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In order to obtain an effective method for solving route travel time reliability, this paper proposes an effective new method to
calculate travel time reliability using an independent link travel time function. Based on several months of historical data, the
results show that the Edgeworth expansion can better reflect travel time distribution law. In addition, travel time reliability can
be calculated more conveniently by combining an approximate discretization algorithm and an empirical distribution function.

1. Introduction

Urban development has made traffic congestion increasingly
severe, resulting in a high demand for a reliable transporta-
tion system. However, there are many stochastic factors that
affect the systems, such as traffic congestion and road main-
tenance. These factors highlight the importance of a reliable
transportation network. At present, the research on traffic
network reliability mainly includes connectivity, travel time,
and road network capacity. Travel time reliability is particu-
larly important: it allows travelers to measure travel efficiency
and perceive travel quality. The value of time is increasing
and people are demanding shorter travel times. To achieve
this, more attention must be paid to the volatility and reliabil-
ity of travel time. The study of travel time reliability is of great
significance for evaluating road network operations and
improving travel quality.

Asakura and Kashiwadani proposed the concept of travel
time reliability in 1991 [1]. Subsequently, scholars in different
countries continue to develop this concept using time index,
time delay index, and other indicators. In general, it is accept-
able to use the probability measure function to calculate
travel time reliability. Emam and Al-Deek estimated travel
time reliability using data comprising the number and speed
of vehicles provided by a coil detector on a highway in
Orlando, Florida. They then assessed the goodness of fit
using Weibull, exponential, lognormal, and Gaussian distri-

butions. The results showed that the lognormal distribution
was optimal for estimating reliability [2]. Wang et al. noted
that travel behavior was impacted by travel time, travel time
reliability, and monetary cost. Using these factors, she estab-
lished the biobjective user equilibrium model of travel time
reliability [3]. Bhouri and Aron studied factors that impacted
travel reliability, such as hypersensitive reactions (e.g., tachy-
cardia) on highways in France [4]. Hojatia et al. identified
nonrecurring congestion using sudden time and location.
The tobit model, which is based on extra buffer time, studies
the impact of traffic accidents on travel time [5]. Hou and
Tan established models for highway networks based on the
Monte Carlo simulation to calculate the postearthquake con-
nectivity reliability [6]. Among others, Tao and Zhang con-
sidered travel time reliability for multimodal transportation
networks composed of commuters and cars [7]. Pan et al.
addressed the dynamic networks to determine and control
the risk of stochastic travel times. Then, they used optimiza-
tion theory to develop algorithms to solve the problem [8].

The literature review revealed that most of the current
research on travel time reliability determines the distribution
function for travel time and establishes the reliability model.
The function uses road and travel time statistics to determine
the travel time distribution law. Travel time reliability is
mainly used in analytical and simulation methods. Using his-
torical data from a highway in Shanghai, this paper explores a
new analytical method to solve for travel time reliability.
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2. The Concept of Travel Time Reliability

Travel time reliability is defined as the probability of com-
pleting a trip during traffic within a specified travel time.
The basic equation is

R tð Þ = P T ≤ t0ð Þ: ð1Þ

In the equation above, RðtÞ is the travel time reliability within
designated sections, routes, or OD (Origin and Destination)
pairs in a certain period of time; T is the travel time within
them; and t0 is the specified travel time threshold. If the prob-
ability density function for the travel time of sections, routes,
and OD pairs is f ðtÞ, and the travel time distribution func-
tion is Fðt0Þ, then (1)

R tð Þ = P t ≤ t0ð Þ =
ðt0
0
f tð Þdt = F t0ð Þ: ð2Þ

3. Solving for Route Travel Time Reliability

Assume that a route L consists of two sections (a1 and a2) in
series, the travel times of sections a1 and a2 are X1 and X2,
respectively, and the joint density function of X1 and X2 is
f ðx1, x2Þ. The travel time of route L is Y . The probability
distribution function of Y = x1 + x2 should be obtained first.
The travel time reliability is then calculated using (2).

By definition, the distribution function of travel time
Y = x1 + x2 is

FY Y ≤ yð Þ = P X1 + X2 ≤ yð Þ =∬
D
f x1, x2ð Þdx1dx2, ð3Þ

when X1 and X2 are independent, assuming that the edge
density of f ðx1, x2Þ, with respect to X1 and X2, is f x1ðx1Þ
and f x2ðx2Þ. Then, the probability density function of route
travel time (Y = x1 + x2) becomes

f Y yð Þ =
ð∞
−∞

f x1 y − x2ð Þf x2 x2ð Þdx2 ð4Þ

or

f Y yð Þ =
ð∞
−∞

f x1 x1ð Þf x2 y − x1ð Þdx1: ð5Þ

The distribution function is

FY yð Þ =
ðy
−∞

ð∞
−∞

f x1 x1ð Þf x2 y − x1ð Þdx1dz
�

ð6Þ

or

FY yð Þ =
ðy
−∞

ð∞
−∞

f x1 y − x2ð Þf x2 x2ð Þdx2dz: ð7Þ

3.1. Discrete Approximation Using an Empirical Distribution
Function. If the travel time distribution function, FðtÞ, and
the probability density function, f ðtÞ, cannot be expressed

in a formula, they can be approximated using empirical dis-
tribution.We can use the empirical distribution of travel time
to calculate reliability. The travel time of continuous vari-
ables is treated as discrete variables.

As shown in Figure 1, if the time interval of study is
½a, b�, t ∈ ½a, b�, the time interval ½a, b� is divided into two
subareas: ½a, b� = ∪m

1 ½αi, βi� and Δi = ½αi, βi�. The probability
of travel time in ½αi, βi� is recorded as pðiÞ, then pðiÞ =
pðαi ≤ t ≤ βiÞ = FðβiÞ − FðαiÞ. The travel time reliability of
continuous variables can be approximated by a series of
discrete values:

R tð Þ = P t ≤ t0ð Þ =
ðt0
0
f tð Þdt ≈ 〠

m

i=1
p ið Þ: ð8Þ

The travel time probability distribution of the two sec-
tions can be discretized using (8). Equation Pðx1 = i, x2 = jÞ
calculates the probability of travel times X1and X2 being less
than i and X2 are independent,

P x1 = i, x2 = jð Þ = P x1 = ið Þ × P x2 = jð Þ: ð9Þ

Then, the probability of route travel time, r, is

P Y = rð Þ = 〠
r

i=1
P x1 = i, x2 = r − ið Þ: ð10Þ

The reliability of route travel time not exceeding t is

R Y ≤ tð Þ = P Y ≤ tð Þ = 〠
t

r=1
〠
r

i=0
P x1 = i, x2 = r − ið Þ

�〠
m

r=1
〠
r

i=0
P x1 = ið ÞP x2 = r − ið Þ:

ð11Þ

3.2. Edgeworth Asymptotic Expansion Series Approximation
Using Density Function. Since the urban traffic system is
complex, the law of travel time distribution is becoming less
and less obvious. If the distribution of travel time cannot
be expressed by known functions, we can use series expan-
sion to approximate the distribution function and calculate
travel time reliability. The Edgeworth expansion series
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Figure 1: Discretization of empirical distribution of time travel.
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approximates the characteristic equation of the distribu-
tion function using FðtÞ. The density function, f ðtÞ, is
another known distribution extension of the characteristic
equation. The normal distribution is commonly selected and
then passed through the inverse transformation of Fourier’s
equation. This obtains characteristic equation FðtÞ. To
understand the main process, refer to references [9–11].

The Edgeworth expansion for probability density func-
tion was used to calculate travel time reliability. If the ran-
dom variable travel time is t, the mean value is μ, and the
variance is σ2, and if y = ðt − uÞ/σ, then the probability den-
sity function is

p yð Þ = φ yð Þ 1 + κ3
3! H3 yð Þ + κ4

4! H4 yð Þ
�

+ 10κ23
6! H6 yð Þ + κ5

5! H5 yð Þ + 35κ3κ4
7! H7 yð Þ+⋯

�
:

ð12Þ

In this equation, ϕðyÞ is the standard normal distribu-
tion density function. The Hermite orthogonal polynomial,
HiðyÞ, H0ðyÞ = 1,H1ðyÞ = y,H2ðyÞ = y2 − 1,H3ðyÞ = y3 − 3y,
H4ðyÞ = y4 − 6y2 + 3⋯;

Hn yð Þ = −1ð Þne−y2/2 dn

dyn
ey

2/2

= yn 〠
n/2

k=1
−1ð Þk 2k − 1ð Þ!!C2k

n yn−2k,

= μ1,

ð13Þ

κ2 = μ2 − μ21,
κ3 = μ3 − 3μ1μ2 + 2μ31,

ð14Þ

κ4 = μ4 − 3μ22 − 4μ1μ3 + 12μ21μ2 − 6μ41,⋯: ð15Þ

uk is the k-order moment estimator that can be calculated
using actual observations.

Taking the four items ahead, (12) can be simplified to

p yð Þ = φ yð Þ 1 + s
3! y3 − 3y
� �h i

: ð16Þ

In this equation, ϕðyÞ is the standard normal distribution
probability density function and s is the deviation of travel
time. The corresponding distribution function is

F yð Þ = φ yð Þ − s
3! ϕ yð Þ y2 − 1

� �h i
ð17Þ

In practice, the convergence of the Edgeworth expansion
of probability density function is often neglected. The numer-
ical experiments show that it can fulfill accuracy require-
ments. Specific details can be found in references [10, 11].

In (12), κiand μi are constants. Equation (12) can be
simplified to

p yð Þ = φ yð Þ 〠
∞

i=0
aiy

i

 !
: ð18Þ

After the travel time probability density of the road sec-
tion is obtained using equation (13), the route travel time
reliability can be calculated using discrete approximation
(Section 3.1) if the section travel time are independent. If
the asymptotic expression of the travel time density function
of the two sections is

p x1ð Þ = φ x1ð Þ 〠
∞

i=0
aix1

i

 !
,

p x2ð Þ = φ x2ð Þ 〠
∞

i=0
bix2

i

 !
:

ð19Þ

Then, the probability density function of y = x1 + x2 is

f Y yð Þ =
ð∞
−∞

px1 y − x2ð Þpx2 x2ð Þdx2

=
ð∞
−∞

φ y − x2ð Þ 〠
∞

i=0
ai y − x2ð Þi

 !
φ x2ð Þ 〠

∞

i=0
bix2

i

 !
dx2,

ð20Þ

F Yð Þ =
ðy
−∞

ð∞
−∞

φ z − x2ð Þ 〠
∞

i=0
ai z − x2ð Þi

 !
φ x2ð Þ 〠

∞

i=0
bix2

i

 !
dx2dz:

ð21Þ
Equation (21) can be used to calculate the reliability of

path travel time.

4. Empirical Research

Existing literature has revealed the diversity and uncertainty
of travel time

distribution. The current distribution function is still
unable to describe many cases. Empirical research was con-
ducted using the travel time distribution of the Shanghai
Outer Ring Expressway at typical peak hour (8:00–9:30 and
17:00–18:30) from May 1st to July 31st, 2015. As shown
in Figure 2, the Edgeworth series curve approximation
(blue line) for the density function of the on-ramps from
Wuzhong Road to Caobao Road is compared with their
respective histograms. During rush hour, the saturation flow
is close to or already at maximum, and the travel time fluctu-
ation range is large; compared to normal distribution, there is
a certain degree of deviation marked by s1 and s2. The peak
values are at s1 = 1:07 and s2 = 1:93 for morning travel times.
The evening rush hour curve deviates to the left.

Compared with normal distribution, the Edgeworth
expansion better reflects the distribution law of travel time.
By calculating the absolute error between expected probabil-
ity of the normal distribution, the expected probability of
Edgeworth expansion, and the actual frequency of travel
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time, to compare the accuracy of travel time reliability, the
differences are described using the maximum absolute error,
the mean absolute error, and the sum of squares for error.
The results are shown in Tables 1 and 2. It can be seen that
the maximum absolute error value of travel time estimated
by the Edgeworth expansion is less than the normal distribu-
tion, and the error between the estimated value of the Edge-
worth expansion and the actual frequency is small. The
accuracy of travel time distribution fitted by the Edgeworth
expansion is higher than that of normal distribution, and
the asymptotic distribution of travel time based on the
Edgeworth expansion.

Using the distribution of section travel time, (21) can be
used to calculate the reliability of travel time.

5. Conclusion

Travel time reliability is of great significance when analyzing
the reliability of urban traffic networks. A new method for
calculating travel time reliability was designed under the

condition that the route travel times were independent.
Based on several months of historical data, the results show
that the Edgeworth expansion series can better reflect the
distribution law of travel time. In addition, travel time reli-
ability can be calculated more conveniently by combining
an approximate discretization algorithm and an empirical
distribution function. However, this method requires sta-
tistical traffic data to determine the empirical distribution
function. The accuracy of the obtained results is closely
related to the division of time interval. The accuracy and
expanded forms of the Edgeworth series approximation
for distribution functions are closely related. However, the
quantitative relationship between its error and expansion
needs to be studied further.
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