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In this paper, we prove the existence and multiplicity of positive solutions for a class of fractional � & � Laplacian problem with 
singular nonlinearity. Our approach relies on the variational method, some analysis techniques, and the method of Nehari manifold.

1. Introduction

In this paper, we consider the following fractional � & � 
Laplacian problem

where Ω ⊂ R
�(�푁 ≥ 3) is an open bounded domain with 

smooth boundary �휕Ω , �푁 > 2�푠(0 < �푠 < 1), 1 ≤ �푞 < �푝 < �푁/�푠, 
0 < �훾 < 1 < �훽 < �푝∗

�푠 − 1 , � is a positive parameter. �e weight 
functions �푎 : Ω → R is in ��푝∗

�푠 /(�푝∗
�푠 +�훾−1) with �푎(�푥) > 0 for almost 

every �푥 ∈ Ω, �푏 : Ω → R is bounded with �푏(�푥) > 0 for almost 
every �푥 ∈ Ω, and �푝∗

�푠 = �푝�푁/(�푁 − �푝�푠) denotes the critical  
Sobolev exponent. (−Δ)�� , with �푟 ∈ {�푝, �푞}, is the fractional  
�-Laplacian operator defined for any �푢 ∈ C∞

�푐 (R�푁) by

Recently, Wang and Zhang [1] investigated the following sin-
gular elliptic boundary value problem involving the fractional 
Laplacian

the existence and multiplicity of weak positive solutions of 
(3) have been obtained in [1] by using the variational 
method, Nehari Maniford method, and Fibering Map 
analysis.

In [2], Crandall et al. firstly studied the semilinear problem 
with singular nonlinearity, since then, the local setting (�푠 = 1) 
for (3) and some other versions of the problem have been 
extensively studied during the past decades, see for example 
[3–10] and the references therein.

In recent years, the fractional Laplacian problems have 
been extensively investigated. For more details, we cite the 
reader to [11–15]. �ere are many different definitions of weak 
solutions for the fractional Laplacian equation (3). In [16], 
Fang say that �푢 ∈ �퐻�푠

0(Ω) is a weak solution of (3) with �휆 = 0 
and �푎 ≡ 1 if the identity

holds. In virtue of the method of sub-supersolution, the author 
gives the sufficient conditions for the existence and uniqueness 
of positive solution.

Very recently, great attention has been devoted to the study 
of fractional �-Laplacian problems, see for instance [17–20]. 
However, in literature, there are only a few papers [21–23] deal-
ing with fractional � & � problems. Motivated by the works  
[1, 23, 24], in this paper, we investigate the existence and multi-
plicity of solutions for the fractional � & � Laplacian problem 
(1) and extend the main results of Wang and Zhang [1].

(1)
(−Δ)�푠�푝�푢 + (−Δ)�푠�푞�푢 = �푎(�푥)�푢−�훾 + �휆�푏(�푥)�푢�훽, �푥 ∈ Ω,

�푢 > 0, �푥 ∈ Ω,
�푢 = 0, �푥 ∈ �휕Ω,

(2)

(−Δ)�푠�푟�푢(�푥) = 2 lim
�휀↘0

∫
�퐵�(�푥)�

�儨�儨�儨�儨�푢(�푥) − �푢(�푦)�儨�儨�儨�儨�푟−2(�푢(�푥) − �푢(�푦))
�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푁+�푠�푟 �푑�푦, �푥 ∈ R

�푁.

(3)

(−Δ)�푠�푢 = �휆�푢�훽 + �푎(�푥)�푢−�훾, �푥 ∈ Ω,
�푢 > 0, �푥 ∈ Ω,
�푢 = 0, �푥 ∈ �휕Ω,

(4)∫
Ω
(−Δ)�푠/2�푢(−Δ)�푠/2�휑�푑�푥 = ∫

Ω
�푢−�훾�휑�푑�푥, ∀�휑 ∈ �퐻�푠

0(Ω)
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�is article is organized as follows. In Section 2, we give 
some notations and preliminaries. Section 3 is devoted to 
proving that problem (1) has at least two positive solutions for 
� sufficiently small.

2. Preliminaries

For any �푠 ∈ (0, 1), 1 < �푝 < ∞, we define

where �푄 = R
2�푁\(CΩ × CΩ) with CΩ = R

�\Ω.
�e space �푊�푠,�푝

0 (Ω) = {�푢 ∈ �푊�푠,�푝(R�푁) : �푢 = 0 in R
�푁\Ω} 

endowed with the norm

From [23], we know that �푊�푠,�푝
0 (Ω) ⊂ �푊�푠,�푞

0 (Ω) (�푞 ≤ �푝), which 
allows us to study (1) in �푊�푠,�푝

0 (Ω).
�roughout this section, we denote the best Sobolev con-

stant �� for the embedding of �푊�푠,�푝
0 (Ω) into �퐿�∗

�푠 (Ω), defined as

By a weak solution � of (1), we mean �푢 ∈ �푊�푠,�푝
0 (Ω) satisfies (1) 

weakly, that is, we are looking for a function �푢 ∈ �푊�푠,�푝
0 (Ω), 

�푢(�푥) > 0 a.e. in Ω such that

To study weak solutions to (1), we consider the following 
energy functional

�e following Lemmas will be useful in the study of our prob-
lem (1).

Lemma 1 [23]. If �푞 ≤ �푝, then �푊�푠,�푝
0 (Ω) ⊂ �푊�푠,�푞

0 (Ω) with 
continuous embedding.

Lemma 2 [23]. If {�푢�푛}�푛∈N is a sequence weakly convergent to 
some � in �푊�푠,�푝

0 (Ω), then

(5)

�푊�푠,�푝(R�푁) ={�푢�儨�儨�儨�儨�儨�푢 : R�푁 → R is measurable, �푢�儨�儨�儨�儨�儨Ω ∈ �퐿�푝(Ω), and
∫

�푄

�儨�儨�儨�儨�푢(�푥) − �푢(�푦)�儨�儨�儨�儨�푝�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푁+�푠�푝 �푑�푥�푑�푦 < ∞},

(6)‖�푢‖ = [�푢]�푠,�푝 = (∫
�푄

�儨�儨�儨�儨�푢(�푥) − �푢(�푦)�儨�儨�儨�儨�푝�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푁+�푝�푠 �푑�푥�푑�푦)
1/�푝

.

(7)

�푆�푝 = inf
�푢∈�푊�푠,�푝

0 (Ω)\{0}

∫
R

2�푁
�儨�儨�儨�儨�푢(�푥) − �푢(�푦)�儨�儨�儨�儨�푝/�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푁+�푠�푝�푑�푥�푑�푦

(∫
R

�푁 |�푢|�푝∗
�푠 �푑�푥)�푝/�푝∗

�푠
< 0.

(8)

∫�푄
|�푢(�푥)−�푢(�푦)|�푝−2(�푢(�푥)−�푢(�푦))(�휙(�푥)−�휙(�푦))

|�푥−�푦|�푁+�푝�푠 �푑�푥�푑�푦

+∫�푄
|�푢(�푥)−�푢(�푦)|�푞−2(�푢(�푥)−�푢(�푦))(�휙(�푥)−�휙(�푦))

|�푥−�푦|�푁+�푞�푠 �푑�푥�푑�푦
= ∫Ω(�푎(�푥)�푢

−�훾�휙 + �휆�푏(�푥)�푢�훽�휙)�푑�푥, ∀�휙 ∈ �푊�푠,�푝
0 (Ω).

(9)

J�휆(�푢) = 1
�푝[�푢]

�푝
�푠,�푝 + 1

�푞[�푢]
�푞
�푠,�푞 − 1

1 − �훾∫Ω
�푎(�푥)|�푢|1−�훾�푑�푥

− �휆
1 + �훽∫Ω

�푏(�푥)|�푢|1+�훽�푑�푥.

�e Nehari manifold N�(Ω) is closed linked to the behavior 
of functions of the form ℎ� : �푡 → J�(�푡�푢) for �푡 > 0 that named 
fibering maps [25]. If �푢 ∈ �푊�푠,�푝

0 (Ω), we have 

and

Obviously,

which implies that for �푢 ∈ �푊�푠,�푝
0 (Ω)\{0} and �푡 > 0, ℎ��(�푡) = 0 if 

and only if �푡�푢 ∈ N�(Ω), i.e., positive critical points of ℎ�� cor-
respond to points on the Nehari manifold. In particular, 
ℎ��(1) = 0 if and only if �푢 ∈ N�(Ω). Hence, we define

�roughout this paper, we make the following assumptions:

(H1) �푎 ∈ �퐿�푝/(�푝−1)(Ω) with �푎(�푥) > 0 for all almost every 
�푥 ∈ Ω.
(H2) �푏(�푥) > 0 is bounded for all almost every �푥 ∈ Ω.

By (H2), we know that there exists �̄푏 > 0 such that 
0 < �푏(�푥) ≤ �̄푏 for all almost every �푥 ∈ Ω.

(10)[�푢�푛 − �푢]�푝�푠,�푝 = [�푢�푛]�푝�푠,�푝 − [�푢]�푝�푠,�푝 + �표(1).

(11)

ℎ�휆(�푡) =�푡
�푝

�푝 [�푢]�푝�푠,�푝 + �푡�푞
�푞 [�푢]

�푞
�푠,�푞 − �푡1−�훾

1 − �훾∫Ω
�푎(�푥)|�푢|1−�훾�푑�푥

− �휆 �푡1+�훽
1 + �훽∫Ω

�푏(�푥)|�푢|1+�훽�푑�푥,

(12)
ℎ�耠�휆(�푡) =�푡�푝−1[�푢]�푝�푠,�푝 + �푡�푞−1[�푢]�푞�푠,�푞 − �푡−�훾∫

Ω
�푎(�푥)|�푢|1−�훾�푑�푥

− �휆�푡�훽∫
Ω
�푏(�푥)|�푢|1+�훽�푑�푥,

(13)

ℎ�耠�耠�휆 (�푡) =(�푝 − 1)�푡�푝−2[�푢]�푝�푠,�푝 + (�푞 − 1)�푡�푞−2[�푢]�푞�푠,�푞 + �훾�푡−�훾−1∫
Ω
�푎(�푥)|�푢|1−�훾�푑�푥

− �휆�훽�푡�훽−1∫
Ω
�푏(�푥)|�푢|1+�훽�푑�푥.

(14)
�푡ℎ�耠�휆(�푡) = �푡�푝[�푢]�푝�푠,�푝 + �푡�푞[�푢]�푞�푠,�푞 − �푡1−�훾∫

Ω
�푎(�푥)|�푢|1−�훾�푑�푥

− �휆�푡1+�훽∫
Ω
�푏(�푥)|�푢|1+�훽�푑�푥

= ⟨J �耠
�휆 (�푡�푢), �푡�푢⟩,

(15)

N +
�휆 (Ω) = {�푢 ∈ N�휆(Ω) : ℎ�耠�耠�휆 (1) > 0}

= {�푢 ∈ N�휆(Ω) : (�푝 + �훾 − 1)[�푢]�푝�푠,�푝 + (�푞 + �훾 − 1)[�푢]�푞�푠,�푞
> �휆(�훽 + �훾)∫

Ω
�푏(�푥)|�푢|1+�훽�푑�푥},

N 0
�휆 (Ω) = {�푢 ∈ N�휆(Ω) : ℎ�耠�耠�휆 (1) = 0}

= {�푢 ∈ N�휆(Ω) : (�푝 + �훾 − 1)[�푢]�푝�푠,�푝 + (�푞 + �훾 − 1)[�푢]�푞�푠,�푞
= �휆(�훽 + �훾)∫

Ω
�푏(�푥)|�푢|1+�훽�푑�푥},

N −
�휆 (Ω) = {�푢 ∈ N�휆(Ω) : ℎ�耠�耠�휆 (1) < 0}

= {�푢 ∈ N�휆(Ω) : (�푝 + �훾 − 1)[�푢]�푝�푠,�푝 + (�푞 + �훾 − 1)[�푢]�푞�푠,�푞
< �휆(�훽 + �훾)∫

Ω
�푏(�푥)|�푢|1+�훽�푑�푥}.
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For �푝∗
�푠 > �푝, one has that �푝∗

�푠 /(�푝∗
�푠 − 1 + �훾) < �푝/(�푝 − 1 + �훾)

< �푝/(�푝 − 1). �us, there exists a constant � such that

Lemma 3. Assume that condition (H1) holds with �푝 < 1 + �훽.  
�en there exists �푀 > 0 such that ‖�푢‖ ≤ �푀, for each  
�푢 ∈ N +

�휆 (Ω).

Proof. If �푢 ∈ N +
�휆 (Ω), by the definition of N�(Ω) and N +

�휆 (Ω),  
we get that

By (H1), (16), and the H�̈lder inequality and fractional Sobolev 
inequalities (7), we obtain

It follows from (17) and (18) that

�us, one has

�e proof is complete. ☐

Lemma 4. If (H1) holds with �푝 < 1 + �훽, then the functional 
J� is coercive and bounded below on N�(Ω).

Proof. By using the definition of N�(Ω) and (16), we have

�is implies that J�(Ω) is coercive and bounded from below 
on N�(Ω). �e proof is complete. ☐

Lemma 5. Assume that conditions (H1) and (H2) hold with 
�푝 < 1 + �훽. �en the minimal value �푚�휆 = inf�푢∈N +

�휆 (Ω)J�휆(�푢) < 0.

(16)‖�푎‖�푝∗
�푠 /(�푝∗

�푠 −1+�훾) ≤ �퐶‖�푎‖�푝/(�푝−1).

(17)

(�푝 + �훾 − 1)[�푢]�푝�푠,�푝 + (�푞 + �훾 − 1)[�푢]�푞�푠,�푞
> (�훽 + �훾)([�푢]�푝�푠,�푝 + [�푢]�푞�푠,�푞 − ∫

Ω
�푎(�푥)|�푢|1−�훾�푑�푥).

(18)

∫
Ω
�푎(�푥)|�푢|1−�훾�푑�푥 ≤ (∫

Ω
|�푎(�푥)|�푝∗

�푠 /(�푝∗
�푠 −1+�훾)�푑�푥)(�푝∗

�푠 −1+�훾)/�푝∗
�푠 (∫

Ω
|�푢|�푝∗

�푠 �푑�푥)(1−�훾)/�푝∗
�푠

= ‖�푎‖�푝∗
�푠 /(�푝∗

�푠 −1+�훾)‖�푢‖1−�훾�푝∗
�푠

≤ ‖�푎‖�푝∗
�푠 /(�푝∗

�푠 −1+�훾)�푆−(1−�훾)/�푝�푝 ‖�푢‖1−�훾
≤ �퐶‖�푎‖�푝/(�푝−1)�푆−(1−�훾)/�푝�푝 ‖�푢‖1−�훾.

(19)

(�훽 + 1 − �푝)‖�푢‖�푝 < (�훽 + 1 − �푝)[�푢]�푝�푠,�푝 + (�훽 + 1 − �푞)[�푢]�푞�푠,�푞
< (�훽 + �훾)∫

Ω
�푎(�푥)[�푢]1−�훾�푑�푥

≤ (�훽 + �훾)�퐶�푆−(1−�훾)/�푝�푝 ‖�푎‖�푝/(�푝−1)‖�푢‖1−�훾.

(20)

‖�푢‖ ≤ �푀 := ( �훽 + �훾�훽 + 1 − �푝�퐶�푆−(1−�훾)/�푝�푝 ‖�푎‖�푝/(�푝−1))
1/(�푝+�훾−1), ∀�푢 ∈ N

+
�휆(Ω).

(21)

J�휆(�푢) = ( 1�푝 − 11 + �훽)[�푢]�푝�푠,�푝 + (1�푞 − 11 + �훽)[�푢]�푞�푠,�푞
− ( 1(1 − �훾) − 11 + �훽)∫Ω

�푎(�푥)|�푢|1−�훾�푑�푥
≥ ( 1�푝 − 11 + �훽)‖�푢‖�푝 − ( 11 − �훾 − 11 + �훽)�퐶�푆−(1−�훾)/�푝�푝 ‖�푎‖�푝/(�푝−1)‖�푢‖1−�훾.

Proof. For 1 < �훽 < �푝∗
�푠 − 1, applying (H2), the H�̈lder 

inequality and fractional Sobolev inequalities (7), we have

Using inequality (18) and (22), we obtain

It follows from 0 < �훾 < 1 ≤ �푞 < �푝 < 1 + �훽 < �푝∗
�푠  that there  

exist �휌 > 0, �휀 > 0, and �휆1 > 0 small enough such that for any 
fixed �휆 ∈ (0, �휆1)

where �퐵�휌 = {�푢 ∈ N +
�휆 (Ω) : ‖�푢‖ ≤ �휌}. On the other hand, for 

any fixed �푣 ∈ N +
�휆 (Ω), since 0 < �훾 < 1 ≤ �푞 < �푝 < 1 + �훽  , we can 

derive that

where �퐴 = (1)/(1 − �훾)∫Ω�푎(�푥)|�푣|1−�훾�푑�푥. �us, J�(�푡�푣) < 0 for 
all �푣 ̸= 0, provided �푡 > 0 is sufficiently small. Hence, 
�푚�휆 = inf�푢∈N +

�휆 (Ω)J�휆(�푢) < 0. �is completes the proof of 
Lemma 5. ☐

Lemma 6. For each �휆 ∈ (0, �휆1), there exists �푢�휆 ∈ N +
�휆 (Ω) 

such that J�휆(��휆) = ��휆 = infN�(Ω)J�휆.

Proof. Let {�푢�} ⊂ �퐵� be a minimizing sequence such that 
J�(��) → �� as �푛 → ∞. From Lemma 3 we know that 
the sequence {�푢�} is bounded in �푊�푠,�푝

0 (Ω). Hence, we can 
obtain that there exists a sub-sequence of {�푢�} (still denoted 
by {�푢�}) such that �� ⇀ �� weakly in �푊�푠,�푝

0 (Ω), strongly in 
�퐿�(Ω) (1 ≤ �푟 < �푝∗

�푠) and pointwise a.e. in Ω. By using H�̈lder 
inequality, we derive that as �푛 → ∞,

(22)

∫
Ω
�푏(�푥)|�푢|1+�훽�푑�푥 ≤ �̄푏(∫

Ω
�푑�푥)

(�푝∗
�푠 −1−�훽)/�푝∗

�푠 (∫
Ω
|�푢|�푝∗

�푠 �푑�푥)
(1+�훽)/�푝∗

�푠

= �̄푏‖Ω‖(�푝∗
�푠 −1−�훽)/�푝∗

�푠 ‖�푢‖1+�훽�푝∗
�푠

≤ �̄푏|Ω|(�푝∗
�푠 −1−�훽)/�푝∗

�푠 �푆−(1+�훽)/�푝�푝 ‖�푢‖1+�훽.

(23)

J�휆(�푢) ≥ 1�푝[�푢]�푝�푠,�푝 − 11 − �훾∫Ω
�푎(�푥)|�푢|1−�훾�푑�푥 − �휆1 + �훽∫Ω

�푏(�푥)|�푢|1+�훽�푑�푥
≥ 1�푝‖�푢‖�푝 − �퐶1 − �훾�푆−(1−�훾)/�푝�푝 ‖�푎‖�푝/(�푝−1)‖�푢‖1−�훾
− �휆1 + �훽�̄푏�푆−(1+�훽)/�푝�푝 |Ω|�푝∗

�푠 /(�푝∗
�푠 −�훽−1)‖�푢‖1+�훽.

(24)J�(�푢) ≥ �휀
2 > 0, ∀�푢 ∈ �휕�퐵�,

(25)

J�휆(�푡�푣) = �푡�푝
�푝 [�푣]�푝�푠,�푝 + �푡�푞

�푞 [�푣]
�푞
�푠,�푞 − �푡1−�훾

1 − �훾∫Ω
�푎(�푥)|�푣|1−�훾�푑�푥

− �휆
1 + �훽�푡

1+�훽∫
Ω
�푏(�푥)|�푣|1+�훽�푑�푥

= −�퐴�푡1−�훾 + �표(�푡�푞) (�푡 → 0),

(26)

∫
Ω
�푎(�푥)�푢1−�훾

�푛 �푑�푥 ≤ ∫
Ω
�푎(�푥)�푢1−�훾

�휆 �푑�푥 + ∫
Ω
�푎(�푥)�儨�儨�儨�儨�푢�푛 − �푢�휆

�儨�儨�儨�儨1−�훾�푑�푥
≤ ∫

Ω
�푎(�푥)�푢1−�훾

�휆 �푑�푥 + (∫
Ω
�푎(�푥)�푝/(�푝−1)�푑�푥)(�푝−1)/�푝

⋅ (∫
Ω

�儨�儨�儨�儨�푢�푛 − �푢�휆
�儨�儨�儨�儨�푝�푑�푥)(1−�훾)/�푝

= ∫
Ω
�푎(�푥)�푢1−�훾

�휆 �푑�푥 + ‖�푎‖�푝/(�푝−1)�����푢�푛 − �푢�휆
����1−�훾�푝

= ∫
Ω
�푎(�푥)�푢1−�훾

�휆 �푑�푥 + �표(1)
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which yields that

Passing to the limit as �푛 → ∞, we get J�(��) = ��.
In the following, we will show that �푢�휆 ∈ N +

�휆 (Ω). It suffices 
to prove that �� → �� strongly in �푊�푠,�푝

0 (Ω). By J�(��) = �� 
and

we have

which implies that �����푢� − �푢�
����� → 0 as �푛 → ∞, i.e., �� → �� 

strongly in �푊�푠,�푝
0 (Ω). �us, �푢�휆 ∈ N +

�휆 (Ω) is a minimizer of J� 
in N +

�휆 (Ω). �e proof is complete. ☐

3. Main Result

Similar to the proof of Lemma 3.7 in [1], we can easily obtain 
the following Lemma.

Lemma 7. For any �푢 ∈ N +
�휆 (Ω), then there exists �휀 > 0 and a 

continuous function �푓 = �푓(�휔) > 0, �휔 ∈ �푊�푠,�푝
0 (Ω) with ‖�휔‖ < �휀 

satisfying that �푓(0) = 1, �푓(�휔)(�푢 + �휔) ∈ N +
�휆 (Ω).

Lemma 8. For each given �휙 ∈ �푊�푠,�푝
0 (Ω), �휙 ≥ 0, there exists 

�푇 > 0 such that J�(�� + ��) ≥ J�(��) for all �푡 ∈ [0, �푇] and 
�푢�휆 ∈ N +

�휆 (Ω).

Proof. Let

By using the continuity of �, �휂(0) > 0 and �푢�휆 ∈ N +
�휆 (Ω), we 

can infer that there exists �푇 > 0, such that �휂(�푡) > 0 for all 
�푡 ∈ [0, �푇]. On the other hand, applying Lemma 7 we get that 
for any �푡 > 0 there exists �푡� > 0 such that �푡�耠(�푢�휆 + �푡�휙) ∈ N +

�휆 (Ω). 
Hence, �푡� → 1 as �푡 → 0 and for each �푡 ∈ [0, �푇] we obtain

�e proof of this Lemma is completed. ☐

(37)0 ≥ J�(�푢�) −�푚� + �표(1) ≥ �표(1).

(38)

�푚�휆 = J�휆(�푢�휆) + 1
�푝 [�푢�푛 − �푢�휆]�푝�푠,�푝 + 1

�푞 [�푢�푛 − �푢�휆]�푞�푠,�푞 + �표(1),

(39)

0 = 1
�푝 [�푢�푛 − �푢�휆]�푝�푠,�푝 + 1

�푞 [�푢�푛 − �푢�휆]�푞�푠,�푞 + �표(1) ≥ 1
�푝
�����푢�푛 − �푢�휆

�����푝 + �표(1),

(40)

�휂(�푡) = (�푝 − 1)[�푢�휆 + �푡�휙]�푝�푠,�푝 + (�푞 − 1)[�푢�휆 + �푡�휙]�푞�푠,�푞
+ �훾∫

Ω
�푎(�푥)�儨�儨�儨�儨�푢�휆 + �푡�휙�儨�儨�儨�儨

1−�훾�푑�푥 − �휆�훽∫
Ω
�푏(�푥)�儨�儨�儨�儨�푢�휆 + �푡�휙�儨�儨�儨�儨

1+�훽�푑�푥,

∀�푡 > 0.

(41)

J�휆(�푢�휆 + �푡�휙) ≥ J�휆[�푡�耠(�푢�휆 + �푡�휙)] ≥ inf
N +

�휆 (Ω)
J�휆 = J�휆(�푢�휆).

and

�us, we obtain that

Since �푏(�푥) > 0 is bounded in Ω, we have that �푏(�푥)1/(1+�훽)�푢�푛(�푥) 
is also bounded in �푊�푠,�푝

0 (Ω). If �푟 ∈ (1,∞) and {�푔�푛}�푛∈N ⊂ �퐿�푟(R�푘) 
is a bounded sequence such that �� → � a.e. in R�, then we 
have from the Brezis–Lieb Lemma that

Taking

in (29), we get

Since

we can deduce that as �푛 → ∞ 

By Lemmas 1 and 2, we have

and

From �푚� < 0, we have ������푛
���� ≤ �0 < � for some positive constant 

� independent of �. �us, by (35) and �� ∈ �� we obtain 
�� − �� ∈ �� if � is sufficiently large. Combining above argu-
ments with (28), (33), (34), and (35), we can obtain

(27)

∫
Ω
�푎(�푥)�푢1−�훾

�휆 �푑�푥 ≤ ∫
Ω
�푎(�푥)�푢1−�훾

�푛 �푑�푥 + ∫
Ω
�푎(�푥)�儨�儨�儨�儨�푢�푛 − �푢�휆

�儨�儨�儨�儨1−�훾�푑�푥
≤ ∫

Ω
�푎(�푥)�푢1−�훾

�푛 �푑�푥 + ‖�푎‖�푝/(�푝−1)�����푢�푛 − �푢�휆
����1−�훾�푝 = ∫

Ω
�푎(�푥)�푢1−�훾

�푛 �푑�푥 + �표(1).

(28)∫
Ω
�푎(�푥)�푢1−�훾

�푛 �푑�푥 = ∫
Ω
�푎(�푥)�푢1−�훾

�휆 �푑�푥 + �표(1).

(29)
�儨�儨�儨�儨�푔� − �푔�儨�儨�儨�儨���(R�) = �儨�儨�儨�儨�푔�

�儨�儨�儨�儨���(R�) − �儨�儨�儨�儨�푔�儨�儨�儨�儨���(R�) + �표(1).

(30)
�푔�푛 = �푏(�푥)1/(1+�훽)�푢�푛(�푥), �푔 = �푏(�푥)1/(1+�훽)�푢(�푥), �푟 = 1 + �훽 and �푘 = �푁

(31)
∫

Ω
�푏(�푥)�儨�儨�儨�儨�푢�푛(�푥) − �푢(�푥)�儨�儨�儨�儨1+�훽�푑�푥 = ∫

Ω
�푏(�푥)�儨�儨�儨�儨�푢�푛(�푥)�儨�儨�儨�儨1+�훽�푑�푥

− ∫
Ω
�푏(�푥)|�푢(�푥)|1+�훽�푑�푥 + �표(1).

(32)
0 ≤ ∫

Ω
�푏(�푥)�����푢�푛(�푥) − �푢(�푥)����1+�훽�푑�푥 ≤ �푏�����푢�푛 − �푢����1+�훽1+�훽 → 0, �푛 → ∞,

(33)∫
Ω
�푏(�푥)�����푢�푛(�푥)����1+�훽�푑�푥 = ∫

Ω
�푏(�푥)|�푢(�푥)|1+�훽�푑�푥 + �표(1).

(34)[�푢�푛 − �푢]�푞�푠,�푞 = [�푢�푛]�푞�푠,�푞 − [�푢]�푞�푠,�푞 + �표(1)

(35)[�푢�푛 − �푢]�푝�푠,�푝 = [�푢�푛]�푝�푠,�푝 − [�푢]�푝�푠,�푝 + �표(1).

(36)

�푚�휆 = J�휆(�푢�푛) + �표(1)
= J�휆(�푢�휆) + 1

�푝[�푢�푛 − �푢�휆]�푝�푠,�푝 + 1
�푞[�푢�푛 − �푢�휆]�푞�푠,�푞 + �표(1)

≥ J�휆(�푢�휆) + �표(1)
≥ �푚�휆 + �표(1)(�푛 → ∞),
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into (44), we obtain

where �푄�耠 = R
2�푛\(CΩ�耠 × CΩ�耠), CΩ� = R

�\{�푥|(�푢� + �푡�휓) ≥ 0} 
and �푄�耠�耠 = R

2�푛\(CΩ�耠�耠 × CΩ�耠�耠), CΩ�� = R
�\{�푥|(�푢� + �푡�휓) < 0}. 

Since the measure of the set {�푥|(�푢� + �푡�휓) < 0} tends to 0 as 
�푡 → 0+, one has

Hence, dividing by �푡 > 0 we infer that

(47)

0 ≤ ∫
�푄�

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푝−2(�푢�휆(�푥) − �푢�휆(�푦))((�푢�휆 + �푡�휓)(�푥) − (�푢�휆 + �푡�휓)(�푦))
�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푝�푠

�푑�푥�푑�푦

+ ∫
�푄�

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푞−2(�푢�휆(�푥) − �푢�휆(�푦))((�푢�휆 + �푡�휓)(�푥) − (�푢�휆 + �푡�휓)(�푦))
�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푞�푠

�푑�푥�푑�푦

− �휆∫{�푥|(�푢�+�푡�휓)≥0 }�푏(�푥)�푢
�훽
�휆(�푢�휆 + �푡�휓)�푑�푥 − ∫{�푥|(�푢�+�푡�휓)≥0 }�푎(�푥)�푢

−�훾
�휆 (�푢�휆 + �푡�휓)�푑�푥

= �����푢�휆
�����푝 + �����푢�휆

�����푞 − �휆∫
Ω
�푏(�푥)�푢�훽+1

�휆 �푑�푥 − ∫
Ω
�푎(�푥)�푢1−�훾

�휆 �푑�푥

+ �푡[∫
�푄

�����푢�휆(�푥) − �푢�휆(�푦)�����푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))�����푥 − �푦�����푛+�푝�푠 �푑�푥�푑�푦

+ ∫
�푄

�����푢�휆(�푥) − �푢�휆(�푦)�����푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))�����푥 − �푦�����푛+�푞�푠 �푑�푥�푑�푦

− �휆∫
Ω
�푏(�푥)�푢�훽

�휆�휓�푑�푥 − ∫
Ω
�푎(�푥)�푢−�훾

�휆 �휓�푑�푥]
− ∫

�푄��

�����푢�휆(�푥) − �푢�휆(�푦)�����푝−2(�푢�휆(�푥) − �푢�휆(�푦))((�푢�휆 + �푡�휓)(�푥) − (�푢�휆 + �푡�휓)(�푦))�����푥 − �푦�����푛+�푝�푠 �푑�푥�푑�푦

− ∫
�푄��

�����푢�휆(�푥) − �푢�휆(�푦)�����푞−2(�푢�휆(�푥) − �푢�휆(�푦))((�푢�휆 + �푡�휓)(�푥) − (�푢�휆 + �푡�휓)(�푦))�����푥 − �푦�����푛+�푞�푠 �푑�푥�푑�푦

− �휆∫{�푥|(�푢�+�푡�휓)<0 }�푏(�푥)�푢
�훽
�휆(�푢�휆 + �푡�휓)�푑�푥 − ∫{�푥|(�푢�+�푡�휓)<0 }�푎(�푥)�푢

−�훾
�휆 (�푢�휆 + �푡�휓)�푑�푥

≤ �푡[∫
�푄

�����푢�휆(�푥) − �푢�휆(�푦)�����푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))�����푥 − �푦�����푛+�푝�푠 �푑�푥�푑�푦

+ ∫
�푄

�����푢�휆(�푥) − �푢�휆(�푦)�����푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))�����푥 − �푦�����푛+�푞�푠 �푑�푥�푑�푦

− �휆∫
Ω
�푏(�푥)�푢�훽

�휆�휓�푑�푥 − ∫
Ω
�푎(�푥)�푢−�훾

�휆 �휓�푑�푥]
− �푡∫

�푄��

�����푢�휆(�푥) − �푢�휆(�푦)�����푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))�����푥 − �푦�����푛+�푝�푠 �푑�푥�푑�푦

− �푡∫
�푄��

�����푢�휆(�푥) − �푢�휆(�푦)�����푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))�����푥 − �푦�����푛+�푞�푠 �푑�푥�푑�푦,

(48)

∫
�푄��

�����푢�휆(�푥) − �푢�휆(�푦)�����푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))
�����푥 − �푦�����푛+�푝�푠

�푑�푥�푑�푦 → 0, �푡 → 0+,

(49)

∫
�푄��

�����푢�휆(�푥) − �푢�휆(�푦)�����푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))
�����푥 − �푦�����푛+�푞�푠

�푑�푥�푑�푦 → 0, �푡 → 0+.

(50)

∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)
�儨�儨�儨�儨
�푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))

�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨
�푛+�푝�푠 �푑�푥�푑�푦

+ ∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)
�儨�儨�儨�儨
�푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))

�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨
�푛+�푞�푠 �푑�푥�푑�푦

− �휆∫
Ω
�푏(�푥)�푢�훽

�휆�휓�푑�푥 − ∫
Ω
�푎(�푥)�푢−�훾

�휆 �휓�푑�푥 ≥ 0, ∀�휓 ∈ �푊�푠,�푝
0 (Ω).

Lemma 9. �e minimizer �푢�휆 ∈ N +
�휆 (Ω) is a weak solution of 

problem (1). Moreover, �푢�(�푥) > 0 for each �푥 ∈ Ω.

Proof. Firstly, we prove that �푢�휆 ∈ N +
�휆 (Ω) is a weak solution 

of (1). From Lemma 8, we derive that for any �휙 ∈ �푊�푠,�푝
0 (Ω), 

�휙 ≥ 0 and �푡 ∈ (0, �푇].

Letting �푡 → 0+, we infer that

From Fatou’s Lemma, we have

Together with (42) with (43), it yields

For any given �휓 ∈ �푊�푠,�푝
0 (Ω), taking

(42)

0 ≤ J�휆(�푢�휆 + �푡�휙) − J�휆(�푢�휆)
�푡

= 1
�푝�푡∫�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦) + �푡(�휙(�푥) − �휙(�푦))�儨�儨�儨�儨�푝 − �儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푝�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푁+�푞�푠 �푑�푥�푑�푦

+ 1
�푞�푡∫�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦) + �푡(�휙(�푥) − �휙(�푦))�儨�儨�儨�儨�푞 − �儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푞�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푁+�푞�푠 �푑�푥�푑�푦

− 1
1 − �훾∫Ω

�푎(�푥)
�儨�儨�儨�儨�푢�휆 + �푡�휙�儨�儨�儨�儨1−�훾 − �儨�儨�儨�儨�푢�휆

�儨�儨�儨�儨1−�훾
�푡 �푑�푥

− �휆
1 + �훽∫Ω

�푏(�푥)
�儨�儨�儨�儨�푢�휆 + �푡�휙�儨�儨�儨�儨1+�훽 − �儨�儨�儨�儨�푢�휆

�儨�儨�儨�儨1+�훽
�푡 �푑�푥.

(43)

1
1 − �훾 lim inf

�푡→0+
∫

Ω
�푎(�푥)

�儨�儨�儨�儨�푢�휆 + �푡�휙�儨�儨�儨�儨 − �儨�儨�儨�儨�푢�휆
�儨�儨�儨�儨1−�훾

�푡 �푑�푥

≤ ∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휙(�푥) − �휙(�푦))
�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푝�푠

�푑�푥�푑�푦

+ ∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휙(�푥) − �휙(�푦))
�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푞�푠

�푑�푥�푑�푦

− �휆∫
Ω
�푏(�푥)�푢�훽

�휆�휙�푑�푥.

(44)

∫
Ω
�푎(�푥)�푢−�훾

�휆 �휙�푑�푥 ≤ 1
1 − �훾 lim inf

�푡→0+
∫

Ω
�푎(�푥)

�����푢�휆 + �푡�휙����1−�훾 − �����푢�휆
����1−�훾

�푡 �푑�푥.

(45)

∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휙(�푥) − �휙(�푦))
�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푝�푠

�푑�푥�푑�푦

+ ∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휙(�푥) − �휙(�푦))
�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푞�푠

�푑�푥�푑�푦

− �휆∫
Ω
�푏(�푥)�푢�훽

�휆�휙�푑�푥 − ∫
Ω
�푎(�푥)�푢−�훾

�휆 �휙�푑�푥 ≥ 0.

(46)�휙 = (�푢�휆 + �푡�휓)+ ∈ �푊�푠,�푝
0 (Ω), �휙 ≥ 0
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Since �휓 ∈ �푊�푠,�푝
0 (Ω) is arbitrary, replacing � by −� in above 

inequality, one obtains

�us

(51)

∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)
�儨�儨�儨�儨
�푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))

�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨
�푛+�푝�푠 �푑�푥�푑�푦

+ ∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)
�儨�儨�儨�儨
�푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))

�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨
�푛+�푞�푠 �푑�푥�푑�푦

− �휆∫
Ω
�푏(�푥)�푢�훽

�휆�휓�푑�푥 − ∫
Ω
�푎(�푥)�푢−�훾

�휆 �휓�푑�푥 ≤ 0, ∀�휓 ∈ �푊�푠,�푝
0 (Ω). Hence, �� is a weak solution of (1).

Secondly, we prove that �푢� > 0 for almost each �푥 ∈ Ω. Since 
J�(�푢�) = �푐 < 0 , we get �푢� ≥ 0 and �푢� ̸= 0. Let �푒1 ∈ �푊�푠,�푝

0 (Ω) 
be the first eigenfunction of the operator (−Δ)�� with �푒1 > 0 
and ‖�푒1‖ = 1. Taking �휓 = �푒1 in (51), one gets

(52)

∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)
�儨�儨�儨�儨
�푝−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))

�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨
�푛+�푝�푠 �푑�푥�푑�푦

+ ∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)
�儨�儨�儨�儨
�푞−2(�푢�휆(�푥) − �푢�휆(�푦))(�휓(�푥) − �휓(�푦))

�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨
�푛+�푞�푠 �푑�푥�푑�푦

− �휆∫
Ω
�푏(�푥)�푢�훽

�휆�휓�푑�푥 − ∫
Ω
�푎(�푥)�푢−�훾

�휆 �휓�푑�푥 = 0, ∀�휓 ∈ �푊�푠,�푝
0 (Ω).

(53)

∫
Ω
�푎(�푥)�푢−�훾

�휆 �푒1�푑�푥 ≤ (∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푝−1�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푝�푠
�푑�푥�푑�푦)

(�푝−1)/�푝

⋅ (∫
�푄

�儨�儨�儨�儨�푒1(�푥) − �푒1(�푦)�儨�儨�儨�儨�푝�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푝�푠
�푑�푥�푑�푦)

1/�푝

+ (∫
�푄

�儨�儨�儨�儨�푢�휆(�푥) − �푢�휆(�푦)�儨�儨�儨�儨�푞−1�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푞�푠
�푑�푥�푑�푦)

(�푞−1)/�푞

⋅ (∫
�푄

�儨�儨�儨�儨�푒1(�푥) − �푒1(�푦)�儨�儨�儨�儨�푞�儨�儨�儨�儨�푥 − �푦�儨�儨�儨�儨�푛+�푞�푠
�푑�푥�푑�푦)

1/�푞

+ �휆�̄푏(∫
Ω

�儨�儨�儨�儨�푢�휆
�儨�儨�儨�儨�푝

∗
�푠 �푑�푥)

�훽/�푝∗
�푠 ⋅ (∫

Ω

�儨�儨�儨�儨�푒1�儨�儨�儨�儨�푝
∗
�푠 /(�푝∗

�푠 −�훽)�푑�푥)
(�푝∗

�푠 −�훽)/�푝∗
�푠

= �儩�儩�儩�儩�푢�휆
�儩�儩�儩�儩(�푝−1)/�푝�儩�儩�儩�儩�푒1�儩�儩�儩�儩1/�푝 + �儩�儩�儩�儩�푢�휆

�儩�儩�儩�儩(�푞−1)/�푞�儩�儩�儩�儩�푒1�儩�儩�儩�儩1/�푞 + �휆�̄푏�儩�儩�儩�儩�푢�휆
�儩�儩�儩�儩�훽�푝∗

�푠
(∫

Ω

�儨�儨�儨�儨�푒1�儨�儨�儨�儨�푝∗
�푠 /(�푝∗

�푠 −�훽)�푑�푥)(�푝∗
�푠 −�훽)/�푝∗

�푠

≤ �儩�儩�儩�儩�푢�휆
�儩�儩�儩�儩(�푝−1)/�푝�儩�儩�儩�儩�푒1�儩�儩�儩�儩1/�푝 + �儩�儩�儩�儩�푢�휆

�儩�儩�儩�儩(�푞−1)/�푞�儩�儩�儩�儩�푒1�儩�儩�儩�儩1/�푞 + �휆�̄푏�푆−�훽/�푝�푝
�儩�儩�儩�儩�푢�휆

�儩�儩�儩�儩�훽[(∫
Ω
�푑�푥)(�푝∗

�푠 −�훽−1)/(�푝∗
�푠 −�훽) ⋅ (∫

Ω

�儨�儨�儨�儨�푒1�儨�儨�儨�儨�푝∗
�푠 �푑�푥)1/(�푝∗

�푠 −�훽)]
(�푝∗

�푠 −�훽)/�푝∗
�푠

= �儩�儩�儩�儩�푢�휆
�儩�儩�儩�儩(�푝−1)/�푝�儩�儩�儩�儩�푒1�儩�儩�儩�儩1/�푝 + �儩�儩�儩�儩�푢�휆

�儩�儩�儩�儩(�푞−1)/�푞�儩�儩�儩�儩�푒1�儩�儩�儩�儩1/�푞 + �휆�̄푏�푆−�훽/�푝�푝 ‖Ω‖(�푝∗
�푠 −�훽−1)/�푝∗

�푠 �儩�儩�儩�儩�푢�휆
�儩�儩�儩�儩�훽�儩�儩�儩�儩�푒1�儩�儩�儩�儩�푝∗

�푠

≤ �儩�儩�儩�儩�푢�휆
�儩�儩�儩�儩(�푝−1)/�푝�儩�儩�儩�儩�푒1�儩�儩�儩�儩1/�푝 + �儩�儩�儩�儩�푢�휆

�儩�儩�儩�儩(�푞−1)/�푞�儩�儩�儩�儩�푒1�儩�儩�儩�儩1/�푞 + �휆�̄푏�푆−(1+�훽)/�푝�푝 |Ω|(�푝∗
�푠 −�훽−1)/�푝∗

�푠 �儩�儩�儩�儩�푢�휆
�儩�儩�儩�儩�훽�儩�儩�儩�儩�푒1�儩�儩�儩�儩 < ∞,

which implies that �푢� > 0 for almost every �푥 ∈ Ω. �is com-
pletes the proof of Lemma 9. ☐

Lemma 10. Assume that (H1) and (H2) hold with �푝 < 1 + �훽. 
�en there exists �휆2 > 0 such that for any �휆 ∈ (0, �휆2), one has 
N 0

�휆 (Ω) = {0}. Moreover, N −
�휆 (Ω) is closed in �푊�푠,�푝

0 (Ω)for all 
�휆 ∈ (0, �휆2).

Proof. If not, there is a �푢0 ∈ N 0
�휆 (Ω) with �����푢0

���� ̸= 0. �en by 
the definition of N 0

�휆 (Ω), we get

which implies that
(54)

(�푝 + �훾 − 1)[�푢0]�푝�푠,�푝 ≤ (�푝 + �훾 − 1)[�푢0]�푝�푠,�푝 + (�푞 + �훾 − 1)[�푢0]�푞�푠,�푞
= �휆(�훽 + �훾)∫

Ω
�푏(�푥)�儨�儨�儨�儨�푢0

�儨�儨�儨�儨1+�훽�푑�푥,

(55)

�儩�儩�儩�儩�푢0
�儩�儩�儩�儩�푝 = [�푢0]�푝�푠,�푝 ≤ �휆(�훽 + �훾)

�푝 + �훾 − 1∫Ω
�푏(�푥)�儨�儨�儨�儨�푢0

�儨�儨�儨�儨1+�훽�푑�푥
≤ �휆�푏(�훽 + �훾)

�푝 + �훾 − 1 |Ω|(�푝∗
�푠 −1−�푝)/�푝∗

�푠 �푆−(1+�훽)/�푝�푝
�儩�儩�儩�儩�푢0

�儩�儩�儩�儩1+�훽,

and so

On the other hand, from the definition of N 0
�휆 (Ω), we can 

obtain

By using the Hölder inequalities and (7), we have by (57) 
that

which implies that

(56)�儩�儩�儩�儩�푢0
�儩�儩�儩�儩 ≥ ( �푝 + �훾 − 1�휆�푏(�훽 + �훾) |Ω|(�푝+1−�푝∗

�푠 )/�푝∗
�푠 �푆(1+�훽)/�푝�푝 )1/(1+�훽−�푝).

(57)
(�훽 + 1 − �푝)[�푢0]�푝�푠,�푝 + (�훽 + 1 − �푞)[�푢0]�푞�푠,�푞

= (�훽 + �훾)∫
Ω
�푎(�푥)�儨�儨�儨�儨�푢0

�儨�儨�儨�儨1−�훾�푑�푥, �푢0 ∈ N 0
�휆 (Ω).

(58)

(�훽 + 1 − �푝)[�푢0]�푝�푠,�푝 ≤ (�훽 + 1 − �푝)[�푢0]�푝�푠,�푝
+ (�훽 + 1 − �푞)[�푢0]�푞�푠,�푞 = (�훽 + �훾)∫

Ω
�푎(�푥)�儨�儨�儨�儨�푢0

�儨�儨�儨�儨1−�훾�푑�푥
≤ (�훽 + �훾)‖�푎‖�푝∗

�푠 /(�푝∗
�푠 −1+�훾)�푆−(1−�훾))/�푝�푝

�����푢0
����1−�훾,
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With the help of inequalities (61) and (65), for any �푢 ∈ N −
�휆 (Ω), 

we get that

Direct calculations show that

which contradicts the fact �휆(�푝+�훾−1)/(1+�훽−�푝)(�훽+�훾) → 0 as �휆 → 0+.  
We complete the proof of Lemma 11. ☐

Lemma 12. Assume that (H1) and (H2) hold with 
�푝 < 1 + �훽. �en there exists �휆4 > 0 small enough such that 
for each �휆 ∈ (0, �휆4), there exists �푣�휆 ∈ N −

�휆 (Ω) satisfying 
J�휆(�푣�휆) = �푚�휆 = inf�푢∈N −

�휆 (Ω)J�휆(�푢). Furthermore, �� is a weak 
positive solution of problem (1).

Proof. From Lemma 4, J� is coercive on N�(Ω), and it is 
also true for N −

�휆 (Ω). If sequence {�푣�푛} ⊂ N −
�휆 (Ω) satisfying 

J�휆(�푣�푛) → �푚�휆 = inf�푢∈N −
�휆 (Ω)J�휆(�푢) as �푛 → ∞. By using the 

coercive of J�, we can get {�푣�} is bounded in N −
�휆 (Ω). Hence, we 

may assume that �� ⇀ �� weakly as �푛 → ∞ in N −
�휆 (Ω). Since 

N −
�휆 (Ω) is completed in �푊�푠,�푝

0 (Ω) (Lemma 10), it follows from 
the same arguments as in proving the existence of minimizer 
�� (Lemma 6) and the compactness of the embedding 
�푊�푠,�푝

0 (Ω) → �퐿1+�훽(Ω) (�훽 < �푝∗
�푠 − 1) we get �푣�휆 ∈ N −

�휆 (Ω) is the 
minimizer of J�. Furtherover, similar to the proof of weak 
positive solution �� as in Lemma 9, one can prove that 
�푣�휆 ∈ �푊�푠,�푝

0 (Ω) is also a weak positive solution for problem (1). 
�e proof is complete. ☐

Theorem 13. Let 0 < �훾 < 1 ≤ �푞 < �푝 < 1 + �훽 < �푝∗
�푠 . Assume 

that (H1) and (H2) hold. �en there exists a positive number 
�∗ such that for each �휆 ∈ (0, �휆∗) problem (1) possesses at least 
two weak positive solution ��,�푣�휆 ∈ �푊�푠,�푝

0 (Ω).

Proof. Let �휆∗ = min{�휆1, �휆2, �휆3, �휆4}. Obviously, Lemma  3 
and Lemma 12 are true for all �휆 ∈ (0, �휆∗). Thus, it 
follows from Lemma 9 and Lemma 12 that �� and �� are 
the weak positive solutions of problem (1). The proof is 
complete. ☐

(65)

‖v‖�푝∗
�푠
< ( (1 + �훽)(�푝 + �훾 − 1)

�휆 −�푏 (1 − �훾)(�훽 + 1 − �푝) |Ω|(1+�훽−�푝∗
�푠 )/�푝∗

�푠 ‖�푎‖�푝∗
�푠 /(�푝∗

�푠 −1+�훾))
1/(�훽+�훾)

.

(66)

( �푝 + �훾 − 1
�̄푏�휆(�훽 + �훾)�푆�푝|Ω|(1+�훽−�푝∗

�푠 )/�푝∗
�푠 )

1/(1+�훽−�푝)

≤ ‖�푢‖�푝∗
�푠

< ( (1 + �훽)(�푝 + �훾 − 1)
�휆�̄푏(1 − �훾)(�훽 + 1 − �푝) |Ω|(1+�훽−�푝∗

�푠 )/�푝∗
�푠 ‖�푎‖�푝∗

�푠 /(�푝∗
�푠 −1+�훾))

1/(�훽+�훾).

(67)

(�푝 + �훾 − 1/�̄푏(�훽 + �훾) ⋅ �푆�푝|Ω|(1+�훽−�푝
∗
�푠 )/�푝∗

�푠 )1/(1+�훽−�푝)

((1 + �훽)(�푝 + �훾 − 1)/�̄푏(1 − �훾)(�훽 + 1 − �푝) ⋅ |Ω|(1+�훽−�푝
∗
�푠 )/�푝∗

�푠 ‖�푎‖�푝∗
�푠 /(�푝∗

�푠 −1+�훾))
1/(�훽+�훾)

< �휆(�푝+�훾−1)/((1+�훽−�푝)(�훽+�훾)),

If �휆 > 0 is sufficiently small, however, (55) contradicts to (58). 
Hence, we conclude that there exists �휆2 > 0 such that 
N 0

�휆 (Ω) = {0} for �휆 ∈ (0, �휆2).
Let {�푢�푛} ⊂ N −

�휆 (Ω) be a sequence satisfying ��푛 → �∗ in the 
�푊�푠,�푝

0 (Ω). By using the Sobolev inequalities and continuous 
compact embedding, we have ��푛 → �∗ in �퐿1+�훽(Ω) and 
�푢∗ ∈ N −

�휆 (Ω) ∪N 0
�휆 (Ω). From the definition of N −

�휆 (Ω), we 
obtain that

that is,

which yields �푢∗ ̸= 0, i.e., �푢∗ ∈ N −
�휆 (Ω). �e proof of this 

Lemma is completed. ☐

Lemma 11. Assume that (H1) and (H2) hold with �푝 < 1 + �훽. 
�en there exists �휆3 > 0, such that J�(�푢) ≥ 0, for each 
�푢 ∈ N −

�휆 (Ω) while �휆 ∈ (0, �휆3).

Proof. If not, there is a �푣 ∈ N −
�휆 (Ω) such that J�(�푣) < 0. 

�en

By (62) and the definition of N −
�휆 (Ω), it follows that

Combining with (18) and (22), we get

which implies that

(59)
�儩�儩�儩�儩�푢0

�儩�儩�儩�儩 ≤ ( �훽 + �훾�훽 + 1 − �푝‖�푎‖�푝∗
�푠 /(�푝∗

�푠 −1+�훾)�푆−(1−�훾)/�푝�푝 )1/(�푝+�훾−1).

(60)

�̄푏�휆(�훽 + �훾)|Ω|(�푝∗
�푠 −1−�훽)/�푝∗

�푠 �儩�儩�儩�儩�푢∗
�儩�儩�儩�儩1+�훽�푝∗

�푠
≥ �̄푏�휆(�훽 + �훾)�儩�儩�儩�儩�푢∗

�儩�儩�儩�儩1+�훽1+�훽

≥ �휆(�훽 + �훾)∫
Ω
�푏(�푥)�儨�儨�儨�儨�푢∗

�儨�儨�儨�儨1+�훽�푑�푥
> (�푝 + �훾 − 1)[�푢∗]�푝�푠,�푝
+ (�푞 + �훾 − 1)[�푢∗]�푞�푠,�푞 ≥ (�푝 + �훾 − 1)�儩�儩�儩�儩�푢∗

�儩�儩�儩�儩�푝
≥ (�푝 + �훾 − 1)�푆�푝�儩�儩�儩�儩�푢∗

�儩�儩�儩�儩�푝�푝∗
�푠

(61)�儩�儩�儩�儩�푢∗
�儩�儩�儩�儩�푝∗

�푠
≥ ( �푝 + �훾 − 1

�̄푏�휆(�훽 + �훾)�푆�푝|Ω|(1+�훽−�푝∗
�푠 )/�푝∗

�푠 )1/(1+�훽−�푝)

> 0

(62)

1�푝([�푣]�푝�푠,�푝 + [�푣]�푞�푠,�푞) − 11 − �훾∫Ω
�푎(�푥)|�푣|1−�훾�푑�푥

− �휆1 + �훽∫Ω
�푏(�푥)|�푣|1+�훽�푑�푥

≤ 1�푝[�푣]�푝�푠,�푝 + 1�푞[�푣]�푞�푠,�푞 − 11 − �훾∫Ω
�푎(�푥)|�푣|1−�훾�푑�푥

− �휆1 + �훽∫Ω
�푏(�푥)|�푣|1+�훽�푑�푥 < 0.

(63)
�휆( 1

�푝 − 1
1 + �훽)∫Ω

�푏(�푥)|�푣|1+�훽�푑�푥 − ( 1
1 − �훾 − 1

�푝)∫Ω
�푎(�푥)|�푣|1−�훾�푑�푥 < 0.

(64)

�휆�̄푏( 1
�푝 − 1

1 + �훽)|Ω|(�푝∗
�푠 −1−�훽)/�푝∗

�푠 ‖v‖1+�훽�푝∗
�푠

< ( 11 − �훾 − 1�푝)‖�푎‖�푝∗
�푠 /(�푝∗

�푠 −1+�훾)‖v‖1−�훾�푝∗
�푠
,
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matical Society, vol. 34, pp. 155–167, 2019.
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vol. 32, no. 4, pp. 5003–5010, 2018.
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to the fractional Sobolev spaces,” Bulletin of Mathematical 
Science, vol. 136, no. 5, pp. 521–573, 2012.

[12]  G. Autuori and P. Pucci, “Elliptic problems involving the 
fractional Laplacian in ℝN,” Journal of Differential Equations, 
vol. 255, no. 8, pp. 2340–2362, 2013.

[13]  G. Molica Bisci, V. D. Radulescu, and R. Servadei, Variational 
Methods for Nonlocal Fractional Problems, vol. 162, Cambridge 
University Press, Cambridge, 2016.

[14]  F. Behboudi and A. Razani, “Two weak solutions for a singular 
(p; q)-Laplacian problem,” Filomat, 2019, In press.

[15]  F. Abdolrazaghi and A. Razani, “On the weak solutions of an 
overdetermined system of nonlinear fractional partial integro-
differential equations,” Miskolc Mathematical Notes, vol. 20,  
no. 1, pp. 3–16, 2019.

[16]  Y. Fang, “Existence, uniqueness of positive solution to a 
fractional Laplacians with singular nonlinearity,” Mathematics 
preprint, 2014, https://arxiv.org/abs/1403.3149.

[17]  V. Ambrosio and T. Isernia, “Multiplicity and concentration 
results for some nonlinear Schrodinger equations with the 
fractional p-Laplacian,” Discrete & Continuous Dynamical 
System, vol. 38, no. 11, pp. 5835–5881, 2018.

[18]  J. Mawhin and G. Molica Bisci, “A Brezis-Nirenberg type 
result for a nonlocal fractional operator,” Journal of London 
Mathematical Society, vol. 95, no. 1, pp. 73–93, 2017.

[19]  P. Pucci, M. Xiang, and B. Zhang, “Multiple solutions for 
nonhomogeneous Schrodinger–Kirchhoff type equations 
involving the fractional p-Laplacian in ℝN,” Calculus of 
Variations and Partial Differential Equations, vol. 54, no. 3,  
pp. 2785–2806, 2015.

[20]  A. Di Castro, T. Kuusi, and G. Palatucci, “Local behavior of 
fractional p-minimizers,” Annals of Henri Poincare Institute: 
Nonlinear Analysis, vol. 33, no. 5, pp. 1279–1299, 2016.

[21]  C. Chen and J. Bao, “Existence, nonexistence, and multiplicity 
of solutions for the fractional p & q-Laplacian equation in ℝN,” 
Boundary Value Problem, vol. 2016, Article ID 153, p. 16, 2016.

[22]  V. Ambrosio, “Fractional p & q Laplacian problems in ℝN with 
critical growth,” https://arxiv.org/abs/1801.10449.

[23]  V. Ambrosio and T. Isernia, “On a fractional p & q Laplacian 
problem with critical Sobolev-Hardy exponents,” Mediterranean 
Journal of Mathematics, vol. 15, no. 6, pp. 1–17, 2018.

[24]  S. H. Rasouli and M. Fani, “An existence result for p-Kirchhoff-
type problems with singular nonlinearity,” Applied Mathematics 
E-Notes, vol. 18, pp. 62–68, 2018.

[25]  P. Drabek and S. I. Pohozaev, “Positive solutions for the  
p-Laplacian: application of the fibering method,” Proceedings of 
the Royal Society of Edinburgh Section A: Mathematics, vol. 127, 
no. 4, pp. 703–726, 1997.

4. Conclusions

In this paper, the existence and multiplicity of positive solu-
tions for a class of fractional � & � Laplacian problem with 
singular nonlinearity have been investigated. It is worthy to 
point out that few studies have been done on this issue. By 
means of the variational method, Nehari manifold method 
and some analysis techniques, the sufficient conditions of 
existence and multiplicity of positive solutions to this problem 
have been presented in �eorem 13. Our results generalize the 
main conclusions of Wang and Zhang in [1].
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