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The aim of this paper is to give the existence as well as the uniqueness results for a multipoint nonlocal integral boundary value
problem of nonlinear sequential fractional integrodifferential equations. First of all, we give some preliminaries and notations
that are necessary for the understanding of the manuscript; second of all, we show the existence and uniqueness of the solution
by means of the fixed point theory, namely, Banach’s contraction principle and Krasnoselskii’s fixed point theorem. Last, but
not least, we give two examples to illustrate the results.

1. Introduction

In the last few years, fractional differential equations have
gained much attention among mathematicians because of
the rapid growth and for their applicability in several
fields, such as physics, biology, economics, control theory,
and engineering; for more details about the theory of frac-
tional differential equations and their applications, we rec-
ommend the following articles [1–15] and the references
therein.

Furthermore, fractional differential equations with multi-
point boundary conditions have provoked a great deal of
attention by many authors; a lot of works have been pub-
lished on this topic; for more details, we give the following
references [16–22].

In a recent paper [23], the existence of solutions for a
four-point nonlocal boundary value problem of nonlinear
integrodifferential equations of fractional order was
proven. In [24], the authors discussed the existence of
solutions for fractional differential equations with multi-
point boundary conditions. The existence and uniqueness
of solutions for multiterm nonlinear fractional integrodif-
ferential equations have been studied in [25]. The existence

results for sequential fractional integrodifferential equa-
tions with nonlocal multipoint and strip conditions were
established in [26], and finally, in [27], the authors studied
the existence of solutions for nonlinear fractional integro-
differential equations.

Motivated by all these works, and by the fact that
there are no papers dealing with nonlinear fractional inte-
grodifferential equations with multipoint and integral
boundary value conditions, in this work, we consider the
existence and uniqueness of solutions for the following
problem:

cDβ cDαð Þx tð Þ = f t, x tð Þ, ϕx tð Þ, φx tð Þð Þ, t ∈ 0, 1½ �,

x 0ð Þ = 〠
n

i=1
aix tið Þ, x′ 0ð Þ = 0, μ1x 1ð Þ + μ2x′ 1ð Þ = 〠

m

j=1
bj

ðdj

cj

x sð Þds,

8>><
>>:

ð1Þ

where 0 < α < 1, 1 < β ≤ 2, with α + β − 2 ≥ 0, μ1, μ2, ai, bj ∈ℝ;

0 < ti < cj < dj < 1, i = 1, 2,⋯, n, j = 1, 2,⋯,m, cDα, cDβ are
the Caputo fractional derivatives, and f : ½0, 1� ×ℝ3 →ℝ is a
continuous function and ϕxðtÞ = Ð t0λðt, sÞxðsÞds, φxðtÞ = Ð t0δ
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ðt, sÞxðsÞds, where λ, δ : ½0, 1� × ½0, 1�→ ½0,+∞Þ, with λ0 =

sup
t∈½0,1�

jÐ t0λðt, sÞdsj <∞, δ0 = sup
t∈½0,1�

jÐ t0δðt, sÞdsj <∞.

This paper is organized as follows: in the second section,
we give some preliminaries and notations that will be useful
throughout the work; after that, in the third section, we estab-
lish the main results by using the fixed point theory; and in
the last section, we give some examples to illustrate the
results.

2. Preliminaries and Notations

Throughout this section, we present some notations, defini-
tions, and lemmas which will be used for the rest of the
paper.

Definition 1 (see [5]). The fractional integral of order α > 0
with the lower limit zero for a function f can be defined as

Iα f tð Þ = 1
Γ αð Þ

ðt
0
t − sð Þα−1 f sð Þds: ð2Þ

Definition 2 (see [5]). The Caputo derivative of order α > 0
with the lower limit zero for a function f can be defined as

cDα f = 1
Γ n − αð Þ

ðt
0
t − sð Þn−α−1 f nð Þ sð Þds: ð3Þ

where n ∈ℕ, 0 ≤ n − 1 < α < n, t > 0.

Theorem 3 (see [28]). Let M be a bounded, closed, convex,
and nonempty subset of a Banach space X. Let A and B be
two operators such that

(i) Ax + By ∈M whenever x, y ∈M
(ii) A is compact and continuous

(iii) B is a contraction mapping

Then, there exists z ∈M such that z = Az + Bz.

Lemma 4 (see [5]). Let α, β ≥ 0, then the following relation
holds:

Iαtβ = Γ β + 1ð Þ
Γ α + β + 1ð Þ t

α+β: ð4Þ

Lemma 5 (see [5]). Let n ∈ℕ and n − 1 < α < n. If f is a con-
tinuous function, then we have

IαcDα f tð Þ = f tð Þ + a0 + a1t + a2t
2+⋯+an−1tn−1: ð5Þ

Lemma 6. Let h ∈ Cð½0, 1�,ℝÞ. Then, the unique solution of
the boundary value problem

cDβ cDαð Þx tð Þ = h tð Þ, t ∈ 0, 1½ �,

x 0ð Þ = 〠
n

i=1
aix tið Þ, x′ 0ð Þ = 0, μ1x 1ð Þ + μ2x′ 1ð Þ = 〠

m

j=1
bj

ðdj

cj

x sð Þds,

8>><
>>:

ð6Þ

is given by

x tð Þ = 1
Γ α + βð Þ

ðt
0
t − sð Þα+β−1h sð Þds

−
B1 tð Þ

Γ α + βð Þ〠
n

i=1
ai

ðti
0
ti − sð Þα+β−1 × h sð Þds

+ B2 tð Þ 〠
m

j=1

bj
Γ α + βð Þ

ðdj

cj

ðs
0
s − uð Þα+β−1h uð Þdu

� �
ds

"

−
μ1

Γ α + βð Þ
ð1
0
1 − sð Þα+β−1h sð Þds − μ2

Γ α + β − 1ð Þ
×
ðt
0
1 − sð Þα+β−2h sð Þds

�
,

ð7Þ

where

Δ = L1K2 − L2K1 ≠ 0, L1 = −
∑n

i=1ait
α+1
i

Γ α + 2ð Þ , L2 = 1 − 〠
n

j=1
ai,

K1 =
μ1

Γ α + 2ð Þ +
μ2

Γ α + 1ð Þ −
∑m

j=1bj dα+2j − cα+2j

� �
Γ α + 3ð Þ ,

K2 = μ1 − 〠
m

j=1
bj dj − cj
� �

, B1 tð Þ = 1
Δ

K1 −
K2t

α+1

Γ α + 2ð Þ
� �

,

B2 tð Þ = 1
Δ

L1 −
L2t

α+1

Γ α + 2ð Þ
� �

:

ð8Þ

Proof. By applying Lemma 5, we obtain

cDαx tð Þ = Iβh tð Þ + θ0 + θ1t,

x tð Þ = Iα+βh tð Þ + Iαθ0 + Iαθ1t + θ2,
ð9Þ

where θ0, θ1, θ2 ∈ℝ.
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This means that

x tð Þ = 1
Γ α + βð Þ

ðt
0
t − sð Þα+β−1h sð Þds + tα

Γ α + 1ð Þ θ0

+ tα+1

Γ α + 2ð Þ θ1 + θ2,

x′ tð Þ = 1
Γ α + β − 1ð Þ

ðt
0
t − sð Þα+β−2h sð Þds + tα−1

Γ αð Þ θ0

+ tα

Γ α + 1ð Þ θ1,
ð10Þ

and by using the condition x′ð0Þ = 0, we get θ0 = 0.
As a result of the condition xð0Þ =∑n

i=1aixðtiÞ, we find
that L2θ2 + L1θ1 =H1, where

H1 = 〠
n

i=1

ai
Γ α + βð Þ

ðti
0
ti − sð Þα+β−1h sð Þds: ð11Þ

Now, we use the condition μ1xð1Þ + μ2x′ð1Þ =∑m
j=1bj

Ð dj
cj

xðsÞds, to obtain K2θ2 + K1θ1 =H2, where

H2 =
−μ1

Γ α + βð Þ
ð1
0
1 − sð Þα+β−1h sð Þds

−
μ2

Γ α + β − 1ð Þ
ð1
0
1 − sð Þα+β−2 × h sð Þds

+ 〠
m

j=1

bj
Γ α + βð Þ

ðdi
cj

ðs
0
s − uð Þα+β−1h uð Þdu

� �
ds:

ð12Þ

Finally, we have

θ1 =
K2H1 − L2H2

Δ
, θ2 =

L1H2 − K1H1
Δ

: ð13Þ

By substituting the value of θ0, θ1, and θ2, we get the
following:

x tð Þ = 1
Γ α + βð Þ

ðt
0
t − sð Þα+β−1h sð Þds

−
B1 tð Þ

Γ α + βð Þ〠
n

i=1
ai

ðti
0
ti − sð Þα+β−1 × h sð Þds

+ B2 tð Þ 〠
m

j=1

bj
Γ α + βð Þ

ðd j

cj

ðs
0
s − uð Þα+β−1h uð Þdu

� �
ds

"

−
μ1

Γ α + βð Þ
ð1
0
1 − sð Þα+β−1h sð Þds − μ2

Γ α + β − 1ð Þ
×
ð1
0
1 − sð Þα+β−2h sð Þds

�
:

ð14Þ

Conversely, by direct computations, we obtain the
desired result.

3. Main Results

Let X be the Banach space of all continuous functions from
½0, 1�→ℝ endowed with norm kxk = sup f∣xðtÞ∣ : t ∈ ½0, 1�g.

Theorem 7. Suppose that f : ½0, 1� ×ℝ3 →ℝ is a continuous
function satisfying

(H1) for all t ∈ ½0, 1� and x1, x2, x3, y1, y2, y3 ∈ℝ, we have
j f ðt, x1, x2, x3Þ − f ðt, y1, y2, y3Þj ≤ σðtÞðjx1 − y1j + jx2 − y2j +
jx3 − y3jÞ with σðtÞ ∈ L1ð½0, 1� ; ½0,∞ÞÞ.

Then, there exists a unique solution for problem (1)
under the following condition: r1 < 1, where

r1 = 1 + λ0 + δ0ð Þσ∗

� 1 + B1∑
n
i=1 aij j + B2∑

m
j=1 bj
		 		 dj − cj
� �

+ B2 μ1j j
Γ α + βð Þ + B2 μ2j j

Γ α + β − 1ð Þ

 !
,

ð15Þ

with B1 = 1/jΔjðjK1j + jK2j/Γðα + βÞÞ, B2 = 1/jΔjðjL1j + jL2j/
Γðα + 2ÞÞ, and σ∗ = Ð 10σðtÞdt.
Proof. Define P : X → X by

Px tð Þ = 1
Γ α + βð Þ

ðt
0
t − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds

−
B1 tð Þ

Γ α + βð Þ × 〠
n

i=1
ai

ðti
0
ti − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds

+ B2 tð Þ × 〠
m

j=1

bj
Γ α + βð Þ

ðd j

cj

ðs
0
s − uð Þα+β−1 f

�"

� u, x uð Þ, ϕx uð Þ, φx uð Þð Þ × duÞds

−
μ1

Γ α + βð Þ
ð1
0
1 − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds

−
μ2

Γ α + β − 1ð Þ
ð1
0
1 − sð Þα+β−2 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds

#
:

ð16Þ

Setting sup
0≤t≤1

j f ðt, 0, 0, 0Þj = F.

We consider the following set Br = fx ∈ X : kxk ≤ rg,
where r ≥ r2/ð1 − r1Þ, with

r2 =
F

Γ α + βð Þ + B1
Γ α + βð Þ〠

n

i=1
aij jF + B2 〠

m

j=1

bj
		 		F dj − cj

� �
Γ α + βð Þ

+ B2 μ1j jF
Γ α + βð Þ +

B2 μ2j jF
Γ α + β − 1ð Þ :

ð17Þ
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For each t ∈ ½0, 1� and x ∈ Br , we have

Px tð Þj j ≤ 1
Γ α + βð Þ

ðt
0
t − sð Þα+β‐1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þj jds

+ B1 tð Þj j
Γ α + βð Þ × 〠

n

i=1
aij j
ðti
0
ti − sð Þα+β‐1

� f s, x sð Þ, ϕx sð Þ, φx sð Þð Þj jds + B2 tð Þj j

�
"
〠
m

j=1

bj
		 		

Γ α + βð Þ
ðd j

cj

�ðs
0
s − uð Þα+β‐1

× f u, x uð Þ, ϕx uð Þ, φx uð Þð Þj jdu
�
ds + μ1j j

Γ α + βð Þ
ð1
0

� 1 − sð Þα+β‐1 × f s, x sð Þ, ϕx sð Þ, φx sð Þð Þj jds + μ2j j
Γ α + β − 1ð Þ

�
ð1
0
1 − sð Þα+β‐2 × f s, x sð Þ, ϕx sð Þ, φx sð Þð Þj jds

#

≤
1

Γ α + βð Þ
ðt
0
t − sð Þα+β‐1ð f s, x sð Þ, ϕx sð Þ, φx sð Þð Þj

− f s, 0, 0, 0ð Þj + f s, 0, 0, 0ð Þj jÞds + B1 tð Þj j
Γ α + βð Þ〠

n

i=1
aij j
ðti
0

� ti − sð Þα+β‐1 × ð f s, x sð Þ, ϕx sð Þ, φx sð Þð Þ − f s, 0, 0, 0ð Þj j

+ f s, 0, 0, 0ð Þj jÞds + B2 tð Þj j
"
〠
m

j=1

bj
		 		

Γ α + βð Þ
ðd j

cj

�
�ðs

0
s − uð Þα+β−1 × �jf u, x uð Þ, ϕx uð Þ, φx uð Þð Þ

− f u, 0, 0, 0ð Þj + f u, 0, 0, 0ð Þj j�du�ds + μ1j j
Γ α + βð Þ

ð1
0

� 1 − sð Þα+β−1ð f s, x sð Þ, ϕx sð Þ, φx sð Þð Þ − f s, 0, 0, 0ð Þj j

+ f s, 0, 0, 0ð Þj jÞds + μ2j j
Γ α + β − 1ð Þ

ð1
0
1 − sð Þα+β−2

× f s, x sð Þ, ϕx sð Þ, φx sð Þð Þ − f s, 0, 0, 0ð Þj j + f s, 0, 0, 0ð Þj jð Þds
#

≤
1

Γ α + βð Þ
ðt
0
t − sð Þα+β−1 σ sð Þ x sð Þj j + ϕx sð Þj j + φx sð Þj jð Þ + Fð Þds

+ B1
Γ α + βð Þ〠

n

i=1
aij j
ðti
0
ti − sð Þα+β−1ðσ sð Þð x sð Þj j + ϕx sð Þj j

+ φx sð Þj jÞ + FÞds + B2

"
〠
m

j=1

bj
		 		

Γ α + βð Þ
ðd j

cj

×
ðs
0
s − uð Þα+β−1

� σ uð Þ x uð Þj j + ϕx uð Þj j + φx uð Þj jð Þ + Fð Þduds + μ1j j
Γ α + βð Þ

ð1
0

� 1 − sð Þα+β−1 σ sð Þ x sð Þj j + ϕx sð Þj j + φx sð Þj jð Þ + Fð Þds

+ μ2j j
Γ α + β − 1ð Þ

ð1
0
1 − sð Þα+β−2ðσ sð Þð x sð Þj j + ϕx sð Þj j

+ φx sð Þj jÞ + FÞds
#
≤

1 + λ0 + δ0ð Þ xk k
Γ α + βð Þ

ð1
0
σ sð Þds + F

Γ α + βð Þ
ðt
0

� t − sð Þα+β−1ds + B1
Γ α + βð Þ〠

n

i=1
aij j 1 + λ0 + δ0ð Þ xk k

ð1
0
σ sð Þds

+ B1
Γ α + βð Þ〠

n

i=1
aij jF ×

ðti
0
ti − sð Þα+β−1ds + B2 〠

m

j=1

bj
		 		

Γ α + βð Þ
ðd j

cj

� 1 + λ0 + δ0ð Þ xk k ×
ð1
0
σ uð Þdu

� �
+ B2 〠

m

j=1

bj
		 		F dj − cj

� �
Γ α + βð Þ

+ B2 μ1j j
Γ α + βð Þ 1 + λ0 + δ0ð Þ xk k ×

ð1
0
σ sð Þds + B2 μ1j jF

Γ α + βð Þ
ð1
0

� 1 − sð Þα+β−1ds + B2 μ2j j
Γ α + β − 1ð Þ 1 + λ0 + δ0ð Þ xk k

�
ð1
0
σ sð Þds + B2 μ2j jF

Γ α + β − 1ð Þ
ð1
0
1 − sð Þα+β−2ds

≤
1 + λ0 + δ0ð Þ xk k

Γ α + βð Þ σ∗ + F
Γ α + βð Þ + B1

Γ α + βð Þ〠
n

i=1
aij j

� 1 + λ0 + δ0ð Þ xk kσ∗ + B1
Γ α + βð Þ〠

n

i=1
aij jF

+ B2 〠
m

j=1

bj
		 		 dj − cj
� �

Γ α + βð Þ 1 + λ0 + δ0ð Þ xk kσ∗

+ B2 〠
m

j=1

bj
		 		F dj − cj

� �
Γ α + βð Þ + B2 μ1j j

Γ α + βð Þ 1 + λ0 + δ0ð Þ xk kσ∗

+ B2 μ1j jF
Γ α + βð Þ + B2 μ2j j

Γ α + β − 1ð Þ 1 + λ0 + δ0ð Þσ∗ xk k + B2 μ2j jF
Γ α + β − 1ð Þ

≤

"
1 + λ0 + δ0ð Þσ∗
Γ α + βð Þ + B1

Γ α + βð Þ〠
n

i=1
aij j 1 + λ0 + δ0ð Þσ∗ + B2

× 〠
m

j=1

bj
		 		 dj − cj
� �

Γ α + βð Þ 1 + λ0 + δ0ð Þσ∗ + B2 μ1j j
Γ α + βð Þ

� 1 + λ0 + δ0ð Þσ∗ + B2 μ2j j
Γ α + β − 1ð Þ 1 + λ0 + δ0ð Þσ∗

#
xk k

+ F
Γ α + βð Þ + B1

Γ α + βð Þ × 〠
n

i=1
aij jF + B2 〠

m

j=1

bj
		 		F dj − cj

� �
Γ α + βð Þ

+ B2 μ1j jF
Γ α + βð Þ + B2 μ2j jF

Γ α + β − 1ð Þ :

ð18Þ

This means that kPxk ≤ r.
Therefore, PBr ⊆ Br .
Next, we prove that P is a contraction mapping.
For x, y ∈ Br , we have

Px tð Þ − Py tð Þj j
≤

1
Γ α + βð Þ

ðt
0
t − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þjð

− f s, y sð Þ, ϕy sð Þ, φy sð Þð ÞjÞds + B1∑
n
i=1 aij j

Γ α + βð Þ
×
ðti
0
ti − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þjð

− f s, y sð Þ, ϕy sð Þ, φy sð Þð ÞjÞds

+ B2 〠
m

j=1

bj
		 		

Γ α + βð Þ ×
ðdj

cj

"

�
ðs
0
s − uð Þα+β−1 f s, x uð Þ, ϕx uð Þ, φx uð Þð Þjð

�

− f s, y uð Þ, ϕy uð Þ, φy uð Þð ÞjÞdu
�
ds
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+ μ1j j
Γ α + βð Þ ×

ð1
0
1 − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þjð

− f s, y sð Þ, ϕy sð Þ, φy sð Þð ÞjÞds + μ2j j
Γ α + β − 1ð Þ

×
ð1
0
1 − sð Þα+β−2 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þ − f s, y sð Þ, ϕy sð Þ, φy sð Þð Þj jð Þds

3
5

≤
1

Γ α + βð Þ
ðt
0
t − sð Þα+β−1σ sð Þ x sð Þ − y sð Þj j + ϕx sð Þjð

− ϕy sð Þj + φx sð Þ − φy sð Þj jÞds + B1
Γ α + βð Þ〠

n

i=1
aij j
ðti
0

� ti − sð Þα+β−1σ sð Þ × x sð Þ − y sð Þj j + ϕx sð Þjð

− ϕy sð Þj + φx sð Þ − φy sð Þj jÞds + B2 〠
m

j=1

bj
		 		

Γ α + βð Þ
ðdj

cj

"

�
�ðs

0
s − uð Þα+β−1σ uð Þ × x uð Þ − y uð Þj j + ϕx uð Þjð

− ϕy uð Þj + φx uð Þ − φy uð Þj jÞdu
�
ds

+ μ1j j
Γ α + βð Þ

ð1
0
1 − sð Þα+β−1σ sð Þ x sð Þ − y sð Þj j + ϕx sð Þjð

− ϕy sð Þj + φx sð Þ − φy sð Þj jÞds + μ2j j
Γ α + β − 1ð Þ

�
ð1
0
1 − sð Þα+β−2σ sð Þ x sð Þ − y sð Þj j + ϕx sð Þjð

� − ϕy sð Þj + φx sð Þ − φy sð Þj jÞds
#

≤
1 + λ0 + δ0ð Þ x − yk k

Γ α + βð Þ
ð1
0
σ sð Þds

+ B1
Γ α + βð Þ〠

n

i=1
aij j 1 + λ0 + δ0ð Þ x − yk k

ð1
0
σ sð Þds

+ B2 〠
m

j=1

bj
		 		

Γ α + βð Þ
ðd j

cj

1 + λ0 + δ0ð Þ x − yk k
ð1
0
σ uð Þdu

� �
ds

+ B2 μ1j j
Γ α + βð Þ 1 + λ0 + δ0ð Þ x − yk k

ð1
0
σ sð Þds

+ B2 μ2j j
Γ α + β − 1ð Þ 1 + λ0 + δ0ð Þ x − yk k

ð1
0
σ sð Þds

≤
1 + λ0 + δ0ð Þ x − yk k

Γ α + βð Þ σ∗ + B1
Γ α + βð Þ〠

n

i=1
aij j 1 + λ0 + δ0ð Þ x − yk kσ∗

+ B2 〠
m

j=1

bj
		 		 dj − cj
� �

Γ α + βð Þ 1 + λ0 + δ0ð Þσ∗ x − yk k

+ B2 μ1j j
Γ α + βð Þ 1 + λ0 + δ0ð Þσ∗ x − yk k

+ B2 μ2j j
Γ α + β − 1ð Þ 1 + λ0 + δ0ð Þσ∗ x − yk k ≤ 1 + λ0 + δ0ð Þσ∗

�
 
1 + B1∑

n
i=1 aij j + B2∑

m
j=1 bj
		 		 dj − cj
� �

+ B2 μ1j j
Γ α + βð Þ + B2 μ2j j

Γ α + β − 1ð Þ

!
x − yk k:

ð19Þ

Since r1 < 1, then P is a contraction. Therefore, system (1)
has a unique solution.

Theorem 8. Assume that (H1) holds and f : ½0 ; 1� ×ℝ3 →ℝ
is a continuous function. Furthermore, we suppose

H3ð Þ  f t, x, y, zð Þj j ≤ θ tð Þ, ∀ t, x, y, zð Þ ∈ 0, 1½ � ×ℝ3 with θ ∈ L1 0, 1½ � ;ℝ+ð Þ:
ð20Þ

Then, problem (1) has at least one solution on [0,1] if R
< 1, where

R = 1 + λ0 + δ0ð Þσ∗

� B1∑
n
i=1 aij j + B2∑

m
j=1 bj
		 		 dj − cj
� �

+ B2 μ1j j
Γ α + βð Þ + B2 μ2j j

Γ α + β − 1ð Þ

 !
:

ð21Þ

Proof. We now consider the closed ball Br ′ = fx ∈ X : kxk ≤
r′g with fixed radius r′:

r′ ≥ θk kL1
Γ α + β + 1ð Þ + B1

Γ α + β + 1ð Þ〠
n

i=1
aij jtα+βi θk kL1

+ B2 〠
m

j=1

bj
		 		 θk kL1 dj − cj

� �
Γ α + β + 1ð Þ + μ1j j θk kL1

Γ α + β + 1ð Þ + μ2j j θk kL1
Γ α + βð Þ

" #
:

ð22Þ

We define the operators P1 and P2 on Br ′ as

P1x tð Þ = 1
Γ α + βð Þ

ðt
0
t − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds,

P2x tð Þ = −
B1 tð Þ∑n

i=1ai
Γ α + βð Þ

ðti
0
ti − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds

+ B2 tð Þ ×
"
〠
m

j=1

bj
Γ α + βð Þ

ðdj

cj

�ðs
0
s − uð Þα+β−1 f

� u, x uð Þ, ϕx uð Þ, φx uð Þð Þ × du
�
ds −

μ1
Γ α + βð Þ

ð1
0

� 1 − sð Þα+β−1 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds − μ2
Γ α + β − 1ð Þ

ð1
0

� 1 − sð Þα+β−2 f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds
#
:

ð23Þ

For x, y ∈ Br ′ , we have

P1x tð Þj j ≤ θk kL1
Γ α + β + 1ð Þ ,

P2y tð Þj j ≤ B1
Γ α + β + 1ð Þ〠

n

i=1
aij jtα+βi θk kL1

+ B2 〠
m

j=1

bj
		 		 θk kL1 dj − cj

� �
Γ α + β + 1ð Þ + μ1j j θk kL1

Γ α + β + 1ð Þ

"

+ μ2j j θk kL1
Γ α + β + 1ð Þ

�
:

ð24Þ

Consequently,
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P1x + P2yk k

≤
θk kL1

Γ α + β + 1ð Þ + B1
Γ α + β + 1ð Þ〠

n

i=1
aij jtα+βi θk kL1 + B2

× 〠
m

j=1

bj
		 		 θk kL1 dj − cj

� �
Γ α + β + 1ð Þ + μ1j j θk kL1

Γ α + β + 1ð Þ +
μ2j j θk kL1
Γ α + βð Þ

" #
:

ð25Þ

Then,

P1x + P2y ∈ Br ′ : ð26Þ

Next, we show that P2 is a contraction. For x, y ∈ Br ′ , we
have

P2x tð Þ − P2y tð Þk k

≤
B1 tð Þj j

Γ α + βð Þ〠
n

i=1
aij j
ðti
i=1

ti − sð Þα+β−1 × f s, x sð Þ, ϕx sð Þ, φx sð Þð Þj

− f s, y sð Þ, ϕy sð Þ, φy sð Þð Þjds + B2 tð Þj j

�
"
〠
m

j=1

bj
		 		

Γ α + βð Þ
ðdj

cj

ðs
0
s − uð Þα+β−1 × jf s, x uð Þ, ϕx uð Þ, φx uð Þð Þ

− f s, y uð Þ, ϕy uð Þ, φy uð Þð Þjduds + μ1j j
Γ α + βð Þ

ð1
0
1 − sð Þα+β−1

� f s, x sð Þ, ϕx sð Þ, φx sð Þð Þ − f s, y sð Þ, ϕy sð Þ, φy sð Þð Þj jds

+ μ2j j
Γ α + β − 1ð Þ

ð1
0
1 − sð Þα+β−2jf s, x sð Þ, ϕx sð Þ, φx sð Þð Þ

− f s, y sð Þ, ϕy sð Þ, φy sð Þð Þjds
#

≤
B1

Γ α + βð Þ〠
n

i=1
aij j
ðti
0
t − sð Þα+β−1σ sð Þð x sð Þ − y sð Þj j + jϕx sð Þ

− ϕy sð Þj + φx sð Þ − φy sð Þj jÞds + B2

"
〠
m

j=1

bj
		 		

Γ α + βð Þ

×
ðdj

cj

ðs
0
s − uð Þα+β−1σ uð Þð x uð Þ − y uð Þj j + jϕx uð Þ

− ϕy uð Þj + φx uð Þ − φy uð Þj jÞduds + μ1j j
Γ α + βð Þ

ð1
0

� 1 − sð Þα+β−1σ sð Þ x sð Þ − y sð Þj j + ϕx sð Þ − ϕy sð Þj j + φx sð Þjð

− φy sð ÞjÞds + μ2j j
Γ α + β − 1ð Þ

ð1
0
1 − sð Þα+β−2σ sð Þ

� x sð Þ − y sð Þj j + ϕx sð Þ − ϕy sð Þj j + φx sð Þ − φy sð Þj jð Þds
#

≤ 1 + λ0 + δ0ð Þσ∗

 
B1∑

n
i=1 aij j + B2∑

m
j=1 bj
		 		 dj − cj
� �

+ B2 μ1j j
Γ α + βð Þ

+ B2 μ2j j
Γ α + β − 1ð Þ

!
x − yk k:

ð27Þ

since R < 1, we conclude that P2 is a contraction. Now, we
show that P1 is compact and continuous.

Continuity of f implies that the operator P1 is continu-
ous. Also, P1 is uniformly bounded on Br ′ as

P1xk k ≤ θk kL1
Γ α + β + 1ð Þ : ð28Þ

Suppose that 0 ≤ t1 < t2 ≤ 1. We have

P1x t2ð Þ − P1x t1ð Þj j

≤
1

Γ α + βð Þ jðt10 t2 − sð Þα+β−1 − t1 − sð Þα+β−1
� �

× f s, x sð Þ, ϕx sð Þ, φx sð Þð Þds +
ðt2
t1

t2 − sð Þα+β−1 f

� s, x sð Þ, ϕx sð Þ, φx sð Þð Þdsj
≤

θk kL1
Γ α + β + 1ð Þ 2 t2 − t1ð Þα+β + tα+β1 − tα+β2

			 			h i
:

ð29Þ

Hence, jP1xðt2Þ − P1xðt1Þj→ 0, as t1 → t2 independently
from x ∈ Br ′ .

This shows that the operator P1 is relatively compact on
Br ′ . Hence, by the Arzela-Ascoli theorem, P1 is compact on
Br ′ .

Then, by Krasnoselskii’s fixed point theorem, problem
(1) has at least one solution on Br ′ .

4. Example

In this section, we give two examples to prove the applicabil-
ity of our main results.

Example 9. Let us consider the following system:

cD11/7 cD5/7
� �

x tð Þ = t2

200
1

1 + x tð Þj j +
1
100

ðt
0
t4s3x sð Þds

� �
, t ∈ 0, 1½ �,

x 0ð Þ = 1
500 x

1
19

� �
+ x

4
19

� �
+ x

8
19

� �
+ x

11
19

� �� �
, x′ 0ð Þ = 0,

1
300 x 1ð Þ + 1

300 x
′ 1ð Þ = 1

400

ð3/19
2/19

x sð Þds +
ð7/19
5/19

x sð Þds +
ð10/19
9/19

x sð Þds
� �

:

8>>>>>>>>><
>>>>>>>>>:

ð30Þ

Here, m = 3, n = 4, β = 11/7, α = 5/7, a1 = a2 = a3 = a4 =
1/500, μ1 = μ2 = 1/300, b1 = b2 = b3 = 1/400, c1 = 2/19, c2 = 5
/19, c3 = 9/19, d1 = 3/19, d2 = 7/19, d3 = 10/19, f ðt, x, y, zÞ =
ðt2/200Þð1/ð1 + jxðtÞjÞ + yðtÞ + zðtÞÞ, λðt, sÞ = δðt, sÞ = t4s3/
200, and σðtÞ = t2/200.

It follows that

λ0 = δ0 =
1
800 , σ

∗ = 1
600 , B1 ≈ 1, 3367, B2 ≈ 117, 95142, r1 ≈ 0, 0027:

ð31Þ

By Theorem 7, we obtain that problem (30) has a unique
solution.
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Example 10. Consider the following problem:

cD18/11 cD6/11
� �

x tð Þ = t3

400
x tð Þj je−t
1 + x tð Þj j +

ðt
0

t + sð Þ3 x sð Þj j cos sð Þ + sin sð Þð Þ
400 1 + x sð Þj jð Þ

 !
t ∈ 0, 1½ �,

x 0ð Þ = 1
800 x

12
41

� �
+ x

15
41

� �
+ x

18
41

� �
+ x

21
41

� �� �
, x′ 0ð Þ = 0,

1
600 x 1ð Þ + 1

600 x
′ 1ð Þ = 1

700

ð14/41
13/41

x sð Þds +
ð17/41
16/41

x sð Þds +
ð20/41
19/41

x sð Þds
� �

:

8>>>>>>>>><
>>>>>>>>>:

ð32Þ

Here, m = 3, n = 4, β = 18/11, α = 6/11, a1 = a2 = a3 = a4
= 1/800, μ1 = μ2 = 1/600, b1 = b2 = b3 = 1/700, c1 = 13/41, c2
= 16/41, c3 = 19/41, d1 = 14/41, d2 = 17/41, d3 = 20/41, f ðt,
x, y, zÞ = ðt3/400ÞðjxðtÞje−t/ð1 + jxðtÞjÞ + jyðtÞj cos ðtÞ/ð1 + jy
ðtÞjÞ + jzðtÞj sin ðtÞ/ð1 + jzðtÞjÞÞ, λðt, sÞ = δðt, sÞ = ðt + sÞ3/
400, σðtÞ = t3/400, and θðtÞ = 3t3/400.

It is clear that

λ0 = δ0 =
15
1600 , σ

∗ = 1
1600 , B1 ≈ 1, 3641, B2 ≈ 229, 3039, R ≈ 0, 000566:

ð33Þ

Then, problem (32) has at least one solution.
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