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In this paper, we consider an auxiliary function G to combine and unify several existing fixed point theorems in the setting of the
complete partial b-metric space. We consider also some examples to support the observed main results.

1. Introduction and Preliminaries

The notion of the distance has been investigated and
improved from the beginning of the mathematics sciences.
The first formal definition was given by Hausdorff and Fre-
chet under the name of metric spaces. The formal definition
was extended, improved, and generalized in several ways. In
this paper, we shall consider the combination of notions of
partial metric space and b-metric space. Partial metric space,
defined byMatthews [1, 2] is the most economical way to cal-
culate the distance in computer science. So, it is important in
the setting of theoretical computer science. On the other
hand, b-metric is the most interesting and real generalization
of metric spaces; in this case, the triangle inequality is
replaced by a modified version of triangle inequality.For
more details on the advances of fixed point theory in the set-
ting of b-metric spaces, see e.g. [13]-[27].

In this paper, we shall propose a fixed point theorem by
using an auxiliary function G to combine, generalize, and
unify several fixed point results in the setting of the complete
partial b-metric spaces.

In [3], the authors proposed a new fixed point theorem in
the setting of metric spaces.

We consider the follow sets of functions:

(1) G be the set of the functions G : ½0,∞Þ3 ⟶ ½0,∞Þ
that satisfy the following conditions:

(f1) G is continuous,
(f2) Gð0, 0, 0Þ = 0,
(f3) max fτ, υg ≤Gðτ, υ, ωÞ, for all τ, υ, ω ∈ ½0,∞Þ:
In [3], some examples of such a function were given.

(i) Gðτ, υ, ωÞ = τ + υ + ω

(ii) Gðτ, υ, ωÞ =max fτ, υ, ωg
(iii) Gðτ, υ, ωÞ = ðτ + υÞð1 + ωÞ

(2) Φ be the set of functions ψ : ½0,∞Þ⟶ ½0,∞Þ that
satisfy the following conditions:

(b1) ψ is nondecreasing,
(b2) ∑i≥1ψ

iðuÞ <∞ for each u > 0. (Here, by ψi, we
denote the ith iterate ohψ.)

We mention that the functions ψ ∈Φ are called ðcÞ
-comparison functions. Moreover, it is not difficult to check
that ϕðuÞ < u for every u > 0:

(3) Γ = fγ : X ⟶ ½0,∞Þ ∣ γ is lower semicontinuousg

Theorem 1 (see [3]). Let ðX, dÞ be a complete metric space,
a lower semicontinuous function γ : X ⟶ ½0,∞Þ, and a
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self-mapping T : X⟶ X. If there exist ψ ∈Φ and G ∈G
such that

G d Tx, Tyð Þ, γ Txð Þ, γ Tyð Þð Þ

≤ ψ max
G d x, yð Þ, γ xð Þ, γ yð Þð Þ,

G d x, Txð Þ, γ Txð Þ, γ xð Þð Þ + G d y, Tyð Þ, γ Tyð Þ, γ yð Þð Þ
2
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for every x, y ∈ X, then T has a unique fixed point.

Let X be a nonempty set.

(i) A function b : X × X⟶ ½0,∞Þ is a b-metric on X if
for a given real number s ≥ 1 and for all x, y, z ∈ X
the following conditions hold:

b1ð Þ b x, yð Þ = 0⇔ x = y,
b2ð Þb x, yð Þ = b y, xð Þ,
b3ð Þb x, yð Þ ≤ s b x, zð Þ + b z, yð Þ½ �:

ð2Þ

The triplet ðX, b, s ≥ 1Þ is called a b-metric space.

(ii) A function ρ : X × X⟶ ½0,∞Þ is a partial metric on
X if for all x, y, z ∈ X the following conditions hold:

ρ1ð Þ x = y⇔ ρ x, xð Þ = ρ y, yð Þ = ρ x, yð Þ⇔ x = y,
ρ2ð Þ ρ x, xð Þ ≤ ρ x, yð Þ,
ρ3ð Þ ρ x, yð Þ = ρ y, xð Þ
ρ4ð Þ ρ x, yð Þ ≤ ρ x, zð Þ + ρ z, yð Þ − ρ z, zð Þ:

ð3Þ

The pair ðX, ρÞ is said to be a partial metric space.
Combining these two concepts, Shukla [4] introduced the

notion of partial b-metric space as follows.

(iii) A function ρb : X × X ⟶ ½0,∞Þ is a partial b-met-
ric on X if for all x, y, z ∈ X the following conditions
hold:

ρb1

� �
x = y⇔ ρb x, xð Þ = ρb y, yð Þ = ρb x, yð Þ,

ρb2

� �
ρb x, xð Þ ≤ ρb x, yð Þ,

ρb3

� �
ρb x, yð Þ = ρb y, xð Þ,

ρb4

� �
ρb x, yð Þ ≤ s ρb x, zð Þ + ρb z, yð Þ½ � − ρb z, zð Þ:

ð4Þ

The triplet ðX, ρb, s ≥ 1Þ is said to be a partial b-metric
space.

On a partial b-metric space ðX, ρb, s ≥ 1Þ a sequence fxng
is said to be

(i) convergent to x ∈ X if limn→∞ρbðxn, xÞ = bðx, xÞ (the
limit of a convergent sequence is not necessarily
unique)

(ii) Cauchy if limn,m→∞ρbðxn, xpÞ exists and its finite

Moreover, the partial b-metric space is complete if for
every Cauchy sequence faxng there exists x ∈ X such that

lim
n,p→∞

ρb xn, xp
� �

= lim
n→∞

ρb xn, xð Þ = ρb x, xð Þ: ð5Þ

Let ðX, ρb, s ≥ 1Þ be a partial b-metric space. We say that a
self-mapping T on X is continuous if for every sequence fxng
in X which converges to a point x ∈ X we have

lim
n→∞

ρb Txn, Txð Þ = lim
n→∞

ρb Txn, Txn+j
� �

= ρb Tx, Txð Þ: ð6Þ

In [5], the authors introduced the following new notions.

(i) On a partial b-metric space, a sequence fxng is a 0
-Cauchy sequence if limn→∞ρbðxn, xpÞ = 0

(ii) The space ðX, ρb, s ≥ 1Þ is said to be 0-complete if for
each 0-Cauchy sequence fxng in X, there exists a
point x ∈ X such that

lim
n,p→∞

ρb xn, xp
� �

= lim
n→∞

ρb xn, xð Þ = ρb x, xð Þ = 0: ð7Þ

Moreover, they proved that if the partial b-metric space
ðX, ρb, s ≥ 1Þ is complete, then it is 0-complete.

For a better understanding of the connections between
these spaces (partial metric space, b-metric space, and partial
b-metric space), we mention some papers that can be
consulted [6–12].

Let Φb be the set of functions ϕ : ½0,∞Þ⟶ ½0,∞Þ that
satisfy the following conditions:

ðϕ1Þϕ is nondecreasing,
ðϕ2Þ∑i≥1 s

iϕiðuÞ <∞ for each u > 0. (Here, by ϕi, we
denote the ith iterate oh ϕ.)

2. Main Results

The following is the main result of the paper.

Theorem 2. Let ðX, ρb, s ≥ 1Þ be a 0-complete partial b -metric
space, a function γ ∈ Γ, G ∈G , and a self-mapping T : X
⟶ X . If there exists ϕ ∈Φb such that

G ρb Tx, Tyð Þ, γ Txð Þ, γ Tyð Þð Þ

≤ ϕ max
G ρb x, yð Þ, γ xð Þ, γ yð Þð Þ,

G ρb x, Txð Þ, γ Txð Þ, γ xð Þð Þ + G d y, Tyð Þ, γ Tyð Þ, γ yð Þð Þ
2s
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for every x, y ∈ X . If T is continuous or ρb is continuous, then
T has a unique fixed point.

Proof. Starting with a point x0 ∈ X, we consider the sequence
fxg defined by xn = Txn−1, n ∈ℕ. Without losing the general-
ity, we can assume that for any n ∈ℕ, we have bðxn, xn+1Þ > 0.
Indeed, on the contrary, if there exists a positive integer j0 such
that xj0 = xj0+1, we get that xj0 is a fixed point of T, because due
to the way the sequence was fxg defined, it follows that xj0 =
Txj0 . Moreover, using this remark, we can easily see that

G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ > 0, for every n ∈ℕ: ð9Þ

Again supposing that Gðρbðxj0 , xj0+1Þ, γðxj0Þ, γðxj0+1ÞÞ = 0
for some j0 from ð f3Þ, we have

0 < ρb xj0 , xj0+1
� �

≤max ρb xj0 , xj0+1
� �

, γ xj0

� �n o
≤ G ρb xj0 , xj0+1

� �
, γ xj0

� �
, γ xj0+1
� �� �

,
ð10Þ

which is a contradiction. Taking x = xn and y = xn+1 in (8)
we get

There are two possibilities, namely,

max G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ,f
G ρb xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þg

=G d xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þ,
ð12Þ

which leads us (since ϕðuÞ < u for any u > 0) to
G d xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þ

≤ ϕ G ρb xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þð Þ
<G ρb xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þ:

ð13Þ

But, this is a contradiction, and then

max G d xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ,f
G d xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þg

=G d xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ:
ð14Þ

Therefore, by (11) and taking into account ð f3Þ, we have

ρb xn+1, xn+2ð Þ ≤max ρb xn+1, xn+2ð Þ, γ xn+1ð Þf g
≤ G ρb xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þ
≤ ϕ G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þð Þ,

 for every n ∈ℕ ∪ 0:

ð15Þ

Consequently, for every n ∈ℕ, we obtain

ρb xn, xn+1ð Þ ≤ ϕ G ρb xn−1, xnð Þ, γ xn−1ð Þ, γ xnð Þð Þð Þ
≤ ϕn G ρb x0, x1ð Þ, γ x0ð Þ, γ x1ð Þð Þð Þ: ð16Þ

Let p,m ∈ℕ such that p <m. By applying the (triangle-
type inequality) ðρb4Þ, we have

ρb xp, xm
� �

≤ s ρb xp, xp+1
� �

+ ρb xp+1, xm
� �� �

− ρb xp+1, xp+1
� �

≤ s ρb xp, xp+1
� �

+ ρb xp+1, xm
� �� �

≤ sρb xp, xp+1
� �

+ s2 ρb xp+1, xp+2
� ��

+ s ρb xp+2, xm
� �� �

− ρb xp+2, xp+2
� �

≤ sρb xp, xp+1
� �

+ s2 ρb xp+1, xp+2
� ��

+ s ρb xp+2, xm
� �� �

⋯≤sρb xp, xp+1
� �

+ s2ρb xp+1, xp+2
� �

+⋯+sm−p−1ρb xm−1, xmð Þ,
ð17Þ

G ρb xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þ
≤G ρb Txn, Txn+1ð Þ, γ Txnð Þ, γ Txn+1ð Þð

≤ ϕ max
G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ,

G ρb xn, Txnð Þ, γ xnð Þ, γ Txnð Þð Þ +G ρb xn+1, Txn+1ð Þ, γ xn+1ð Þ, γ Txn+1ð Þð Þ
2s
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≤ ϕ max
G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ,

G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ +G ρb xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þ
2s
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≤ ϕ max
G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ,

G ρb xn+1, xn+2ð Þ, γ xn+1ð Þ, γ xn+2ð Þð Þ

( ) !
:

ð11Þ
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and (17) leads us to

ρb xp, xm
� �

≤
1
sp−1

〠
m−1

i=p
siϕi G ρb x0, x1ð Þ, γ x0ð Þ, γ x1ð Þð Þð Þ

< 1
sp−1

〠
m−1

i=p
siϕi G ρb x0, x1ð Þ, γ x0ð Þ, γ x1ð Þð Þð Þ

= 1
sp−1

Sm−1 − Sp−1
� �

,

ð18Þ

where Sn =∑n
i=0s

iϕiðGðρbðx0, x1Þ, γðx0Þ, γðx1ÞÞÞ. Keeping in
mind ðϕ2Þ, we deduce that there exists Sn ⟶ S as n⟶∞,
and from (18), we get

lim
p,m→∞

ρb xp, xm
� �

= 0: ð19Þ

Consequently, fxng is a 0-Cauchy sequence in a 0-
complete partial b-metric space, and then there exists ς ∈ X
such that

lim
p,m→∞

ρb xp, xm
� �

= lim
p→∞

ρb xp, ς
� �

= ρb ς, ςð Þ = 0: ð20Þ

Moreover, by ð f3Þ together with (16), we have

γ xnð Þ ≤max ρb xn, xn+1ð Þ, γ xnð Þf g
≤G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ
≤ ϕn G ρb x0, x1ð Þ, γ x0ð Þ, γ x1ð Þð Þð

ð21Þ

and using ðϕ2Þ

lim
n→∞

γ xnð Þ = 0: ð22Þ

Plus, by ðϕ1Þ and (20),

γ ςð Þ = 0: ð23Þ

We claim that this point ς is in fact a fixed point of the
mapping T . If the mapping T is continuous, then by (6), we
have

ρb ς, ςð Þ = lim
p→∞

ρb Txp, Tς
� �

= lim
p→∞

ρb Txp, Txp+i
� �

= 0: ð24Þ

Thus, applying the triangle inequality ðρ4Þ,

ρb ς, Tςð Þ ≤ s ρb ς, xn+1ð Þ + ρbxn+1, Tς½ � − ρb xn+1, xn+1ð Þ, ð25Þ

and together with (20) and (24), letting n⟶∞, we get ρb
ðς, TςÞ = 0, that is, ς is a fixed point of T .

Let assume now that ρb is continuous, that is, limn→∞ρb
ðxn, TςÞ = ρbðς, TςÞ Replacing x by xn and y by ς in (8), we

have (for every n ∈ℕ)

G ρb xn+1, Tςð Þ, γ xn+1ð Þ, γ Tςð Þð Þ = G ρb Txn, Tςð Þ, γ Txnð Þ, γ Tςð Þð

≤ ϕ max
G ρb xn, ςð Þ, γ xnð Þ, γ ςð Þ,ð

G ρb xn, Txnð Þ, γ xnð Þ, γ Txnð Þð Þ + G ρb ς, Tςð Þ, γ ςð Þ, γ Tςð Þð Þ
2s
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≤ ϕ max
G ρb xn, ςð Þ, γ xnð Þ, γ ςð Þð Þ,

G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ + G ρb ς, Tςð Þ, γ ςð Þ, γ Tςð Þð Þ
2s
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<max
G ρb xn, ςð Þ, γ xnð Þ, γ ςð Þð Þ,

G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ + G ρb ς, Tςð Þ, γ ςð Þ, γ Tςð Þð Þ
2s
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ð26Þ

Letting n⟶∞ and taking into account ð f1Þ, we have
G ρb ς, Tςð Þ, 0, γ Tςð Þð Þ

= lim
n→∞

G ρb xn+1, Tςð Þ, γ xn+1ð Þ, γ Tςð Þð Þ

< lim
n→∞

max
G ρb xn, ςð Þ, γ xnð Þ, γ ςð Þð Þ,

G ρb xn, xn+1ð Þ, γ xnð Þ, γ xn+1ð Þð Þ +G ρb ς, Tςð Þ, γ ςð Þ, γ Tςð Þð Þ
2s

8><
>:

9>=
>;

=max G 0, 0, 0ð Þ, G 0, 0, 0ð Þ +G ρb ς, Tςð Þ, 0, γ Tςð Þð Þ
2

� 	

= G ρb ς, Tςð Þ, 0, γ Tςð Þð Þ
2s :

ð27Þ
Consequently, Gðρbðς, TςÞ, 0, γðTςÞÞ = 0: But, taking

ð f3Þ into account, we get

0 ≤max ρb ς, Tςð Þ, 0f g ≤G ρb ς, Tςð Þ, 0, γ Tςð Þð Þ = 0, ð28Þ

which means ρbðς, TςÞ = 0: Thus, Tς = ς:
As a last step, we claim that ς is the unique fixed point of

T . Supposing on the contrary, that there exists another point
υ ∈ X such that Tς = ς ≠ υ = Tυ. First of all, applying (8) with
x = υ = y, we have

G 0, γ υð Þ, γ υð Þð Þ ≤ ϕ G 0, γ υð Þ, γ υð Þð Þð Þ < G 0, γ υð Þ, γ υð Þð Þ, ð29Þ

which implies that γðυÞ = γðTυÞ = 0. Let now x = ς and y = υ
in (8). We have

G ρb ς, υð Þ, 0, 0ð Þ = G ρb Tς, Tυð Þ, γ Tςð Þ, γ Tυð Þð Þ

≤ ϕ max
G ρb ς, υð Þ, γ ςð Þ, γ υð Þð Þ,

G ρb ς, Tςð Þ, γ ςð Þ, γ Tςð Þð Þ + G ρb υ, Tυð Þ, γ υð Þ, γ Tυð Þð Þ
2s
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= ϕ max
G ρb ς, υð Þ, γ ςð Þ, γ υð Þð Þ,

G 0, γ ςð Þ, γ Tςð Þð Þ +G 0, γ υð Þ, γ Tυð Þð Þ
2s
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≤ ϕ G ρb ς, υð Þ, 0, 0ð Þð Þ < G ρb ς, υð Þ, 0, 0ð Þ: ð30Þ

This is a contradiction. Therefore, ρbðς, υÞ = 0, that is, T
admits a unique fixed point.

In particular, letting Gðτ, υ, ωÞ = τ + υ + ω, for τ, υ, ω
∈ ½0,∞Þ, we can omit the continuity conditions of the
mapping T or the partial b-metric ρb.
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Theorem 3. Let ðX, ρb, s ≥ 1Þ be a 0-complete partial b -metric
space, a function γ ∈ Γ, G ∈F , and a self-mapping T : X
⟶ X . If there exists ϕ ∈Φb such that

ρb Tx, Tyð Þ + γ Txð Þ + γ Tyð ÞÞ

≤ ϕ max
ρb x, yð Þ + γ xð Þ + γ yð ÞÞ,

ρb x, Txð Þ + γ Txð Þ + γ xð Þ + ρb y, Tyð Þ + γ Tyð Þ + γ yð ÞÞ
2s
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ð31Þ

for every x, y ∈ X , then T has a unique fixed point.

Proof. Of course, since the function Gðτ, υ, ωÞ = τ + υ + ω
∈F , by Theorem 2, we have that the sequence fxng
defined as xn = Txn−1 is convergent to a point ς ∈ X,
and moreover, (22) and (23) hold. We claim that this
point ς is a fixed point of T . For this purpose, by
(31), for x = ς and y = ς, we get

Letting n⟶∞, in the above inequality and keeping in
mind (19), (22), and (23), we get

ρb ς, Tςð Þ + γ Tςð Þ ≤ sϕ
ρb ς, Tςð Þ + γ Tςð Þ

2s


 �

< ρb ς, Tςð Þ + γ Tςð Þ
2 ,

ð33Þ

which is a contradiction. Therefore, ρbðς, TςÞ = 0, that is,
Tς = ς:

As in the previous theorem, supposing that there exists υ,
another fixed point of T , by (31), we have

2γ υð Þ = ρb Tυ, Tυð Þ + γ υð Þ + γ Tυð Þ ≤ ϕ 2γ υð Þð Þ < 2γ υð Þ,
ð34Þ

which is a contradiction. Thus, γðυÞ = 0 and taking x = ς and
y = υ in (31), we have

But, this is a contraction, so ρbðς, υÞ = 0 which proves the
uniqueness of the fixed point.

Example 4. Let the set X = ½0, 1� and the function ρb : X × X
⟶ ½0,∞Þ be defined by ρbðx, 1/2Þ = ρbð1/2, xÞ = 1 for any
x ∈ X and ρbðx, yÞ = ðmax fx, ygÞ2, otherwise. It easy to see

that ρb is a partial b -metric space, with s = 2:Moreover, since
limn,m→∞ρbðxn, xmÞ = limn,m→∞ðmax fxn, xmgÞ2 = 0 implies
limn,m→∞xn = 0, we have

lim
n→∞

ρb xn, 0ð Þ = ρb 0, 0ð Þ = 0, ð36Þ

ρb ς, Tςð Þ + γ xn+1ð Þ + γ Tςð ÞÞ
≤ s ρb ς, Txnð Þ + ρb Txn, Tςð Þ½ �

− ρb Txn, Txnð Þ + γ xn+1ð Þ + γ Tςð ÞÞ
≤ sρb ς, xn+1ð Þ + s ρb Txn, Tςð Þ + γ Txnð Þ + γ Tςð Þ½ �
≤ sρb ς, xn+1ð Þ + sϕ max ρb xn, ςð Þ + γ xnð Þ + γ ςð Þ, ρb xn, xn+1ð Þ + γ xnð Þ + γ xn+1ð ÞÞ + ρb ς, Tςð Þ + γ ςð Þ + γ Tςð Þ

2s

� 	
 �

< sρb ς, xn+1ð Þ + s max ρb xn, ςð Þ + γ xnð Þ + γ ςð Þ, ρb xn, xn+1ð Þ + γ xnð Þ + γ xn+1ð ÞÞ + ρb ς, Tςð Þ + γ ςð Þ + γ Tςð ÞÞ
2s

� 	
:

ð32Þ

ρb ς, υð Þ = ρb ς, υð Þ + γ ςð Þ + γ υð Þ = ρb ς, υð Þ + γ ςð Þ + γ υð Þ
≤ ϕ max ρb ς, υð Þ + γ ςð Þ + γ υð Þ, ρb ς, Tςð Þ + γ ςð Þ + γ Tςð Þ + ρb υ, υð Þ + γ υð Þ + γ Tυð Þ

2s

� 	
 �
= ϕ ρb ς, υð Þð Þ < ρb ς, υð Þ:

ð35Þ
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which shows that ðX, ρb, sÞ is 0-complete. On the other hand,
taking, for example, the sequence fxng in X, where xn = n/ð2
n + 1Þ, we have limn,m→∞ρbðxn, xmÞ = 1/4, but limn→∞ρbðxn,
1/2Þ = 1 = ρbð1/2, 1/2Þ = 1. Thus, the space ðX, ρb, sÞ is not
complete.

Let the mapping T : X ⟶ X be defined as

Tx =

x
4 , if x ∈ 0, 1½ Þ,
1
2 , if x = 1:

8><
>: ð37Þ

Choosing ϕðuÞ = u/2 and γðuÞ = u, we have

(i) If x = y = 1, then

ρb T1, T1ð Þ + γ T1ð Þ + γ T1ð ÞÞ
= ρb

1
2 ,

1
2


 �
+ 2γ 1

2


 �
= 5
4 < 3

2

= ϕ max
ρb 1, 1ð Þ + γ 1ð Þ + γ 1ð ÞÞ,

ρb 1, T1ð Þ + γ T1ð Þ + γ 1ð ÞÞ
2

8><
>:

9>=
>;

0
B@

1
CA

ð38Þ

(ii) If x = 1, y ∈ ½0, 1Þ, then
ρb Tx, T1ð Þ + γ Txð Þ + γ T1ð ÞÞ

= ρb
x
4 ,

1
2


 �
+ γ

x
4
� �

+ γ
1
2


 �
= 3 + x

4 < 2 + x
2

≤ ϕ max
ρb x, 1ð Þ + γ xð Þ + γ 1ð ÞÞ,

ρb x, Txð Þ + γ Txð Þ + γ xð Þ + ρb 1, T1ð Þ + γ T1ð Þ + γ 1ð ÞÞ
4

8><
>:

9>=
>;

0
B@

1
CA

ð39Þ

(iii) If x, y ∈ ½0, 1Þ, then
ρb Tx, Tyð Þ + γ Txð Þ + γ Tyð ÞÞ

= ρb
x
4 ,

y
4

� �
+ γ

x
4
� �

+ γ
y
4
� �

≤
x2 + 4x + 4y

16 ≤
x2 + x + y

2

≤ ϕ max
ρb x, yð Þ + γ xð Þ + γ yð ÞÞ,

ρb x, Txð Þ + γ Txð Þ + γ xð Þ + ρb Ty, yð Þ + γ Tyð Þ + γ yð ÞÞ
4

8><
>:

9>=
>;

0
B@

1
CA

ð40Þ

(We considered here max fx, yg = x: The case max fx, yg
= y is similar.)

Consequently, by Theorem 3, the mapping T admits a
unique fixed point.

3. Conclusion

In this paper, we investigate the uniqueness and the existence
of a fixed point for certain contraction via the G-function in
one of the most general frames and complete the partial b
-metric space. Regarding that the metric fixed point theory
has a key role in the solution of not only differential equa-
tions and fractional differential equations but also integral
equations, our results can be applied in these problems.

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no competing interests.

Authors’ Contributions

All authors contributed equally and significantly in writing
this article. All authors read and approved the final
manuscript.

Acknowledgments

The authors extend their appreciation to the Deanship of
Scientific Research at King Saud University for funding this
work through research group no RG-1441-420.

References

[1] S. G. Matthews, Partial Metric Topology, Research Report 212,
Department of Computer Science, University of Warwick,
1992.

[2] S. G. Matthews, “Partial metric topology,” Annals of the New
York Academy of Sciences, vol. 728, pp. 183–197, 1994.

[3] M. Jleli, E. Karapınar, and B. Samet, “Further remarks on
fixed-point theorems in the context of partial metric spaces,”
Abstract and Applied Analysis, vol. 2013, Article ID 715456,
6 pages, 2013.

[4] S. Shukla, “Partial b-metric spaces and fixed point theorems,”
Mediterranean Journal of Mathematics, vol. 11, no. 2,
pp. 703–711, 2014.

[5] N. Van Dung and V. T. Le Hang, “Remarks on partial b-metric
spaces and fixed point theorems,”Matematicki Vesnik, vol. 69,
no. 4, pp. 231–240, 2017.

[6] S. Romaguera, “A Kirk type characterization of completeness
for partial metric spaces,” Fixed Point Theory and Applications,
vol. 2010, Article ID 493298, 7 pages, 2010.

[7] I. Altun and Ö. Acar, “Fixed point theorems for weak contrac-
tions in the sense of Berinde on partial metric spaces,” Topol-
ogy and its Applications, vol. 159, no. 10-11, pp. 2642–2648,
2012.

[8] A. Acar, I. Altun, and S. Romaguera, “Caristi type mappings
on complete partial metric spaces,” Fixed Point Theory,
vol. 14, no. 1, pp. 3–10, 2013.

[9] E. Karapınar, “A short survey on the recent fixed point results
on b-metric spaces,” Constructive Mathematical Analysis,
vol. 1, no. 1, pp. 15–44, 2018.

[10] A. Som Babu, T. Došenović, M. D. M. Ali, S. Radenović, and
K. P. R. Rao, “Some Prešić results in metric spaces b- dislo-
cated,” Constructive Mathematical Analysis, vol. 2, no. 1,
pp. 40–48, 2019.

[11] M. Nazam, M. Arshad, C. Park, Ö. Acar, S. Yun, and G. A.
Anastassiou, “On the solution of a system of differential equa-
tions by the fixed point theorem,” Journal of Computational
Analysis and Applications, vol. 27, pp. 3417–3426, 2019.

[12] Z. Kadelburg and S. Radenović, “Notes on recent works on F
contractions in b-metric spaces,” Constructive Mathematical
Analysis, vol. 1, no. 2, pp. 108–112, 2018.

6 Journal of Function Spaces



[13] E. Karapınar, K. P. Chi, and T. D. Thanh, “A generalization of
Ciric quasi-contractions,” Abstract and Applied Analysis,
vol. 2012, Article ID 518734, 9 pages, 2012.

[14] E. Karapınar, A. Fulga, and A. Petrusel, “On Istratescu type
contractions in b-metric spaces,” Mathematics, vol. 8, p. 388,
2020.

[15] M. A. Alghamdi, S. Gulyaz-Ozyurt, and E. Karapınar, “A note
on extended Z-contraction,”Mathematics, vol. 8, p. 195, 2020.

[16] H. Aydi, E. Karapınar, M. F. Bota, and S. Mitrovic, “A fixed
point theorem for set-valued quasi-contractions in b-metric
spaces,” Fixed Point Theory and Applications, vol. 2012,
no. 1, 2012.

[17] H. Aydi, M. F. Bota, E. Karapınar, and S. Moradi, “A common
fixed point for weak ?-contractions on b-metric spaces,” Fixed
Point Theory, vol. 13, no. 2, pp. 337–346, 2012.

[18] H. Afshari, H. Aydi, and E. Karapınar, “On generalized α-ψ
-Geraghty contractions on b-metric spaces,” Georgian Mathe-
matical Journal, vol. 27, no. 1, pp. 9–21, 2020.

[19] E. Karapınar and C. Chifu, “Results in wt-distance over b
-metric spaces,” Mathematics, vol. 8, no. 2, p. 220, 2020.

[20] E. Karapınar, I. Erhan, and A. Ozturk, “Fixed point theorems
on quasi-partial metric spaces,” Mathematical and Computer
Modelling, vol. 57, no. 9–10, pp. 2442–2448, 2013.

[21] K. P. Chi, E. Karapınar, and T. D. Thanh, “A generalized con-
traction principle in partial metric spaces,” Mathematical and
Computer Modelling, vol. 55, no. 5-6, pp. 1673–1681, 2012.

[22] E. Karapınar, I. M. Erhan, and A. Y. Ulus, “Fixed point theo-
rem for cyclic maps on partial metric spaces,” Applied Mathe-
matics & Information Sciences Letters, vol. 6, no. 1, pp. 239–
244, 2012.

[23] K. P. Chi, E. Karapınar, and T. D. Thanh, “On the fixed point
theorems in generalized weakly contractive mappings on par-
tial metric spaces,” Bulletin of the Iranian Mathematical Soci-
ety, vol. 39, no. 2, pp. 369–381, 2013.

[24] E. Karapınar and S. Romaguera, “Nonunique fixed point theo-
rems in partial metric spaces,” Filomat, vol. 27, no. 7,
pp. 1305–1314, 2013.

[25] S. G. Ozyurt, “On some alpha-admissible contraction map-
pings on Branciari b-metric spaces,” Advances in the Theory
of Nonlinear Analysis and its Applications, vol. 1, no. 1,
pp. 1–13, 2017.

[26] C. Chifu, E. Karapınar, and G. Petrusel, “Fixed point results in
ε-chainable complete b-metric spaces,” Fixed Point Theory,
vol. 21, no. 2, pp. 453–464, 2020.

[27] A. Fulga, E. Karapınar, and G. Petrusel, “On hybrid contrac-
tions in the context of quasi-metric spaces,” Mathematics,
vol. 8, no. 5, p. 675, 2020.

7Journal of Function Spaces


	Fixed Point Results via G-Function over the Complete Partial b-Metric Space
	1. Introduction and Preliminaries
	2. Main Results
	3. Conclusion
	Data Availability
	Conflicts of Interest
	Authors’ Contributions
	Acknowledgments

