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Let E be a weighted Nakano sequence space or generalized Cesdro sequence space defined by weighted mean and by using
s—numbers of operators from a Banach space X into a Banach space Y. We give the sufficient (not necessary) conditions on E such
that the components S; (X, Y) = {T € L(X,Y): (s, (T));2, € E} of the class S form pre-quasi operator ideal, the class of all finite
rank operators are dense in the Banach pre-quasi ideal Sg, the pre-quasi operator ideal formed by the sequence of approximation
numbers is strictly contained for different weights and powers, the pre-quasi Banach Operator ideal formed by the sequence of
approximation numbers is small, and finally, the pre-quasi Banach operator ideal constructed by s—numbers is simple

Banach space.

1. Introduction

All through the paper,

L(X,Y) ={T: X — Y; T isabounded linear operator; X and Y are Banach spaces}, (1)

and if X =Y, we write L (X); by w, we denote the space of all
real sequences and 0 is the zero vector of E. Due to the
immense applications in geometry of Banach spaces, spectral
theory, geometry of Banach spaces, theory of eigenvalue
distributions etc., the theory of operator ideals goals pos-
sesses an uncommon essentialness in useful examination.
Some of operator ideals in the class of Banach spaces or
Hilbert spaces are defined by different scalar sequence
spaces. For example, the ideal of compact operators is de-
fined by the space ¢, of null sequences and Kolmogorov
numbers. Pietsch [1] examined the quasi-ideals formed by
the approximation numbers and classical sequence space
2 (0< p<oo). He showed that the ideals of nuclear

operators and of Hilbert Schmidt operators between Hilbert
spaces are defined by €' and ¢?, respectively. Also, he proved
that the class of all finite rank operators is dense in the
Banach quasi ideal and the algebra L (£P), where (1< p < 00)
contains one and only one nontrivial closed ideal. Pietsch [2]
showed that the quasi Banach operator ideal formed by the
sequence of approximation numbers is small. Makarov and
Faried [3] proved that the quasi-operator ideal formed by the
sequence of approximation numbers is strictly contained for
different powers, i.e., for any infinite dimensional Banach
spaces X and Y and for any g>p>0, it is true that

ST (X, Y) €S (X,Y) S L(X,Y). In [4], Faried and Bakery
studied the operator ideals constructed by approximation
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numbers and generalized Cesaro and Orlicz sequence spaces
¢, In [5], Faried and Bakery introduced the concept of pre-
quasi operator ideal which is more general than the usual
classes of operator ideal; they studied the operator ideals
constructed by s— numbers, generalized Cesaro and Orlicz
sequence spaces ¢,;, and showed that the operator ideal
formed by the previous sequence spaces and approximation
numbers is small under certain conditions. The idea of this
paper is to study a generalized class Sy by using the sequence
of s-numbers and E (weighted Nakano sequence space or
generalized Cesdro sequence space); we give sufficient (not
necessary) conditions on E such that Sp constructs a pre-
quasi operator ideal, which gives a negative answer of
Rhoades [6] open problem about the linearity of E—type
spaces Sg. The components of S; as a pre-quasi Banach
operator ideal containing finite dimensional operators as a
dense subset and its completeness are proved. The pre-quasi
operator ideal formed by the sequence of approximation
numbers is strictly contained for different weights and powers
are determined. Finally, we show that the pre-quasi Banach
operator ideal formed by E and approximation numbers is small
under certain conditions. Furthermore, the sufficient conditions
for which the pre-quasi Banach operator ideal constructed by
s—numbers is a simple Banach space.

2. Definitions and Preliminaries

Definition 1 (see[7]). An s-number function is a map de-
fined on L(X,Y) which associates to each operator
T e L(X,Y), a nonnegative scaler sequence (s, (1)),
assuming that the the following states are verified:

@) Tl = sy (T) =25, (T)=5,(T)= -+ >0, for T € L(X,
Y)

(b) spin (T1 +T,) <5, (T)) +5,(T,) for all T|,T, €
L(X,Y), m,neN

(c) Ideal property: s, (RVT)<|Rlls,(V)IT|l for all
T € L(Xy, X),V € L(X,Y)and R € L(Y,Y,), where
X, and Y, are arbitrary Banach spaces

(dIf GeL(X,)Y) and AeR, we
s, (AG) = [Als, (G)

(e) Rank property: if rank(T)<n then s,(T) =0 for
each T € L(X,Y)

(f) Norming property: s,.,(I,)=0 or s, (I,) =1,
where I, represents the unit operator on the n-di-
mensional Hilbert space £}

obtain

There are several examples of s-numbers, we mention the
following:

(1) The n-th approximation number, denoted by «,, (T),
is defined by

a, (T) =inf{||T - B||: B € L(X,Y)andrank (B) <n}.
(2)

(2) The n-th Gel'fand number, denoted by c, (T), is
defined by ¢, (T) = a,, (JyT), where J, is a metric
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injection from the normed space Y to a higher space
I, (A) for an adequate index set A. This number is
independent of the choice of the higher space I (A).

(3) The n-th Kolmogorov number, denoted by d,, (T), is
defined by
d,(T) = inf sup inf|[Tx - y|. (3)

dimY<n Ixll<1 yey

(4) The n-th Weyl number, denoted by x,, (T), is defined
by
x,(T) = inf{a, (TB): |B: &, — X|<1}.  (4)

(5) The n-th Chang number, denoted by y, (T), is de-
fined by

¥, (T) = inf{a, (BT): |B: Y — &, <1} (5)

(6) The n-th Hilbert number, denoted by h, (T), is de-
fined by

h,(T) = sup{(xn (BTA): ”B: Y — 82”

(6)
<land|A: &, — X| <1}

Remark (see[7]). Among all the s-number sequences de-
fined above, it is easy to verify that the approximation
number, a,, (T), is the largest and the Hilbert number, h,, (T),
is the smallest s-number sequence, ie., h,(T)<s,(T)<
a, (T) for any bounded linear operator T. If T'is compact and
defined on a Hilbert space, then all the s-numbers coincide
with the eigenvalues of |T'|, where |T| = (T * T)"2.

Theorem 1 (see [7], p.115). If T € L(X,Y), then
h, (T)<x,(T)<c,(T)<a, (T),
b, (T) < y,(T) <d, (T) <, (T).

Definition 2 (see [1]). A finite rank operator is a bounded
linear operator whose dimension of the range space is finite.
The space of all finite rank operators on E is denoted by

Definition 3 (see[1]). A bounded linear operator A: E — E
(where E is a Banach space) is called approximable if there
are S, € F(E), for all n € N such that lim, | [|[A -S|l = 0.
The space of all approximable operators on E is denoted by
A(E).

Lemma 1 (see [1]). Let T € L(X,Y). If T is not approxim-
able, then there are operators G € L(X,X) and B € L(Y,Y),
such that BTGe,. = e; for all k € N.

Definition 4 (see [1]). A Banach space X is called simple if
the algebra L(X) contains one and only one nontrivial
closed ideal.



Journal of Function Spaces

Definition 5 (see [1]). A bounded linear operator
A: E — E (where E is a Banach space) is called compact if
A (B;) has compact closure, where B, denotes the closed unit
ball of E. The space of all compact operators on E is denoted
by L.(E).

Theorem 2 (see [1]). If E is infinite dimensional Banach
space, we have

F(E)A(E)¢ L (E) & L(E). (8)

Definition 6 (see [1]). Let L be the class of all bounded linear
operators between any arbitrary Banach spaces. A subclass U
of L is called an operator ideal if each element U (X,Y) =
UNL(X,Y) fulfills the following conditions:

(i) I, € U where [ represents Banach space of one
dimension
(ii) The space U (X,Y) is linear over R

(iii) If T € L(Xy, X), V €U(X,Y) and R e L(Y,Y,);
then, RVT e U (X,,Y,) (see [8, 9])

The concept of pre-quasi operator ideal is more general
than the usual classes of operator ideal.

Definition 7 (see [5]). A function g: Q — [0, 00) is said to
be a pre-quasi norm on the ideal Q if the following con-
ditions holds:

(1) Forall T € Q(X,Y), g(T) >0 and g(T) =0, if and
onlyif T =0

(2) There exists a constant M >1 such that g(AT) <
MMg(T), forall T € Q(X,Y) and A € R

(3) There exists a constant K=>1 such that
g(T +T,)<Kl[g(T))+g(T,)], for all T|,T, € Q
(X,Y)

(4) There exists a constant C>1 such that if
T e L(Xy, X), P e Q(X,Y) and R € L(Y,Y,); then
g(RPT)<CI|Rlg(P)IT|l, where X, and Y, are
normed spaces.

Theorem 3 (see [5]). Every quasi norm on the ideal Q is a
pre-quasi norm on the ideal Q.

Let p = (p,) be a positive real and (f,,),,cn be a sequence
of positive real; the weighted Nakano sequence space is
defined by

EB(P") ={x = (x;) € w: p(Ax) < co for some 1 > 0} where p(x)

-5 )"

9)
And (Eép"), [-1) is a Banach space, where

x|l = inf{11>0: p(%)gl}. (10)

When (p,,) is bounded, we mark

gﬁ(}’n) _ <|x = (x,) € w:l;)ﬁk|xk|pk <OO]>. (11)

If B, =1 for all neN, then El(;p”) will reduce to £
studied in [10, 11].
In [12], Sengoniil defined the sequence space as

ces((a,), (p,)) ={x = (x) € w: A >0with p(Ax) < o0},

0 n Pr
p(x):Z(anZ|xk|> ,
k=0

n=0

(12)

where (a,) and (p,) are the sequences of positive real and
p, =1 for all n € N. With the norm,

Il =inf{11>0: p(%)SI}. (13)

(1) Taking a, = (1/(n+1)) for all neN, then
ces((a,), (p,) is reduced to ces(p,) studied by
Sanhan and Suantai [13]

(2) Taking a,, = (1/(n+1)) and p,=p for all neN,
then ces((a,), (p,)) is reduced to ces, studied by
many authors (see [14-16])

Note

Definition 8 (see [5]). Let E be a linear space of sequences,
then E is called a (sss) if

(1) ForneN, e, € E
(2) E is solid; i.e., assuming x = (x,) € w, y = (y,) € E
and [x,|<|y,| for all n € N, then x € E

(3) (X|2))50g € E, where [n/2] indicates the integral
part of [n/2], whenever (x,),2) € E

Definition 9 (see [5]). A subclass of the (sss) is called a
premodular (sss) assuming that we have a map
p: E — [0, 00[ with the following:
(i) Forx € E, x =0 = p(x) = 0 with p(x) >0
(ii) For each x € E and scalar A, we get a real number
L>1 for which p(Ax) < [A|Lp(x)
(iii) p(x + y) <K (p(x) + p(y)) for each x, y € E, holds
for a few numbers K >1
(iv) For n e N, |x,| <|y,|, we obtain p(x,) <p(y,)
(v) The inequality, p(x,)<p(x[,;,)) < Kop(x,) holds,
for some numbers K;>1
(vi) F = E,, where F is the space of finite sequences
(vii) There is a steady &>0 such that
p(1,0,0,0,...)=¢[Ap(1,0,0,0,...) for any A € R

Condition (ii) gives the continuity of p (x) at 0. The linear
space E enriched with the metric topology formed by the
premodular p will be indicated by E . Moreover, condition
(16) in Definition 8 and condition (vi) in Definition 9 explain
that (e,),cy is @ Schauder basis of E,,.



Notations. The sets Sg, Sp(X,Y), Sg¥, and SF¥ (X, Y) (cf.
[5]) as follows:
Sg = {S(X,Y); XandY are Banach spaces}, where
Sg(X,Y)={T € L(X,Y): ((5;(T))i> € E}. Also,
SEP = {SFP(X,Y); X andY are Banach spaces}, where
SFP(X,Y) ={T € L(X,Y): (& (1)) € E}.
(14)

Theorem 4 (see [5]
ideal.

). If E is a (sss), then Sy is an operator

Theorem 5 (see [3]). If X and Y are infinite dimensional
Banach spaces and (y;) is a monotonic decreasing sequence
to zero, then there exists a bounded linear operator T such
that

1

164 <o (T) <8y, (15)

Now and after, define e, = {0,0,...,1,0,0,...} where 1

appears at the #n'" place for all n € N and the given inequality
will be used in the sequel:

a, +b Prylp
n n n

b SH(]an

Pn)’ (16)

where H = max{1,2""'}, h = sup,,p,,, and p, > 1foralln € N
(see [17]).

3. Main Results

3.1. Linear Problem. We examine here the operator ideals
created by s—numbers and also weighted Nakano sequence
space or generalized Cesdro sequence space defined by
weighted mean such that those classes of all bounded linear
operators T between arbitrary Banach spaces with («, (T))
in these sequence spaces type an ideal operator.

Theorem 6. El(;p”) is a (sss), if the following conditions are
satisfied:

(al) The sequence (p,,) is increasing and bounded from
above with p, >0 for alln e N

(a2) Either (f,) is monotonic decreasing or monotonic
increasing such that there exists a constant C > 1, for
which ﬁ2n+1 Scﬁn

Proof (1) Let x,y € €l§p"). Since (p,,) is bounded, we get

o0
p"sH(Zﬁnlxn p"><oo
n=0

(17)

> Bulxa + v Py Bulyn
n=0 n=0

(pn)
then x + y € g

(2) Let A e R and x € Bép"). Since (p,,) is bounded, we
have
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Prc oo (18)

> Biix,
n=0

Then, Ax € K[(;P 2 Therefore, by using Parts (1) and (2), we
have that the space Eép " s linear. Also, e, € Bl(gp ") for all
n € N, since

(o)
Pr< sup |)L|P"Z Balx,
L n=0

Y Bile " = B, (19)
i=0
(2) Let |x,| < |y, forallnENandyE€ Sinceﬂn>0
for all n € N, then
o0 o0
Y Balxal " < Y Bulyal" < 00, (20)
n=0 n=0

(pn)
and we get x € £g

(3) Let (x,) € €;;p”), (B,) be an increasing sequence.
There exists C > 0 such that f3,,,, <Cf, and (p,) be
increasing; then, we have

(o] 0
Z/jnl'x[”/z]lpn = Zﬂanxn
n=0 n=0

[sS) ) .
< Y Boalxal” + Y Bona || <2C Y B,
n=0 n=0 n=0

PZVH!

P o0
"+ Z /32n+1lxn
n=0

>

(21)
and then (x,,)) € El(f"). O

Theorem 7. ces((a,), (p,)) is a (sss), if the following con-
ditions are satisfied:

(b1) The sequence (p,) is increasing and bounded with
po>1
(b2) Y2, (a,)Pr <0

Proof (1) Given that x, y € ces((a,), (p,)) and A}, 1, € R.
Since (p,) is bounded, we have

5 (uni|A1xk+A2yk|>PnsH< n z()( Z|xk|>

( Zw))

(22)

Hence, A;x+A,y €ces((a,), (p,)); then, the space
ces((a,), (p,)) is linear. Also prove thate,, € ces((a,), (p,))
for all m € N, since Y2 (a,)f" < co. So we get

00 n Pn 0 00
D <anZ|em(k)|> =Y (@)<Y (a,)" <o,
n=0 k=0 n=m n=0

(23)

Hence, ¢, € ces((a,), (p,))-
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(2) Let |x,|<|y,| for all n € N and y € ces((a,), (p,))-
Since a,, >0 for all n € N, then

5 (= zw) 5 (o zw) e

n=0 n=0

Mg

m Pon
2n Z |x [k/2] )

k=0

5 (= glx[mﬂ) -

n=0

=
Il
(=]

In
Mg

=
Il
o

(3
8
(2

n=0

[ee)
3(22’1‘1 y2M )Z (a,,

Hence, (x,) € ces((a,), (p,))-
By using Theorem 4, we can get the following corollaries:

Corollary 1. Let conditions (al) and (a2) be satisfied; then,

apﬁ) be an operator ideal.
b

Corollary 2. S% , is an operator ideal, if the sequence (p,) is
increasing and bounded from above with p, >0 for alln € N.

Corollary 3. If p € (0,00), then S,, %P is an operator ideal.

Corollary 4. Conditions (bl) and (b2) are satisfied; hence,

app . .
Sees((a,),(p,)) IS an operator ideal.

Corollary 5. Assume (p,) is increasing with p,>1 and

bounded, so Scfs(p is an operator ideal.

Corollary 6. If p € (1,00), then Scesp is an operator ideal.

4. Topological Problem

The following question arises naturally: which sufficient
conditions (not necessary) on the sequence space E
(weighted Nakano sequence space and generalized Cesaro
sequence space defined by weighted mean) are the ideal of
the finite rank operators in the class of Banach spaces dense
in Sz? This gives a negative answer of Rhoades [6] open
problem about the linearity of E-type spaces (Sg).

Theorem 8. F(X,Y) =
(al) and (a2) are satisfied. ¥

M(X,Y), whenever conditions

and we get x € ces((a,), (p,)).

(3) Let (x,) € ces((a,), (p,)). Since (p,) is increasing
and the sequence (a,) with Y2  (a,)P" <co is de-
creasing, then we have

00 2n+1 Pansy
+ Z Aol Z |x[k/2]|
k=0

n=0

2n Pn e} 2n+1 Pu
n<z 2|xk|+|xn|>> +Z <a2n+1 Z 2|xk|>
= n=0 k=0

3 |xk|>
@0 (i)

o] n Pn 0 n Pn
Z <an Z kal> > + Z <2“n le[k/2]|> (25)
n=0 k=0 n=0 k=0

M=

n
|xk|)
k=0

Proof. First, we substantiate that each finite operator
T e F(X,Y) belongs to M(X Y). Given that

{eqtnen € € () and the space ¢ (7.} is linear, then for all finite
operators g‘e F(X,)Y), ie, tﬁe sequence (s, (T)),en cON-
tains only finitely many numbers different from zero.
Currently, we substantiate that S, (X,Y) S F (X Y). On
taking T € S (p,,) (X,Y),we obtain /fs (T2 € fﬁp” hence,

p((s, (T))n:O) < 00; let € € (0,1); at that point, there exists a
m e N—{0} such that p((s,(T)),,) < (¢/4C*) for some
C=>1. While (s, (T)),ey is decreasing, we get

Z B (520 (1)) < Z B (s, ()"

n=m+1 n=m+1

(26)
Z ﬂn (T) Pn <4_C2

Hence, there exists A € F,,,(X,Y); rank A <2m and

Z B, (IT - AP < Z BUT-A <5 (@27)

n=2m+1 n=m+1

Since (p,,) is a bounded, consider
< €
2 BT — AP <= (28)
n=0

Let (f,,) be monotonic increasing such that there exists a
constant C>1 for which f,,,, <Cp,. Then, we have for
n>m that

ﬁ2m+n < /32m+2n+1 < Cﬁmm < CﬁZn < Cﬁ2n+l = Czﬁn' (29)

Since (p,,) is increasing, inequalities (26)-(29) give



d(T,A) = p(s,(T - A))2p

3m-1

Zﬁn(s (T - A)" + Zﬁn(s (T - A)™

n=3m

< Zﬁn(nT AP+ Z Braom (Susam (T = A)) P

n=m

<3 z B, (IT = AP +C* Z B, (s, (1)) <.
n=0 n=m

(30)

Since I, € Se(n), condition (al) is not satisfied which
gives a counter example of the converse statement. This
finishes the proof.

From Theorem 8, we can say that if (al) and (a2) are
satisfied, then every compact operator would be approxi-
mated by finite rank operators and the converse is not always
true.

Theorem 9. F(X,Y) = S..(a),(p,)(X;Y); assume that
states (b1) and (b2) are fulfilled and the converse is not always
true.

Proof. Primary sincee, € ces((a,,), (p,)), foreachn € Nand
the space ces((a,), (p,)) is linear, then for every finite
mapping T € F(X,Y), i.e., the sequence (s, (T)),y contains
only fnitely many numbers different from zero. Hence,
F(X,Y)c Sces((a,), (p,) (X,Y). By letting T €
Sces((un)’(pn ) (X, Y) we obtain (s, (1)), € ces((a,), (p,))
while p ((a,,(T)),.en) < 00. Let € € (0, 1). Then, there exists a

d(T,A) = p(s,(T - A))co

nZ(aniuT Au> Ly <

n+2m

<3y <anZIIT—AII>
n=0 k=0
m n 2m—1
s3Z<anZnT—An> < <an ¥
n=0 k=0 k=0
<3y (anZIIT—AH)
n=0 k=0
<3), <%Z"T—AH> 2" supy? m<ZuT AD Y (a
n=0 k=0 k=0

Since I3 € Sce1),(1))» condition (b2) is not satisfied
which gives a counter example of the converse statement.
This finishes the proof.

From Theorem 9, we can say that if conditions (b1) and
(b2) are satisfied, then every compact operators would be

00 Zm 1 n+2m Pn
+Y a, Y s(T-A)+a, Y s(T-A)
n=m k=0
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number m € N - {0} such that p((s,(T)X, )< (e/2"25C)
for some C>1, where 6 = max I,Z,‘ﬁm al*l. As s,(T) is
decreasing for every n € N, we obtain

2m n Pn
D (anZSZM(T)> < Z < ZSk(T)>
n=m+1 n=m+1

k=0

(31)
Then, there exists A € F,,, (X,Y) and rank A <2m and

Im n Pn Pn
D (“",;)"T‘A'O s;( ZT ) —Zhjm,

n=2m+1
(32)
and since (p,) is bounded, consider
m o
s‘ifp(Z IT - A||> <5 (33)
n=m \ k=0
Hence, set
€
T-A —— 34
nZ(:)( Z " ”) <2h+38c ( )

However, (p,) is increasing and (a,,) is decreasing for
each n € N; by using inequalities (31)-(34), we have

n Pn 00 n
a, Y s (T - A)> + Z( Zsk(T—A)P”>
"~ = Priom
Apvom Z Sk(T A)>

(35)

k=2m

Pu 0 n+2m Pn
Sk(T—A)> +Z<an Z Sk(T_A)> )

n=m k=2m

< ( ZMT A||> +n2<an§sk+zm(T—A)>p">

" Pa
2" IZ <an25k(T)> ><s.
k=0

approximated by finite rank operators and the converse is
not always true. O

n=m

Corollary 7. If (p,,) is an increasing with p, >0 for alln € N
and bounded from above, then S, (X,Y) = F(X,Y).
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Corollary 8. If 0< p< oo, then S;, (X,Y) = F(X,Y).

Corollary 9. Sm(p”)(X, Y) = F(X,Y), if (p,) is increasing

with p,>1 and lim,__, supp,, < 00.

Corollary 10. Sm( Y)=F(X,Y), if 1< p<oo.

5. Completeness of the Pre-Quasi
Ideal Components

For which sequence space E are the components of pre-quasi
operator ideal S, complete?

Theorem 10. ¢ is a premodular (sss), if conditions (al)
and (a2) are satisfied.

Proof. We define the
p(x) = 220 Balx, P
(i) Evidently, p(x)>0 and p(x) = 0e=x =0
(ii) Thereis a steady L = max{1, sup [A[Pr} > 1 such that
p(Ax) < L[A|p(x) for all x € €I3P" and A e R
(iii) We have the 1neq}uahty plx+y)<H(p(x)+p(»)
for all x, y € £ (P

functional p on Bl(;p W as

(iv) Clearly follows from inequality (20) of Theorem 6
(v) It obtained from (27) Theorem 6 that K, >2

(vi) It is clear that F = Z/(jp”)

(vii) There exists a steady 0< & < [A|? =1 such that

p(1,0,0,0,...)=¢[A|p(1,0,0,0,...)foranyA €e R (36)

Theorem 11. ces((a,), (p,)) is a premodular (sss), if con-
ditions (bl) and (b2) are satisfied.

Proof. We define the functional p on ces((a,), (p,)) as
p(x) = X2 (@, Y lx D
(i) Clearly, p(x) >0 and p(x) = 0=x = 0.
(ii) There is a number L = max{1,sup,|A|[’"} >1 with
p(Ax)<L[A|lp(x) for all x € ces((a,), (p,)) and
AeR.
(iii) We have the inequality p(x + y) <H (p(x) + p(¥))
for all x, y € ces((a,), (p,)).
(iv) It clearly follows from inequality (24) of Theorem 7.
(v) It is clear from (27) Theorem 7, that
Ky> (2214214 2my >,
(vi) It is clear that F = ces((a,,), (p,))-
(vii) There exists a steady 0(&<|A[P o=l such that
p(1,0,0,0,...)=&|Ap(1,0,0,0,...) for any A € R.
We state the following theorem without proof, and
this can be established using standard technique.

Theorem 12. The function g(P) = o (s; (P));3, is a pre-quasi
norm on SEQ, where E, is a premodular (sss).

Theorem 13. If X and Y are Banach spaces and E, is a
premodular (sss), then (SE ,9), where g(T) = p((s,(T))72)
is a pre-quasi Banach operator ideal.

Proof. Since E, is a premodular (sss), then the function
g(T) = p((s,(1));2,) is a pre-quasi norm on SE Let (T,,)
be a Cauchy sequence in S (X,Y), then by ut111zmg Part
(vii) of Definition 9 and since L(X,Y)2 SE (X,Y), we get

(T~ T,) = p((su(T5 = T;))) 2 p(so(T: - T;),0,0,0,...)
=p([[r: -7 0.0.0... ) 2], - 7 | 1,000,
(37)

Then, (T,,),.cy is @ Cauchy sequence in L(X,Y). While the
space L(X,Y) is a Banach space, so there exists T € L(X,Y)
with lim,,_, IIT,, — Tl = 0, and while (s, (T,))>, € E, for
each m € N; hence, using Parts (iii) and (iv) of Definition 9
and as p is continuous at 6, we obtain

= (5 (D)20) = p (5 (T =T,y T, )20)
<KP((5[n/2](T T, ) )+Kp((s[n,2 m);t.zO))

<Kp((IT = T1), %) + K (s (T):20)) <&
(38)

g(T)

and we have (s, (1)), € E,, then T € SEp (X,Y).

Corollary 11. If X and Y are Banach spaces and conditions
(al) and (a2) are satisfied, then S, pn) is a pre-quasi Banach
operator ideal.

Corollary 12. If X and Y are Banach spaces, (p,) is in-
creasing with p, >0 for all n € N and bounded from above,
then Sy, is a pre-quasi Banach operator ideal.

Corollary 13. If X and Y are Banach spaces and 0 < p < 0o,
then Sy is a pre-quasi Banach operator ideal.

Corollary 14. If X and Y are Banach spaces and the con-
ditions (b1) and (b2) are satisfied, then S.. (4 ) (p,) is a pre-
quasi Banach operator ideal.

Corollary 15. If X and Y are Banach spaces and (pn) is

increasing with py > 1 and lim,__,  sup p, <00, then S,

is a pre-quasi Banach operator ideal.

Corollary 16. If X and Y are Banach spaces and p € (1, 00),
then Uffsi (X,Y) is complete.

6. Smallness of the Pre-Quasi Banach
Operator Ideal

We give here the sufficient conditions on the weighted
Nakano sequence space such that the pre-quasi operator
ideal formed by the sequence of approximation numbers and



this sequence space is strictly contained for different weights
and powers.

Theorem 14. For any infinite dimensional Banach spaces X
and Y and forany0< p, <q,and0<a, <b, foralln € N, it is
true that

S (XY €S (X, V) S L(X,Y). (39)

(b ) (”n)

Proof. Let X and Y be infinite dimensional Banach spaces
and for any 0<p,<gq, and 0<an)<b for all neN, if
T e Sale (X,Y), then (a,(T)) € 5 P One can see that

(bn

Y a, (@, (1) < Y b, (a,(T))" < co. (40)
n=0 n=0
Hence, T € Sdﬁf‘ (X,Y). Next, if we take (a,) with

Cia
supa, <oco, (b;') e e@/Pand u, = (1/X/D,). So by using
Theorem 5, one can find T € L(X,Y) with

1 8
———<a,(T)<——
16 P bSn ( ) pn%;: (41)
such that T does not belong to Saﬂ,}: (X,Y) and
T S (X,Y). im

Clan)
It is easy to see that Sapqpn) (X,Y) c L(X,Y). Next, if we

take y, = (1/¢/a,). So by usmg Theorem 5, one can find
T € L(X,Y) with

1 8
Towa~wD=Tm—
64 asy K an+1

(42)

such that T does not belong to Sap P (X,Y). This finishes the

(gn)
proof. blan

Corollary 17 (see [3]). For any infinite dimensional Banach
spaces X and Y and for any q>p>0, it is true that
S (X, Y) €SAP (X, Y) SL(X,Y).

Lemma 2. If (a,,) is a sequence of positive real with a, <1 for
all neN, (p,) is monotonic increasing bounded sequence
with p,>1 forallne N ora,>1 foralln e N, and (p,) is
monotonic decreasing bounded sequence with p,>1 for all
n € N, one has the following inequality:

n Pu n
<z ak) < 2n(suppn—l) Z aIka' (43)

k=0 k=0

Proof. By using inequality (16) and the sufficient conditions,
one has
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" P " Pu P
<Zak> :<a0+2ak> <2S“PP"1<a§"+< ak> )
k=0 k= k=1

w O\ P

:zsupp"_l<aop"+<ul+2ak> >

. )
< 2%PPi” <a + 2%PP <af +<Zak> >>

k=2

M=

< 2supp 1

(

<22 (supp,m 1)<a +up"+<iak> >
k=2

" P

<23(Suppx 1)<a +ap”+ap”+<2ak> )
k=3

<219 (supp 1)(a +ablr v ab 4. al

(8))

n n
< o (supp,=1) Y afr < o1 (supp,=1) Y al.
k=0 k=0

supp 1 p,,+25upp 1

(44)

We give here the sufficient conditions on the generalized
Cesaro sequence space defined by weighted mean such that
the pre-quasi operator ideal formed by the sequence of
approximation numbers, and this sequence space is strictly
contained for different weights and powers.

Theorem 15. For any infinite dimensional Banach spaces X

and Y and for any 1< p, <qn for all n e N, it is true that

sjgp(b Lo (O E sjg’j’( ) (X, Y) S L(X,Y), where (p,)
q,) are the monotomc mcreasmg bounded sequences.

Proof. Let X and Y be infinite dimensional Banach spaces
and for any 0<p,<gq, and 0<a,<b, for all neN; if

}:I; € Szesp( 1 (p) (X,Y), then («a,(T)) € ces((b,), (p,)). One
as
Z( Zcxk(T)> <Z< Zcxk(T)> <oo. (45)
n=0 n=0

Hence, T ¢ S:EP((Q) q y (X, Y). Next, if we take (a,) with
sup2 (e~ Digh 2687 (b1 € 0@/P) and u, = (1/ %/B,). So
by using Theorem 5 and Lemma 2, onecan findT € L(X,Y)
with

<o, (1) <— (46)
- <a < -

1674, =D

such that T does not belong to Sissp(b),(p ))(X, Y) and
T € St ign (1)
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It is easy to see that Sces(( (X Y) c L(X,Y). Next,
we take u, = (1/ %/a,). So by usmg Theorem 5, one can find
T e L(X,Y) with

L o me®
<a < ,
168, " A @)
such that T does not belong to Sces((u o) (X,Y). This

finishes the proof.

Corollary 18. For any infinite dimensional Banach spaces X
and Y and 1< p<q<oo, then

issp (X, Y)%stsp (X,Y)EL(X,Y). (48)
In this part, we give the condztionsfor which the pre-quasi
Banach Operator ideal Sm( g 15 small.
Theorem 16. If conditions (b1), (b2), and (na,) ¢ 2P gre
satisfied, then the pre-quasi Banach operator ideal Sces (@).p)
is small.
Proof. Since (p;) 1s an increasing sequence with po >1 and
(a) € 6P, take A= (¥ al)". Then, (S pr 9
where g(T) = (m)(z, ) (@2 o (T))P)"" is a pre-quasi
Banach operator ideal. Let X and Y be any two Banach
spaces. Suppose that stsp(u) ) (X,Y) = L(X,Y); then, there
exists a constant C>0 such that g(T)<C|T| for all
T € L(X,Y). Assume that X and Y be infinite dimensional
Banach spaces. Hence, by Dvoretzky’s Theorem [18] for
m € N, we have quotient spaces X/N,, and subspaces M, of

i=0
1/h

i=0

Y3 @ vay

% i G+ l)ai)p"

i ((i + 1)a;)”

)
)
)
i>l/h
)
)

m m i P
LS v vayr SL||AM||||H;1||§[z(a,.z oA, ))] _

< LI A [ 1A T

Y which can be mapped onto ¢}’ by isomorphisms H,, and
A,, such that H,,|H,![ <2 and A, [|A;,} <2. Let I,, be the
identity map on €7, Q,, be the quotient map from X onto
XIN,,, and ], be the natural embedding map from M, into
Y. Let u, be the Bernstein numbers [19]; then,

1=u,(I,) = u,(A,A, 1,H,H,L)

m* m "m-TmT m

n

=[]

<[l A T )|

n ]mAm ImI_Im)”I_I;n1 "

(49)

m*-m - -"m m
=[Anld.
<[An]a

T TH Qo) | L |

m*tm - "m-"m

(
(
<Al (Tt L )| |
(
(

n ]mAm ImHmQ )"H;nl "’

for 1 <i<m. Now,

i
3 (0= 3 1ok (1 1,1, )=

(i+1)a,-s||Am||< Z (A 1,H,Q,, ))IIH;‘I|=>

(G+ Da)” < (Al )" ( Sl )>i

j=0
(50)

Therefore,

" 1/h m ; piql/h
B ey ) <tladilf$ (o3 m0naininen) | =

j=0

4 1/h

< LA NH, 190 nA 1 H Q)=

(51)

Q=

< LC Al WA W I Qun | = LN A A Tl =
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for some L > 1. Thus, we arrive at a contradiction since m is
an arbitrary and (na,,) ¢ £ (P)_ Thus, X and Y both cannot be
infinite dimensional when Scepsp (@) (py) (X,Y)=L(X,Y)and

hence, the result. O

Theorem 17. If (p;) is an increasing and p, > 1, then the pre-

quasi Banach operator ideal Sﬁ‘;l(p‘) is small.

Corollary 19. If 1 < p < co, then the quasi Banach operator
ideal S?fsi is small.

Corollary 20. If 1 < p < co, then the quasi Banach operator

ideal SX is small.

In this part, we give the conditionsfor which the pre-quasi

Banach operator ideal S™7 et is small.

Theorem 18. If conditions (al), (a2), and (B,) ¢ €' are
satisfied, then the pre-quasi Banach operator ideal S is
small.

Proof. Since conditions (al), (a2),and (B,) ¢ £' are satisfied,
then (Sazi 9), where g(T) = Y25 B; (a; (T))?", is a pre-quasi
Banach ‘operator ideal. Let X and Y be any two Banach
spaces. Suppose that Sapp (X,Y) =L(X,Y). Then, there

exists a constant C> O such that g(T)<C|T| for all
T € L(X,Y). Assume that X and Y are infinite dimensional
Banach spaces. By using inequality (49) and (B,) ¢ €', one
obtains

< (Al ) (@ (A 1 Q) )=
B < LA 1B (T 1 Q)" [ =

) Bi<L]a,|IH, 1IIZﬁz( (T TnH Q) )=

M§

Il
(=]

Bi= LA N9 (A 1 H Q)=

s 10

D Bi < LC| AN 1A Q=

m*tm -m

T
o

§

2B < Ll AN 117 A Il 1FE Q]

QT 1 L

i B; <4LC,
i=0

(52)

for some L > 1. Thus, we arrive at a contradiction since m is
an arbitrary. Thus, X and Y both cannot be infinite di-
mensional when Sapp) (X,Y)=L(X,Y) and hence, the
result. O

Corollary 21 (see [
operator ideal SZfP

2]). If 0< p <00, then the quasi Banach
is small.
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Corollary 22. If 0 < p < co, then the quasi Banach operator
ideal SK' is small.

7. Pre-Quasi Simple Banach Operator Ideal

The following question arises naturally: for which weighted
Nakano sequence space or generalized Cesaro sequence
space defined by weighted mean is the pre-quasi Banach
ideal simple?

Theorem 19. If (p,) and (q,) are bounded sequences with
1<p,<q, and 0<a,<b, for all n € N, then

(S (@)> S, (o) ) = (S (@)>S () ) (53)
(@) o) (@) Cn)

Proof. Suppose that there exists T' € L(S{m S (py,)) which is
@ Co
not approximable. According to Lemma 1, we can find
X € L(Se<qﬂ S (q,,)) and B € L(Sew w)) with BTXIk =I;.
(by,)

(an) (an

Then, it follows for all k € N that

1/sup p, k-1 1/supp,,
i, =(Bemoor ) -(20)
O N0 "=

. 1/supq,,
< ”BTX”“IkHS (an) = <Z An (“n (Ik))qn>
(o) N1

k-1 1/supgq,,
“(Ya ]
n=0

But this is impossible. O

(54)

Corollary 23. If (p,) and (q,) are bounded sequences with
1<p,<q,and 0<a,<b, for all n € N, then

(3 (@n)>S (o) ) LC(S @)>S, m)- (55)
(an) (bn) (an) (bn)
Proof. Every approximable operator is compact. O

Theorem 20. If (p,) and (q,) are bounded sequences with
1<p,<q, and 0<a,<b, for all n € N, then

L(Sces ((an)- (a0)) Sces ((ba): (P»«))) (56)

- A(Sces((a,,),(qn))’ Sces((b»,(m)))'

Proof. Suppose that there exists T € L(Sce((a,), (g,
Sces((v,),(p,) Which is not approximable. Accordmg to
Lemma 1, we can find X € L(Sceg((a,),(4,)) Sces((a,),(q,)) a0
Be L(Sces ((b,), (p,)) Sces( ) Wlth BTXIk = Ik Then it
follows for all k € N th at
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o " Pn 1/sup p,
Sees (o) () <Z <b” Z % (I")> >
n=0 i=0
. 1 Pn 1/sup p,
(£(ngmw) )
n=0 i=0

. 1/sup p,
<ZO (kb,,))"" >

IBTXI| 1, ||sces((an>,<qn)> o

<2<angai(lk)> >
(E(zew) )
(&)

But this is impossible. O

|1

IN

IN

Corollary 24. If (p,) and (q,) are bounded sequences with
1<p,<q, and 0<a,<b, for all n € N, then

(S0 () S (0. () (5

= Le((Suen (0. () S () (2 )

Theorem 21. For a bounded sequence (p,) with 1< p, <00
andb,, > 0 for alln € N, the pre-quasi Banach space S i,y is simple.
b

Proof. Suppose that the closed ideal L. (S€<pn>) contains an
b
operator T'which is not approximable. According to Lemma

1, we can find X, B € L(S (vw) With BT XI; = I;. This means

(hn)

that IS € Lo (SW,1 ). Consequently, L(Sgw) = LC(SM ).

Therefore, A(S m) is the only nontrivial closed 1deal in

L) " m
b,,)

Theorem 22. For a bounded sequence (p,) with 1< p, <00

and b,>0 for all neN, the pre-quasi Banach space

(Sees (b, (p) 15 simple.

Proof. Suppose that the closed ideal L¢ (Sces(p,),(p,)) cOD-
tains an operator T'which is not approximable. According to
Lemma 1, we can find X,Be L(SCes (b)), (p,)  With
BTXIk = Ik This means that Isces((b (o) Sces((b ) ()

Consequently, L(Sces(s,),(p,)) = Lc Sces(,), (p erefore,
A(Sces((v,),(p,)) 18 the only nontrivial closed ideal in

(Sces«hn),(pn)) : O
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