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In this paper, we study multiplicity of positive solutions for a class of semilinear elliptic equations with the nonlinearity containing
singularity and Hardy-Sobolev exponents. Using variational methods, we establish the existence and multiplicity of positive

solutions for the problem.

1. Introduction and Main Results

Consider the following semilinear elliptic equations with
Dirichlet boundary value conditions:

2°(s)-2
—Au—‘u|u|2:|u|| ; u+Au?, in Q,
X X
1
u>0, in 0O, W
u:O, in aQ,

where Q is a smooth bounded domain in RN(N >3), 0<
§<2,2*(s)=2(N-s)/N -2 is the Hardy-Sobolev critical
exponent, 2* =2%(0) =2N/(N —2) is the Sobolev critical
exponent, 4 < =2 (N —2)*/4,and y € (0, 1).

The energy functional associated with problem (1) is
defined by

1 u? 1 \u|2*<s)
I(u)= = Vul> —pu— |dx - L
1) 2L<' urow |x2> e

A
- —J |u|1_ydx,
I-vJ)a

(2)

for any u € Hy(Q). In general, a function u is called a weak
solution of problem (1) if u € Hy(Q) and u(x) >0 for all x
€ (; it holds

2 (s)-1
J Vu-Vv—‘uu—vz—Misv—Muryv dx
0 [x] x| (3)

=0, VveHy(Q).

The paper by Crandall et al. [1] is the starting point
on semilinear problem with singular nonlinearity. There
is a large literature on singular nonlinearities (see [2-14]
and references therein). In particular, the following Dirichlet
problem

~Au=uP+ pu?,  inQ,
u>0, inQ, (4)
u=0, inoQ,

has been shown in [2], in which the authors proved that
problem (4) possesses at least one solution for y >0 small
enough, and there exists no solution when p is large.
Chabrowski in [15] considered the Neumann boundary
problems with singular superlinear nonlinearities by approx-
imation and variational methods. When the superlinear term
is subcritical, he obtained two solutions, a mountain-pass
solution and a local minimizer solution. And, in the critical
case, he obtained a local minimizer solution and proved that
there is no moutain-pass solution.

In recent years, people have paid much attention to the
existence of solutions for problems with the Sobolev critical
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exponent (the case that s = 0) (see [16-21] and the references
therein); some authors also considered the singular problems
with the Hardy-Sobolev critical exponent (the case that s # 0)
(see [22-27] and the references therein).

Up to our knowledge, the literature does not contain any
result on the existence of positive solutions to the problem (1)
with the nonlinearity containing singularity and Hardy-
Sobolev exponents. Motivated by reasons above, the aim of
this paper is to show the existence of positive solutions of
problem (1). We study problem (1) and obtain at least two
solutions via the Nehari method. It is well-known that the
singular term leads to the nondifferentiability of the func-
tional I on H(€2), so I does not belong to C'(Hy(Q2), R).
In order to get the existence of multiple positive solutions
of problem (1), we use the Nehari method and differentiate
the two solutions by their different Nehari-type sets.

The main result can be described as follows.

Theorem 1. Let 0<s<2,u<f=2(N-2)*/4 and y € (0, 1).
Then, there exists A* >0 small enough, such that problem
(1) has at least two positive solutions for any A€ (0,A%).

The paper is organized as follows: in Section 2, we give
some preliminaries; in Section 3, we prove Theorem 1. This
idea is essentially introduced in 20]. Throughout this paper,
we make use of the following notations:

(i) The norm in H}(Q) is denoted by

Jul? = jﬂ(wz —u”—2>dx (5)

Bk

By Hardy inequality [28], we easily derive that the norm
is equivalent to the usual norm:

||u||§ :J |Vu|2dx (6)
Q

(ii) D™?*(RN)(N >3) denotes the space of the functions
u e L* (RYN) such that |Vu| € L*(RY), endowed with
scalar product and norm, respectively, given by

(u, v)RN:J (Vu-Vv—‘uﬁ;)dx,
RN X
: ?)

that coincides with the completion of C3°(RY) with respect
to the L>-norm of the gradient. By Hardy inequality [28],
we easily derive that the norm is equivalent to the usual
norm:
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Il = | (9 (®)
RN

in DY2(RN).
(iii) The norm in L7(Q) is denoted by ||,
(iv) C, Cy, C;, C,, -+ denote positive constants
2. Preliminaries
In this section, we will study the unperturbed problem

2%(s)-2
gt T

xeRN
I ’

©)

ue D (RN), u>0, xeRN.

It is well-known that the nontrivial solutions of problem
(9) are equivalent to the nonzero critical points of the energy
functional

1 u?
0= 3] (P 4

| +2°)
LI N
2°(s) Jrv x|

Obviously, the energy functional I,(u) is well-defined
and is of C* with derivatives given by

<Ié(u),v>=J <Vu'Vv—[4u—V2) dx
RY |x|
‘u+|2*(s)71

_ Ll Y

JRN |x[* e

<If)(u)v, w> :J <Vv-Vw—//tv—u;> dx
RY [x]

T e

RN

x|

(10)
ue DM (RV).

(11)
u, v e DP*(RY),

vwd x,

u,v,we DY (RN).
(12)

For all € > 0, it is well-known that the function

N/
. (|x|\/.‘_4*\/.‘4_*#(8(2—s)\/pfy/\/ﬁ+ x| VEVE

()= (VN 5 () WH/
o (13)

solves equation (9) and satisfies

2 2%(s)
J <|st|2—‘uz—">dx=J 2| —dx. (14)
RV x| RV |X]
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Moreover z,(x) is the extremal function of the minimiza-
tion problem

J'R‘\,(|Vu\2—/4(u2/\x|2)) dx
. LN N
(Jies (10 O 112) dx)

gN=s/2s :J (|VZ£|2 _ M(z§/|x|z)) dx= J |z, | |x[*d x.
RN RN

S:=inf DY(RY), u#0 g,

(15)

In view of [27, 29], we have the following exact local
behavior of the solutions of (1).

Lemma?2.Let 0<s<2,u<f=2(N-2) /4. Ifuc H\(Q)isa

positive solution of (1), then there exists r > 0 small enough
and some positive constants C, and C, such that

C, x| VEVEE) < Ju(x)| < G| (VEVE®) | x e B(0,r)\ {0).

(16)

Define { € C)(Q) such that |{(x)| < 1, |V{(x)| < ¢ for any
x€0,{(x)>0for all €, 0€Q, and

R if |x|<6,
((x)_{o, if x| > 20. .

Denote v,(x) = {(x)z,.(x). Then, using an argument simi-
lar to [30], we have the following lemma.

Lemma 3. Let u € H)(Q) be a weak solution of problem (1).
Then, for € > 0 small enough

|u|2 (s)-1
J 'Vsdx — O(sN_ZM_ZS),
0 X

|V |2 (s)-1
J u £| dx:o(£N72/4725))
0]

2
JQ (Vv£|2 —u |:s|2) do = SN-s125 O(SN—SIZ—S) + O(SN—ZIZ—S))

J |Vs||2|s(5) dszN—s/Z—s
o |X

J Ve lf dx = O(sP(N_Z)/“‘ZS).
0

_0 ( eN—Z/Z—s) :

(18)

Next, we define some Nehari-type sets, which are relevant
in getting multiple positive solutions. Denote

3
ue HY(Q): ul? = J Juf” +)L|u|”’ dx, u#0%,
o\ I
§ ‘u|2"(5)
‘/V)\_ u€-/V)‘ 1+Y”u” >( ()_1+Y) ‘xls dx ¢,
o)
|u|2‘($)
ME./V)L 1+Y”u” ( ()—1+Y) s dx >
o |¥
2. \u|2<5)
ue Ny (1+y)lul® < (2°(s) - 1+y) —dx
o x|

Define the minimization problems

d (A):=inf I 20
+(A) = inf I (u). (20)
Since
u? 1 |u|2<s)

I uz—J <Vu - —>dx— - J —dx
0= ) V82 ) 25 )y

A

—J u|'Vd x,

I-v)o

(21)

it is easy to see that d, (1) <0 for A>0 and d, (1) — 0 as
A—— 0. Take A;>0 such that d (1) + NIV >0 for
any A€ (0,1;). Denote

2"(s) -2
25 (s)+y-1

' 1+ y (1+y)(N—2/4—23)|Q| 12572 ()
2(s)-y-1 ’

and set A" =min {1, A,}.

§(L+Y) (N=s/4-25)+1-y/2

A=

Lemma 4. If A€ (0,1%), then W9 =@. Moreover, for any
u+0, there exists a unique t*=t*(u) >0 such that t*(u)u
eN) and

11(2*(5)-2)

2
ST, = [l ’
(2*(s) - 1) j9(|u| |x|s)dx
I (tTu) =rtr>1;T1xIA(tu),

(23)

and there exists a unique t =t (u) >0 such that t (u)u
eN; and

t<T, and IL(t u)—Ome I (tu). (24)
<t<

Proof. The proof is similar to [30]. We omit the details.



3. Proof of Theorem 1

In this section, we will prove Theorem 1. The proof of Theo-
rem 1 is based on solving the minimization problem (18) and
the minimization problem

d_(A) = inf I, (u). (25)

ueN~

We divide the proof into two steps. In the first step, we
prove that if there is w € /] such that d, (1) =I,(w) and
there is v € //} such that d_(A) =I,(v), then w and v are
two positive weak solutions of (1). In the second step, we
prove that the minima d, (1) in (18) and d_(A) in (23) are
achieved, respectively.

Step 1. Let w € /] be such that d, (A1) =1
such that d_(A) =1I,(v).

Lemma 5. For each ¢ € H)(Q) and ¢ >0, we have the
following:

There is 1, such that I,(w +ne)>1I,(w) for each 0<
n=ty

(ii) t, — 1 as n— 07, where for each n=0,t, is the

y(w) and ve S

unique positive number satisfying t, (v + ne) € N

Proof. The proof follows exactly the scheme in the proof of
Lemma 3 in [31].

Lemma 6. For each ¢ € H}(Q) and ¢ > 0, we have w™¢ and
v € L'(Q). Moreover,

| |2* (s)-1

we w
VwVe —p—5 3
JQ( |x | |x|

2°(s)-1
J VvV(p—yV—SDZ _ M —@—Av| 7o |dx=0.
0 |x| [x]

(26)

¢ - /\|w|_”(p> dx >0,

In particular, w,v > 0 for all x € O\ {0}.

Proof. We only prove (24) since the proof of (25) is similar.
Let ¢ > 0 and € > 0. By (i) of Lemma 5 and simple computa-
tions, we have that

-y _,,1-y
A J (w+e9) w
1-v)q £

< o (o + eqlP~Tuwl?) (27)

Since the right hand side of the inequality has a finite
limit value as e — 0, by direct calculations, we conclude
e (w+ep)' ™" —w'?) increases monotonically as & — 0
and
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o (@ e -0
i (4250
0, if ¢@(x)=
=< (1-pwe, if ¢x)>0 and w(x)>0,
00, if @(x)>0 and w(x)=0.

28)

The Fatou lemma yields w¢ € L' (Q) and we get (24).
Since w, v > 0 and w, v=0, by the strong maximum prin-
ciple, it follows that

w,v>0, VxeO\{0}. (29)

Lemma 7. We have that w and v are positive weak solutions

of (1).

Proof. For any ¢ € Hy(Q) and 7 > 0, we define v = (w + 1)
and y* = max {y,0}. Then, y* € Hj(Q). Since w € /), we
obtain from (24) that

+ 2%(s)-1
0< Vthp*—/Aww [wl yr=Alw[ Ty |dx
Q |x| |x[*
+ 2%(s)-1
= vuvyt -t _ — v = Aw[Ty" | dx
{xeQuw+ne>0} ‘ | ‘xl
w w
= vafMW w7 wklwlyvf
o Jcf? I’
2*(s)-1
—j VuVy -y - il — Y- Alw[Ty |dx
{xeQu+nep<0} | | ‘x|
2*(s)-1
Snj VuVg -t~ [ ¢ - Mw[Te |dx
0 x| |x|

- 11J. (VwV(p -y M—(PZ) dx.
{xeQuw+ne<0} |.X‘
(30)
Dividing by # and letting # — 0, by w >0,Vx € Q, we

have the measure of {x € Q,w+np <0} which tends to 0
as # — 0, and we get that

J VwVedx — 0. (31)
{xeQu+np<0}

Therefore,

2%(s)-1
J (Vqu) Mw_(p_|w| - (p—A|w|Vg0>dx20. (32)
Q

o

Since ¢ is arbitrary, we get that w is a solution of (1).
Similarly, we can prove that v is also a solution of (1).

Step 2. The minima d, () and d_(A) are achieved. The proof
is exactly the same as [32]. We omit the details here.
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We point out that v, and the exact local behavior of w
(see Lemma 2.) play essential roles. From Lemma 2., we have

C, x| (VFVIR) < ju(x)| < G, x| (VEVEE) x e B(0, )\ {0}.

(33)
So there is m > 0 such that w(x) > m for x € supp w \ {0}.

Lemma 8. Under the assumptions of Theorem 1,

2-5

d_(A) <I)(w) + 2N =Y)

SN—s/Z—s. (34)

Proof. First, using an argument similar to the proofs in [31],
we have #, >0 such that w+#,v, € /. It remains to be
proven that

2_
S gN-s/2—s (35)

sup {I)(w+nv,): >0} <I)(w) + 2N =)

Since w is a solution, we obtain by direct computation

that
T Wy,
L(w+nv,) —I)(w) = 7||v£|| +11J (VwVv - )dx

_JQ <w+m} \x| )
A ()

> W PO _
:i”V ||2_[ < ’I8|
JO

20 2" (s)[xf"
e e J (w+v)"
|x[* Q -y
1y
- iu —wynv£> dx.
-y
(36)

Note that the following inequality (see [31]) holds:
there is & >0 and 0 < 8 < N — s/N — 2 such that A((r + £)'/
1-y—r'Y/1-y-r7t)>-at® for each r>m and t=0.

By direct calculations, we can get that

2 2*(s) 2*(s)
n n Ve
L(w+nv,) -I(w) < > ||V$||2 - 2(s) JQ | L| dx
2% (s)-1

_ﬂz*(s)—lj w‘vs| . dx (37)
I9) [x]

+0¢17‘5J v, |°dx.
Q
So Li(w+nv,) - (w)—0 as #—0 and I(w+

nv,) — I (w)——00 as y — +00. Hence, we only consider
the right-hand side of the above inequality in the case of

n€Myn,) for some 0<n,<n <+co. Hence, we obtain
from Lemma 3 that

supl) (w+nv,) -
n>0

L(w) < 2N II P02

~2/2%(s)-2
< ] )

N 2/4- 25) +0(e ( (N—2/4—25))

_ 2-s GN=s/2-s _ O(eN—s/4—25)
2(N =)
_0 ( 8N—2/4—25) 10 ( 88(N—2/4—25))
< 2-s gN-s/2-s
2(N -5) ’
for & > 0 sufficiently small.
(38)

The proof is complete.

Lemma 9. The minimum d_(A) in (23) is achieved by v € /'
with I (v) =d_(A).

Proof. Let {v,} be any sequence in ./ such that I,(v,)
—> d_(A). It is easy to see that {v,} is bounded in H;((2).
Then, there exists a v € H}(Q2) and a subsequence of {v,},
still denoted by {v,} such that

v, — v,

in Hj(Q). (39)

n

Set u,, =v, — v and assume that

J [ (40)
Q

T dx — b0,
x

Since v, € 47, according to Bre'zis-Lieb’s Lemma (see
Lemma 1.32 in MW [33]) and the Sobolev embedding
theorem, one gets

>

dx. 41
o 1)

N

a+|v|? = AJ " dx+b* + J
Q

We claim that v#0. Indeed, if v=0, then a?=b* >
SN=$27 £ 0 (since for any ue Ny, |lul is bounded away
from zero) and this means that

1 1 .
d_(A)= lim I,(v,)=1,(0) + =a* - b
> 2-s N-s/2-s
2(N-s)

which contradicts the previous lemma.



From the assumption A € (0, "), by Lemma 4, we have
0<t*<T, <t suchthat t*ve /] and t"v e N For t >0,
we define

2 2%(s) ’ (43)

Now, we consider the cases
1) t <1

(i) t21and b>0

(iii)  >1and b=0

Case (i). From t~ < 1,
g )=t V), W+8' () =a*t —b* )X O (44)

Define h(t)=a2t — b*" ) (£)* 71 then h(t) is increasing
ast < T,,; h(t) is decreasing as t > T, so h(t) has maximum
value h(T,). As t~>T,, we have g'(t")=h(T,)>0. g'
(1)=04and g'(t7) >0, so we can see that g is increasing on
[t7, 1]. Then, we have

m>

d_ (M) =g(1)>g(t") 21 (t7v)=1,(0) + (t;) (a2 _ b2*<s>)
>I)(tv)=d_(A),
(45)

which is a contradiction.

Case (ii). We set t, = (a*/b* ) ) We know that &
attains the unique maximum at ¢, and 8(¢,) > (2 —s/2(N -
5))SN¥/275, Moreover, 8’ (t)>0 for 0<t<t, and 8'(t) <0
for t > t,.

From the assumption on A€ (0,1"), we know g(1) >
g(ty). If £ty <1, we have

N-2/2(2-s

d_(A)=g(1) 2 g(ty) =1 (tyv) + 8(ty)
2-s SN—s/Z—s
2(N =5s) ’

>1,(tyv) + (46)

which contradicts the previous lemma. Thus, we have ¢, > 1.
By virtue of g'(t) <0 for t > 1, we obtain (3/0t)I, (tv)<—8'
(t)<0for 1<t<t,and

which also contradicts the previous lemma.
Case (iii). If a # 0, then we obtain from the fact that v,
€/, by some computations that (0/0t)I,(tv)|,_; <0 and

Journal of Function Spaces

(9%/0°t)I)(tv)],_, <0, from the definition of ./}, which con-
tradicts = > 1. So

a=0,
(48)
v,—v in H(Q).

Hence, we have v € 47} with I (v) =d_(A).
The proof is complete.
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