0)+ | Glope)dsi=1,2
(70)
Then, for all £ € R, one has
<" () = y" (1) = [T(x")(t) = SO*)(1)| = f[Ti(X*)(t)— Si(r)(t)
(71)

where the operator T is defined by (12). Next, by Lemma 1
and (14), one obtains

I < To(x)() -+ T () (OITL (x7)(8) = S ) ()]
+ 8107 (OT5(x7)(8) - Ty ()OI T2 (x7) (1) = S,07) (D]
() Sua ) OIT () (1) = Su ™) (B)]

<M <i_[(r,» - 1)> DT (1) =S (8)].

(72)

On the other hand, using (C,) and (C;) and (67), for all
k=1,2,---,n, one has
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| Te(x™)(t) =

t

S (O] < |f(tx" (1))
Yl |9k(5%7(5)) = Ge(s: 57 (5)) | ds
<|fi(6x7 () = ity (D) + |fi(ty" (1) -

N |9k (5 X7 (5)) = gi (57" (5)) |ds
+| 1gk(sy () -

Jit-1
# oyt Lo millx =yl + 7 = (Ly, + Lo, 7 ) % =" g

+0, + TiHg-

Fi(t.y" (1))

Fi(ty"(1))]

9i(s>

Gi(s,y"(9))lds <Ly ||Ix" =y [l

(73)
Hence, by (72), it holds that
n—1
5" ="l <M (H(n ' 1))
i=1 (74)

.;[(Lfk +Lgkrk) X" =y |lx + 0% + Tknk},
-1

which yields

[1 -M"™ l<ﬁ(ri+ 1))
i= k

(ﬁ (r;+1) ) i (o + Tiy.)-
i=1

k=1

M=

1

(L, +Lgkrk)] I =" lix

(75)

Finally, by (C,), the desired result follows.
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