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In this article, we explore the concept of the prequasi norm on Nakano special space of sequences (sss) such that its variable
exponent in ð0, 1�. We evaluate the sufficient setting on it with the definite prequasi norm to configuration prequasi Banach and
closed (sss). The Fatou property of different prequasi norms on this (sss) has been investigated. Moreover, the existence of a
fixed point of Kannan prequasi norm contraction maps on the prequasi Banach (sss) and the prequasi Banach operator ideal
constructed by this (sss) and s − numbers have been examined.

1. Introduction

Ideal maps and summability theorems [1–6] are extremely
significant in mathematical models and have more achieve-
ments, such as ideal transformations, normal series, fixed
point theory, geometry of Banach spaces, and approximation
theory. By RN , we mark the spaces of all sequences of real
numbers. We denote the space of all bounded linear maps
from a Banach space Z into a Banach space M by LðZ,MÞ,
and if Z =M, we indicate LðZÞ, the d-th s number by
sdðWÞ [7], the d-th approximation number by αdðWÞ, and
ed = f0, 0,⋯, 1, 0, 0,⋯g, where 1 shows at the dth place, for
every d ∈N = f0, 1, 2,⋯g.

Notations 1. The sets SA, SAðZ,MÞ, SappA and SappA ðZ,MÞ, (cf.
[8]) denote

SA ≔ SA Z,Mð Þf g, where SA Z,Mð Þ

≔ W ∈L Z,Mð Þ: sd Wð Þðð Þ∞d=0 ∈ A
� �

: Also

SappA ≔ SappA Z,Mð Þ� �
, where SappA Z,Mð Þ

≔ W ∈L Z,Mð Þ: αd Wð Þðð Þ∞d=0 ∈ A
� �

: ð1Þ

Let r = ðraÞ ∈ ð0, 1�N , the Nakano sequence space defined
and studied in [9–11] is denoted by:

ℓ rð Þ = v = vað Þ ∈RN : ϕ μvð Þ<∞, for any μ > 0
n o

, ð2Þ

where ϕðvÞ =∑a∈N jvajra : And ðℓðrÞ, k:kÞ is a Banach space,
however, ∥v∥ = inf fκ > 0 : ϕðv/κÞ ≤ 1g: Faried and Bakery
[8] assumed the hypothesis of prequasi operator ideal that
is more established than the quasi operator ideal. Bakery
and Abou Elmatty [9] demonstrated the strictly inclusion of
the prequasi operator ideal SappℓðrÞ, for inconsistent powers. It
was a small prequasi operator ideal. As the literature of the
Banach fixed point theorem [12], many mathematicians cre-
ated on many actions. Haghi et al. [13, 14] showed that some
generalizations in fixed point theory are not real generaliza-
tions and investigated some fixed point generalizations to
partial metric spaces, which are obtained from the corre-
sponding results in metric spaces. Kannan [15] presented a
representation of a class of operators with the same fixed
point actions as contractions nevertheless that fails to be con-
tinuous. They only try to illustrate Kannan maps [16] in
modular vector spaces. The target of this paper is to appraise
the concept of prequasi norm on ℓðrÞ. The Fatou property of
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different prequasi norms on this (sss) has been examined. We
are delving the sufficient set-up on ℓðrÞ equipped with the
definite prequasi norm to pattern prequasi Banach and
closed (sss). The existence of a fixed point of Kannan pre-
quasi norm contraction mapping on the prequasi Banach
(sss) has been given. Finally, the existence of a fixed point
of Kannan prequasi norm contraction mapping on the pre-
quasi Banach operator ideal SðℓðrÞÞϕ has been made current.

2. Definitions and Preliminaries

Definition 2 (see [2]). The linear space of sequences A is
detailed as a special space of sequences (sss), if

eaf ga∈N ⊆A, ð3Þ

(1) A is solid, i.e., let v = ðvaÞ ∈RN , t = ðtaÞ ∈A, and
jvaj ≤ jtaj, for every a ∈N , then v ∈A

(2) ðv½a/2�Þ∞a=0 ∈A, where ½a/2� marks the integral part of

a/2, if ðvaÞ∞a=0 ∈A

Definition 3 (see [8]). A subclass Aϕ of A is definite a pre-

modular (sss), if there is ϕ ∈ ½0,∞ÞA verifying the set-up:

(i) For v ∈A, v = θ⇔ ϕðvÞ = 0 with ϕðvÞ ≥ 0, where θ is
the zero vector of A

(ii) For every v ∈A and η ∈R, we have B ≥ 1 for which
ϕðηvÞ ≤ BjηjϕðvÞ,

(iii) ϕðv + tÞ ≤ JðϕðvÞ + ϕðtÞÞ, for each v, t ∈A, for some
J ≥ 1

(iv) For a ∈N and jvaj ≤ jtaj, then ϕððvaÞÞ ≤ ϕððtaÞÞ
(v) The inequality, ϕððvaÞÞ ≤ ϕððv½a/2�ÞÞ ≤ J0ϕððvaÞÞ

holds, for some J0 ≥ 1
(vi) Assume F be the space of finite sequences, then

�F =Aϕ

(vii) There is ς > 0 such that ϕðβ, 0, 0, 0,⋯Þ ≥ ςjβjϕð1,
0, 0, 0,⋯Þ, for every β ∈R

Definition 4 (see [17]). Suppose A be a (sss). The function
ϕ ∈ ½0,∞ÞA is called prequasi norm on A, if it provides the
conditions (i), (ii), and (iii) of Definition 3.

Theorem 5 (see [17]). Pick upA be a premodular (sss), then it
is prequasi normed (sss).

Theorem 6 (see [17]). A is a prequasi normed (sss), if it is
quasinormed (sss).

Definition 7 (see [3]). LetL be the class of all bounded linear
operators between any two arbitrary Banach spaces. A sub-

class U of L is named an operator ideal, if every vector
UðZ, MÞ =U ∩LðZ, MÞ verifies the next setting:

(i) IΓ ∈U where Γ denotes Banach space of one
dimension

(ii) The space UðZ,MÞ is linear over R
(iii) Assume W ∈LðZ0, ZÞ, X ∈UðZ,MÞ, and Y ∈L

ðM,M0Þ, then, YXW ∈UðZ0,M0Þ, where Z0
and M0 are normed spaces (see [18, 19])

The theory of prequasi operator ideal, which is more general
than the quasi operator ideal.

Definition 8 (see [8]). A function ϕ ∈ ½0,∞ÞU is named a pre-
quasi norm on the ideal U if the following setting includes

(1) Assume W ∈UðZ,MÞ, ϕðWÞ ≥ 0, and ϕðWÞ = 0⇔
W = 0

(2) There is D ≥ 1 so as to ϕðηWÞ ≤DjηjϕðWÞ, for every
W ∈UðZ,MÞ and η ∈R

(3) There is J ≥ 1 such that ϕðW1 +W2Þ ≤ J½ϕðW1Þ + ϕ
ðW2Þ�, for each W1,W2 ∈UðZ,MÞ,

(4) There is σ ≥ 1 for to if W ∈LðZ0, ZÞ, X ∈UðZ,
MÞ and Y ∈LðM,M0Þ, then ϕðYXWÞ ≤ σkYkϕðXÞ
kWk

Theorem 9 (see [20]). Pick upAϕ be a premodular (sss), then
ϕðWÞ = ϕðsaðWÞÞ∞a=0 be a prequasi norm on SAϕ

.

Theorem 10 (see [9]). Suppose Z and M be Banach spaces,
and Aϕ be a premodular (sss), then ðSAϕ

, ϕÞ be a prequasi

Banach operator ideal, such that ϕðWÞ = ϕððsaðWÞÞ∞a=0Þ.

Theorem 11 (see [8]). ϕ is a prequasi norm on the ideal U, if
ϕ is a quasinorm on the ideal U.

The agreeable inequality [21] will be used in the conse-
quence: Suppose ðraÞ ∈ ð0, 1�N and va, ta ∈R, for every a ∈
N , then jva + tajra ≤ jvajra + jtajra :

3. Main Results

3.1. Prequasi Normed (sss). We illustrate the adequate set-up
on ℓðrÞ equipped with a prequasi norm ϕ to generate pre-
quasi Banach and closed (sss).

Definition 12. (a) fvaga∈N ⊆ ðℓðrÞÞϕ is ϕ-convergent to v ∈
ðℓðrÞÞϕ ⇔ lima⟶∞ϕðva − vÞ = 0: If the ϕ-limit exists, then it
is unique

(b) fvaga∈N ⊆ ðℓðrÞÞϕ is ϕ-Cauchy, if lima,b⟶∞ϕðva −
vbÞ = 0

(c) Λ ⊆ ðℓðrÞÞϕ is ϕ-closed, if for all ϕ-converging
fvaga∈N ⊂Λ to v, then v ∈Λ
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Theorem 13. ðℓðrÞÞϕ, where ϕðvÞ =∑a∈N jvajra , for all v ∈ ℓ
ðrÞ, is a premodular (sss), if ðraÞa∈N ∈ ð0, 1�N is an increasing.

Proof. First, we have to prove ℓðrÞ is a (sss):
(1) Suppose v, t ∈ ℓðrÞ. Since ðraÞ ∈ ð0, 1�N , we have

ϕ v + tð Þ = 〠
a∈N

va + taj jra ≤ 〠
a∈N

vaj jra + 〠
a∈N

taj jra = ϕ vð Þ + ϕ tð Þ <∞,

ð4Þ

so v + t ∈ ℓðrÞ.
(2) Assume η ∈R and v ∈ ℓðrÞ. As ðraÞ ∈ ð0, 1�N , one has

ϕ ηvð Þ = 〠
a∈N

ηvaj jra ≤ sup
a

ηj jra 〠
a∈N

vaj jra ≤D∣η∣ϕ vð Þ <∞: ð5Þ

Hence, ηv ∈ ℓðrÞ. So, by using Parts (1) and (2), we get ℓ
ðrÞ is linear. Also ea ∈ ℓðrÞ, for all a ∈N , since ϕðeaÞ =∑∞

j=0
jeaðjÞjr j = 1:

(3) Let jvaj ≤ jtaj, for every a ∈N and t ∈ ℓðrÞ. One can
see

ϕ vð Þ = 〠
a∈N

vaj jra ≤ 〠
a∈N

taj jra = ϕ tð Þ <∞, ð6Þ

we have v ∈ ℓðrÞ. This implies the sequence space ℓðrÞ is
solid.

(4) Suppose ðvaÞ ∈ ℓðrÞ and ðraÞ be an increasing
sequence, one has

ϕ v a/2½ �
� �� �

= 〠
a∈N

v a/2½ �
��� ���ra = 〠

a∈N
vaj jr2a + 〠

a∈N
vaj jr2a+1

≤ 2〠
a∈N

vaj jra = 2ϕ vað Þð Þ,
ð7Þ

then ðv½a/2�Þ ∈ ℓðrÞ. Secondly, we show that the functional
ϕ on ℓðrÞ is a premodular:

(i) Evidently, ϕðvÞ ≥ 0 and ϕðvÞ = 0⇔ v = θ

(ii) We have D =max f1, supajηjra−1g ≥ 1 such that ϕ
ðηvÞ ≤DjηjϕðvÞ, for every v ∈ ℓðrÞ and η ∈R \ f0g.
For η = 0, there is D ≥ 1 such that ϕðηvÞ ≤Djηjϕ
ðvÞ, for every v ∈ ℓðrÞ

(iii) We have J ≥ 1 so that ϕðv + tÞ ≤ JðϕðvÞ + ϕðtÞÞ, for
every v, t ∈ ℓðrÞ

(iv) Clearly, since ℓðrÞ is solid
(v) From (49), we have J0 = 2 ≥ 1
(vi) Clearly, �F = ℓðrÞ
(vii) There is 0 < ς ≤ jβjr0−1, for β ≠ 0 or ς > 0, for β = 0

such that ϕðβ, 0, 0, 0,⋯Þ ≥ ςjβjϕð1, 0, 0, 0,⋯Þ

Theorem 14. Assume ðraÞ ∈ ð0, 1�N be an increasing, then
ðℓðrÞÞϕ be a prequasi Banach (sss), where ϕðvÞ =∑a∈N jvajra ,
for every v ∈ ℓðrÞ.

Proof. Let the set-up be verified. From Theorem 13, the space
ðℓðrÞÞϕ is a premodular (sss). By Theorem 5, the space ðℓðrÞÞϕ
is a prequasi normed (sss). To prove that ðℓðrÞÞϕ is a prequasi
Banach (sss), assume vp = ðvpaÞ∞a=0 be a Cauchy sequence in
ðℓðrÞÞϕ. Hence, for every ε ∈ ð0, 1Þ, we have p0 ∈N such that
for all p, q ≥ p0, one has

ϕ vp − vqð Þ = 〠
a∈N

vpa − vqaj jra < ε: ð8Þ

Therefore, for p, q ≥ p0 and a ∈N , we get jvpa − vqaj < ε:
So ðvqaÞ is a Cauchy sequence in R, for constant a ∈N .
Which implies limq⟶∞vqa = v0a, for fixed a ∈N . Hence, ϕ
ðvp − v0Þ < ε, for every p ≥ p0. Then, to show that v0 ∈ ℓðrÞ,
we have ϕðv0Þ = ϕðv0 − vp + vpÞ ≤ ϕðvp − v0Þ + ϕðvpÞ <∞: So
v0 ∈ ℓðrÞ. This explains that ðℓðrÞÞϕ is a prequasi Banach (sss).

Theorem 15. Pick up ðraÞ ∈ ð0, 1�N be an increasing, then
ðℓðrÞÞϕ be a prequasi closed (sss), where ϕðvÞ =∑a∈N jvajra ,
for every v ∈ ℓðrÞ.

Proof. Assume the conditions be verified. From Theorem 13,
the space ðℓðrÞÞϕ be a premodular (sss). By Theorem 5, the
space ðℓðrÞÞϕ is a prequasi normed (sss). To show that

ðℓðrÞÞϕ is a prequasi closed (sss), suppose vp = ðvpaÞ∞a=0 ∈
ðℓðrÞÞϕ and limp⟶∞ϕðvp − v0Þ = 0, then for all ε ∈ ð0, 1Þ, we
have p0 ∈N so that for all p ≥ p0, we have ε > ϕðvp − v0Þ =
∑a∈N jvpa − v0aj

ra : Hence, for p ≥ p0 and a ∈N , one has jvpa −
v0aj < ε: Therefore, ðvpaÞ is a convergent sequence in R, for
fixed a ∈N . Hence, limp⟶∞vpa = v0a, for constant a ∈N .
Finally, to prove that v0 ∈ ℓðrÞ, we obtain

ϕ v0
� �

= ϕ v0 − vp + vp
� �

≤ ϕ vp − v0
� �

+ ϕ vpð Þ<∞, ð9Þ

hence, v0 ∈ ℓðrÞ. This gives that ðℓðrÞÞϕ is a prequasi
closed (sss).

Example 16. The functional ϕðvÞ =∑a∈N jvaja+1/a+2 is a pre-
quasi norm (not a quasinorm) on Nakano special space of
sequences ℓðða + 1/a + 2Þ∞a=0Þ.

Example 17. The functional ϕðvÞ = ½∑a∈N jvaja+1/2a+4�
4
is a

prequasi norm (not a quasinorm) on Nakano special space
of sequences ℓðða + 1/2a + 4Þ∞a=0Þ.

Example 18. The functional ϕðvÞ =∑a∈N jvajr is a prequasi
norm (not a norm) on r-absolutely summable sequences of
real numbers ℓr, for all 0 < r ≤ 1.
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Example 19. For ðraÞ ∈ ð0, 1�N , the functional ϕðvÞ = inf fκ
> 0 : ∑a∈N jva/κjra ≤ 1g is a prequasi norm (a quasinorm
and a norm) on Nakano special space of sequences ℓðrÞ.

4. The Fatou Property

We investigate here the Fatou property of different prequasi
norms ϕ on ℓðrÞ.

Definition 20. A prequasi norm ϕ on ℓðrÞ provides the Fatou
property, if for all sequence ftag ⊆ ðℓðrÞÞϕ with lima⟶∞ϕ

ðta − tÞ = 0 and any v ∈ ðℓðrÞÞϕ then ϕðv − tÞ ≤ supj inf a≥jϕðv
− taÞ:

Theorem 21. The function ϕðvÞ =∑a∈N jvajra provides the
Fatou property, if ðraÞ ∈ ð0, 1�N is an increasing, for all v ∈ ℓ
ðrÞ.

Proof. Let the set-up be satisfied and ftbg ⊆ ðℓðrÞÞϕ with

limb⟶∞ϕðtb − tÞ = 0: Since the space ðℓðrÞÞϕ is a prequasi
closed space, then t ∈ ðℓðrÞÞϕ. So for every v ∈ ðℓðrÞÞϕ, one has

ϕ v − tð Þ= 〠
a∈N

va − taj jra ≤ 〠
a∈N

va − tba
��� ���ra + 〠

a∈N
tba − ta
��� ���ra

≤ sup
j

inf
b≥j

ϕ v − tb
� �

:

ð10Þ

Theorem 22. The function ϕðvÞ = ½∑a∈N jvajra �1/inf ara does not
fulfill the Fatou property, for all v ∈ ℓðrÞ, if ðraÞ ∈ ð0, 1�N with
inf ara > 0.

Proof. Suppose the set-up be confirmed and ftbg ⊆ ðℓðrÞÞϕ
with limb⟶∞ϕðtb − tÞ = 0: Since the space ðℓðrÞÞϕ is a pre-
quasi closed space, then t ∈ ðℓðrÞÞϕ. Then, for each v ∈
ðℓðrÞÞϕ, we get

ϕ v − tð Þ = 〠
a∈N

va − taj jra
" #1/inf

a
ra

≤ 2
1/inf

a
ra−1 〠

a∈N
va − tba
��� ���ra

" #1/inf
a

ra

+ 〠
a∈N

tba − ta
��� ���ra

" #1/inf
a

ra
0
@

1
A

≤ 2
1/inf

a
ra−1 sup

j
inf
b≥j

ϕ v − tb
� �

:

ð11Þ

So, ϕ does not indulge the Fatou property.

5. Kannan Prequasi ϕ-Contraction Operator

Now, we explain the definition of Kannan ϕ-contraction
mapping on the prequasi normed (sss). We study the suffi-
cient setting on ðℓðrÞÞϕ constructed with definite prequasi

norm so that there is one and only one fixed point of Kannan
prequasi norm contraction mapping.

Definition 23.An operatorW : Aϕ ⟶Aϕ is called a Kannan
ϕ-contraction, if there is ξ ∈ ½0, 1/2Þ, so that ϕðWv −WtÞ ≤
ξðϕðWv − vÞ + ϕðWt − tÞÞ, for all v, t ∈Aϕ.

An element v ∈Aϕ is named a fixed point of W, if
WðvÞ = v:

Theorem 24. Assume ðraÞ ∈ ð0, 1�N be an increasing, and
W : ðℓðrÞÞϕ ⟶ ðℓðrÞÞϕ be Kannan ϕ-contraction mapping,

where ϕðvÞ =∑a∈N jvajra , for all v ∈ ℓðrÞ, then W has one
fixed point.

Proof. Let the setting be satisfied. For each v ∈ ℓðrÞ, then Wp

v ∈ ℓðrÞ. As W is a Kannan ϕ-contraction operator, one has

ϕ Wp+1v −Wpv
� �

≤ ξ ϕ Wp+1v −Wpv
� �

+ ϕ Wpv −Wp−1v
� �� �

⇒ ϕ Wp+1v −Wpv
� �

≤
ξ

1 − ξ
ϕ Wpv −Wp−1v
� �

≤
ξ

1 − ξ

	 
2
ϕ Wp−1v −Wp−2v
� �

≤ ≤
ξ

1 − ξ

	 
p

ϕ Wv − vð Þ:

ð12Þ

So, for all p, q ∈N with q > p, one can see

ϕ Wpv −Wqvð Þ ≤ ξ ϕ Wpv −Wp−1v
� �

+ ϕ Wqv −Wq−1v
� �� �

≤ ξ
ξ

1 − ξ

	 
p−1
+ ξ

1 − ξ

	 
q−1 !
ϕ Wv − vð Þ:

ð13Þ

Therefore, fWpvg is a Cauchy sequence in ðℓðrÞÞϕ. As the
space ðℓðrÞÞϕ is prequasi Banach space. Hence, there is t ∈
ðℓðrÞÞϕ so that limp⟶∞Wpv = t. To prove that Wt = t. Since
ϕ has the Fatou property, we have

ϕ Wt − tð Þ ≤ sup
i

inf
p≥i

ϕ Wp+1v −Wpv
� �

≤ sup
i

inf
p≥i

ξ

1 − ξ

	 
p

ϕ Wv − vð Þ = 0,
ð14Þ

hence,Wt = t. Then, t is a fixed point ofW. To show that the
fixed point is unique. Let we have two distinctive fixed points
b, t ∈ ðℓðrÞÞϕ of W. So, we have

ϕ b − tð Þ ≤ ϕ Wb −Wtð Þ ≤ ξ ϕ Wb − bð Þ + ϕ Wt − tð Þð Þ = 0:
ð15Þ

Therefore, b = t:
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Corollary 25. Let ðraÞ ∈ ð0, 1�N be an increasing, and W :
ðℓðrÞÞϕ ⟶ ðℓðrÞÞϕ be Kannan ϕ-contraction mapping, where

ϕðvÞ =∑a∈N jvajra , for all v ∈ ℓðrÞ, then W has unique fixed
point b with

ϕ Wpv − bð Þ ≤ ξ
ξ

1 − ξ

	 
p−1

ϕ Wv − vð Þ: ð16Þ

Proof. Pick up the conditions be satisfied. By Theorem 24, we
have a unique fixed point b of W. Hence, one has

ϕ Wpv − bð Þ = ϕ Wpv −Wbð Þ ≤ ξ ϕ Wpv −Wp−1v
� �

+ ϕ Wb − bð Þ� �
= ξ

ξ

1 − ξ

	 
p−1
ϕ Wv − vð Þ:

ð17Þ

Definition 26. Suppose Aϕ be a prequasi normed (sss), W :

Aϕ ⟶Aϕ and b ∈Aϕ: The operator W is called ϕ-sequen-
tially continuous at b, if and only if, when lima⟶∞ϕðva −
bÞ = 0, then lima⟶∞ϕðWva −WbÞ = 0.

Theorem 27. Pick up ðraÞ ∈ ð0, 1�N with inf ara > 0, and W :

ðℓðrÞÞϕ ⟶ ðℓðrÞÞϕ, where ϕðvÞ = ½∑a∈N jvajra �1/inf ara , for all
v ∈ ℓðrÞ. The point g ∈ ðℓðrÞÞϕ is the only fixed point of W, if
the following conditions are satisfied:

(a) W is Kannan ϕ-contraction mapping

(b) W is ϕ-sequentially continuous at g ∈ ðℓðrÞÞϕ
(c) There is v ∈ ðℓðrÞÞϕ so that the sequence of iterates

fWpvg has a subsequence fWpivg converging to g

Proof. Let the set-up be verified. Suppose g be not a fixed
point of W, then Wg ≠ g. By the set-up (b) and (c), we
have

lim
pi⟶∞

ϕ Wpiv − gð Þ = 0 and lim
pi⟶∞

ϕ Wpi+1v −Wg
� �

= 0:

ð18Þ

As the operator W is Kannan ϕ-contraction, one has

0 < ϕ Wg − gð Þ = ϕ Wg −Wpi+1v
� �

+ Wpiv − gð Þ + Wpi+1v −Wpiv
� �� �

≤ 2
2/inf

a
ra−2

ϕ Wpi+1v −Wg
� �

+ 2
2/inf

a
ra−2

ϕ Wpiv − gð Þ

+ 2
1/inf

a
ra−1

ξ
ξ

1 − ξ

	 
pi−1
ϕ Wv − vð Þ:

ð19Þ

As pi ⟶∞, we have a contradiction. Therefore, g is a
fixed point of W. To prove that the fixed point g is

unique. Assume we have two different fixed points g, b ∈
ðℓðrÞÞϕ of W. So, one can see

ϕ g − bð Þ ≤ ϕ Wg −Wbð Þ ≤ ξ ϕ Wg − gð Þ + ϕ Wb − bð Þð Þ = 0:
ð20Þ

Therefore, g = b:

Example 28. Let W : ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ ⟶ ðℓðða + 1/2
a + 4Þ∞a=0ÞÞϕ, where ϕðvÞ =∑a∈N jvaja+1/2a+4, for all v ∈ ℓðða +
1/2a + 4Þ∞a=0Þ and

W vð Þ =
v
18 , ϕ vð Þ ∈ 0, 1Þ½ ,
v
20 , ϕ vð Þ ∈ 1,∞Þ½ :

8><
>: ð21Þ

Since for all v1, v2 ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with ϕðv1Þ, ϕ
ðv2Þ ∈ ½0, 1Þ, we have

ϕ Wv1 −Wv2ð Þ = ϕ
v1
18 −

v2
18

� �
≤

1ffiffiffiffiffi
174

p ϕ
17v1
18

	 

+ ϕ

17v2
18

	 
	 


= 1ffiffiffiffiffi
174

p ϕ Wv1 − v1ð Þ + ϕ Wv2 − v2ð Þð Þ:

ð22Þ

For all v1, v2 ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with ϕðv1Þ, ϕðv2Þ
∈ ½1,∞Þ, we have

ϕ Wv1 −Wv2ð Þ = ϕ
v1
20 −

v2
20

� �
≤

1ffiffiffiffiffi
194

p ϕ
19v1
20

	 

+ ϕ

19v2
20

	 
	 


= 1ffiffiffiffiffi
194

p ϕ Wv1 − v1ð Þ + ϕ Wv2 − v2ð Þð Þ:

ð23Þ

For all v1, v2 ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with ϕðv1Þ ∈ ½0, 1Þ
and ϕðv2Þ ∈ ½1,∞Þ, we have

ϕ Wv1 −Wv2ð Þ = ϕ
v1
18 −

v2
20

� �
≤

1ffiffiffiffiffi
174

p ϕ
17v1
18

	 

+ 1ffiffiffiffiffi

194
p ϕ

19v2
20

	 


≤
1ffiffiffiffiffi
174

p ϕ
17v1
18

	 

+ ϕ

19v2
20

	 
	 


= 1ffiffiffiffiffi
174

p ϕ Wv1 − v1ð Þ + ϕ Wv2 − v2ð Þð Þ:

ð24Þ

Therefore, the mapW is Kannan ϕ-contraction mapping.
Since ϕ satisfies the Fatou property. By Theorem 24, the map
W has a unique fixed point θ ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ:

Let fvðnÞg ⊆ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ be such that limn⟶∞

ϕðvðnÞ − vð0ÞÞ = 0, where vð0Þ ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with
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ϕðvð0ÞÞ = 1. Since the prequasi norm ϕ is continuous, we
have

lim
n⟶∞

ϕ Wv nð Þ −Wv 0ð Þ
� �

= lim
n⟶∞

ϕ
v nð Þ

18 −
v 0ð Þ

20

	 

= ϕ

v 0ð Þ

180

	 

> 0:

ð25Þ

Hence, W is not ϕ-sequentially continuous at vð0Þ. So,
the map W is not continuous at vð0Þ.

If ϕðvÞ = ½∑a∈N jvaja+1/2a+4�
4
, for all v ∈ ℓðða + 1/2a + 4Þ

∞
a=0Þ. Since for all v1, v2 ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with ϕðv1Þ,
ϕðv2Þ ∈ ½0, 1Þ, we have

ϕ Wv1 −Wv2ð Þ = ϕ
v1
18 −

v2
18

� �
≤

8
17 ϕ

17v1
18

	 

+ ϕ

17v2
18

	 
	 


= 8
17 ϕ Wv1 − v1ð Þ + ϕ Wv2 − v2ð Þð Þ:

ð26Þ

For all v1, v2 ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with ϕðv1Þ, ϕðv2Þ
∈ ½1,∞Þ, we have

ϕ Wv1 −Wv2ð Þ = ϕ
v1
20 −

v2
20

� �
≤

8
19 ϕ

19v1
20

	 

+ ϕ

19v2
20

	 
	 


= 8
19 ϕ Wv1 − v1ð Þ + ϕ Wv2 − v2ð Þð Þ:

ð27Þ

For all v1, v2 ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with ϕðv1Þ ∈ ½0, 1Þ
and ϕðv2Þ ∈ ½1,∞Þ, we have

ϕ Wv1 −Wv2ð Þ = ϕ
v1
18 −

v2
20

� �
≤

8
17 ϕ

17v1
18

	 

+ 8
19 ϕ

19v2
20

	 


≤
8
17 ϕ

17v1
18

	 

+ ϕ

19v2
20

	 
	 


= 8
17 ϕ Wv1 − v1ð Þ + ϕ Wv2 − v2ð Þð Þ: ð28Þ

Therefore, the mapW is Kannan ϕ-contraction mapping

and WpðvÞ = v/18p, ϕðvÞ ∈ ½0, 1Þ,
v/20p, ϕðvÞ ∈ ½1,∞Þ:

 

It is clear that W is ϕ-sequentially continuous at θ ∈
ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ and fWpvg has a subsequence fWpi

vg converging to θ. By Theorem 27, the point θ ∈
ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ is the only fixed point of W.

Example 29. Let W : ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ ⟶ ðℓðða + 1/ 2
a + 4Þ∞a=0ÞÞϕ, where ϕðvÞ = ½∑a∈N jvaja+1/2a+4�

4
, for all v ∈ ℓ

ðða + 1/2a + 4Þ∞a=0Þ and

W vð Þ =

1
18 1 + v0, v1, v2,⋯ð Þ, v0∈ −∞, 117

	 

,

1
17 1, 0, 0, 0,⋯ð Þ, v0 =

1
17 ,

1
18 1, 0, 0, 0,⋯ð Þ, v0 ∈

1
17 ,∞
	 


:

0
BBBBBBBB@

ð29Þ

Since for all v, t ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with v0, t0 ∈ ð
−∞,1/17Þ, we have

ϕ Wv −Wtð Þ = ϕ
1
18 v0 − t0, v1 − t1, v2 − t2,⋯ð Þ
	 


≤
8
17 ϕ

17v
18

	 

+ ϕ

17t
18

	 
	 


≤
8
17 ϕ Wv − vð Þ + ϕ Wt − tð Þð Þ:

ð30Þ

For all v, t ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with v0, t0 ∈ ð1/17,
∞Þ, then for any ε > 0, we have

ϕ Wv −Wtð Þ = 0 ≤ ε ϕ Wv − vð Þ + ϕ Wt − tð Þð Þ: ð31Þ

For all v, t ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ with v0 ∈ ð−∞,1/17
Þ and t0 ∈ ð1/17,∞Þ, we have

ϕ Wv −Wtð Þ = ϕ
v
18
� �

≤
1
17ϕ

17v
18

	 

= 1
17 ϕ Wv − vð Þ

≤
1
17 ϕ Wv − vð Þ + ϕ Wt − tð Þð Þ:

ð32Þ

Therefore, the map W is Kannan ϕ-contraction map-
ping. It is clear that W is ϕ-sequentially continuous at 1/
17e0 ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ and there is v ∈
ðℓðða + 1/2a + 4Þ ∞

a=0ÞÞϕ with v0 ∈ ð−∞,1/17Þ such that the

sequence of iterates fWpvg = f∑p
n=1 1/18ne0 + 1/18pvg has

a subsequence fWpivg = f∑pi
n=1 1/18ne0 + 1/18pi vg converg-

ing to 1/17e0. Then, W has one fixed point 1/17e0 ∈
ðℓðða + 1/2a + 4Þ ∞

a=0ÞÞϕ. Note that W is not continuous

at 1/17e0 ∈ ðℓðða + 1/2a + 4Þ∞a=0ÞÞϕ.

6. Kannan Contraction Maps on Prequasi Ideal

We account the being present of a fixed point of Kannan pre-
quasi norm contraction operator on the prequasi Banach
operator ideal investigated by ðℓðrÞÞϕ and s − numbers.

Theorem 30. Let Z and M be Banach spaces, and ðraÞ ∈
ð0, 1�N be an increasing, then ðSðℓðrÞÞϕ ,ΦÞ, where ΦðWÞ =
ϕððsaðWÞÞ∞a=0Þ be a prequasi Banach operator ideal.

Proof. Pick up the conditions be verified. By Theorem 13, the
space ðℓðrÞÞϕ is a premodular (sss). Therefore, from Theorem
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9, one has ΦðWÞ = ϕððsaðWÞÞ∞a=0Þ is a prequasi norm on
SðℓðrÞÞϕ . So, from Theorem 10, we obtain the space ðSðℓðrÞÞϕ ,
ΦÞ is a prequasi Banach operator ideal.

Theorem 31. Pick up Z and M be Banach spaces, and ðraÞ
∈ ð0, 1�N be an increasing, then ðSðℓðrÞÞϕ ,ΦÞ, where ΦðWÞ =
ϕððsaðWÞÞ∞a=0Þ be a prequasi closed operator ideal.

Proof. By Theorem 13, the space ðℓðrÞÞϕ is a premodular
(sss). Therefore, from Theorem 9, we have ΦðWÞ = ϕððsa
ðWÞÞ∞a=0Þ is a prequasi norm on SðℓðrÞÞϕ . Assume Wq ∈
SðℓðrÞÞϕðZ,MÞ, for each q ∈N and limq⟶∞ΦðWq −WÞ =
0. Hence, we have ς > 0 and since LðZ,MÞ ⊇ SðℓðrÞÞϕðZ,
MÞ, we have

Φ Wq −W
� �

= ϕ sa Wq −W
� �� �∞

a=0

� �
≥ ϕ s0 Wq −W

� �
, 0, 0, 0,⋯

� �
= ϕ Wq −W

�� ��, 0, 0, 0,⋯� �
≥ ς Wq −W
�� ��:

ð33Þ

So ðWqÞq∈N is convergent in LðZ,MÞ, i.e., limq⟶∞

kWq −Wk = 0 and as ðsaðWqÞÞ∞a=0 ∈ ðℓðrÞÞϕ, for every q
∈N and ðℓðrÞÞϕ is a premodular (sss). Therefore, we get

Φ Wð Þ = ϕ sa Wð Þð Þ∞a=0
� �

= ϕ sa W −Wq +Wq

� �� �∞
a=0

� �
≤ ϕ s a/2½ � W −Wq

� �� �∞
a=0

� �
+ ϕ s a/2½ � Wq

� �∞
a=0

� �� �
≤ ϕ Wq −W

� �∞
a=0

� �
+ 2ϕ sa Wq

� �∞
a=0

� �� �
< ε,

ð34Þ

we have ðsaðWÞÞ∞a=0 ∈ ðℓðrÞÞϕ, so W ∈ SðℓðrÞÞϕðZ,MÞ.

Definition 32. A prequasi norm Φ on the ideal SAϕ
, where Φ

ðWÞ = ϕððsaðWÞÞ∞a=0Þ, provides the Fatou property if for
every sequence fWaga∈N ⊆ SAϕ

ðZ,MÞ with lima⟶∞ΦðWa −
WÞ = 0 and all V ∈ SAϕ

ðZ,MÞ, then

Φ V −Wð Þ ≤ sup
a

inf
i≥a

Φ V −Wið Þ: ð35Þ

Theorem 33. The prequasi normΦðWÞ =∑a∈N jsaðWÞjra , for
all W ∈ SðℓðrÞÞϕðZ,MÞ does not satisfy the Fatou property, if ð
raÞ ∈ ð0, 1�N is increasing.

Proof. Let the setting be provided and fWpgp∈N ⊆ SðℓðrÞÞϕðZ,
MÞ with limp⟶∞ΦðWp −WÞ = 0: Since the space SðℓðrÞÞϕ is

a prequasi closed ideal, so W ∈ SðℓðrÞÞϕðZ,MÞ. Therefore, for
every V ∈ SðℓðrÞÞϕðZ,MÞ, we have

Φ V −Wð Þ = 〠
a∈N

sa V −Wð Þj jra ≤ 〠
a∈N

s a/2½ � V −Wið Þ
��� ���ra

+ 〠
a∈N

s a/2½ � Wi −Wð Þ
��� ���ra

≤ 2 sup
p

inf
i≥p

〠
a∈N

sa V −Wið Þj jra : ð36Þ

Hence, Φ does not support the Fatou property.
Now, we introduce the definition of Kannan Φ-contrac-

tion operator on the prequasi operator ideal.

Definition 34. For the prequasi normΦ on the ideal SAϕ
,where

ΦðWÞ = ϕððsaðWÞÞ∞a=0Þ. An operator G : SAϕ
ðZ,MÞ⟶ SAϕ

ðZ,MÞ is called a Kannan Φ -contraction, if we have ξ ∈ ½0,
1/2Þ so that ΦðGW −GAÞ ≤ ξðΦðGW −WÞ +ΦðGA − AÞÞ,
for all W, A ∈ SAϕ

ðZ,MÞ.

Definition 35. For the prequasi normΦ on the ideal SAϕ
,where

ΦðWÞ = ϕððsaðWÞÞ∞a=0Þ, G : SAϕ
ðZ,MÞ⟶ SAϕ

ðZ,MÞ and B

∈ SAϕ
ðZ,MÞ: The operator G is called Φ -sequentially contin-

uous at B , if and only if, when limp⟶∞ΦðWp − BÞ = 0, then
limp⟶∞ΦðGWp −GBÞ = 0.

Theorem 36. Set up ðraÞ ∈ ð0, 1�N be an increasing and G

: SðℓðrÞÞϕðZ,MÞ⟶ SðℓðrÞÞϕðZ,MÞ, where ΦðWÞ =∑a∈N

jsaðWÞjra , for every W ∈ SðℓðrÞÞϕðZ,MÞ. The point A ∈
SðℓðrÞÞϕðZ,MÞ is the unique fixed point of G, if the following

set up are satisfied:

(a) G is Kannan Φ-contraction mapping

(b) G is Φ-sequentially continuous at a point A ∈ SðℓðrÞÞϕ
ðZ,MÞ

(c) There is B ∈ SðℓðrÞÞϕðZ,MÞ such that the sequence of

iterates fGpBg has a subsequence fGpiBg converging
to A

Proof. Let the conditions be verified. If A is not a fixed point
of G, then GA ≠ A. From the setting (b) and (c), we have

lim
pi⟶∞

Φ GpiB − Að Þ = 0 and lim
pi⟶∞

Φ Gpi+1B −GA
� �

= 0: ð37Þ

Since G is Kannan Φ-contraction mapping, one can see

0 <Φ GA − Að Þ =Φ GA −Gpi+1B
� �

+ GpiB − Að Þ + Gpi+1B −GpiB
� �� �

≤ 2Φ Gpi+1B −GA
� �

+ 4Φ GpiB − Að Þ

+ 4ξ ξ

1 − ξ

	 
pi−1
Φ GB − Bð Þ:

ð38Þ
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As pi ⟶∞, this implies a contradiction. Therefore, A is
a fixed point of G. To show that the fixed point A is unique.
Let we have two different fixed points A,D ∈ SðℓðrÞÞϕðZ,MÞ
of G. Hence, one has

Φ A −Dð Þ ≤Φ GA − GDð Þ ≤ ξ Φ GA − Að Þ +Φ GD −Dð Þð Þ = 0:
ð39Þ

Therefore, A =D:

Example 37. Let Z and M be Banach spaces, G : Sðℓðða+1/a+
2Þ∞a=0ÞÞϕðZ,MÞ⟶ Sðℓðða+1/a+2Þ∞a=0ÞÞϕðZ,MÞ, where ΦðWÞ =
∑a∈N ðsaðWÞÞa+1/a+2, for every W ∈ Sðℓðða+1/a+2Þ∞a=0ÞÞϕðZ,MÞ
and

G Wð Þ =
W
26 , Φ Wð Þ ∈ 0, 1Þ½ ,

W
37 , Φ Wð Þ ∈ 1,∞Þ½ :

0
BB@ ð40Þ

Since for all W1,W2 ∈ Sðℓðða+1/a+2Þ∞a=0ÞÞϕ with ΦðW1Þ,Φ
ðW2Þ ∈ ð0, 1�, we have

Φ GW1 −GW2ð Þ =Φ
W1
26 −

W2
26

	 

≤
2
5 Φ

25W1
26

	 

+Φ

25W2
26

	 
	 


= 2
5 Φ GW1 −W1ð Þ +Φ GW2 −W2ð Þð Þ:

ð41Þ

For all W1,W2 ∈ Sðℓðða+1/a+2Þ∞a=0ÞÞϕ with ΦðW1Þ,ΦðW2Þ
∈ ½1,∞Þ, we have

Φ GW1 −GW2ð Þ =Φ
W1
37 −

W2
37

	 

≤
1
3 Φ

36W1
37

	 

+Φ

36W2
37

	 
	 


= 1
3 Φ GW1 −W1ð Þ +Φ GW2 −W2ð Þð Þ:

ð42Þ

For all W1,W2 ∈ Sðℓðða+1/a+2Þ∞a=0ÞÞϕ with ΦðW1Þ ∈ ½0, 1Þ
and ΦðW2Þ ∈ ½1,∞Þ, we have

Φ GW1 −GW2ð Þ =Φ
W1
26 −

W2
37

	 

≤
2
5Φ

25W1
26

	 

+ 1
3Φ

36W2
37

	 


≤
2
5 Φ

25W1
26

	 

+Φ

36W2
37

	 
	 


= 2
5 Φ GW1 −W1ð Þ +Φ GW2 −W2ð Þð Þ:

ð43Þ

Therefore, the map W is Kannan Φ-contraction map-

ping and GpðWÞ = W/26p, ΦðWÞ ∈ ½0, 1Þ,
W/37p, ΦðWÞ ∈ ½1,∞Þ:

 

It is clear that G is Φ-sequentially continuous at the zero
operator Θ ∈ Sðℓðða+1/a+2Þ∞a=0ÞÞϕ and fGpWg has a subsequence

fGpiWg converging to Θ. By Theorem 36, the zero operator
Θ ∈ Sðℓðða+1/a+2Þ∞a=0ÞÞϕ is the only fixed point of G. Let fWðnÞg
⊆ Sðℓðða+1/a+2Þ∞a=0ÞÞϕ be such that limn⟶∞ΦðWðnÞ −Wð0ÞÞ = 0,
where Wð0Þ ∈ Sðℓðða+1/a+2Þ∞a=0ÞÞϕ with ΦðWð0ÞÞ = 1. Since the

prequasi norm Φ is continuous, we have

lim
n⟶∞

Φ GW nð Þ − GW 0ð Þ
� �

= lim
n⟶∞

Φ
W nð Þ

26 −
W 0ð Þ

37

	 


=Φ
11W 0ð Þ

962

	 

> 0:

ð44Þ

HenceG is notΦ-sequentially continuous atWð0Þ. So, the
map G is not continuous at Wð0Þ.

7. Application to the Existence of Solutions of
Summable Equations

Summable equations like (45) were studied by Salimi et al.
[22], Agarwal et al. [23], and Hussain et al. [24]. In this sec-
tion, we search for a solution to (45) in ðℓðrÞÞϕ, where ðraÞ
∈ ð0, 1�N be an increasing and ϕðvÞ =∑a∈N jvajra , for all v
∈ ℓðrÞ. Consider the summable equations

va = pa + 〠
∞

m=0
A a,mð Þf m, vmð Þ, ð45Þ

and let W : ðℓðrÞÞϕ ⟶ ðℓðrÞÞϕ defined by

W vað Þa∈N = pa + 〠
∞

m=0
A a,mð Þf m, vmð Þ

 !
a∈N

: ð46Þ

Theorem 38. The summable equations ((45)) has a solution
in ðℓðrÞÞϕ, if A : N 2 ⟶R,f : N ×R⟶R,p : N ⟶R,
and for all a ∈N , there is ξ ∈ ½0, 1/2Þ , so that

〠
m∈N

A a,mð Þ f m, vmð Þ − f m, tmð Þð Þ
�����

�����
ra

≤ ξ pa − va + 〠
∞

m=0
A a,mð Þf m, vmð Þ

�����
�����
ra

+ pa − taj
"

+ 〠
∞

m=0
A a,mð Þf m, tmð Þ

�����
ra
#
:

ð47Þ

Proof. Let the conditions be verified. Consider the mapping
W : ðℓðrÞÞϕ ⟶ ðℓðrÞÞϕ defined by (46). We have
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ϕ Wv −Wtð Þ = 〠
a∈N

Wva −Wtaj jra

= 〠
a∈N

〠
m∈N

A a,mð Þ f m, vmð Þ − f m, tmð Þ½ �
�����

�����
ra

≤ ξ 〠
a∈N

pa − va + 〠
∞

m=0
A a,mð Þf m, vmð Þ

�����
�����
ra

" 

+ 〠
a∈N

pa − ta + 〠
∞

m=0
A a,mð Þf m, tmð Þ

�����
�����
ra
#!

= ξ ϕ Wv − vð Þ + ϕ Wt − tð Þð Þ:
ð48Þ

Then, from Theorem 24, we have a solution of equation
(45) in ðℓðrÞÞϕ:

Example 39. Given the sequence space ðℓðða + 1/a + 2Þ∞a=0ÞÞϕ,
where ϕðvÞ =∑a∈N jvaja+1/a+2, for all v ∈ ðℓðða + 1/a + 2Þ∞a=0ÞÞ.
Consider the summable equations

va = e− 3a+6ð Þ + 〠
∞

m=0
−1ð Þa+m va

a2 +m!+1
� �q

, ð49Þ

where q > 2 and let W : ðℓðða + 1/a + 2Þ∞a=0ÞÞϕ ⟶
ðℓðða + 1/a + 2Þ∞a=0ÞÞϕ defined by

W vað Þa∈N = e− 3a+6ð Þ + 〠
∞

m=0
−1ð Þa+m va

a2 +m!+1
� �q !

a∈N

:

ð50Þ

It is easy to see that

〠
∞

m=0
−1ð Þa va

a2 +m!+1
� �q

−1ð Þm − −1ð Þmð Þ
�����

�����
a+1/a+2

≤
1
3 e− 3a+6ð Þ − va + 〠

∞

m=0
−1ð Þa+m va

a2 +m!+1
� �q�����

�����
a+1/a+2"

+ e− 3a+6ð Þ − ta + 〠
∞

m=0
−1ð Þa+m va

a2 +m!+1
� �q�����

�����
a+1/a+2#

:

ð51Þ

By Theorem 38, the summable equations (49) has a solu-
tion in ðℓðða + 1/a + 2Þ∞a=0ÞÞϕ.
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