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In this paper, we consider an auxiliary function G to combine and unify several existing fixed point theorems in the setting of the
complete partial b-metric space. We consider also some examples to support the observed main results.

1. Introduction and Preliminaries

The notion of the distance has been investigated and
improved from the beginning of the mathematics sciences.
The first formal definition was given by Hausdorft and Fre-
chet under the name of metric spaces. The formal definition
was extended, improved, and generalized in several ways. In
this paper, we shall consider the combination of notions of
partial metric space and b-metric space. Partial metric space,
defined by Matthews [1, 2] is the most economical way to cal-
culate the distance in computer science. So, it is important in
the setting of theoretical computer science. On the other
hand, b-metric is the most interesting and real generalization
of metric spaces; in this case, the triangle inequality is
replaced by a modified version of triangle inequality.For
more details on the advances of fixed point theory in the set-
ting of b-metric spaces, see e.g. [13]-[27].

In this paper, we shall propose a fixed point theorem by
using an auxiliary function G to combine, generalize, and
unify several fixed point results in the setting of the complete
partial b-metric spaces.

In [3], the authors proposed a new fixed point theorem in
the setting of metric spaces.

We consider the follow sets of functions:

(1) G be the set of the functions € : [0, c0)’ — [0, c0)
that satisfy the following conditions:

(f,) € is continuous,

(,) ©(0,0,0) =0,

(f;) max {1,v} < @(1,v, w), for all 7, v, w € [0, 00).
In [3], some examples of such a function were given.

) (rvw=T1T+v+w
(i) &(7,v,w) =max {7,v, 0}

(iii) €(r,v,w) = (r+v)(1 +w)

(2) @ be the set of functions v : [0, 00) — [0, 00) that
satisty the following conditions:

(b,) v is nondecreasing,

(b)) Yi1v'(u) <oco for each u>0. (Here, by v/, we
denote the ith iterate ohy.)

We mention that the functions y € ® are called (c)
-comparison functions. Moreover, it is not difficult to check
that ¢(u) < u for every u > 0.

(3) '={y: X —>[0,00) | yislower semicontinuous}

Theorem 1 (see [3]). Let (X,d) be a complete metric space,
a lower semicontinuous function y: X — [0,00), and a
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self-mapping T : X — X. If there exist ye® and TG
such that

G(d(Tx, Ty),y(Tx),y(Ty))
G(d(xy), y(x), y(0))>
SV M4 2(d(x, Tx), p(Tx), y(x)) + G(d(y Ty), p(T), y(y)) ’
2

(1)

for every x,y € X, then T has a unique fixed point.
Let X be a nonempty set.
(i) A function b : X x X — [0, 00) is a b-metric on X if

for a given real number s>1 and for all x,y,z€X
the following conditions hold:

(b1) b(x,y) =0 x =y,
(b2)b(x,y) = b(y> %), (2)
(b3)b(x,y) <s[b(x, 2) + b(z, y)].

The triplet (X, b,s>1) is called a b-metric space.

(ii) A function p : X x X — [0, c0) is a partial metric on
X if for all x, y, z € X the following conditions hold:

(Pr)x=y e plxx)=p(y)=pxy) Sx=y
(p2) p(%: %) < p(%, )
(p3) p(x:y) = p(y, x)
(Pa) P(x2y) < p(x:2) + p(2y) = p(2: 2)-

(3)

The pair (X, p) is said to be a partial metric space.

Combining these two concepts, Shukla [4] introduced the
notion of partial b-metric space as follows.

(iii) A function p, : X x X — [0, 00) is a partial b-met-

ric on X if for all x, y, z € X the following conditions
hold:

(pbl)x=y=’Pb(x,x)=Pb( ¥) = Pp(%: )
(sz) Py(6X) < py (1Y),
(%) Po(6:) =Py (9> %),
(k) Pu(53) <slpy(.2) + py(@9)] - py(2:2).

(4)

The triplet (X, p,,s>1) is said to be a partial b-metric
space.
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On a partial b-metric space (X, p;, s> 1) a sequence {x, }
is said to be

(i) convergent to x € X iflim,_, p, (x,,x) = b(x, x) (the
limit of a convergent sequence is not necessarily
unique)

(ii) Cauchy if lim, ,,, . p,(x,,x,) exists and its finite

P
Moreover, the partial b-metric space is complete if for
every Cauchy sequence {ax, } there exists x € X such that

lim p, (x, =p (6%, (5)

np—sco %p) = ,}Hgopb(xn’ x)

Let (X, p;, s > 1) be a partial b-metric space. We say thata
self-mapping T on X is continuous if for every sequence {x,, }
in X which converges to a point x € X we have

lim p,(Tx,, Tx) = lim pb(Txn, Txn+j) =p,(Tx, Tx). (6)
n—00

n—-00
In [5], the authors introduced the following new notions.

(i) On a partial b-metric space, a sequence {x,} is a 0

-Cauchy sequence if lim,,_,,p, (x,, x,) = 0

(ii) The space (X, p;, s> 1) is said to be 0-complete if for
each 0-Cauchy sequence {x,} in X, there exists a
point x € X such that

lim p, (x,, py(%x) =0 (7)

n,p—00

X,) = lim py (x,,, x) =

Moreover, they proved that if the partial b-metric space
(X, py» s> 1) is complete, then it is 0-complete.

For a better understanding of the connections between
these spaces (partial metric space, b-metric space, and partial
b-metric space), we mention some papers that can be
consulted [6-12].

Let @, be the set of functions ¢ : [0, c0) — [0,
satisty the following conditions:

(¢,)¢ is nondecreasing,

(6,)Y 1 s'¢'(u) < co for each u>0. (Here, by ¢, we
denote the ith iterate oh ¢.)

00) that

2. Main Results

The following is the main result of the paper.
Theorem 2. Let (X, p,, s > 1) be a 0-complete partial b -metric

space, a function yeI, €G , and a self-mapping T : X
— X . If there exists ¢ € O, such that

G(pyp(Tx, Ty), y(Tx), y(Ty))
pb(x ) y(x), ()
SO M0 g, (x, Tx), p(Tx), y(x)) + E(d 0 Ty). (T). ¥(2) ’
2s

(8)
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for every x,y € X . If T is continuous or p,, is continuous, then
T has a unique fixed point.

Proof. Starting with a point x,, € X, we consider the sequence
{x} defined by x,, = Tx,_,, n € N. Without losing the general-
ity, we can assume that for any n € N, we have b(x,, x,,,,) > 0.
Indeed, on the contrary, if there exists a positive integer j, such

that Xj, = Xj 1 We get that x, is a fixed point of T, because due
Jo+1 Jo

to the way the sequence was {x} defined, it follows that x; =
Tx; . Moreover, using this remark, we can easily see that

% (04 (5 X1 ) V() V(3011)) >0, foreveryne N, (9)

g(pb( n+1> n+2) Y(xn+l) Y(xn+2))

Again supposing that Z(p, (x,.%,.11) Y(3, ), (1)) =0

for some j, from (f;), we have

0<p, (xjo’xj0+1) < max {p,7 (xjo,xjoﬂ),y(xjo)} (10)

< ?(pb (xjo, ij+1)’ Y (xjo)’ 4 (xfo“) )

which is a contradiction. Taking x =x, and y=x,,, in (8)
we get

n’xn+l)>y(xn)’ Y(xn+l))’
) Y(T%4)) + (P (X1> TXi1)s ¥ (X1 )s V(T X))

?(pb(xn’ xn+1)’ Y(xn)’ Y(xnﬂ))’
? x xn+1)’ y(xn)’ Y(xn+1)) + g(pb('xrtJrl’ xn+2)’ Y(anrl)’ y(xn+2))

= f pb T'x Txn+1 (Txn)’Y(Tan)
G(py(x
< ¢ | max (X TX,), Y(x
< ¢ | max

2s

(11)

o

There are two possibilities, namely,
max {g(Pb ('xn’ Xntl )’ Y(xn)’ Y(‘xn+l)>’
?(Pb(xnﬂ’xnﬂ)’V(xnﬂ)”})(xnﬂ))} (12)
= G(d(Xp1 Xn12)> Y (%41 ) Y (Xi2) )

which leads us (since ¢(u) < u for any u > 0) to

g(d('xnﬁ-l’xn+2)’ Y( n+1) ( n+2))
S([)(?(Pb( n+1’xn+2) ( n+1)’Y( n+2))) (13)
<G(Pp(Xns1> Xn12)> Y(Xns1)> Y (Xni2))-

But, this is a contradiction, and then

max {G(d(X,, X,41)> Y(%,)> Y (Xpi1))>
?(d(xnﬂ’xnﬂ) (n+1)’yx” ))} (14)
= G(d(%, Xp11)> V(%05 Y (X1))-

Therefore, by (11) and taking into account (f;), we have

P (Xna1s Xiz) S MAX Py (X115 Xi2)> V(K1) }
< ?(ph(xnﬂ’xmz)’ Y(xnﬂ)’ Y(xn+2)) (15)

< ¢(?<Ph(xn’ xn+1)’ y(xn)’ y(xnﬂ)))’
foreveryn e NUO.

2s

X xn+1>’ Y(xn)’ V(xn+l))’ })
Xn+1> xn+2)’ Y(xn+1)’ y(xn+2))

Consequently, for every n € N, we obtain

Pb(xn’ xn+1) = (»b(?(/)b(xn—l’ xn)’ Y(xn—l)’ y(xn))) (16)
< ¢"(F(py(*0> 1), Y(%0)> ¥(%1)))-

Let p, m € N such that p < m. By applying the (triangle-
type inequality) (p,,), we have

Py (X %m) <[Py (%

p+1) +pb( p+1’xm>] _Pb(xpﬂ’xpﬂ)

< sy (¥ Xpr1) + Py (¥pi1 %)

< 5py (Xp> Xpe1) + 5 “p b (Xpe1> Xpi2)
+ 5[4 (Xps2s %m) | = Py (%p120 %p12)

< 5Py (%> Xpi1) + 57 [P (Xpa1s %p12)

<5Pb( p+1>
" 1Pb( Xm-1>% )’

(17)

+ 5Py (%p420 X )] -

Pb( p+1° p+2)+ Tt



and (17) leads us to

Py (5 5n) < o . (S oy (0 1), Y(x0) 1)
i=p
< g 2SSy (0 ) V(x0) )
i=p
1
= 51 (S =St )s

(18)

where S, = Y7 5'¢'(Z(p, (x0, x1), Y (%), y(x1))). Keeping in
mind (¢, ), we deduce that there exists S, — S as n — oo,
and from (18), we get

I
e

JJm py (x5 %) (19)

Consequently, {x,} is a 0-Cauchy sequence in a 0-
complete partial b-metric space, and then there exists ¢ € X
such that

lim p, (x,, Xp6) =pyp(66)=0.  (20)

pm—00

Xin) = }E&Pb(
Moreover, by (f;) together with (16), we have

Y(xn) < max {pb( n+1)’ Y( n)}
< ?(Pb(x n+1) ( n)’Y('an)) (21)
< ¢"(F(py(x0: x1) Y(%0)> (%1))

and using (¢,)

lim y(x,) = 0. (22)

n—00

Plus, by (¢,) and (20),

y(c) = 0. (23)

We claim that this point ¢ is in fact a fixed point of the
mapping T. If the mapping T is continuous, then by (6), we
have

Py(6:6) = lim py (Tx,, T¢) = lim py (Tx,, Txyy) = 0. (24)
Thus, applying the triangle inequality (p, ),

pb(c’ TC) < S[pb(<> xn+1) + PrXu+1> TC] - pb('xm—l’ xn+1)’ (25)
and together with (20) and (24), letting # — oo, we get p,
(¢, Tg) =0, that is, ¢ is a fixed point of T.

Let assume now that p, is continuous, that is, lim,_, p,
(x,, TS) = p, (¢, T6) Replacing x by x,, and y by ¢ in (8), we
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have (for every n € ]N)

G(py(xpe1> T6), Y(x41) G(py(Tx, T<), y(Tx,), y(Ts)

G(Py (% ©)> V(%) ¥(6)s
AN Gy (%, T,)s Y(5,)s Y(Tx,)) + E (04 (6 T6), ¥(), ¥(T5))
2s
G(pyp(% €)> V(%) (6))>
X X1 )0 Y (%) Y (Xni1)) + E(Pp (6> T6), (5)> (1))

2s
G(Pp(%4:6)> V(%) (5))
SN G0y (0 X01)> Y6 V(X)) + 4 (6 T)s 1(), 1(TQ)) [

2s

(26)

Letting n — co and taking into account (f;), we have

Z(py(s T), 0, y(Tq))
= lim & (py (%11, T6)> ¥ (¥s1)> ¥(T6))

G(Py(%6)> Y(%4)> ¥(5))>
<L MEX G, (0 B ) VD), V() + E (46 T, (), 7(T6)
2s

©(0,0,0) + ¥(py (s T5), 0, V(TC))}
2

= max {?(O, 0,0),

_ 9(py(5 T5), 0, y(T5))
2s

(27)

Consequently, €(p,(s, Ts),0,y(Tg)) =0. But,

(f;) into account, we get

0} <% (py (, Te), 0,y(Te) =0, (28)

taking

0 <max {p, (s, T¢),

which means p,(¢, T¢) =0. Thus, T¢=g.

As alast step, we claim that ¢ is the unique fixed point of
T. Supposing on the contrary, that there exists another point
v € X such that T¢ = ¢ # v = Tw. First of all, applying (8) with
x=v=y, we have

$(Z(0.y(v), y(v)) <Z(0.y(v), y(v)),  (29)

=y(Tv) =

g(0,y(v),y(v)) <

which implies that y(v)
in (8). We have

0.Letnowx=c¢and y=v
G(py(6:0),0,0)=F(py(Te, Tv), y
(

<¢ (max { @

<¢(¥(py(6:0), 0,

T¢), y(Tv))
(

(

G(pyp(60)¥(5), ¥ (v),
56 16) ¥(6), ¥(T6)) + E(py (v, Tv), y(v), y(Tv))
y

(P Y
2s
Z(py(60), 7(6)> ¥(v)),
(0,¥(5)> ¥(Ts)) + £(0, y(v), y(Tv))
)

)
max

2s

0)) < Z(py (6 v), 0,0). (30)

This is a contradiction. Therefore, p, (g, v) =0, that is, T

admits a unique fixed point.

In particular, letting G(t,v,w)=7T+v+w, for 7,v,w
€[0,00), we can omit the continuity conditions of the
mapping T or the partial b-metric p,.
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Theorem 3. Let (X, p,, s > 1) be a 0-complete partial b -metric
space, a function yeI, GeF , and a self-mapping T : X
—> X . If there exists ¢ € @, such that
Po(Tx Ty) +y(Tx) + y(Ty))
Py 7) +v(x) + (),
=P puloe T2 + 1(Tx) +960) + 2yl ) +9(T) +30) [ |

2s
(31)

for every x,y € X, then T has a unique fixed point.

Py (6 TS) +y(Xps1) +¥(T5))
<slpy(6 Tx,) + py (T, T6)]
- pb(Txn’ Txn) + Y(xnﬂ) + y(TC))
<8Py (6 X)) + 8[py (T, T6) +y(Tx,) + y(T6)]

pb(xn’

Proof. Of course, since the function G(7,v,w)=7T+v+w©

€ %, by Theorem 2, we have that the sequence {x,}

defined as x,=Tx, ; is convergent to a point ¢eX,
and moreover, (22) and (23) hold. We claim that this
point ¢ is a fixed point of T. For this purpose, by

(31), for x=¢ and y=g¢, we get

(32)

< 506 Xpy1) + 56 (max {pbm, &) +¥(5) + (<),

Xpe1) + V(%) +Y(%,01)) + £, (6 T6) +p(5) + V(TC)})
2s

<3Pu(6 Sy ) + 5 { 32 €) +5,) +1(5)

Letting n — 00, in the above inequality and keeping in
mind (19), (22), and (23), we get

Py (6 TS) + p(T¢) < s¢b (M)

< P& T5) +y(T)
2

(33)

>

which is a contradiction. Therefore, p,(¢, T¢) =0, that is,
T¢=c¢.

P (X Xit) + V(%) +¥(Xni1)) + Py(6 TG) +¥(6) + Y(TCD}
2s

As in the previous theorem, supposing that there exists v,
another fixed point of T, by (31), we have

2y(v) = py(Tv, Tv) +y(v) +y(Tv) < $(2y(v)) < 2y(v),
(34)

which is a contradiction. Thus, y(v) = 0 and taking x = ¢ and

y=vin (31), we have

Pu(6:0) = py(6:v) +¥(5) +y(v) = py (6, v) + () + y(v)

< (max {pu(6.0) +7(9) +10),

=¢(py(60)) < py(s0).

But, this is a contraction, so p, (g, v) = 0 which proves the
uniqueness of the fixed point.

Example 4. Let the set X = [0, 1] and the function p, : X x X
— [0, c0) be defined by p,(x,1/2) = p,(1/2,x) =1 for any
x€X and p,(x, y) = (max {x,y})’, otherwise. It easy to see

Pu(6, TS) +7(6) +¥(T3) + py(v, ) + y(v) + Y(Tv) }) (35)

2s

that p, is a partial b -metric space, with s = 2. Moreover, since

lim,, ,,_, Py (%, X,,) = lim (max {x,,x,,})* =0 implies

lim x, =0, we have

n,m—00""n

1,M—00

lim p,(x,,0) = p,(0,0) =0, (36)



which shows that (X, p,, s) is 0-complete. On the other hand,
taking, for example, the sequence {x,} in X, where x, = n/(2
n+1), we have lim, , . p,(x,,x,,) = 1/4, but lim, _, p, (x,
1/2) =1=p,(1/2,1/2) = 1. Thus, the space (X, p,,s) is not
complete.

Let the mapping T : X — X be defined as

Z, if xe[0,1),
Tx= (37)
1.
> ifx=1.
Choosing ¢(u) = u/2 and y(u) = u, we have
(i) f x=y=1, then
Pp(T1L T1) +y(T1) +y(T1))
1 5
B -
p(L 1) +y(1 ) (1)),
S| mex phu,ﬂ)w(ﬂ)w( )
2

(i) Ifx=1, y€[0,1), then

Pp(Tx, T1) +y(Tx) +y(T1))

_ x 1 . X N 1 73+x<2+x
AV V(Z) "2)" 2 2

Py 1) + 9(x) + p(1)),
SOLMIN (6, Tx) + (T) +y(x) + py (1, TL) + ¢(T1) +y(1))

4
(39)
(iii) If x, y € [0, 1), then
Po(Tx, Ty) +y(Tx) +y(Ty))
o oxy X N X +dx+dy  xXPHx+y
7pb(1’1)+y(i)+y(4)g 16 =T
Py(%:y) +y(x) +y())
SO gy (3, Tx) + y(Tx) +y(3) + y (T33) + (1Y) + 1)
4
(40)

(We considered here max {x, y} = x. The case max {x, y}
=y is similar.)

Consequently, by Theorem 3, the mapping T admits a
unique fixed point.

3. Conclusion

In this paper, we investigate the uniqueness and the existence
of a fixed point for certain contraction via the G-function in
one of the most general frames and complete the partial b
-metric space. Regarding that the metric fixed point theory
has a key role in the solution of not only differential equa-
tions and fractional differential equations but also integral
equations, our results can be applied in these problems.
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